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ABSTRACT. Base (minimal generating set) of the Sylow 2-
subgroup of Syn is called diagonal if every element of this set acts
non-trivially only on one coordinate, and different elements act on
different coordinates. The Sylow 2-subgroup P, (2) of San acts by
conjugation on the set of all bases. In presented paper the stabilizer
of the set of all diagonal bases in S, (2) is characterized and the orbits
of the action are determined. It is shown that every orbit contains
exactly 2"~ diagonal bases and 22" ~2" bases at all. Recursive
construction of Cayley graphs of P, (2) on diagonal bases (n > 2) is
proposed.

Introduction

Let n be a positive integer greater then 1 and let p be a prime. By
P, (p) we denote the Sylow p-subgroup of the symmetric group Sp». In
this paper by base of a group we mean a minimal set of generators of this
group (whitch further is simply called a base).

It is known that

Po(p) = Cp2Ch1...0Cp,
N— —

n
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where C), is a cyclic permutation group of order p. For every finite p-
group G the following equality holds:

(G) =G - @GP,

where ®(G) is a Frattini subgroup of G (see e.g. [2]). If G = P, (p) then
G' = GP, thus

So
Pu(p)/(Pu(p)) = Zy,

but Zj is a vector space over Z, and every basis of Z; over Z, induces
a base of P,(p). Thus every base of P,(p) has exactly n elements. The
group P, (p) acts on the set of bases of P,(p) by inner automorphisms.
The purpose of this article is to investigate orbits of this action and
the respective Cayley graphs of P, (p). We will consider the case p = 2,
because group P, (2) is of particular interest. Namely group P, (2) is the
full group of automorphisms of 2-adic rooted tree of height n (see eg. [3])
and the inverse limit of such groups is a group of automorphisms of 2-adic
rooted tree, which is widely investigated because of its properties (for the
survey, see e.g. [1]). On the other hand, p = 2 is also the only case for
which considered diagonal bases generate undirected Cayley graphs.

In Section 2 we recall basic facts about Sylow p-subgroups of symmetric
groups and the polynomial (Kaluzhnin) representation of such subgroups.
Section 3 shows a special type of bases of Sylow 2-subgroups of Son called
diagonal bases and some of their properties (an exemplary construction
of a diagonal base is presented in [5]). Also in this section we present
some further investigations of these bases, which lead us to the definition
of primal diagonal bases and characterize the orbits of the action of P, (2)
by inner automorphisms on the set of all diagonal bases. In Section 4 we
present a recursive algorithm for construction of Cayley graphs of P,(2)
on diagonal bases. In Section 5 we give some examples of Cayley graphs
constructed with the proposed algorithm and present two non-isomorphic
Cayley graphs of Ps3(n).

1. Preliminaries

Let X; be the vector of variables x1, zs, ..., ;. Polynomial representa-
tion of group P, (p) (see e.g. [4], [6]) states that every element f € P,(p)
can be written in form

[= [flaf2(X1)’f3(X2)7'"afn(anl)L (1)
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where f1 € Zp and f; : Z;;l — Zy for i =2, ..., n are reduced polynomials
from the quotient ring Z,[X;]/(«} —z1, ..., 2! —x;). Following the original
paper of L. Kaluzhnin ([4]) we call such element f a tableau. By [f]; we
denote the i-th coordinate of tableau f and by f(;) we denote the table

fa) = Lf1, fo(X1), -, fil Xio1)] € Pi(p),

where 7 < n.
For tableaux f,g € P,(p), where f has the form (1) and

9= [91,92(X1),93(X2), ..., gn(Xn—1)]

the product fg has the form

fg = [fl +917 f2(X1) +92($1 +f1)7 ey
fn(Xn—l) +gn(x1 + fl)Q:Z + f2(X1)7 ey Tp—1 + fn—l(Xn—Q))]a

and the inverse
ft= [—f1,—f2(951 = f1),- s
— falz1 = f1,22 — fol@r — f1), .o sTner — fooi(21 — fi, - ))}

Let B be the set of all bases of P,(p). P,(p) acts on the set B by

conjugation:
B" = (u'Biu, u'Bou, ..., u"'Byu) (2)
for all B={B,...,B,} € B.
Lemma 1. The center of group P,(p) has the form
Z(Pn(p)) =A0,...,0,a] : o € Zp}.
Proof. See [4]. O

