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A note on squarefree monomial ideals and
matroid ports

Jaume Marti-Farré
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ABSTRACT. A matroid port is a clutter determined by the
circuits of a matroid that contain a fixed point. A monomial ideal
associated to a (binary) matroid port can be characterized by using
its minimal generators and its minimal prime ideals. In this note we
point out this characterization and we demonstrate that any full-
supported squarefree monomial ideal is the intersection of finitely
many ideals associated to matroid ports. In the binary case, the
matroid port decomposition is related to the irredundant primary
decomposition of the ideal.

1. Introduction

Let K be a field and R = KJz1,...,x,] be the polynomial ring in n
n

variables over K. The support of a monomial m = [] z{* € R is the

i=1
set supp(m) = {x; : a; > 0}, and the support of a monomial ideal
JCRissupp(J) = |J supp(m) where G(J) is the set of monomials

meG(J)
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that minimally generate J. It is said that the ideal J is full-supported if
supp(J) = {x1,...,x,}. (See [3] for topics on monomial ideals.)

Let I C R be a squarefree monomial ideal. Let m € G(I) and let
p € Min(7) be a minimal prime of the ideal I. Denote by i(m,p) the size
of the non-empty intersection sup(m)Nsup(p). Observe that i(m,p) > 1
and that for all p € Min(7) there exists m € G(I) such that i(m,p) = 1.
We say that the ideal I has odd intersection if i(m,p) is odd for all
m € G(I) and p € Min(/). Otherwise we say that the ideal I has even
wntersection.

The full-supported ideals with odd intersection are related to ma-
troid ports, a combinatorial object introduced by Lehman [2] to solve
the Shannon switching game. In Section 2 we recall the definitions and
properties about clutters, matroids and matroid ports that we will use,
and we focus on the relation between ideals with odd intersection and
matroid ports, (Proposition 1). It is worth noting that from a combi-
natorial point of view matroid ports play a key role in secret sharing
schemes (see [8]).

The present note deals with full-supported ideals with odd intersec-
tion and with ideals associated to matroid ports, and explores how with
these ideals it is possible to decompose any squarefree monomial ideal.

It is clear that the irredundant primary decomposition I = p; N ...
Nps of a full-supported squarefree monomial ideal I C R provides a
decomposition of I as an intersection of ideals with odd intersection.
However, the odd intersection ideals pi,...,ps are not full-supported
(except for p; = (z1,...,2y)). So, a natural question that arises at this
point is to determine whether it is possible to obtain an irredundant
decomposition I = J; N --- N Js of I as an intersection of finitely many
full-supported ideals .Jy, ..., Js with odd intersection.

The goal of this note is to show that such a decomposition exists. Ac-
tually we present a more general result involving matroid ports. Namely
we demonstrate that any full-supported squarefree monomial ideal I can
be decomposed as an intersection I = JyN---NJs of finitely many ideals
Ji, ..., Js associated to ports of representable matroids over any field K.
In the case K = Zo, the irredundant matroid port decomposition of the
ideal I provides a decomposition of I as the intersection of full-supported
ideals with odd intersection.

Our decomposition result is presented in Section 3 both for mono-
mial ideals (Theorem 1) and clutters (Corollary 1). We also prove that
there are no similar results if we replace odd intersection by even inter-
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section, or if we replace matroid ports by matroids (other decompositions
of clutters with matroids have been studied in [7]).

2. Matroid ports and ideals with odd intersection

As mentioned in the introduction, ideals with odd intersection are closely
related to ports of matroids. In this section we point out this relation
in Proposition 1. For completeness we recall the different concepts in-
volved in this proposition. (We refer to [9] for general definitions about
matroids.)

A clutter A on a finite set €Q is a collection of non-comparable subsets
of ©, that is, A = {Ay,..., A} where A; C Q and A; € A; if i # j.

A clutter A on a set Q is said to be full-supported if @ = |J A. Clut-
AeA
ters are also known as antichains or Sperner systems. Observe that if

I C K[xy,...,z,] is a squarefree monomial ideal then, we can consider
its associated clutter A; on the finite set Q = {x1,...,x,} whose ele-
ments are the subsets corresponding to the support of the monomial that
minimally generate I; that is, A7 = {sup(m) : m € G(I)}. Clearly, I is
full-supported if and only if Ay is full-supported.

