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ABsTRACT. We determine all isomorphisms between the
endomorphism semigroups of free commutative g-dimonoids and
prove that all automorphisms of the endomorphism semigroup of a
free commutative g-dimonoid are quasi-inner.

1. Introduction

A dimonoid is an algebra (D, ,t) with two binary associative op-
erations - and t such that for all z,y, z € D the following conditions
hold:

This notion was introduced by Jean-Louis Loday in [1] and now it plays a
prominent role in problems from the theory of Leibniz algebras. A vector
space equipped with the structure of a dimonoid is called a dialgebra.
Thus, a dialgebra is a linear analog of a dimonoid. It is known that Leibniz
algebras are a non-commutative variation of Lie algebras and dialgebras
are a variation of associative algebras.
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There exist some generalizations of dimonoids, for example, 0-dial-
gebras and duplexes (see, e.g., [2], [3]), g-dimonoids etc. Omitting the
axiom (D3) of an inner associativity in the definition of a dimonoid, we
obtain the notion of a g-dimonoid. An associative 0-dialgebra, that is, a
vector space equipped with two binary associative operations - and F
satisfying the axioms (Dp) and (Ds3), is a linear analog of a g-dimonoid.
Free g-dimonoids and free n-nilpotent g-dimonoids were constructed in
[4], [5] and [5], respectively. The construction of a free commutative g-
dimonoid and the least commutative congruence on a free g-dimonoid
were described in [6]. Defining identities of a g-dimonoid appear also in
axioms of trialgebras and of trioids [7-9].

Endomorphism semigroups of algebraic systems have been studied by
numerous authors. The problem of studying the endomorphism semigroup
for free algebras in a certain variety was raised by B.I. Plotkin in his papers
on universal algebraic geometry (see, e.g., [10], [11]). In this direction there
are many papers devoted to describing automorphisms of endomorphism
semigroups of free finitely generated universal algebras of some varieties:
groups [12], semigroups [13], associative algebras [14], inverse semigroups
[15], modules and semimodules [16], Lie algebras [17] and other algebras
(see also [18]). In this paper we solve the similar problem for the variety
of commutative g-dimonoids.

The paper is organized in the following way. In Section 2, we give
necessary definitions and statements. In Section 3, we define the notion
of a crossed isomorphism of g-dimonoids and prove auxiliary lemmas.
In Section 4, we describe all isomorphisms between the endomorphism
monoids of free commutative g-dimonoids of rank 1. In Section 5, we prove
that automorphisms of the endomorphism semigroup of a free commutative
g-dimonoid of a non-unity rank are inner or "mirror inner'. We show
also that the automorphism group of the endomorphism semigroup of
a free commutative g-dimonoid is isomorphic to the direct product of a
symmetric group and a 2-element group.

2. Preliminaries

Let ©, = (Dy,1,F1) and ©, = (Dg, 13, F2) be arbitrary g-dimonoids.
A mapping ¢ : D1 — D5 is called a homomorphism of ©, into ©, if

(xF1ry)e=z0Hyp, (xF1y)p=a0F2yp

for all x,y € D;.



Yu. V. ZHUCHOK 311

A bijective homomorphism ¢ : D1 — Dy is called an isomorphism of
®, onto ®,. In this case g-dimonoids ©, and ©, are called isomorphic.
A g-dimonoid (D, ,t) is called commutative if for all z,y € D,

rdy=y-ux, rhFy=ytux.

Firstly we give an example of a g-dimonoid which is not a dimonoid.
Let A be an arbitrary nonempty set and A= {x |z € A}. For every
x € A assume T = = and introduce a mapping o = aq : AUA — A by

Yy, yEA,
Yoo =4 _
Yy, yeA

the following rule:

Give an arbitrary semigroup S and define operations < and > on
SU S as follows:

a<b=(aag)(bas), a > b= (aag)(bag)
for all a,b € SUS. The algebra (S US, <, >) is denoted by S,
Proposition 1 ([6]). S® is a g-dimonoid but not a dimonoid.

We note that if X is a generating set of a semigroup S, then S(®) \ X
is a g-subdimonoid of S(® generated by X.

For an arbitrary commutative semigroup S, obviously, S(® is a com-
mutative g-dimonoid.

Recall the construction of a free commutative g-dimonoid. Let F[A]
be the free commutative semigroup generated by a set A.

