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Certain verbal congruences on the free trioid

Anatolii V. Zhuchok

Abstract. Loday and Ronco introduced the notion of a trioid
as an algebra defined on a set with three binary associative opera-
tions. Every trialgebra is a linear analog of a trioid. Our paper is
devoted to the study of verbal congruences on trioids. We charac-
terize the least abelian dimonoid congruences, the least n-nilpotent
dimonoid congruences, the least left (right) n-trinilpotent dimonoid
congruence, the least n-nilpotent semigroup congruence and the
least left (right) n-nilpotent semigroup congruence on the free tri-
oid. The obtained results can be useful in trialgebra theory.

1. Introduction

Trioids and trialgebras as well free monogenic trioids and free trialgebras
first appeared in the paper of J.-L. Loday and M.O. Ronco [11]. We recall
that a trioid (respectively, a trialgebra) is a nonempty set (respectively,
a vector space) equipped with three binary associative operations ⊣, ⊢,
and ⊥ satisfying the following axioms:

(x ⊣ y) ⊣ z = x ⊣ (y ⊢ z), (T1)

(x ⊢ y) ⊣ z = x ⊢ (y ⊣ z), (T2)

(x ⊣ y) ⊢ z = x ⊢ (y ⊢ z), (T3)

(x ⊣ y) ⊣ z = x ⊣ (y ⊥ z), (T4)

(x ⊥ y) ⊣ z = x ⊥ (y ⊣ z), (T5)

(x ⊣ y) ⊥ z = x ⊥ (y ⊢ z), (T6)
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(x ⊢ y) ⊥ z = x ⊢ (y ⊥ z), (T7)

(x ⊥ y) ⊢ z = x ⊢ (y ⊢ z). (T8)

It is obvious that every trialgebra is just a linear analog of a trioid
and the results obtained for trioids can be applied to trialgebras. The
main motivation for the introduction of trioids was the study of ternary
planary trees [11]. Trioids appeared to be naturally related to several
areas such as algebraic topology, trialgebra theory, dialgebra theory and
semigroup theory. Trioids are also investigated because of they genera-
lize the concept of a dimonoid (see, e.g., [10, 14, 20, 25]). Digroups are
a type of dimonoids that generalize groups and have close relationships
with trioids (see, e.g., [16, 17, 35, 39]). There are some connections of
trioids with doppelsemigroups (see, e.g., [19, 27, 45]). More precisely,
any commutative trioid (T,⊣,⊢,⊥) gives rise to a commutative dop-
pelsemigroup (T,⊣,⊢). Free monogenic trioids turn out to be very useful
in constructing free trialgebras [11]. Trialgebras have been studied by
various authors (see, e.g., [1, 5, 6, 8]). It is well-known that any tri-
algebra gives rise to a noncommutative version of Poisson algebra by
[x, y] := x ⊣ y − y ⊢ x and xy := x ⊥ y. There are also several studies
on Poisson algebraic structures, see, for example, [3]. Dendriform trial-
gebras [15] are the operadic duals of trialgebras, and the free dendriform
trialgebra has an interesting Hopf algebra structure. Cubical trialgebras
are operadically self-dual and they are a generalisation of cubical dialgeb-
ras [11]. Nowadays, trioid theory is one of actively developing areas of
modern algebra. Some results of this theory were presented in the survey
papers [29, 32]. One of the first steps in trioid theory is the description
of congruences.

Let A be an algebra. A congruence θ on A is verbal if there exists a
variety V such that θ is the least congruence on A such that A/θ ∈ V .
Every verbal congruence relation is known to be fully invariant and every
fully invariant congruence on a free algebra is verbal [2]. Any solution
of the word problem for a free object in a variety provides a copy of the
free object as a quotient structure. The problem of the characterization
of verbal congruences on free algebras is equivalent to the word problem.

