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On the algebra of derivations of some Leibniz
algebras
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ABSTRACT. Let L be an algebra over a field ' with the binary
operations + and [—, —]. Then L is called a left Leibniz algebra if it
satisfies the left Leibniz identity [[a, b], ¢] = [a, [b, ¢]]—[b, [a, c]] for all
a,b,c € L. We study algebras of derivations of some non—nilpotent
Leibniz algebras of low dimensions.

Let V' be a vector space over a field F'. Denote by Endp(V') the set of
all linear transformations of L. Then Endp(V') is an associative algebra
by the operations + and o. As usual, Endp(V) is a Lie algebra by the
operations + and [—, —] where [f,g] = fog—gof forall f,g € Endp(V).

Now, let L be an algebra over a field F' with the operations + and
[_a _]

A linear transformation f of an algebra L is called a derivation if

f(la; b)) = [f(a), b] + [a, £(b)]

for all a,b € L.

Derivations play a very important role in studying the structure of
many types of non-associative algebras. Such is, in particular, especially
true for Lie and Leibniz algebras.
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Let L be an algebra over a field F' with the binary operations + and
[—,—]. Then L is called a left Leibniz algebra if it satisfies the left Leibniz
identity,

HCL, b}a C] = [CL, [ba CH - [bv [CL, C]]v

for all a,b,c € L. We will also use another form of this identity:
[a, [b, c]] = [[a, 8], c] + [b, [a, d]].

Leibniz algebras first appeared in the paper of A. Blokh [2], but the
term “Leibniz algebra” appears in the book of J.-L. Loday [11] and his
article [12]. In [13], J.-L. Loday and T. Pirashvili conducted an in-depth
study on Leibniz algebras’ properties. The theory of Leibniz algebras
has developed very intensely in many different directions. Some of the
results of this theory were presented in the book [1]. Note that Lie
algebras present a partial case of Leibniz algebras. Conversely, if L is a
Leibniz algebra in which [a,a] = 0 for every element a € L, then it is a
Lie algebra. Thus, Lie algebras can be characterized as anticommutative
Leibniz algebras.

Let Der(L) be the subset of all derivations of a Leibniz algebra L.
It can prove that Der(L) is a subalgebra of the Lie algebra Endp(L).
Der(L) is called the algebra of derivations of the Leibniz algebra L.

The influence on the structure of a Leibniz algebra of its algebra
of derivations can be observed in the following result: If A is an ideal
of a Leibniz algebra, then the factor-algebra of L by the annihilator of
A is isomorphic to some subalgebra of Der(A) [3, Proposition 3.2]. The
structure of the algebra of derivations of finite-dimensional one-generator
Leibniz algebras was described in the papers [7,15], and the one belonging
to infinite-dimensional one-generator Leibniz algebras was delineated in
the paper [10]. The question about the algebras of derivations of Leibniz
algebras of small dimensions naturally arises. In contrast to Lie algebras,
the situation with Leibniz algebras of dimension 3 is very diverse. The
Leibniz algebras of dimension 3 have been described, and their most
detailed description can be found in [4]. The papers [5,8,9] described
the algebras of derivations of nilpotent Leibniz algebras of dimension 3.
In the paper [6], the description of the algebras of derivations of some
non-nilpotent Leibniz algebras of dimension 3 has been started. More
concretely, it describes the algebra of derivations of non-nilpotent Leibniz
algebras of dimension 3, which are not one-generator and have a Leibniz
kernel of dimension 2. In this paper, we will continue the study of the
algebras of derivations of non-nilpotent Leibniz algebras of dimension 3.
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As usual, we will suppose that L is not a Lie algebra, so Leib(L) is
Nnon-zero.

First, we will finish with a case where L is a non-nilpotent Leibniz
algebra of dimension 3, having a Leibniz kernel of dimension 2. The last
type of these algebras is the following.

Let L be a non-nilpotent Leibniz algebra, generated by an element a,
and having a Leibniz kernel of dimension 2. Put a; = a, b = [a1,a;]. If
we suppose that [a1,b] € Fb, then a subalgebra generated by an element
a1 coincides with Fla; @ F'b. In particular, it has dimension 2, and hence
it is proper. Thus, we obtain that d = [a;,b] € Fb. It follows that
Leib(L) = Fb @ Fd. Further we have [a1,d] = k2b + k3d. If ko = 0, we
obtain the specific case when a subspace F'd is an ideal. Since L is not
nilpotent, k3 # 0. Put ¢ = k3b — d. Then

[a1,c] = [a1, k3b — d] = k3la1,b] — [a1,d] = k3d — K3d = 0.

Since ¢ € Leib(L), [c,a1] = [¢,b] = [¢,d] = [b,c] = [d,c] = 0. It
follows that ¢ € ((L). Moreover, clearly F'¢ = ((L). The fact that
r3 # 0 implies that Leib(L) = Fc® Fd. Also we have b = x5 (c+d), so
that [a1,a1] = ﬁgl(c +d). Put ag = /fglc, ag = ﬁgld, then

[a1, a1] = az + a3, [a1,a2] = [az,a1] =0,

[a1,a3] = [a1, w3 d] = k3 '[a1,d] = k3 kad = d = Kzaz.
The fact that Fag is an ideal and Fag = ((L) implies that the factor-
algebra L/Fas is nilpotent. It follows that Fas = v3(L). Thus, we come
to the following type of Leibniz algebras:

Leig(3, F) = Fay @ Fay ® Fas where [ay,a1] = a2 + a3,

[a1,a3] = ka3, 0 # Kk € F,
[a1, az] = |az, a1] = [az, as] = |az, as] = [a3, a1] = |as, as] = [as, a3] = 0.