A matroid is a combinatorial object that generalizes the properties
of linear dependence among a finite set of vectors. There are many
different equivalent definitions of a matroid. The one we use is based
on the axioms of the circuits, that is, the minimal dependent sets of the
matroid. Namely, a matroid M is an ordered pair M = (E(M),C(M))
consisting of a finite set E(M), called the ground set of the matroid,
and a clutter C(M) of nonempty subsets of E(M) which satisfy the
weak circuit elimination property: if C7 and C5 are distinct members
of C(M) and = € Cy N Cq, then there is a member C3 of C(M) such
that C3 C (C1 U C2) \ {z}. The members of the clutter C(M) are the
circuits of the matroid M, and the dependent sets of the matroid are
the supersets of the circuits. A matroid M is called representable over
a field K if there exists some matrix A with entries in the field K such
that M is the column matroid of A; that is, the ground set of M are
the columns of A and the dependent sets of M are those sets of columns
of the matrix A that are linearly dependent as sets of vectors (so the
circuits of M are the inclusion-minimal sets of columns of the matrix A
that are linearly dependent as sets of vectors). A matroid M is called
binary if it is representable over the finite field Zs. A matroid M is said
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to be connected if every two points z,y € E(M) lie in a common circuit;
that is, there exists C' € C(M) with z,y € C.

Given a matroid M and a point wy € E(M) in the ground set of M,
the port of the matroid M at the point wy is the clutter M,,, on the set
E(M)\ {wo} defined by M,,, = {C \ {wo} : C € C(M) with wy € C};
that is, My, is the clutter on E(M)\ {wp} defined by the circuits of M
containing the point wy. From [2], a connected matroid M is determined
by any of its ports M,,,. Clearly, all ports of a connected matroid are
full-supported. Moreover, as a consequence of [9, Proposition 4.1.2], a
matroid M is connected if and only if at least one of its ports My, is a
full-supported clutter (and in this case all ports of M are full-supported).

A full-supported clutter A on a finite set  is said to be a matroid
port if it is the port of a matroid; that is, if there exists a matroid M with
ground set E(M) = QU{wo}, where wg & €, such that A = M,,,. Since
A is full-supported, from the above it follows that if A is a matroid port
then there exists a unique connected matroid Ma with A = (MA)w,-
An explicit description of the circuits of the matroid Ma can be found
in [2] or in [9, Theorem 4.3.2].

There are several characterizations of matroid ports which range from
combinatorial properties and excluding minors [5,11,12] to independent
sequences and bounds on the optimal information rate in secret-sharing
schemes [8]. From the ones in [12] we get the following description of the
ideals with odd intersection.

Proposition 1. Let I C K[zy,...,xy,] be a full-supported squarefree mo-
nomial ideal. Then I is an ideal with odd intersection if and only if the
clutter Ay is the port of a binary matroid.

Proof. Let A be a clutter on 2. A blocking set of A is a subset of {2 that
intersects every member of A. The clutter b(A) of all inclusion minimal
blocking sets of A is the blocker of A. From the definition of blocker
we get that if I is a squarefree monomial ideal then, b(A;) = {sup(p) :
p € M(I)} (in other words, b(Ay) is the clutter Ajv associated to the
Alexander dual I of T). So the ideals with odd intersection are those
associated to clutters A such that |[A N B is odd for A € A and for
B € b(A). From [12, Theorem, page 358], these clutters are the ports of
binary matroids. O

It is worth noting that this proposition provides an easy tool to con-
struct ideals with odd intersection. Namely, given a binary matrix with
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n -+ 1 columns, the ports at each one of its columns determine monomial
ideals with odd intersection.

Example 1. The ideal I = (zy, zz,yt, 2t) C K|z,y, z,t| has odd inter-
section because Min(I) = {(,t),(y,2)}. Observe that the associated
clutter Ay is the port (at the first column) of the binary matroid defined

by the matrix
110 0 1
A= ( 101 10 > '

Up to isomorphism, the ideal (zz,xt,y) is the odd intersection ideal
corresponding to the ports at each one of the other four columns of the
binary matrix A.

The relation between ideals with odd intersection and ports of ma-
troids leads us to the following definitions.

Definition 1. Let I C KJzq,...,x,] be a full-supported squarefree
monomial ideal. We say that the ideal I is a matroid port ideal if
the clutter Ay is a matroid port and, if K is a field, we say that I is
a K-representable matroid port ideal if the clutter Ay is the port of a
K-representable matroid. Furthermore, we say that the ideal I is a ma-
troidal ideal if the clutter Ay is the set of circuits of a matroid.

So, the odd intersection ideals with full support are the Zs-representa-
ble matroid port ideals. Monomial ideals associated to matroids and po-
lymatroids have been studied by several authors (see for instance [1,4,10]
for arithmetic properties of these ideals). The following remark is about
matroid ports ideals and the unmixedness property of their associated
matroidal ideals.