Proposition 1. The action (2) of P,(p) on the set B is semi-regular.
p—1

The length of every orbit of this action is equal to p »—1

Proof. An action of a group GG on a set X is semi-regular, iff every orbit
of G on X has the same length. Let B = {Bj, Bs, ..., B,} be a base of
Py(p). For any u € P,(p) we have B* = B if and only if u=!B;u = B; for
every i = 1,...,n. Since (By,..., B,) = P,(p), it follows that for every
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g € P,(2), equality u~!gu = g holds if and only if u € Z(P,(2)). But
following Lemma 1:
1Z(Pa(p))| = p,

hence the length of orbit containing B is equal to ‘P’”‘pﬂ. Thus the length
of every orbit is the same regardless of the choice of base B. Hence
the action (2) is semi-regular. The length of every orbit is equal to

P _ i -
p

2. Diagonal bases of P, (2)

From now on we assume that p = 2.

2.1. Definitions and basic facts

Let Z;, be the monomial 1 -x2-. ..z, and let T, /x; be the monomial
T1L2 o Tj1 X1 - .- Ty fOr 2 =1,...,n.

In [6] the authors defined so-called triangular bases of group P, (p). In
the following article we consider a special type of triangular bases, which
we call diagonal. However, the notion of diagonal bases can be formulated
independently of triangularity.

Definition 1. Base B = {By, ..., B,} € B is called diagonal if for any 1,
1 < i < n, the table B; is i-th coordinative, i.e. [B;]; = 0 for j # i.

It is well known that in every base B of P,(2) for every i there
exists a tableaux B’ € B which contains a monomial ;-1 on i-th co-
ordinate. Thus, the nonzero coordinates of elements of diagonal base
B = {By,...,B,} have form [B;]; = 1 and [B;]; = b;(X;—1), where b;
contains monomial T;—7 for every ¢ = 2,...,n.

Diagonal bases B = {Bj,..., By} and C = {C},...,Cy} of P,(2) are
conjugate if there exists element u € P, (2) such that = !Bu = C, i.e.

u_lBiu = Cz (3)
forevery i =1,...,n.

Definition 2. The length I(m) of a nonzero monomial m = x;, ... x;, is
the number of variables of this monomial. We assume that [(0) = —1 and
[(1) = 0. The length of the reduced polynomial is equal to the maximal
length of its monomials.
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For every polynomials f and g the following inequality holds:

I(f +9) <max{I(f),l(g)}-

Definition 3. Reduced polynomial f,, : Zg_l — Zso is called primal if

fn =2ZTp—1+ Bn(anl)a

where I(5,) < n — 3.
Diagonal base B = {By,..., B} is called primal if [B,], is primal
polynomial.

Let 6(P,(2)) and §'(P,(2)) be the numbers of different diagonal bases
and different primal diagonal bases of P, (2), respectively.

Theorem 1. The following equalities holds:
§(Pa(2)) =22 ~(+D  and  §'(P,(2)) = 22" 72",

Proof. Let B = {By,...,B,} be a diagonal base of P,(2), i.e. every
tableau B; has on i-th coordinate a polynomial of length i—1 for 1 <7 < n.
Every polynomial [B;]; contains monomial Z;_1. There are 2=1 monomials
on variables x1,...,x;—1. Thus there are 92" 71—l polynomials on (i — 1)
variables, which length equal to ¢ — 1. So the number of diagonal bases of
P,(2) is equal to

n—1

[]2* =2,

1=0

where v = Y1 (20— 1) = 2" — (n +1).

Let B be a primal diagonal base, i.e. [By,], be the primal polynomial.
There are 22"~ primal polynomials on (n — 1) variables. So the number
of different primal diagonal bases of P,(2) is equal to

n—2
=0

where 7/ = (Z?;OQ(T — 1)) +2nl —p=2n7l —pyonTl _p=2"_2n
0J
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2.2. Properties of diagonal bases
Let
A:{[Ah’)\n] : )\’L GZQ, 1 <Z<n}

be an maximal elementary abelian 2-subgroup of group P,(2). For any
A= [A1,...,\y] € A and vector X,,_; we denote

Xn1+ A= (xl + A, .., T + )\n—l)-

We can define the left and right actions of group A on the set of
reduced polynomial on (n — 1) variables in the following way. For a
reduced polynomial f : Zg_l — Zg and A = [A1,..., \,] € A let

Ax f(Xpo1) = f( X1 +A) + A and f(Xp—1) x A= f(Xp—1) + M.