In other words, Leig(3, F) = L is one-generator, has the Leibniz kernel
Leib(L) = Fay ® Faz = [L, L] = ¢"*%(L) such that (L) = Fag, Faz =

v3(L), ¢ (L) = ¢(L).
Let again ko = 0, y = a9b + asd and suppose that [a1,y] = By for
some scalar 0 # € F. Then we have

By = B(azb + azd) = Basb + Basd = [a1, Y]
= [a1, agb + asd] = azfa, b] + aslay, d]
= agd + agksd = (a2 + agks)d,
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so that Sas = 0 and Bag = as + agks. Since 8 # 0, ag = 0. It follows
that y € F'd and Fy = Fd.

Suppose now that ko # 0, let y = asb+asd and suppose that [a1,y] =
By for some scalar 5 € F. Then we have

By = B(ab + azd) = Bazb + faszd = [a1, Y]
= a1, b + azd] = azlar, b] + aslai, d]
= agd + a3(keb + k3d) = azkob + (ag + azks)d,

so that fag = aszky and fas = ag + asgks. If we suppose that g = 0,
then taking into account the fact ko # 0, we obtain that as = 0, and it
implies that ap = 0. Hence, if kg # 0, then ((L) = (0).

Suppose that § # 0. Then the assumption ay = 0 implies that
az = 0, and conversely, the assumption a3 = 0 implies that as = 0.
Hence, we can suppose that as # 0 and ag # 0. Put o = 0520451, then
we obtain B0 = ko and 8 = o + k3. It follows that 0 + k30 — ko = 0.
Hence, if the polynomial X? + k3X — k2 has no roots in field F', Leib(L)
does not include the ideals of dimension 1. In other words, Leib(L) is a
minimal ideal of L. Put ag = b, ag = d. Thus, we come to the following
type of Leibniz algebras:

Leiy(3,F) = Fay @ Fay @ Fas where [a1,a1] = a2, [a1,a2] = a3,
la1,a3] = koag + K3az, 0 # ko, k3 € F,

[a2,a1] = [ag,ag] = [a2,a3} = [ag,al] = [a3,a2] = [ag,ag] =0

and a polynomial X2 + k3X — k2 has no roots in a field F.

Note that if the polynomial X2 + k3X — ko has roots in field F,
Leib(L) includes the ideals of dimension 1, and we come to the previous
type of Leibniz algebras.

Check that in this way, we obtain a Leibniz algebra.
Let L = Leig(3, F) and x,y, z be the arbitrary elements of L,

x = §1a1 + §eaz + §3a3,
Yy = nia1 + n2a2 + n3as,

Z = T1G1 + Toa2 + 7303
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where &1, &2, &3, 11,12, M3, T1, T2, T3 are arbitrary scalars. We have

[z,y] = [§1a1 + &2a2 + E3a3,mar + n2a2 + n3a3]
= &imlar, a1] + §imelar, az] + &inslar, as)
= &imag + &impas + E1m3(Keas + K3a3)
= (&m + &imzkz)az + (§1m2 + &1nsks)as,

[, 2] = (111 + &imska)az + (§172 + E173K3)as,

[y, 2] = (m71 +mTsk2)az + (m72 + MmTsK3)as.

Therefore,

[[z,9], 2] =0,
[z, [y, 2] = [§1a1 + &2a2 + &3a3, (71 + M T3K2)az + (MmTe + MmT3K3)as]
= [&1a1, (mT1 + m73k2)az] + [§ra1, (T2 + m7T3k3)as]
= &u(mm + mmsk2)(ar, as] + &1 (T2 + mT3ks)|as, as)
= &i(mm + mTsk2)as + & (M2 + mT3ks)(Keaz + K3a3)
= (&umTake + &1 T3k3kK2)a2
+ (Gomm + §umTske + SimTaks + SMTskS)as,
[y, [z, 2]] = [ma1 + n2az + nzas, (§171 + E173K2)as + (§172 + §173K3)as]
= [ma1, (&1 + &73R2)az] + [mar, (G172 + §173k3)as]
= m (& + §1m36k2) a1, ag] +m(§172 + §11363) a1, as]
= m (&1 + &1m3k2)az + (172 + §173k3) (K2a2 + K3a3)
= (m&imeks + méimsrskz)as
+ (méim + méimske + m&Taks + mEiTsk3)as.
Thus, we obtain [[z,y], z] = [z, [y, z]] — [y, [z, z]]. Hence, Leig(3, F) is a
Leibniz algebra.

We begin with some general properties of an algebra of derivations
of a Leibniz algebra. Here, we show some basic elementary properties of
derivations that have been proven in the paper [10]. First, let us recall
some definitions.