The following types of verbal congruences on trioids were studied in
[22, 24, 26]: the least idempotent congruence on a trioid with a com-
mutative operation, the least semilattice congruence on a trioid with an
idempotent operation, the least separative congruence on a trioid with
a commutative operation, the least group congruence on a trioid with
an inverse semigroup, the least group congruence on a trioid with an
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orthodox semigroup, the least group congruence on a trioid with a regu-
lar semigroup and the least semilattice congruence on an arbitrary trioid.
Certain least congruences on relatively free trioids have been investi-
gated, too. In particular, the problem of the characterization of the least
dimonoid congruences and the least semigroup congruence on free tri-
oids, free commutative trioids, free rectangular trioids, free n-nilpotent
trioids, free left (right) n-trinilpotent trioids as well as free abelian tri-
oids was solved in [30, 31, 38]. The least left (right) zero congruence
and the least rectangular band congruence on the free rectangular trioid
were presented in [42]. For free trioids, characterizations of the least left
(right) zero congruence, the least rectangular band congruence and the
least n-nilpotent congruence were given in [40] and [41], respectively. The
description of the least rectangular triband congruence on the free trioid
follows from Theorem 3.1 (i) in [40]. The least commutative congruence,
the least commutative dimonoid congruences and the least commutative
semigroup congruence on the free trioid were presented in [18]. The prob-
lem of the description of the least left (right) n-trinilpotent congruence
on the free trioid was solved in [34]. The least abelian congruence and the
least idempotent congruence on the free trioid were given in [44] and [7],
respectively.

This paper continues to investigate verbal congruences on free trioids.
Section 2 gives two constructions of the free trioid needed in the paper.
In Section 3, the least abelian dimonoid congruences on the free trioid
are characterized (Theorem 3.1). In Section 4, we present the least n-nil-
potent dimonoid congruences and the least n-nilpotent semigroup cong-
ruence on the free trioid (Theorem 4.1). The final section concentrates to
descriptions of the least left (right) n-trinilpotent dimonoid congruence
and the least left (right) n-nilpotent semigroup congruence on the free
trioid (Theorem 5.1).

2. Free trioids

Loday and Ronco described the free trioid of rank 1 [11]. In this sec-
tion, we give two constructions of the free trioid of an arbitrary rank
(see [32, 40]).

Let X be an arbitrary nonempty set, X = {x |x ∈ X}, and let F [X]
be the free semigroup onX. Let further P ⊂ F [X∪X] be a subsemigroup
which contains words w with the element x (x ∈ X) occuring in w at
least one time. For every w ∈ P denote by w̃ the word obtained from w
by change of all letters x (x ∈ X) by x. For instance, if w = xx yxz then



290 Certain verbal congruences on the free trioid

w̃ = xxyxz. Obviously, w̃ ∈ F [X ∪X]\P .
Define operations ⊣, ⊢, and ⊥ on P by

w ⊣ u = wũ, w ⊢ u = w̃u, w ⊥ u = wu

for all w, u ∈ P . The algebra (P,⊣,⊢,⊥) is denoted by Frt(X).

Proposition 2.1 ([40, Proposition 1]). Frt(X) is the free trioid.

Now we give another representation of the free trioid of an arbitrary
rank.

As usual, N denotes the set of all positive integers. For every word
ω over X the length of ω is denoted by ℓω. For any n, k ∈ N and
L ⊆ {1, 2, . . . , n}, L ̸= ∅, we let L + k = {m + k |m ∈ L}. Define
operations ⊣, ⊢, and ⊥ on the set

F = {(w,L) |w ∈ F [X], L ⊆ {1, 2, . . . , ℓw}, L ̸= ∅}

by

(w,L) ⊣ (u,R) = (wu,L), (w,L) ⊢ (u,R) = (wu,R+ ℓw),

(w,L) ⊥ (u,R) = (wu,L ∪ (R+ ℓw))

for all (w,L), (u,R) ∈ F . The algebra (F,⊣,⊢,⊥) is denoted by FT (X).

Theorem 2.1 ([32, Theorem 7.1]). The free trioid Frt(X) is isomorphic
to the trioid FT (X).

Further, we will use both constructions of the free trioid.

3. The least abelian dimonoid congruences on the free
trioid

In this section, we characterize the least abelian dimonoid congruences
on the free trioid. We will use notations of Section 2.