As we can can see, this actions resemble the multiplication of tables
in P,(p).

Lemma 2. Let A =[A1,...,\,] € A and let f(X,,—1) = Tp—1. Then

n—1

A (X)) * A =Tt + Y Ni(@nmt/mi) + h(Xn1),
i=1

where h is some reduced polynomial such that I(h) < n — 3.

Proof. We have

A x f(Xno1) = (@1 F M) (@2 + A2) oo (Tt + A1) + A
= r1T2.. .xn_1+()\1:v2.  Tp_1t+Xox123. . L1+ . Ap_121. . ..%'n_g)
+ oo+ M Al A

n—1

=Tp—1+ Z Az(l'nfl/xz) + h(anl) + >\n7

i=1
where h is some reduced polynomial such that {(h) < n — 3. Thus

n—1
A f( X)) * A =Tt + Y N(@azt/@i) + h(Xno1) 4+ An + An

i=1
n—1

=Tnt+ Y Ni(@ns1/wi) + M(Xpo1). O
i=1

There is also an important relation between polynomials of maximal
length and the primal polynomials.
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Lemma 3. For every reduced polynomial f : Zg’_l — Zo such that
I(f) = n — 1, there exists a tableau X\ € A such that \™1 x f x X is the
primal polynomial.

Proof. Every polynomial f(X,_1) such that [(f) =n — 1 can be written
in the form

n—1

f(Xno1) =Tnt+ Y 04Tzt /2) + h(Xn1),
i=1
where o; € Zg for i =1,...,n— 1 and l(h) < n — 3.
Let f1(Xp—1) = Tp—1 and fQ(Z)(Xn_l) = o;(Tp—1/z;) for every i =
1,...,n—1. Then

n—I1
f=f1+Zf2(l)+h
i=1
and

n—1 )
AT A=A s A+ ST A AN AT R hx A (4)
i=1

We construct the tableau A using coefficients a; from the polynomial f in
form A\ = [a1, ..., an_1,up], where u,, € Zs is fixed. Let us investigate
the form of sum (4). From Lemma 2 we have

n—1

A x fi(Xno) * A =Tn 1+ Y 0u(Tpot/@) + B (Xn1)
=1

where ' is some reduced polynomial such that [(h') < n — 3, and
A S5 (X)) % A = (T f ;)

n—1
toi > Bi(@ai/ai)/zs) + 0k (X 1),
=1

where 3; € Zo and k() is some reduced polynomial such that (k) < n—4.
Thus

1 (A 5 (1) %2
1

n

<.
Il

n—1 n—1
= Z a; (%-1/%‘ + Y Bi(@a=t/zi) /o) + k(i)(Xn—l))

J=Ly#
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n—1

= i (Tn=1/zi) + 1 (Xn-1),
1

<.
Il

where h” is some reduced polynomial such that [(h") < n — 3.
The last element in sum (4) has the form

A (X 1) * A=A (Xno1),

where A" is some reduced polynomial such that [(h") < n — 3. Thus
finally

n—1

A% f(Xn—l) * A =Tp_1+ Z ai(xn_l/xi) + h/(Xn_l)
=1
n—1

+ 3 i(@nst/@) + 1 (Xno1) + B (Xn1)
i=1

=Tpn—1+ h,(anl) + h//(anl) + hm(anl)
=Tp—1+ b(anl)y

where b = W/ + A" + 1" and I(b) < n — 3. So AL % f x X is a primal
polynomial. O

Theorem 2. Every
f=10,0,...,0, fo(Xn-1)] € Pa(2)
where l(fp,) =mn — 1, is conjugate to a tableau
b=10,0,...,0,b,(Xn-1)],
where b, is the primal polynomial.

Proof. Similarly like in the proof of Lemma 3, tableau f can be written
in form

n—1

f=10,...,0, 7,1+ Z Oti(xn_l/.%'i) + hn(Xn-1) |,
i=1
where a; € Zg fori=1,...,n—1and I(h,) <n — 3.