Every Leibniz algebra L has a specific ideal. Denote by Leib(L) the
subspace generated by the elements [a,a], a € L. It is possible to prove
that Leib(L) is an ideal of L. The ideal Leib(L) is called the Leibniz
kernel of algebra L. By the definition, factor-algebra L/Leib(L) is a Lie

algebra. Conversely, if K is an ideal of L, such that L/K is a Lie algebra,
then K includes the Leibniz kernel.
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Let L be a Leibniz algebra. Define the lower central series of L,

L=y(L)=(L) >...7(L) = Ya+1(L) = ...7s(L),

by the following rule: v (L) = L, v2(L) = [L, L], recursively, vo+1(L) =

[L,va(L)] for every ordinal «, and vy(L) = () vu(L) for every limit
p<A
ordinal A\. The last term v5(L) = voo(L) is called the lower hypocenter

of L. We have: ~s(L) = [L,~s(L)].

As usual, we say that a Leibniz algebra L is called nilpotent if a
positive integer k exists, such that v, (L) = (0). More precisely, L is said
to be nilpotent of nilpotency class ¢ if v.1+1(L) = (0) but ~.(L) # (0).

The left (vespectively right) center (1°%(L) (respectively (18" (L)) of
a Leibniz algebra L is defined by the rule below:

Cleft(L) = {z € L| [x,y] = 0 for each element y € L}
(respectively
Cright(L) ={xz € L| [y, z] = 0 for each element y € L}).

It is not hard to prove that the left center of L is an ideal, but this is not
true for the right center. Moreover, Leib(L) < ¢'%(L), so that L/¢'*f(L)
is a Lie algebra. The right center is a subalgebra of L; the left and right
centers are generally different; they may even have different dimensions
(see [3]).

The center of L is defined by the rule below:
¢(L) ={z € L| [z,y] =0 = [y, 2] for each element y € L}.

The center is an ideal of L. Note that if K is an ideal of L, then the
center of K is an ideal of L [14, Lemma 4].

Lemma 1. Let L be a Leibniz algebra over a field F' and f be a derivation
of L. Then f(C*"(L)) < ¢*"(L), f(¢"#M(L)) < ¢"#"(L) and f(¢(L)) <
¢(L).

Corollary 1. Let L be a Leibniz algebra over a field F' and f be a
derivation of L. Then f((o(L)) < (o(L) for every ordinal c.

Lemma 2. Let L be a Leibniz algebra over a field F' and f be a derivation
of L. Then f([L,L]) < [L, L].
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Corollary 2. Let L be a Leibniz algebra over a field F' and f be a
derivation of L. Then f(v4(L)) < vo(L) for every ordinal a.

Proof. Lemma 2 shows that f(y2(L)) < v2(L). Let a > 2 and suppose
that we have already proved that f(yg(L)) < v3(L) for all ordinals 8 < a.
Suppose first that « is a not limit ordinal, @ = u + 1 for some ordinal .
Let x be an arbitrary element of v,(L), then

xr = Ul[al,bl] —+ ... —i—an[an,bn]

where ay,...,an € L, b1,...,b, € (L), 01,...,00 € F.
Now we obtain

f(z) = f(oilar, b1] + ... + onfan, by))
= o1f([a1,b1]) + ... + onf([an, bul)
=o1[f(a1),b1] + ...+ onlf(an),by]
+ o1lar, f(01)] + ... + onlan, f(by)].

By bj € 7u(L), we have [f(a;),b;] € [L,7u(L)] = Yu41(L) = 7a(L),
1 <j <mn. Since p < a, f(bj) € v,(L) by the induction hypothesis,
so that [a;, £(b)] € [L,7(L)] = 7s1(L) = 7a(L), 1 < j < n. Hence
f(z) € 7a(L).

Suppose now that « is a limit ordinal. Then ~,(L) = [\ v-(L).

T

It follows that = € ~,(L) for all ordinal 7 < «. Then, by induction
hypothesis, f(z) € (L) for all ordinal 7 < « and therefore f(z) €

N (L) = Ya(L). O
T

Denote by E the classic monomorphism of End(L) in M3(F) (i.e.,
the mapping, assigning to each endomorphism its matrix concerning the
basis {a1,a2,as}).

Theorem 1. Let D be an algebra of derivations of the Leibniz algebra
Leig(3, F). Then D is isomorphic to a Lie subalgebra of Ms(F) consis-
ting of the matrices of the following form:

0 0 O
a 0 0 ,
B 0 kB

a,B € F. Furthermore, D is abelian and isomorphic to the direct sum
of two copies of the additive group of field F.
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Proof. Let L = Leig(3,F) and f € Der(L). By Lemma 1, f({(L)) <
¢(L) = Fag, and by Corollary 2, f(Fas) = f(v3(L)) < ~v3(L). So that

f(a1) = ara1 + anaz + azas,
f(az) = Baa,
flaz) = vas,

a1, a9, a3, 83,7 € F. Then

flaz) = f("fl[alaa:ﬂ) = r" ' f(la1, as])
= &N ([f(ar), as] + [a1, f(a3)])
“Yawar + azas + azas, ag) + a1, vas))

(
(
1(04 la1, a3] + aslaz, a3] + aslas, as] + yka3)
K~ ankas 4+ yras) = (a1 4 7)as;
flar, a1]) = [f(a1), a1] + [ay, f(a1)]
= [v1a1 + agas + agas, a1] + [a1, ara1 + agas + asas)
= ailar, a1] + a1far, a1] + aslar, ag] + aslar, as)
= 2a (a2 + a3) + kasaz = 2a1a2 + (201 + kag)as,

f(la1,a1]) = f(az +a3) = f(az) + f(a3) = Bag + vas.