Remark 1. If I C KJzy,...,zy] is a matroid port ideal then there exists
a unique matroidal ideal Iy C Klxg,x1,...,zy] such that I is the port of
Iy at xg; that is, such that m € G(I) if and only if zgm € G(Ip). Since
Aj, =C(Ma,), the ideal Iy can be determined from the explicit descrip-
tion of the circuits of the matroid Ma,. From [9, Corollary 2.1.17], the
prime ideals of I are exactly the prime ideals defined by the basis of
the dual matroid (Ma,)*. In particular, the ideal Ij is height unmixed.
For example, for the ideal I = (zy, zz,yt, 2t) C K[x,y, z,t] we have that
Iy = (zoxy, xoxz, ToYt, TO2t, Y2, 2t) C K[X0, 2,9, 2,t] Which is unmixed
of height three.
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3. A decomposition result

It was already mentioned in the introduction that the irredundant pri-
mary decomposition I = p1N---N p; of a full-supported squarefree mono-
mial ideal I C K[z1,...,x,] provides a decomposition of the ideal as an
intersection of ideals with odd intersection. However, if I # (x1,...,2y,)
then the minimal primes pq, ..., ps are not full-supported. Our goal is to
prove the existence of a decomposition of the ideal I with full-supported
ideals with odd intersection. This is done in Theorem 1 within the more
general framework of representable matroid ports ideals (recall that mat-
roid ports are considered to be full-supported). Unlike what happens
with the irredundant primary decomposition, we observe that in gene-
ral the odd intersection decomposition of the ideal I is not unique (see
Example 2). We will also show that it is not possible to obtain a gene-
ral decomposition result by using ideals with even intersection (see Re-
mark 2). To finish, in Corollary 1 we present our result in the context of
clutters, and we stress that this corollary is similar but not equivalent to
the results stated in [7] by using matroids. (General results concerning
decomposition in lattices of clutters has been studied in [6].)

Theorem 1. Let [ C K|z, ..., x,] be a full-supported and squarefree mo-
nomial ideal and let K be a field. Then, there are full-supported K-repre-
sentable matroid port ideals Ji,...,Js C Klx1,...,zy,] such that I =
Jin---NJs.

Proof. Set Portg(I) = {J C Klz1,...,2,] : I € J and J is a K-repre-
sentable matroid port ideal}. Observe that the clutter {{z1},...,{zn}}
is the port of the uniform matroid U 41 which is representable over
any field (see [9]). Therefore we get that (z1,...,x,) € Portg([), hence
Portg(I) # 0, and thus we can consider the set {Ji,...,Js} C Portg(I)
of the inclusion minimal elements of (Portk (1), C). Since I C JiN---NJs,
the proof will be completed by showing that J1 N ---NJs C I. We are
going to prove it by contradiction.

Let us assume that JyN---NJg € 1.

Set G(I) = {m1,...,m,}. Since Ji,...,Js are squarefree monomial
ideals, the intersection J;N---NJg is too. So, there exists a monomial a €
G(JiN---NJs) such that a & (m;) for i =1,...,r. Since ﬁ xj € (my),

=1
hence 1 < [supp(a)| < n — 1. Without loss of generality Wé may assume



116 SQUAREFREE MONOMIAL IDEALS AND MATROID PORTS

t
that supp(a) = {z1,...,2}; that is, we may assume that a = [] z;.

j=1

Now let us consider the full-supported and squarefree monomial ideal

Jo € Klz1,...,x,) defined as follows: J, = (z12p,...,Tn_12,) if t =
n — 1, whereas J, = (x12Zp, . . ., T4Tp, Teg1, -« oy Tp—1) if t <n — 1.

At this point observe that the ideal J, is a K-representable matroid
port ideal. Namely it is not hard to check that the clutters defined
by the ideals (z12p, ..., Tn—12y) and (X12Zp, . . ., TeTy, Tytl, -« -, Ty—1) are
the ports at the first column of the K-representables matroids defined by
the matrices Ay, Ay € Mg, 41(K) where

Now let us prove that I C J,; that is, we must demonstrate that
mi,...,my € Jy. Let i € {1,...,7}. Since a ¢ (m;) then, there exists
Ji >t with m; € (xj,). So if t <n —1 we conclude that m; € (zj,) C J,.
Now, assume that ¢t = n — 1. In such a case j; = n and so m; € (z,).
Observe that if m; = x, then I = (z,) which is not possible because
I is an ideal with full support. Therefore there exists k; < n — 1 with
mj € (zx,xpn). Hence m; € (zy,xy) C Jg.