Let us construct the tableau u using coefficients «; from tableau f.
Let u = [ov, ..., Qp_1,Uy|, where u,, € Zs is fixed. Notice that u € A. Of
course the equality

[u™" ful; =0
holds for every j = 1,...,n — 1. From Lemma 3 we get that [u~!ful, is
the primal polynomial. O
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Let us denote the set of all diagonal bases of P,(2) by ©. Now we
describe stabilizer of the set © in the group P,(2) with respect to the
action (2).

Theorem 3. The stabilizer of the subset © C B in the group P,(2) acting
on the set B according to (2) is equal to A. The kernel of this action
coincide with the center of P,(2).

Proof. To show that A is the stabilizer of ® we have to prove the following.
1) If B={By,...,B,} is a diagonal base of P,(2) and A € A, then
A~IB) is a diagonal base of P, (2).
2) For every diagonal bases B = {Bjy,...,B,} and C = {Cy,...,Cy}
of P,(2) if there exists u € P,(2) such that = 'Bu = C, then u € A.
A set conjugate to a base is always a base. Let 1 < s < nandlet B € P,,(2)
be a tableau with the only nonzero element on its s-th coordinate. Let
j # s. Then
ANIBA]; = 0.

Thus the first condition is proved.

We now prove the second condition. Let [Bi1]; = 1 and [B;]; = b;(X;-1)
fori=2,...,n. Base B is diagonal, so b;(X;_1) # 0 for every i = 2,...,n.
Let

u = [041, UQ(Xl), ‘e ,un(Xn)].

We will show that for every s =1,...,n — 1, the reduced polynomial wu;
for i = 2,...,n does not contain variable xs. Variable x4 can be contained
only in polynomials u; for which ¢ > s. Every such polynomial can be
described as

ui(Xio1) = wi(Xiq) - ws +uf (Xiz1),

where polynomials «, and u] do not contain variable z,. Equality
u~'Byu = C4 can be written in form Bsu = uCy. Thus

[Bsulg = [uCs]y (5)

for every k = 1,...,n. For k > s we have [By|r = [Cs]x = 0, so in this
case

[Bsulk = 0+ ui(Xi-1) - (25 + bi(Xi-1)) + ' (Xi-1)
= up(Xio1) - s +up(Xio1) - bi(Xi1) + v (X-1)
and
[uCs]k = uj(Xi—1) - s +ul (Xim1) + 0 = wf(X;—1) - x5 + u (X;-1).



B. PAWLIK 273

Thus

[Bsu]k‘ — [ch]k,
wi(Xi1) s+ ui(Xio1) b (Xio1) +uf (Xi1) = ui(Xio1) 26 + uf (Xi-1),
’U,;J(Xz_l) bz(Xz—l) = 0.

We know that b;(X;—1) # 0, so u;(X;_1) = 0 and hence
U =0 s+ uj (Xio1) = uj (Xi-1),

where u; does not contain variable z;.

We have shown that any variable x; for 1 < s < n is not contained in
polynomials u; for i = 2,...,n, so u;(X;—1) = a;, where «; is constant
and hence u = [a1,a2,...,a,] € A. Thus indeed A is the stabilizer of
o on ©. Lemma 1 implies that the center of P,(2) contains only the
tableaux [0,...,0,0] and [0,...,0,1].

Let

n—1

bn(anl) =Tp_1+ Z az(m/xz) + Bn(Xn71)7
=1

where (3, is some reduced polynomial such that I(5,) < n — 3. Thus

n—1

bn(wl +)\1a ey Ip—1 +)\n71) =Tp—1+ Z(az +)\z)($nfl/xz) +,37n(Xn71)7
=1

where f3,, is a reduced polynomial such that (3,) < n—3. So the necessary
condition for the equality A"'B,\ = B,, to hold is

ap = o + N\

foralli =1,...,n— 1. So \; = 0 for all such i. It follows that £, = f3,..
Hence
A'B,\ =B,

ifand only if \y = ... = X\,_1 =0. ]

Corollary 1. If B and C are two conjugated diagonal bases of P, (2)
such that for tableauz u,v € A the following equalities hold:

v 'Bu=C and v 'Buv=C,

then

where o € Zsg.
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2.3. Properties of primal diagonal bases

Let B ={Bjy,..., By} be a diagonal base of P,(2). Theorem 2 implies
that tableau By, is conjugate with some tableau C,, = [0,...,0, ¢, (Xpn-1)],
where ¢, is the primal polynomial. As we could see in the proof of
Theorem 2, the tableau v which conjugate tableaux B,, and C,, belongs
to the subgroup A. Thus, by Theorem 3 we can formulate

Corollary 2. Every diagonal base of P,(2) is conjugate to some primal
diagonal base.