We begin with recalling required definitions.
A trioid (T,⊣,⊢,⊥) is called abelian [44] if x ⊣ y = y ⊢ x for all

x, y ∈ T . A congruence ρ on a trioid (T,⊣,⊢,⊥) is called abelian [44] if
(T,⊣,⊢,⊥)/ρ is an abelian trioid. A semigroup S is a rectangular band
if xyx = x for all x, y ∈ S. Equivalently, a semigroup S is a rectangular
band if x2 = x, xyz = xz for all x, y, z ∈ S. A trioid (T,⊣,⊢,⊥) is
called a rectangular trioid [42] if semigroups (T,⊣), (T,⊢) and (T,⊥) are
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rectangular bands. A congruence ρ on a trioid (T,⊣,⊢,⊥) is called a
rectangular triband congruence if (T,⊣,⊢,⊥)/ρ is a rectangular trioid.
If ρ is a congruence on a trioid (T,⊣,⊢,⊥) such that the operations of
(T,⊣,⊢,⊥)/ρ coincide and (T,⊣,⊢,⊥)/ρ is a rectangular band, we say
that ρ is a rectangular band congruence [40].

Following Loday [10], a dimonoid is a nonempty set equipped with two
binary associative operations ⊣ and ⊢ satisfying the axioms (T1)–(T3)
of a trioid. We remark that a dialgebra (see, e.g., [4, 9, 10, 12]) is just a
linear analog of a dimonoid. If ρ is a congruence on a trioid (T,⊣,⊢,⊥)
such that two operations of (T,⊣,⊢,⊥)/ρ coincide and (T,⊣,⊢,⊥)/ρ is a
dimonoid, we say that ρ is a dimonoid congruence [18]. A dimonoid cong-
ruence ρ on a trioid (T,⊣,⊢,⊥) is called a d⊥⊣ -congruence (respectively,
d⊥⊢ -congruence) [18] if the operations ⊣ and ⊥ (respectively, ⊢ and ⊥) of
(T,⊣,⊢,⊥)/ρ coincide.

We will consistently use the following symbolism.

Let ω be an arbitrary nonempty word over the alphabet X and
w ∈ Frt(X).

ω(0): the first letter of ω.

ω(1): the last letter of ω.

θ: the empty word.

dx(ω): the number of occurrences of the element x (x ∈ X) in ω.

Suppose that u is the initial subword of w with the minimal length
such that u(1) ∈ X. In this case,

w[0]: the letter ũ(1).

w[0]: the word obtained from w by deleting u(1). We will regard
w[0] = θ if w ∈ X.

Let u be the terminal subword of w with the minimal length such
that u(0) ∈ X. Then

w[1]: the letter ũ(0).

w[1]: the word obtained from w by deleting u(0). By definition,
w[1] = θ if w ∈ X.

We will regard ω̃ = ω and θ̃ = θ.

Let T = (T,⊣,⊢) be a dimonoid. Then

(T )⊣: the trioid (T,⊣,⊢,⊣).
(T )⊢: the trioid (T,⊣,⊢,⊢).
Clearly, (T )⊣ and (T )⊢ are distinct as trioids while they coincide as

dimonoids.

Let f : T1 → T2 be a homomorphism of trioids. In this case,

∆f : the kernel of f , that is, ∆f = {(x, y) ∈ T1 × T1 |xf = yf}.
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The following theorem characterizes the least abelian dimonoid cong-
ruences on Frt(X).

Theorem 3.1. Let Frt(X) be the free trioid and w, u ∈ Frt(X).

(i) Define a relation α̃⊥
⊣ on Frt(X) by wα̃⊥

⊣ u if and only if

(w[0], dx(w̃[0])) = (u[0], dx(ũ[0]))

for all x ∈ X. Then α̃⊥
⊣ is the least abelian d⊥⊣ -congruence on Frt(X).

(ii) Define a relation α̃⊥
⊢ on Frt(X) by wα̃⊥

⊢ u if and only if

(w[1], dx(w̃[1])) = (u[1], dx(ũ[1]))

for all x ∈ X. Then α̃⊥
⊢ is the least abelian d⊥⊢ -congruence on Frt(X).

Proof. We denote the free abelian dimonoid (FAd(X),⊣,⊢) given in [43]
by FAd[X].