Theorem 1 ([6]). F[A]®) \ A is the free commutative g-dimonoid.

Observe that A is a generating set of F[A](® \ A, the cardinality of
A is the rank of F[A]® \ 4 and this g-dimonoid is uniquely determined
up to an isomorphism by |A|.

Further the free commutative g-dimonoid generated by A will be
denoted by F€DY,.

In particular, we consider the free commutative g-dimonoid of rank 1.
Let N be the set of all natural numbers and N* = (NUN) \ {T}. Define
operations < and > on N* by

m=<n=m+n, q=Tr=q+r,
m<r=m-+r, g=<n=q-+n,
a-b=a=<b,

for all m,n € N, g,7 € N\ {1} and a,b € N*.
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Proposition 2 ([6]). The free commutative g-dimonoid FEDY of rank 1
is isomorphic to (N*, <, >).

Recall that the content of w = z1xo... 2z, € F[A] is the set c(w) =
{z1,29,...,2,} and the length of w is the number [(w) = n.

For every w € F€DY, the set c(wa) and the number [(wa) we call the
content and the length of w, respectively, and denote it by c¢(w) and I(w).
For example, for w = bacda we have c(w) = {a,b,c,d} and l(w) = 5.

3. Auxiliary statements

We start this section with the following lemma.

Lemma 1. Let FEDY and FEDY, be free commutative g-dimonoids ge-
nerated by X and Y, respectively. Every bijection ¢ : X — Y induces an
isomorphism e, : SC@% — SC@% such that

T19 < TP < ... TP, W=T1X2...Tm, M =1,
WE, =
T1Q = TP > .. > TP, W =T1X2...Tm, M > 1

for all w € FEDY,.
Proof. The proof of this statement is obvious. O

Now we introduce the notion of a crossed isomorphism of g-dimonoids.
A mapping ¢ : D1 — Do we call a crossed homomorphism of a g-dimonoid
D, = (D1,1,F1) into a g-dimonoid ®, = (Dag, Ha,F2) if for all z,y € Dy,

(z 41 y)p = 20 F2 yop, (xF1y)e=z0 2 yp.

A bijective crossed homomorphism ¢ : Dy — Dy will be called a
crossed isomorphism of D, onto ©,. In such case g-dimonoids ®, and ©,
we call crossed isomorphic.

An example of crossed isomorphic g-dimonoids gives the next lemma.

Lemma 2. Let SQ@?X and SQ@% be free commutative g-dimonoids ge-
nerated by X and Y, respectively. Fvery bijection ¢ : X — Y induces a
crossed isomorphism 5:; : S@@gf — SC@%’/ such that

we , =

N T1P = TP > oo > TP, W =T1X2...Tm, M =1,
19 < T2 < ... X TP, W=T1X2...Tm, M > 1

for all w € FEDY%.
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Proof. 1t is clear that £ is a bijection. Take arbitrary u,v € FE€D% and
consider the following cases.

Case 1. u=ujuy. ..Uy, v =v102...0, € F[X], then

* *

¢ ¢
= ULP = = U = VLY = L= Uplp = UE, = VE,

(u < v)eg, = (vava)ey, = (uv)e

* *

@ @
=ULPY < ... R URY V1P <. <X U

(u = v)eg, = (uawa)ey, = (uv)e

=P UnP < V1P .- UnP = UE,, < VE,.

Case 2. u = ujus ... uy € F[X],0=v103...0, € F[X]\ X, then

(u <Dy, = (W)eg, = WP - - UnPUIP - - - UnP

=WP . UmP = (V1P ... vngp) = uey, = Ve,

(u = D)y, = (W)ey, = U1 ... UnPVIP . .. Vpgp

=WP . UmP < (V1P ... vnyp) = ue, < Ve,

Case 3, where U = Uitz . .- U, € F[X]\ X,v = vive...v, € F[X], can
be omited since operations < and > are commutative.

Case 4, where U = Uitz - - Upm, ¥ = V103 ... 0, € F[X]\ X, is analogous
to the case 1.

From cases 14 it follows that &7, is a crossed homomorphism which
completes the proof of this statement. O

For an arbitrary algebra A, we denote the endomorphism semigroup
and the automorphism group of A by End(A) and Aut(A), respectively.
Anywhere the composition of mappings is defined from left to right.