From the above we have that J, € Portg (/). Hence it follows that
there exists a minimal element Jy € {Ji,..., Js} such that Jy C J,. So
we get that JyN---NJs C Jy C J,. Therefore we conclude that a € J,
(recall that a € G(J; N ---N Jp,)). In the case t = n — 1 we have that

n—1

a= ][ z; and that J, = (z12y,...,Tn—12y), while in the case t <n —1
j=1
t
we have that a = [[ z; and J, = (x12p, ..., TtZn, Te41, ..., Tn—1). In
j=1
any case we get that a € J,, a contradiction. O

By considering K = Z5, the above theorem provides a decomposition
of any full-supported squarefree monomial ideal I C Klzy,...,x,]| as
an intersection of full-supported ideals with odd intersection. Namely,
given the ideal I, set O(I) = {J C Klz1,...,2,) : I C J and J is
full-supported and has odd intersection}. From the proof of Theorem 1
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we get that O(I) # 0 and that I = J; N--- N Jg where {J1,...,Js} =
Min (O(I)) are the inclusion minimal elements of O(I). It is clear that
if I = JjN---NJjis an irredundant decomposition with J/ € O(I),
then there exists an irredundant decomposition I = J;; N---NJ;. of I
with {J;,,...,J;,} € Min (O(I)) and with 1 < r < min{s,t}, (observe
that if » < s then {J;,,...,J; } determine I and so Min (O(I))). The
following example shows that, in general, the irredundant decomposition
with minimal elements is not unique.

Example 2. In the polynomial ring K|z, y, z, t], let us consider the ideal
I = (zyz,zyt, zt). This ideal has not odd intersection because (z,t) €
Min(I). By exploring all the squarefree monomials ideals J with I & J we
conclude that Min (O(I)) = {J1,J2, J3} = {(zyz,t), (zyt, 2), (wy, 2t)}.
It is not difficult to check that I = J1NJoNJs3=JiNJy=J1NJ3 =
JoNdJs. So I has three different irredundant decompositions with minimal
elements. (As mentioned above, observe that if {4, j,k} = {1,2,3} then,
the ideals J; and J; determine I and so Jj.)

Remark 2. It is worth mentioning that there is not a general result
concerning decomposition with ideals with even intersection. Let us
show some examples in three different situations. In the polynomial
ring K[x,y, z,t] let us consider the ideals I} = (x,y, zt), Io = (zt, yt, 2t)
and Is = (xy, 2t). Now set £(1;) = {J C k[x,y,z,t] : I; C J and J is
full-supported and has even intersection}. As before, by exploring all the
squarefree monomials ideals J with I; & J we conclude that £(I;) = ()
and that £(Iy) = {(zy, zz,yz,t)}. So, for I} and I there does not exist
a decomposition by using ideals with even intersection. However, such
a decomposition exists for I3. Namely Is = (zy,zz,z2t) N (zy,yz, 2t)
and (zy,xz, 2t), (ry,yz, zt) € £(I3) (in fact, it is not hard to check that
(xy,zz, 2t) and (zy,yz, zt) are two minimal elements of £(I3)).

To finish, in Corollary 1 we present our decomposition result in the
framework of clutters. We stress that this corollary is similar to the
results stated in [7] for matroids (in fact, by using the operation M*
of [7] we have that min{A; U---UAs : A; € A;} = Ayt - F Ay).
However, here we consider clutters with full support, and without this
restriction this result is not true for matroids (see Example 3).

Corollary 1. Let A be a full-supported clutter on Q. The following
statements hold:
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1. If A is not a matroid port, then there are full-supported matroid
ports A1, ..., Ag on Q such that A = min{A;U---UA; : 4; € A;}.

2. If A is not a binary matroid port, then there are full-supported
binary matroid ports Ay,...,As on Q such that A = min{A4; U
rUAs 2 A e AL

Proof. Set Q ={z1,...,x,} and let I C K|[z1,...,x,| be the squarefree
monomial ideal with A; = A. The two statements of the corollary follows
by applying Theorem 1 to the ideal I and by considering A; = Ajy,. O

Example 3. On the finite set 2 = {z, vy, z,t} let us consider the clutter
A = {{z,y, z},{z,y,t}}. This clutter does not satisfy the weak circuit
elimination property. Therefore A is not the set of circuits of any ma-
troid. We are going to show that there does not exist full-supported
clutters Aq,...,Ag on € such that A; is the set of circuits of a matroid
and A = min{A; U---UA; : A; € A;}. Otherwise, let I,Jy,...,Js
be the squarefree monomial ideals with Ay = A and Ay, = A;. Then
I=J1n---NJs Let Iy = (zyz,xyt, xzt, yzt) which is a matroidal ideal.
It is clear that I C Iy and Iy C J; because J; is a full-supported matroidal
ideal. So I = Iy, a contradiction.
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