Then we obtain
(a1 +7v)az = va3, 2a1az + (201 + Kag)az = Pag + vasz,

so that
a1 +v =7, 2010 = 8, 201 + Kaz = 7.

It follows that ay = 0, § = 0, kag = . Hence, E(f) is the following
matrix:

0O 0 O
a9 0 0 5
az 0 kas

ag, a3,k € F.

Conversely, let x,y be arbitrary elements of L,

x = §1a1 + §oaz + §3a3,
Yy = may + nea2 + n3as
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where &1, &2, &3, 11,12, m3 are arbitrary scalars. Then

[z,y] = [§1a1 + &2a2 + E3a3, m1a1 + 1202 + 1303]
= &imfar, a1] + &implar, az] + &inslar, as]
= &im(ag + a3z) + E1mskas
= &imag + (&m + w€1n3)as,

f(@) = f(§ra1 + Eea2 + §3a3) = &1 f(a1) + &2f(a2) + &3 f(as)
= &1anag + &razas + E3kasag
= §1azaz + (§1a3 + §3K03)as,

fy) = nogas + (mas + n3kas)as,

f(lz,y]) = f(&maz + (&6m + K&ins)as)

=& f(az) + (§am + k€ins) f(as3)
= rag(§1m + ké1mz)ag = kasé(m + kn3)as.

Therefore

Lf(z),y] + [z, f(y)] = [(10202 + (§103 + E3Ka3)as, niar + n2az + 13a3]
+ [&1a1 + &2a2 + E3a3, nianas + (Mo + n3kas)as]
= &i(mas + m3kaz)ar, a3] = k& (Mmas + N3kas)as
= k& az(m + m3K)as,

so that f([z,y]) = [f(2),y] + [z, f(y)].

Denote by ® the mapping of a vector space F' & F in Z(L) defined
by the rule:

0
(a75)_) 0 Y

KB

= L o
o oo

a, B,k € F. Clearly
O((a, B) + (A, ) = @((a+ A, B+ p) = @(a, B) + @(A, 1)

and
d(o(a,p)) = Ploa,ob) = o®(a, B).

Furthermore, the equality

00 0 00 0 0 0 0
a 0 0 A0 0 |=[ 0o o o
B 0 kB w0 Kp kBp 0 K*Bp

shows that a Lie algebra =(L) is abelian. Thus D is isomorphic to an
abelian Lie algebra F' & F. O
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Lemma 3. Let L be a finite-dimensional Leibniz algebra over a field F,

{a1,...,a,} be the basis of L. If f is a linear transformation of L such

that f([aj,a]) = [f(aj),as] + [aj, f(ar)] for all j,t, 1 < j,t < n, then f

s a derivation of L.

Proof. Let x,y be the arbitrary elements of L, then x = > \jay,
1<j<n

y= >, ma,. We have
1<t<n

[z,y] = Z Ajag, Z meag | = Z /\j,ut[ajaat]-

1<j<n 1<t<n 1<j<n,
1<t<n
Then
ey = D Nwlajad | = > Npef([ag,ar])
1<j<n, 1<j<n,
1<t<n 1<t<n
> N[ (ag), ad] + [ag, f(ar)])
1<j<n,
1<t<n
and

@), 9] + [z, F(W)]

=|f E Ajaj |, E pay | + E Ajaj, | E peay
1<j<n 1<t<n 1<j<n 1<t<n
= E A f(aj), E Heag | + § Ajaj,E pef(ar)
1<j<n 1<t<n [ 1<j<n 1<t<n
E )\gﬂt a] a) E )\]Mt aj, f (ay)],
1<j<n, 1<j<n,
1<t<n 1<t<n

so that f([x,y]) = [f(z),y] + [z, f(y)]. Hence f is a derivation of L. [

Lemma 4. Let S be a subset of a Lie algebra Ms(F) of matrices con-
sisting of matrices having a form
aq 0 0

ay P2 v |,
ag B3 73
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a1, g, a3, B2, B3,72,73 € F. Then S is a Lie subalgebra of Ms(F'), and
the mapping
(65} 0 0

O: ae P2 72 | = < gi zz >
as Pz s
is an epimorphism of S on Ma(F).
Proof. Indeed, an equality
ap 0 0 A 0 0
az P2 72 A2 pr2 02
as Pz 73 Az p3 03
a1 0 0

= | agA1 + Bada + 23 Bopo +y2u3 P20 + 203
agA1 + B3Ao + 33 Bape +y3uz B30z + 303

shows that a subset S is closed by multiplication. It follows that [z,y] € S
for every matrices z,y € S. Hence S is a Lie subalgebra of M;z(F).
Finally, the equality

( B2 e > ( p2 o2 ) _ < Bapiz + Yap3 P20z + 7203 >
Bs 3 w3 03 Bapz +y3ps  P3oz + 7303
shows that a mapping 6 is an epimorphism. O

Lemma 5. Let F be a field of characteristic 2, k be a fixed non-zero
element of F', and let S be a subset of a Lie algebra Ms(F') of matrices
consisting of matrices having a form

( B1 kB2 )
B2 B3 )’
B1,P2,83 € F. Then S is a Lie subalgebra of Ms(F'), moreover, S =

Z @& L where Z is the center of Ma(F') (the subset of all scalar matrices)
and L is a non-abelian Lie subalgebra of dimension 2.