Lemma 3. Let ©, = (D1,71,F1) and ©, = (D, 2,F2) be arbitrary
g-dimonoids, and ¢ be any isomorphism or a crossed isomorphism of ©,
onto ®,. The mapping

D:fs fO=9 'fp, fe€EndD,),

is an isomorphism of End(®,) onto End(D,).
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Proof. Let ¢ be a crossed isomorphism of @, onto ®,. Clearly, ¢! is a

crossed isomorphism of ©, onto ©,. For all u,v € Dy and f € End(9,),

(utv)e  fo=(up™' Frve ) fo
= (up ' frrve e =u(e™ fo) B v(e™! fo).

In similar way, ¢! fo € End(Da, ) and so f® € End(D,) for all
f € End(®,). The remaining part of the proof is trivial. O

We call @ from Lemma 3 as the isomorphism induced by the isomor-
phism or the crossed isomorphism ¢.

For an arbitrary nonempty set X the identity transformation of X is
denoted by idx. By Lemma 2, &7, is a crossed automorphism of the free
commutative g-dimonoid FED% .

By Lemma 3, a transformation ®; of the endomorphism monoid
End(3€0%) defined by n®; = (e}, )~ 'nejy, for all n € End(F€D%), is
an automorphism. Obviously, (E?dx)_l = Eidy-

The automorphism ®; we will call the mirror automorphism of
the endomorphism monoid End(F€D%). By ®; we denote the identity
automorphism of End(FE€D% ). It is clear that {®o, @1} is a group with
respect to the composition of permutations.

Let FE€D% be the free commutative g-dimonoid generated by X. Each
endomorphism £ of FEDY% is uniquely determined by a mapping ¢ : X —
FE€D% . Really, to define &, it suffices to put

¢ T19 < Top < ... 2 TP, W =2T1T2...Tm, M =1,
w =
T1P = TP > ... > TP, W =T1T2...LTm, M > 1

for all w € SC@%.

In particular, an endomorphism ¢ of FEDY% is an automorphism if
and only if a restriction £ on X belong to the symmetric group S(X).
Therefore, the group Aut(F€DY%) is isomorphic to S(X) (see [6]).

Let u € F€D%. An endomorphism 6, € End(FED% ) is called constant
if 0, = u for all z € X.

Lemma 4. (i) Let u € F€D%, € € End(FECD% ). Then 0,& = Oye.
(i) An endomorphism & of FED% is constant if and only if Y& = & for
all Y € Aut(FCD%).
(iii) An endomorphism & of FEDY% is constant idempotent if and only if
=10, for somezx € X.
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Proof. (i) It is obvious.

(ii) Take a constant 6, € End(F€D% ) for some u € FED%, and let
Y € Aut(FE€DY% ). Then z(vby,) = (2) 0, = u = 26, for all z € X.

Now let ¢ = £ for all ¢ € Aut(FE€D%) and some £ € End(FEDY%).
Fixing x € X, we obtain € = x (¢§) = (x¢) £ = y&, where y = x1). Since
{2 | ¢ € Aut(FE€DY% )} = X, then z€ = y¢ for all y € X. Consequently,
& =0, for u = z€.

(iii) Let & € End(F€D% ) be a constant idempotent. Then & = 0, u €
F€DY%, and by (i) of this lemma, 0, = 6,0, = 0,9, . This implies u = uf,,
and, therefore, [(u) = 1 and u € X. Converse is obvious. O

4. The automorphism group of End(F€®%), | X| =1

The free commutative g-dimonoid FEDY on an n-element set X we
denote by F€DY. Recall that the g-dimonoid FEDY is isomorphic to
(N*, <, ) (see Proposition 2). Therefore, we will identify elements of
F€D7 with corresponding elements of (N*, <, ).

Define a binary operation ® on N* = (NUN) \ {T} by

moOn=m@e®n=m:-n, moOn=mGn=m-n,

loz=201=2
for all m,n € N\ {1}, m,n € N\ {TI} and = € N*.

Lemma 5. (i) The operation ® is associative.
(ii) The operation ® is distributive with respect to < and >.

Proof. 1t can be verified directly. O
From Lemma 5 (i) it follows that (N*, ®) is a semigroup.
Lemma 6. The semigroups End(§€D7) and (N*,®) are isomorphic.