Primal diagonal bases have another important property.

Theorem 4. If B and C are different primal diagonal bases of P, (2),
then B and C' are not conjugated.

Proof. Let us assume that bases
B = {Bl,...,Bn} and C = {Cl,...,Cn}

are conjugated. Then according to Theorem 3 there exists tableau u € A
such that
u'Bu=C. (6)

Let
B, =10,...,0,7,1 + Bn(Xn-1)], where l[(5,) <n—3,

and
Cn=10,...,0,Tp—1 + v (Xn-1)], wherel(y,) <n—3.

From (6) we get the equality
[u ™' Byul, = [Chln. (7)

By Lemma 2, we have

n—1

[Uianu]n =Tp—1+ Z Ui(xn—l/$i) + h(Xn—l)p
i=1
where [(h) < n — 2. So equation (7) implies that

n—1

Tt + Y ui(@a=1/2s) + M(Xn-1) = Tn1 + Y (Xn-1)-
=1
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Thus h(X,—1) = Y (Xn—1) and u;(Tp—1/z;) =0 forevery i =1,...,n—1,
so u; = 0 for every i = 1,...,n — 1, that is, u = [0,...,0, u,]. But if
u=10,...,0,u,] then u=!Bu = B and from (6) we get that B = C, which
contradicts the assumption that B and C are different primal diagonal
bases. O

The orbit of P,(2) on B by action (2) which contains a diagonal base
is called ®-orbit. Summing up previous results we can formulate following

Theorem 5. The following statement holds:
1) every ®-orbit contains exactly one primal diagonal base;
2) every D-orbit contains exactly 2" diagonal bases and 22" 2 bases
at all;
3) the number of different ®-orbits is equal to 22" ~",

Proof. 1) Corollary 2 states that every diagonal base is conjugate with
some primal diagonal base. Thus every D-orbit contains a primal diagonal
base. From Theorem 4 we get that this primal diagonal base is unique in
every D-orbit.

2) From Theorem 3 we know that the elements which conjugate
diagonal bases are of form u = [uj,...,up—1,uy,], where u; € Zg for
1 =1,...,n. Theorem 3 also states that conjugation does not depend
on Uy, so the number of conjugated diagonal bases is equal to the number
of different tableaux of the form [uy,...,u,_1,0]. There are 2"~! such
tableaux. The number of all bases in single ©-orbit is determined by
Theorem 1.

3) Every ®-orbit contains exactly one primal diagonal base, so the
number of ®-orbits is equal to the number of different primal diagonal
bases, which is equal to 22" — 2n by Theorem 1. O

3. Cayley graphs of P,(2) on diagonal bases

We recall the definition of Cayley graphs.

Definition 4. Let G be a group and S be a set of generators of G. The
Cayley graph of group G on set S is a graph Cay(G, .S) in which vertex
set is equal to G and two vertices u, v are connected by an edge iff there
exists s € S such that uw = v - s. Such edge will be denoted as uwv.

If S = S~1, then Cay(G, S) is undirected. Thus Cayley graphs of P,(2)
on diagonal bases are undirected.
From now on in this section we assume that n > 2.
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Let B ={Bj,..., By} be a diagonal base of P,(2). By Theorem 5 base
B is in the same orbit with some primal diagonal base D = {Dy, ..., D,},
S0
Cay(P(2), B) = Cay(Fn(2), D).

Thus investigation of Cayley graphs of P»(n) on diagonal bases is equiva-
lent with investigation of Cayley graphs only on primal diagonal bases.

Let B' = {(B1)(n-1),---» (Bn-1)(n—1)}- Set B’ is a diagonal base of
group P,_1(2).