Proof. Indeed, let

_ /31 '%62 o )\1 H}\Q
X_<52 ﬂ3>’Y_(>\2 )\3)'

We have
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(B KB Al KA
XY_<B2 B3)< A2 As)

BiA1 + EB2Aa  KB1As + KB2A3 >

52)\1 + B3X2  KB2A2 + 323

H/\Q > < B kB2 )
B2 B3
>\151 + KkXof2 KA1 B2 + KA 3 )

< AofB1+ A3f2 KA2f2 + A3f3

YX

BiA1 + KBaXa  KB1A2 + KBaA3 )
BaA1 + B3ra  KBaAa + B33

AMB1+ KEX2B2 KA1 2 4+ KA2f3 >
XofB1+ A3B2 KA + A3f33

P11 + Kf2A2 + A1f1 + kA2f2  KPBiA2 + kP2 A3 + KA1 f2 + kA2 (3
B2A1 + B3z + X281 + A3B2 kP22 + B33 + kX282 + A3f3

_ 0 K(B1A2 + Bads + A1 B2 + X2 f3) cs
o BaA1 + B3Aa + A2f1 + A3 B2 0 :

_l’_

It follows that S is a subalgebra of a Lie algebra My (F).

For every matrix X € S, we have decomposition

. ,310 0 O 0 H,BQ
(5 0) (0 ) (5 %)

10 0 0 0 k
=&<00)+&<01>+@<10

Put
() v (3 9w (05)
We have
ow=(a0) (7 5)=(05)
=15 ) (o 0)=(10)
[amz(?g)zm
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w=(20)(25)-(22),
- (1)(80)-(35)

1

0
[V,W]z(? g>:W

Furthermore

10 0 0 10
vev=(50)+(09)=(s%)es

Then S includes the center Z of a Lie algebra Ms(F). Moreover, S =
Z @ L where L is a Lie subalgebra generated by U, W. In other words,
L is a non-abelian Lie algebra of dimension 2. O

Theorem 2. Let D be an algebra of derivations of the Leibniz algebra
Leig(3,F). If char(F) # 2, k3 = 1, then D is isomorphic to a Lie
subalgebra of M3 (F') consisting of the matrices having the following form:

0 0 0
(0% Q3K2 Qok2 + Qi3k2 )
a3 a9+ a3 Qzke + a2+ a3

as, a3 € F.
If char(F) # 2, k3 # 1, then D is isomorphic to a one-dimensional
Lie subalgebra of M3(F), generated by the matriz

0 0 0
1 —K3 Ko — Ii%
714;271%3 17&5”1% 2/@37143271#;%
If char(F) = 2, then D is isomorphic to a Lie subalgebra of Ms(F")
consisting of the matrices having the following form:

(/13 — 1)(043/@2 -+ 042I€3) 0 0
(43 2K3 QoK + Qi3K3k2 )
as ag + a3ky  (3kpk3 + QoK + a3k}
ag,a3 € F.

If ko = K3, then D is a abelian Lie algebra of dimension 2. In this
case, a polynomial X% + k3 X + k3 has no roots in a field F.
If ko # /{%, D is a non-abelian Lie algebra of dimension 2.
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Proof. Let L = Leig(3,F) and f € Der(L). Let f(a1) = a1a1 + azaz +
agaz. Then
flaz) = f(lar, a1]) = [f(ar), a1] + [a1, f(a1)]
= [a1a1 + aag + agas, a1] + [a1, arar + agas + asas]
= ailay, a1] + aifar, a1] + aola, as] + aslal, as)
= 2a1a9 + asag + as(kaae + K3a3)
= (201 + azka)az + (a2 + askg)as,
flaz) = f(lax, az]) = [f(a1), az] + [a1, f(a2)]
= [1a1 + agas + aszas, ag) + [a1, (2a1 + azka)as + (a2 + azks)as)
= aifa1, az] + (201 + agkg)[ar, az] + (a2 + asks)lar, ag)
= a1az + (201 + azkz)as + (a2 + azkg) (ka2 + K3a3)
= (agkg + agkgka)az + (a1 + 201 + askg + agks + agng)ag.

Moreover, by [a1,a3] = k2a2 + k3a3 we obtain

f(la1, as]) = [f(a1), as] + |a1, f(as)]
= [oar + agaz + azas, a3] + [a1, (azks + azk3kz)az
+ (a1 + 201 + azkg + agkz + azk3)as)
= ailay, as] + (aake + askrskz)lar, as]
+ (a1 + 201 + agke + agks + agng)[al, as]
= a1 (keag + K3a3) + (a2k2 + askska)as
+ (a1 + 200 + agka + azks + ask3) (keas + K3as)
= (1k2 + a1Kk2 + 200 K9 + 043,%% + K3k + agngmg)ag
+ (a1k3 + qoke + aszkska + a1ks + 201 Kk3 + agkaks
+ k3 + azkl)as.
On the other hand,
f(lav, a3]) = f(r2as + k3as) = k2 f(az) + k3 f(a3)
= ka((2a1 + azka)az + (a2 + askg)as)
+ r3((qoka + agkzke)as + (3o + azks + ks 4 azk3)as)
= (k2(2a1 + azka) + K3(aoks + azkaka))as
+ (ko(ag + asks) + (3ag + agka + aoks + agl{?g))ag
= (2a1k2 + agﬁ% + K3aokg + 043/@%&2)@2