Proof. Let ¢ be an arbitrary endomorphism of (N*, <, ) and 1 = k for
some k € N*. For all a € Nand b € N \ {1} we obtain

ap=(1<1<...<Dp=a0k, bp=01=1=...=1)p=0b0k.
a b

Converse, any transformation ¢y : N* — N* k € N*, defined by

apr =a®k
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is an endomorphism of (N*, <, ). Indeed, using the condition (ii) of
Lemma 5, for all a,b € N* and x € {<, >} we obtain

(axb)pr=(axb) Ok =(a®k)x(bO k) = apg * bpy.
Consequently,
End(N*, <,>) = {¢x | k € N*}.

Define a mapping O of End(N*, <, ) into (N*,®) by ¢1© = k for
all ¢, € End(N*, <, >). An immediate verification shows that © is an
isomorphism. ]

Remark 1. Note that all endomorphisms of a g-dimonoid (N*, <, ) are
injective but they are not surjective (except an identity automorphism).
So that the automorphism group of (N*, <, ) is singleton.

Let P be the set of all prime numbers, P = { | € P} and P* = PUP.
For any mapping f : A — B and a nonempty subset C' C A, we denote
the restriction of f to C' by f|c.

Further let A, B C N\ {1}, C C N \ {1} be nonempty subsets and

%
p:A— B,y : B — C be arbitrary mappings. Denote by @ and ¢ the
mappings A — B and, respectively, B — Ca (the mapping a was defined
in Section 2) such that
- - =
ap=>bif ap=band b Y =c if hp ==¢C.

Proposition 3. Let End(F€D%) = End(FC€DY,), where X is a single-
ton set, Y is an arbitrary set. Then |Y| = 1 and the isomorphisms of
End(§€D%) onto End(FE€DY.) are in a natural one-to-one correspondence
with permutations f : P* — P* such that

— = —
Pf:]P)vf‘ﬁ:fm or ]P)f:P7f|ﬁ:f|]P’

Proof. According to Lemma 6, End(F€D{) = (N*,®). Let |Y| > 2 and
a,b € Y, a # b. Define a binary relation p on N* by

(a;)epsa=b=1ora#1#ba®b=>bOa.

Obviously, p is an equivalence and N*/p = {N\ {1}, N\ {1}, {1}}. Since
End(§€dY) = (N*,®), we will use the relation p for End(F€D7,) too.
For constants 0.z, 0,, 0ap € End(§€¢D9,) and some y € Y we have
y(@EHG) = %Ha = aa 75 % = GQE = y(@,ﬂa),
Y(O050a) = ably, = abab # abab = abl— = y(0ap0),
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therefore (6—,0,) ¢ p and (0-,0.) ¢ p. From here it follows that
(0ap, 0a) € p which contradicts the fact that 6,50, # 04,04. Then |Y| = 1.

It is clear that the semigroup (N*\ {1}, ®) is generated by P* and
P*f = P* for all f € Aut(N*,®). Assume that there exist p,q € P such
that pf = p' € Pand qf = ¢’ € P for some f € Aut(N*,®). Then

V-d=vod=0paf=@pf=d0p=p-4q.
It means that Pf = P and so Pf =P, or Pf = P and then Pf = P.
If Pf = P, then for all p € P we have (pf)* = p*f = (p@p)f = pf OB/,
whence pf = pf. Thus, f|z = flp. In a similar way it can be shown that
— —
in the case Pf = P we obtain f|z = flp.
On the other hand, as it is not hard to check, every permutation
[ P* — P* such that Pf =P, f|z = flp, or Pf = @,f@ = f|p, uniquely
determines an automorphism of (N*, ®). These permutations and hence

the isomorphisms End(F€D% ) — End(FC€DY,), are in a natural one-to-one
correspondence. O

An automorphism @ : End(F€D%) — End(F€D%) is called quasi-
inner if there exists a permutation a of FED% such that SO = a1 Ba
for all 8 € End(F€D%). If o turns out to be an automorphism of FEDY,
® is an inner automorphism of End(F€D%).

We denote the symmetric group on a set X by S(X). A 2-element
group with identity e is denoted by Co = {e,a}.

Proposition 4. Automorphisms of the monoid End(FE€DY) are quasi-
inner. In addition, the automorphism group of End(FE€DY) is isomorphic
to the direct product S(P) x Cs.