Theorem 6. Let D = {Dy,...,D,_1,D,} be a diagonal base of P,(2)
and let D" = {(D1)(n-1),---» (Dn-1)(n—-1)} be a diagonal base of P, _1(2).
Let T' be a graph obtained from Cay(P,(2), D) by removing edges of form
uD,, for every u € P, (2). Then

1) T is not connected;
2) T' contains 22" connected components;
3) every connected component of I is isomorphic to the Cayley graph

Cay(P,-1(2), D).

Proof. Let (Dj,,Dj,,...,Dj,) be a tuple of (not necessarily different)
elements of D\{D,}, i.e. D;, € {D1,...,Dp_1} for every k = 1,...,L
Thus

[rl[ D] 0 ®)
=1 .

We now prove stated properties.
1) Consider vertices f; = [0,...,0] and fo = [0,...,0,1] of graph T
Equality (8) implies that

l
[fl 11 Dik] =0.
k=1 n

Thus in I' there is no path from vertex f1 to vertex fs, which implies that
I" is not connected.
2) Let f=10,...,0, f,(X5—1)]- Equality (8) implies that

l
k=1 "

Thus if g = [0,...,0,9,(X,—1)] and g, # fn, then vertices f and g are
contained in different connected components of I'.
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Let f’ be a tableau for which [f’ ] = [f]n. Set D" is a base of P,,_1(2),
and there exists a set {D;,, Dj,,...,Dj } of elements of D\{D,} such
that

!
1 Di = f
=1

Thus every vertex
f, = [fla sy fn(anl)]

of I' is contained in the same connected component of I' as vertices of the
form

[0,...,0, frn(Xn-1)], 9)

and different vertices of form (9) lays in different connected components
of I', so the number of connected component of I' is equal to the number
of different reduced polynomials f,, : Z5 ™" — Zs, which is equal to 22"
3) We have shown that every connected component of I' contains
a vertex made of tableaux with fixed last coordinate. Let V} be the
subgroup of P,(2) such that if g € Vy, iff [g,] = fn. Thus V, = P,_1(2),
hence
Cay(an, D,) = Cay(Pn_l(Q), D/). [

Theorem 6 implies the recurrent construction of Cayley graphs of P, (2)
on primal diagonal bases. Let D = {D,...,D,} be a primal diagonal
base of P,(2). Graph Cay( 2(2), D) can be constructed in following way.

1) We construct 22*" Cayley graphs Cay(P,_1(2), D), where

D' ={(D1)(n-1)s -+ (Dn-1)(n-1)}-

Every such Cayley graph may be labeled with a different reduced poly-
nomial f, : Zgil — Zs. Denote the Cayley graph corresponding to
polynomial f, by Cayy .

2) In every graph Cayy, we replace the set of vertices V(Cayy, ) =
P,—1(2) by the set of vertices V' C P,(2) in following way: we replace
u=[ur,...,up—1(Xpn—2)] by

U/:[ul,-~ ; Up— 1( ) fn( )]

for every u € V(Cayy, ).

3) For every pair of vertices u/, v’ of obtained graph, if /B, = v/,
then we add an edge u/v/

So in the construction we need to start with the case n = 2, which is
presented in the next section.
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Above construction suggests the dependence between Cayley graphs
and Schreier coset graphs on diagonal bases of P, (2).
Let us recall the definition of the latter graphs.

Definition 5. Let G be a group, S be a set of generators of G and H
be a subgroup of finite index in G. The Schreier coset graph Sch(G, S, H)
is a graph whose vertices are the right cosets of H in G and two vertices
Hu and Hv are connected by an edge iff there exists s € S such that
Hu= Hv-s.

Let us notice that every Cayley graph of group G is a Schreier coset
graph of G in which H is a trivial subgroup.

We consider a subgroup P, (2) of group P,(2) in which in every
tableuax the last coordinate is equal to 0, i.e. if f € P,(2),then

f=1f f(X1), -, fam1(Xn—2),0].
Of course P, (2) = P,_1(2).

Theorem 7. Let D ={Dy,...,D,} be a diagonal base of P, (2). Then
the following conditions hold.
1) Two vertices P, (2)u and P,(2)v of graph Sch(P,(2), D, P,,(2)) are
connected by an edge, iff

2) Graph Sch(P,(2), D, P,,(2)) is bipartite.
Proof. If i =1,...,n — 1, then [D;], = 0. Thus in this case
P,(2u-D; = Pp(2)u,

so elements Dy, ..., D,_1 do not generate edges of Sch(P,(2), D, P,,(2)).