2
+ (koo + Koasks + 3aq + agke + aaks + askg)as.
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It follows that

2 2
2a1 K2 + agky + K3k + a3K3K2

= a1k 4 1Ry + 201 K9 + a3k3 + agkakg + azkiky
and

2
Koo + Kooizk3 + 3o + agka + kg + agkg
= a1Kk3 + qoKe + azkgke + a1Kk3 + 201 k3 + agkraks + agﬁg + aglig.
Then we obtain 2a1k9 = 0 and 3a; + agke + asksy = da1ks + agkaks +
042/%%. Since kg # 0, 21 = 0, and we come to

a1 + agky + oKz = K3(agka + azks) or ai = (k3 — 1)(ask2 + aok3).

As we can see, the following two situations appear: a; = 0 and a; # 0,
and then char(F) = 2.

Suppose first that ay = 0, then 0 = (k3 — 1)(aske + agr3). We
obtained two subcases: k3 = 1 or k3 # 1 and agko + asks = 0. In the
first case, Z(f) is the following matrix:

0 0 0
(e%) Q3K QKo + Qi3ka )
a3 o+ Qa3 Qzky + a2+ Qg

as,as € F.
In the second case, ag = —kKy Lysan and Z(f) is the following matrix:
0 0 0
2
12 —QaK3 kg — ok} ,
-1 1,2 -1.~.3
—Kg K302 Q9 — Ko K302 200K3 — Ko QK3
as, a3 € F.

Suppose now that ay # 0 and char(F) = 2. Then we come to the
equalities a1 + agka + agks = k3(aska + agks) or a; = (k3 — 1)(agka +
agks). Here

a1 + agkg + agkg + 013/%
= (k3 — 1)(agke + agks) + agka + agks + Oéglﬁg
= qi3kak3 + aw% — i3k — QK3 + gk + Qiokg + agng

2 2
= Qi3kok3 + QiaK3 + Q3K3,
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so that Z(f) is the following matrix:

(/433 — 1)(&3/@2 + 042:‘4:3) 0 0
) QK3 QK2 + Q3k3kK2 )
a3 Qo+ agks  Qgkaks + Aok3 + agk
ag,a3 € F.

Conversely, let f be the linear transformation of L, defined by the
above matrices. We found the elements f([a1,a;]) from the equations

f([al,aj]) = [f(al),aj] + [al,f(aj)], j € {1,2,3}.

For commutators [a;, ar], j € {2,3}, we have [aj,a;] = 0. By Lemma 2
f(aj) € Leib(L), and it follows that [f(a;),x] = 0 for each element x € L.
Then we obtain

f(laj,ax]) = f(0) =0, [f(a;), ax] + laj, f(ax)] =0+ 0 =0,

so that f([aj,ak]) = [f(a;),ak] + [aj, f(ax)], 7,k € {1,2,3}. Lemma 3
implies that f is a derivation of L.

Consider now the structure of D in more detail. Assume first that
a; = 0 and k3 = 1. As we have seen above, in this case, (D) consists
of the following matrices:

0 0 0
(e%) Q3K2 Qok2 + Qi3ko )
Qg a2+ Qa3 Qgky + a2+ Qg

as, a3 € F.
Using Lemma 4 we obtain that the mapping

0 0 0 Q3K2 QgK9 + (i3K2
s (e %> Q3k2 QK2 + Q3k2 — .
a3 ozt o3 agke+ o2+ o3 Q2 T a3 azky + a2+ a3

is a homomorphism.

We can see that Ker(d) is zero, so in this case Z(D) is isomorphic
to the Lie subalgebra of Ms(F), consisting of the matrices, having the
following form

< Q3k2 Qak2 + 3K2 )
az+az asketastag )’
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We have

XY = Q3k2 ok + Qi3kg 03K2 09K + O03K2
Qg + a3 a3k +ag +ag 09+ 03 0O3Kk2 + 09 + 03

[ T11 712
- b
T21 T2

T11 = a3o3k3 + (g + ag) (o2 + 03)kK2,

where

T19 = 043(0'2 + Ug)fﬂ% + (Ozzfﬂg + agﬁg)(dgﬂg + 09 + 0'3),
x21 = (g + a3)oska + (azka + e + a3) (o2 + 03),
T99 = (Ozz + 043)(0'2 -+ 0’3)l<;2 + (Oz3/<;2 + oo + a3)<03/£2 + 09 + 0'3),

and

VX — O3K2 O2K2 + O3k2 Q3K2 Qoko + Qi3Ko
09 + 03 03k + 02 + 03 a2 + a3 agzke + a2 + as

_ ( Y11 Y12 )
Y21 Y22 ’