Proof. Let ¥ : End(F€D?) — End(F€DY) be an arbitrary automorphism.
Define a bijection 9 : N* — N* putting z¢ = y if o,V = ¢,. It
is clear that ¢ € Aut(N*,®), however ¢ ¢ Aut(N*, <,>) except the
identity permutation (see Remark 1). Then for all x € N* and some
¢; € End(F€DY), i € N*, we have

(o) = (a0 iy = ((zo™!) @ i)
= (2" YY O ih = x O ith = Ty,

Thus, ¥~ ;1) = ;¥ and ¥ is a quasi-inner automorphism.
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The immediate check shows that a mapping © of Aut(N*, ®) onto
S(P) x Cy defined as follows:

f@:{(ﬂP’e)a PEZP’
(§|Pva’)7 Pf P
for all £ € Aut(N*, ®), is an isomorphism.

By Lemma 6, End(§€D7) = (N*, ®), therefore Aut(End(F€DY)) and
S(P) x Cy are isomorphic. O

5. The automorphism group of End(FE€D%), | X| > 2

An automorphism ¥ of the endomorphism monoid End(F¢D%) of
the free commutative g-dimonoid SQQ‘% is called stable if ¥ induces the
identity permutation of X, that is, 6,V = 0, for all x € X.

Lemma 7. For all u,v € F[X]\ X the following equalities hold:
QUQU = Hut% and QE% = 0@90.
Proof. 1t is obvious. [

Lemma 8. Let U be a stable automorphism of End(F€D%),
u,v € FIX|\ X, z € X and £ € End(F€D%). Then

(ii) 0,V = 0, implies 07V = O;

(iii) 0,V = Oy implies Oz = 6,,.
Proof. (i) By Lemma 4 (i), 0,6 ¥ = (0.£)V = 0,(§V) = Oycw)-

(ii) Let 6,9 = 6,. By (i) of this lemma, 079 = 6,, for some w € FED%.
Using Lemma 7, we obtain

O i) = 02 = (0,9)* = (02)¥
= (eugﬁ)\l" = GU\IJGa\IJ = evew = ewl(v)’

where w!(¥) = w < w < ... < w. From here w = v or w = v. In the first

I(v)
case we have 03W¥ = 6, which contradicts to injectivity of W, therefore
0z¥ = 05.
(iii) This statement is anologous to the case (ii). O

An endomorphism 6 of the free commutative g-dimonoid FEDY% is
called linear if 0 € X for all x € X.
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Lemma 9. Let ¥ be a stable automorphism of End(F€D%), u,v€FED%,
z € X and £ € End(F€D% ). The following conditions hold:
(i) &V =¢&, if € is linear;

(i) c(u) = c(v), if 0,¥ = 0,;

(ili) I(x§) = U(x(EV)).
Proof. (i) If £ is linear, then x§ € X for all x € X. Hence by stability of
U, Opew) = 02V = Oz¢. From here, ¥ = &.

(ii) Let 6, = 0, and c(u) \ c(v) # @. We take z € ¢(u) \ ¢(v), and

€ X,z # z, and £ € End(§€D%) such that 2§ = z and y& = y for all
y € X,y # z. Then £ is linear, v€ = v and

0,0 = 0, = e = 0,6 = (0,0) (V) = (0,6)T = 0, V.

From here ¢, = 8¢ and then u = u§ which contradicts to the definition
of &, 50 c(u) \ c¢(v) = @. If z € ¢(v) \ c(u) # @, z # z and £ € End(FED%)
the same as above, then

Oy = 0,0 = 0,0 = (0,)V = (0, 1) (V) = 0,¢ = Oy,

whence v=v¢ which contradicts to the definition of £. Thus, ¢(v) \ ¢(u) =@
and therefore, c(u) = ¢(v).

(iii) Let &,& € End(§€D%) such that I(z&1) = (&) = m and
Hx(&W)) =7, l(x(&W¥)) = s. For all t € X we obtain

B B " =1t0m, & € F[X]
t(026102) = (261)0, = {xm = thm, w6 € FIX]\X.

Oym, FX],
Analogously it is proved that 0,£:0, = 782 € L _
O, HZEQGF[X]\X

€T
Consider following four cases.

Case 1. &1, x& € F[X]. Using that W is stable, we have

er, $(§1\I/)
eja x(glqj)

xT

Opm U = (93061990)\1/ = Qx(fl\ll)ez = {

Ops, w(§29) € F[X],
bz, x(&¥) € FIX]\ X.

xT

Bl = (B,620,)0 = 6,(€20)6, = {

If (6 ¥) € FIX], 2(£¥) € FIX]\X or 2(6¥) € FIX]\ X, 2(£;7) €
F[X], then we obtain 0, = 6= or 6 = 0, which is false. Otherwise, we
have r = s.
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Case 2. x&y,x&9 € F[X]\ X. It is similar to the case 1.