We now prove the second statement.

Vertex set V(Sch) can be described as a sum of sets V; and Va, where
V1 is made of cosets in which the last coordinate in all tableaux in this
coset is a polynomial which contains a monomial Z,,—7 and V5 is made of
cosets in which the last coordinate in all tableaux are polynomials which
do not contain such a monomial. [D,],, contains a monomial Z,,—1, thus
for every P,(2)vy € V; and P, (2)vs € Va:

P,(2)vy - Dy, € Vo and Pp(2)vs - D, € V4. O
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Hence for diagonal base D = {Dq,...,D,} we can obtain a Cayley
graph Cay(P,(2)) from a graph Sch(P,(2), D, P,,(2)) by replacing every
vertex of Sch(P,(2), D, P,(2)) by a graph Cay(P,_1(2), D) and replacing
every edge of Sch(P, (2 ), D, P,(2)) by aset of corresponding edges between
elements P, (2) due to generator D,, (see point 3 of above construction).

4. Cayley graphs of P, (2) for small n

4.1. The case n = 2

Group P»(2) is isomorphic with the dihedral group Dy. It has two
different diagonal bases and 12 different bases at all. The list of bases is
as follows:

By = D; ={[1,0],]0,z1]}, By = Dy ={][1,0],]0,z1 + 1]},
B3:{[1 1]7[07331]}7 B4:{[ ]7[07x1+1}}>

Bs = {[1,0],[1, z1]}, B = {[1,0], [1, 21 + 1]},

By = {[1,1],[1,z1]}, By = {[1,1],[1, 21 + 1]},
By = {[0,21], [1, 1]}, Bio = {[0,z1], [1, 21 + 1]},
Bi1 = {[0, 21 + 1], [1, z1]}, Bio = {[0, 21 + 1], [1, 21 + 1]}.

The only primal diagonal base in P, (2) is B;. The action on the set of
all bases has 3 different orbits of length 4:

Ol - {D17 D27 B37 B4}; 02 — {B5a B6a B7a BS}a
O3 = { By, Bio, B11, Bia}.

The orbit O; is the only D-orbit. Cayley graphs of P(2) on bases from
O3 and Oz are isomorphic (Fig. 1).

Ol 02 03
FIGUuRE 1. Cayley graphs of P(2) in bases from respective orbits.
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4.2. The case n = 3

There are four different primal diagonal bases of P3(2):

{[1,0,0], [0,21,0], [0,0, z122]},
{[1,0,0], [0,21,0], [0,0,z122 + 1]},
{[1,0,0], [0, 21 + 1,0], [0,0, z122]},
{[1,0,0], [0, 21 + 1,0], [0,0, 122 + 1]},

Thus there are four different ®-orbits and every such orbit contains exactly
four diagonal bases and exactly 60 bases, which are not diagonal. Schreier
coset graph Sch(P3(2), D, P3(2)) on bases from orbits ®-orbits have form
presented in Figure 2.

0 T T2 r1+xo+1 x14x0 To+1 r1+1 1

zizo+x1+x2+1 T1T2+x2+1 r1we+1

T1T2 T1x2+T1 Tix2+T2 T1x2+T1+ T2 r1x2+71+1

FIGURE 2. Sch(P3(2), D, P3(2)), where D is a diagonal base (vertex indexed
by polynomials on last coordinate).

As we can see, Sch(P3(2), D, P3(2)) is a 4-regular bipartite graph.
Every edge of this graph corresponds to connections with subgraphs
isomorphic to Cay(P»(2), D’) (i.e. undirected cycle on 8 vertices, see 5.1).
Every such connected cycles in Cay(P;(2), D) are connected by two edges
and form of connection depends of bases (Fig. 3)

Thus the length of the shortest cycle in graphs on bases Dy and Ds is
equal to 8, and length of the shortest cycle in graphs on bases D3 and Dy
is equal to 4. This means that these Cayley graphs of P3(2) on diagonal
bases are not isomorphic.
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Dl,Dg D37 D4

F1GURE 3. Connections between subgraphs of Cay(Ps(2), D) isomorphic with
Cay(P5(2), D’) for different diagonal bases.
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