Y11 = azozks + (ag + a3) (09 + 03)Ka,

where

Y12 = o3(qa + a3)K3 + (02ka + o3k2) (agka + o + a3),
yo1 = (02 + 03)azka + (03k2 + 02 + 03) (2 + a3),
Y22 = (02 + 03) (2 + a3)k2 + (03k2 + 02 + 03)(azk2 + a2 + a3).
We have
az(o + 03)K5 + (aks + agka)(03k2 + 02 + 03)
= agﬂzﬁg + 04303163 + 0420’3%3 + Qqok202 + Qak203 + Oé30'3fi§
+azro02 + a3K203;
o3(az + as)k3 + (022 + o3ka)(a3k2 + a2 + a3)
= 0304253 + 0304353 + 0206353 + o9Kot2 + 09Kz + 030631%3
+ogkoag + 03ko03,
and
(v + as)oska + (agke + e + as) (o2 + 03)
= (903K + (i303K2 + (i3K209 + (109 + (1309 + (\3K903 + (103 + (303}
(092 + 03)aska + (03k2 + 02 + 03) (2 + a3)

= 02Q3K2 + 03Q03K2 + 03K + 0202 + 0302 + O3K2(3 + O20x3 + 03003
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Thus, we can see that XY =Y X, so E(D) is abelian. It is not hard to
see that this algebra has dimension 3.

Suppose now that a; = 0 and k3 # 1. By equality (k3 — 1)(agke +
agks) = ap = 0, we obtain that aska+agks = 0. As we have seen above,
in this case, Z(D) consists of the following matrix:

0 0 0
a9 —Q2K3 Q2R — Oég/ﬁ%
—ky k3o g — Ky 'K2an 2 — k! 3
Ko 3009 2 9 K302 Qo2RK3 /€2 Oz2/<63
0 0 0
= Q9 1 —K3 K92 — H?)) s

—/12_11@, 1— m;lmg 2Kr3 — m;lmg
ag € F. Thus, we can see that Z(D) is a one-dimensional Lie algebra
generated by the matrix

0 0 0
1 —K3 R9g — ng
—&51&3 1—/@5%% 2%3—/@5%%
Suppose now that oy # 0 and char(F) = 2. As we have seen above,
in this case, Z(f) consists of the following matrices

(lﬁg — 1)(0&3/4?2 + 062H3) 0 0
() QK3 Q2k2 + Q3K3K2 )
a3 Qo + a3k Qgkeks + ask} + ask}

a9, a3 € F. Using Lemma 4 again we obtain that the mapping

(k3 — 1)(aska + agks) 0 0
9 a9 aok3 QK9 + (3K3K9
s Qa2 + a3k3 Qgkoks + OéQK}% + agﬁg
N QK3 2K9 + (X3K3K2
Qo + agky  Qgkaks + Aok3 + agk}

is a homomorphism. We can see that Ker(¥) is zero, so in this case Z(D)
is the Lie subalgebra of Ms(F), consisting of the matrices, having the
following form

3

Q2K3 Q2R + (i3K3K2
Q2 + a3k3 Q3koks + Oég/i% + a3k3

ag,a3 € F.
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Put

P11 = agks, P21 = ao + azks,
P12 = ka(ag + azks) = Kafa,

B2 = aigkiakiz + (k3 + (33,
Let S be a Lie subset of a Lie algebra My(F') of matrices having a form
< B1 o Rep2 >
p2 pz )’
p1, p2, ps € F. By Lemma 5 S is a Lie subalgebra of My (F'), moreover,
S = Z & L where Z is the center of M>(F') and L is a non-abelian Lie

subalgebra of dimension 2. We can see that J(Z(D)) is a subalgebra of S.
In particular, it follows that

We have
k3 aoka + 3k3k2 H2K3 H2k2 + U3K3K2
Q2+ azks  Qskoks + a2k3 + ask; P2 + psks  pskoks + Hak3 + fsk3
[ vi1 2
Vo1 Uag )’
Vi1 = aokspoks + (ko + askske)(p2 + p3ks)

2 2
= Qialigky + Qolake + a3iokaK3 + QeU3kaks + Q3li3Kk2k3,

V12 = aakg(poks + i3k3K2)

where

+ (agky + azkioks)(pakaks + piok3 + [i3k3)

= Q2li2R2K3 + azuwzﬁg + 042/13/‘6%%3 + (12/12/%2/%
+ Qopzkaka + Q3pzKaKS + asfiokakl + 33Kk
= Qiaigk2k3 + 042#3“%%3 + 042,u2/€2%§

+ Oz3u31<églig + agugngmg + Oég,ugliglig

= ko(Qaoks + opzkoks + 042#2&%

2 3 3
+ apzkoky + QgpioRy + a3fizky),

and
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vo1 = (a2 + azka)paks + (azkaks + agki + aski) (2 + pzks)
= qo2K3 + 043M2/€§ + aguaKrak3 + a2ﬂ2/€§
+ 043,U2/‘€§ + Oésusffz/ﬁ% + 042#3/’63 + 043,U3/‘€§
= Qofig2k3 + a3pokok3 + 042#2123,
+ 043#352/% + awsﬂg + 043M3H§,
vae = (o + agka)(paka + pH3k3ka)
+ (o3koks + aok3 + a3k3) (Uskaks + t2k3 + [13K3)
= Qupli2R2 + Qali3kak3 + a3iakak3 + 043/13/‘62%%
+ a33KaKA + azligkoks + 33kaks + Qolizkaky

4 4 3 4 4
+ qaopok3 + o3k + a3zraky + 3ok + a3U3Kg.