Case 3. x&; € F[X], 2& € F[X]\ X. Assume that 6,m¥ = 6,-, then by
(ii) of Lemma 8 we have 6=V = 6. On the other hand,

O ¥ = (0:626,) ¥ = 0, (620)6, = { gf (&q,(ff}f If@

xS

For z(£& V) € F[X] we obtain 27 = z® which is false. If z(£W) €
F[X]\ X, then 60— = 6,
In similar way we can show that r = s if 0,m ¥ = 6+
Case 4. x&; € F[X]\ X, & € F[X]. It is analogous to the case 3.
Thus, cases 1-4 imply that r» and s coincides.
Further, let A be a nonempty finite subset of X and

whence 7 = s.

End7(z) = {¢ € End(F€D%) | 1(€) = m, c(a€) = A}.

For 0,¢ € Endf(z) by (i) of Lemma 8 we have 0,cV = 0,(cy). By (ii)
of given lemma, c(z€) = c(x({V)). Taking into account the previous
arguments, there exists k such that End’}(z)¥ C End%(z). Since ¥ is
bijective, k& = m. Thus, I(z§) = [(z(£W)) for all £ € End(F€D%) and
z e X. O

Corollary 1. Let ¥ be a stable automorphism of End(F€D%) and
x1,x2 € X are distinct. Then

Op1 2,V = 0p100 07 012,V = Oz755.

Proof. By Lemma 8 (i), 04,4, % = 6, for some u € FEDY%, and by (ii) of
Lemma 9, ¢(u) = {x1,z2}. By (iii) of Lemma 9, l(u) = 2. Thus, u = z122
or U = T1Z3. O

Lemma 10. Let U be a stable automorphism of End(F€D%) and
x1,T9 € X are distinct. Then

(1) Op 2,V = Oyy 2, implies ¥ = Oy;

(i1) Op,2,V = Oz implies ¥ = ®;.

Proof. (i) By induction on the length of u we show that 6,V = 6, for
all u € F[X]. By stability of ¥, §,¥ = 0, for all x € X. Assume that
0,V = 0, for all v € F[X] with I(v) < n, and let ©v = uy ... u, € F[X],
where n > 2. Let vy = uy ... up—1, v2 = u, and f € End(FEDY%) is such
that x1f = vy, zof = v and yf =y forally € X\ {z1,22}. Then
2(O0py0,f) = (x122) f = 21 f2ef =u =20, for all x € X.
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By Lemma 8 (i) and the induction hypothesis, we have

O () = Oy ¥ = 00, = 0, = 0,7, i€ {1,2},
Gx(fq,) = Qxf\l’ =0,V =0, = wa, reX \ {l’l,xQ}.

So, fU = f and then for all u € F[X] with [(u) > 2,

0,V = (eaclxzf)\p = (exlxg\ll)(fql) = Qxlng =0,

By (ii) of Lemma 8, 67V = 6 for all w € F[X]\ X, so that 6,V = 6,
for all u € F€DY%. Now for all € X and ¢ € End(F€D%),

Op(pw) = Oz VU = Oz

This implies p¥ = ¢ for all ¢ € End(FEDY), that is, ¥ = .

(ii) Take the crossed automorphism ¢}, —of FEDY (see Lemma 2).
For all u € §€D% and f € End(F€D%) we use denotations u* = ue
and f* = (e}, )" fery, -

By induction on [(u) we show that 6,V = 0,+ for all u € F[X]. The
induction base follows from the fact that W is stable.

Let us suppose that 0,V = 6, for all v € F[X] such that I(v) < n,
and let w = uy ... u, € F[X],n > 2. We put v; = u1,vs = ugy. ..Uy, and
take the endomorphism f of %’@@g( such that z1f = v, xof = vo, and
yf =y forally e X\ {z1,x2}.

Similarly as in (i) of this lemma, we can show that 0., f = 6,. By
Lemma 8 (i) and the induction hypothesis,

*
idx

ewi(f‘l’) =0p, sV =0,V = evf =0+, i€{1,2},
Gw(f\p) = Qxf\I/ =0,V =0, = Qxf*, reX \ {161,162}.

From here, fU = f*. Then for all u € F[X] with I(u) > 2,

0. = (Hmlmf)\p - (0$1$2\Ij>(flp) - 91‘11’2f* = Oy = Oy.

Taking into account Lemma 8 (iii), 67V = 0, for allw € F[X]\ X. It
means that 6,0 = 0, for all u € FED%.
Finally, for all z € X and ¢ € End(§€D%) we have

On(ow) = OV = Oz = Oy

Hence, ¥ = ¢* for all ¢ € End(F€D%), that is, ¥ = &. O
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Theorem 2. Let X be an arbitrary set with | X| > 2. Every isomorphism
® : End(§€D%) — End(F€DY) is induced either by the isomorphism e
or by the crossed isomorphism 5;2 of F€DY onto FEDY, for a uniquely
determined bijection f : X =Y.

Proof. Let @ : End(F€D% ) — End(F€DY,) be an arbitrary isomorphism.
In similar way as in the case of free abelian dimonoids (see [19, Theorem 3]),
using Lemma 4 can be shown that for every x € X there exists y € Y
such that 0,® = 0,. Define a bijection f : X — Y putting zf = y if
0,® = 0,. In this case we say that f is induced by ®.

By Lemma 1, f induces the isomorphism ey : €D — FCDJ. Ac-
cording to Lemma 3, Ey : 1) 5;1775 f is an isomorphism of End(F€D%)
onto End(F€DY,). From this it follows that the composition <I>EJ21 is an
automorphism of End(F€D%).

Further for all x € X we have

—1 —1 —1
Oo(PE;Y) = (0,9)E7" = 0,5 E; " =0 p)p-1 = 0o,

which implies stability of <I>EJTI.

Using Corollary 1 and Lemma 10, we obtain (I>EJ71 is either the identity
automorphism ®( or the mirror automorphism ®;. Assume, <I>E]71 = &g,
then ® = E; which means that ® is an isomorphism induced by ;. If
‘IJEf_l = ®q, then ® = &y which means that ® is an isomorphism
induced by 5}. O

The following statement gives the positive solution of the definability
problem of free commutative g-dimonoids by its endomorphism semi-
groups.

Corollary 2. Let FED% and FEDY be free commutative g-dimonoids
such that End(F€0%) = End(F€DY). Then FEDY and FEDY are iso-

morphic.

Proof. As shown in the proof of Theorem 2, every isomorphism ¢ :
End(F€D%) — End(F€DY ) induces a bijection X — Y, therefore obvi-
ously we obtain F€DY% = FCOY.. O

We recall that an automorphism @ : End(§€0% ) — End(F€D%) is
quasi-inner if there exists o € S(FE€D% ) such that P = a1 Ba for all
B € End(F€D%).

At the end we consider the automorphism group of End(F€%).
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Theorem 3. Let X be an arbitrary set with | X| > 2. Then
(i) all automorphisms of End(F€D%) are quasi-inner;
(ii) the automorphism group Aut(End(F€D%)) is isomorphic to the
direct product S(X) x Cs.

Proof. (i) Let X =Y in Theorem 2, then it will be the part of Theorem 3.
It is not hard to see that every automorphism ® of End(F€D%) is either
an inner automorphism or the product of a mirror automorphism and an
inner automorphism. Namely, we have ® = E, or ® = &1 E,, for a suitable
bijection ¢ : X — X. It means that all automorphisms of End(F€D% )
are quasi-inner.

(ii) It is clear that the automorphism group {®g, ®1} of End(F€D%) is
isomorphic to Cy. Define a mapping ¢ : Aut(End(F€D%)) — S(X) x Cq
as follows:

B¢ = {(so,%), = E,
(gO, ‘I>1), P = q)lE@

for all ® € Aut(End(F€D%)).
It is easy to see that ( is a bijection. Since for all ¢, € S(X) and
f € End(FeD%),

f(ExEy) = (Sllf%)Ew = (%Ew)_lf(&a%)
= 5;11;]0%1& = fEgy
and
F(Bo®1) = (e, fep) 1 = (gfay e ) f (epiay)
= (5;15?@)]0(5?@%) = (€lay feiax ) B = f(P1Ey),

we obtain EcpEw = Eww and Eap(pl = (I)1E<p.
The immediate check shows that ( is a homomorphism. ]
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