Furthermore
H2K3 Hak2 + pi3K3K2 Q2K3 QK2 + A3R3K2
2 + pisks  pskaks + l2K3 + fisk3 a2 + a3k Q3koks + QK3 + ask3

T Ti2
To1 To2 )

2 2
T11 = M2Qigk3 + otk + U3Qakaks + a3kek3 + 3Qi3Kak3,

where

Ti2 = Ko(H202K3 + poaizkok3 + Hzoézlig + ,u3043/€2/<6§
+ p3oaks 4 psasky),

To1 = MoQiak3 + [U3oKak3 + /l20é2/<6:2», + M3a3/€2/€§
+ M2a3/€§ + M3043f€§,

Too = MoQkg + Hoti3koks + Ugtiekaks + ,u30ts/<62/<6§
+ U3Q3KIKA + p3aokakS + I303kaKs + HoQi3kak s

4 4 3 4 4
+ poaks + poti3ky + p3izkaks + H3aks + (U303Ks.
Now we obtain a commutator of these two matrices:

V11 TI1 = Qofiok3 + Qoplaka + Qafiakaks + Qafizkaks
+ a3u3,‘£2:‘£§ + ,U«Qaglig + potiake + pU3iakok3
+ poa3kRak3 + Msasfﬁzfﬁg
=0,
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V12 + T2 = Ka(aapoks + aapigkaks + Oéz,uzfi%
+ 043M3f€2/€§ + 043M2F6§ + 063,&3/1%)
+ ko (pganks + poakaks + poaok]
+ Mgagngﬁg + ,ugozgﬁg + Hgaglig)
= ko(aapskoks + 043M2f€§ + poa3raks + ,u3042/€§),
V21 + To1 = Qigligk3 + Q3liokaks + Ozzuzlig
+ 013M3H2I€§ + awzﬁg + a3,u3f<3§
+ poqoks + psagkaks + /~L2Otz/i§
+ M3043/<62H§ + ,u2043f<6§ + M3063/€§
= Qzp2k2k3 + Oéz,uzlig + psaekaks + M2a3/€§,
V22 + To2 = Q2R + Qolizkaks + Q3liokaks + 013M3I€2I€§
+ Q33KIKA + aaligkaks + a3p3kaky + Qofizkoks
+ 0é2/ﬁ2/<0§ + O<2M3f€§ + Oésusfizlfg + 0é3/ﬁ2/<0§,1 + O<3H3f€§
+ poaka + Hoti3RoR3 + U3iakak3 + M30431<é2f€§
+ U3Q3KIKA + fi30nkaRs + 30kaky + Hoagkok]
+ M2042/<G§ + ,u2043/€§ + M3Oé3/€2/€§ + M3042/<6§ + ,u3043ff§
=0.

Thus we can see that if aguorors + agugng + pzigkoks + u2a3/€§ =0,
then ¥(Z(D)) is abelian. If kg = x% then

3 3

Q3lokok3 + Qolizky + U3CiokoK3 + [laQi3Kg
3 3 3 3
= Qglioky + Qoli3ky + (30K + oi3Ky

= 2a3p2K} + 200p3K3 = 0,

so that in this case ¥(Z(D)) is abelian.
Suppose that J(=Z(D)) N Z # (0) and let

( ’ 0 > € 9(=(D)) N 2.

Then we obtain agks = 0, as + agksy = 0, agkaoks + 042/13 + OZ3I€§ =o.

aok3 QK9 + Q3K3K9 . c 0
o + (i3k3  Qi3koksg + azmg + Oégli% 0 o
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or agks = 0, o + agky = 0, agkaksy + Ozg/i% + Oéglig = o. It follows that
o = cmgl, Qg = 0/152. But in this case

ag3kokg + aglig + agmg = O'Ii;QI{',QK}g + O'Iﬁ;gllig + 0&52/%

= angllig +ok3+o = O'Iﬁgl(lﬁg + KJ% + K3).

It follows that /igl(/iz + k3 4+ k3) = 1, and we obtain that in this case

ke = k3. Hence, if ko = k2, then ¥(Z(D)) is abelian. Moreover, it

includes the center of a Lie algebra Ms(F). Since S is not abelian, we
obtain that dimp(¥(Z(D))) = 2. A polynomial

X%+ k3X — kg = X2+ k3 X + K2

has no roots in a field F.
Suppose now that ks # k3. As we have seen above, then

Y(E(D))N Z ={0)
and we obtain that
I(E(D)) = V(E(D))/(WE(D)) N Z) = (I(E(D)) + 2)/% < S/Z = L

In particular, dimp(9(Z(D))) < 2. Let

B:(K,g l'i%)’C:(O E3f€22)’
1 k3 K3 FK2k3 t+ K3

then B,C € ¥(E(D)).
Suppose that A, 1 be the elements of a field F' such that AB+uC = O.
We have
K3 K2 0 R3K2
AB =A
+ 1o < 1 m§>+’u</€3 K2R3+I€§>

i )\Iig )\I<63 + HR3K2
T\ A+ ks A3+ pkoks + k3 )

It follows that Akg = 0, A\ + puks = 0, A\k3 + pkraks + uk3 = 0. Since
k3 # 0, we obtain that A = 0, u = 0. Hence, the matrices B and C

are linearly independent. It follows that dimp(9¥(2(D))) = 2. By above
proved we obtain that 9(Z(D)) = L, so that

D = =(D) = 9(Z(D))

is a non-abelian Lie algebra of dimension 2. O
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