(i) Define a map α⊥
⊣ : Frt(X) → (FAd[X])⊣ by wα⊥

⊣ = (w[0], w̃[0]).
Our aim is to show that α⊥

⊣ is an epimorphism. We have

(w ⊣ u)α⊥
⊣ = (wũ)α⊥

⊣ = ((wũ)[0], ˜(wũ)[0])

= (w[0], w̃[0]ũ) = (w[0], w̃[0]u[0]ũ[0])

= (w[0], w̃[0]) ⊣ (u[0], ũ[0]) = wα⊥
⊣ ⊣ uα⊥

⊣ ,

(w ⊢ u)α⊥
⊣ = (w̃u)α⊥

⊣ = ((w̃u)[0], ˜(w̃u)[0])

= (u[0], w̃ũ[0]) = (u[0], w[0]w̃[0]ũ[0])

= (w[0], w̃[0]) ⊢ (u[0], ũ[0]) = wα⊥
⊣ ⊢ uα⊥

⊣ ,

(w ⊥ u)α⊥
⊣ = (wu)α⊥

⊣ = ((wu)[0], ˜(wu)[0])

= (w[0], w̃[0])ũ) = (w[0], w̃[0]u[0]ũ[0])

= (w[0], w̃[0]) ⊣ (u[0], ũ[0]) = wα⊥
⊣ ⊣ uα⊥

⊣ .

Thus, α⊥
⊣ is a homomorphism. Since

(xν)α⊥
⊣ = ((xν)[0], (̃xν)[0]) = (x, ν̃) = (x, ν)

for any (x, ν) ∈ FAd[X], the map α⊥
⊣ is surjective. By Theorem 1

from [43], FAd[X] is the free abelian dimonoid, hence (FAd[X])⊣ is the
trioid which is free in the variety of abelian trioids with ⊣=⊥. It means
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that ∆α⊥
⊣
is the least abelian d⊥⊣ -congruence on Frt(X). From the defi-

nition of α⊥
⊣ it follows that wα⊥

⊣ = uα⊥
⊣ if and only if w[0] = u[0] and

w̃[0] = ũ[0] in the free commutative monoid on X. The latter equality

is equivalent to dx(w̃[0]) = dx(ũ[0]) for all x ∈ X. So, we conclude that

∆α⊥
⊣
= α̃⊥

⊣ .

(ii) Define a map α⊥
⊢ : Frt(X) → (FAd[X])⊢ by wα⊥

⊢ = (w[1], w̃[1]).
We can show that α⊥

⊢ is a surjective homomorphism. We get

(w ⊣ u)α⊥
⊢ = (wũ)α⊥

⊢ = ((wũ)[1], ˜(wũ)[1])

= (w[1], w̃[1])ũ) = (w[1], w̃[1]u[1]ũ[1])

= (w[1], w̃[1]) ⊣ (u[1], ũ[1]) = wα⊥
⊢ ⊣ uα⊥

⊢ ,

(w ⊢ u)α⊥
⊢ = (w̃u)α⊥

⊢ = ((w̃u)[1], ˜(w̃u)[1])

= (u[1], w̃ũ[1]) = (u[1], w[1]w̃[1]ũ[1])

= (w[1], w̃[1]) ⊢ (u[1], ũ[1]) = wα⊥
⊢ ⊢ uα⊥

⊢ ,

(w ⊥ u)α⊥
⊢ = (wu)α⊥

⊢ = ((wu)[1], ˜(wu)[1])

= (u[1], w̃ũ[1]) = (u[1], w[1]w̃[1]ũ[1])

= (w[1], w̃[1]) ⊢ (u[1], ũ[1]) = wα⊥
⊢ ⊢ uα⊥

⊢ .

So, α⊥
⊢ is a homomorphism. As above, the map α⊥

⊢ is surjective. Ac-
cording to Theorem 1 from [43], FAd[X] is the free abelian dimonoid.
It means that (FAd[X])⊢ is the trioid which is free in the variety of
abelian trioids with ⊢=⊥, and that is why ∆α⊥

⊢
is the least abelian

d⊥⊢ -congruence on Frt(X). Similarly to (i), by the construction of α⊥
⊢ ,

we have ∆α⊥
⊢
= α̃⊥

⊢ .

At the end of this section we present the least rectangular triband
dimonoid congruences and the least rectangular band congruence on the
free trioid as kernels of the corresponding known homomorphisms.

Let FRct(X) be the free rectangular dimonoid suggested in [21] (see
also [28]).

Remark 3.1. Define a relation ζ⊥⊣ on the free trioid Frt(X) by

wζ⊥⊣ u if and only if (w̃(0), w[0], w̃(1)) = (ũ(0), u[0], ũ(1)).

By Theorem 3.2 (i) from [40], a map
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φ⊣
FRct : Frt(X) → (FRct(X))⊣ defined by

w 7→ (w̃(0), w[0], w̃(1)), w ∈ Frt(X)

is a surjective homomorphism. Since by Theorem 1 from [21] FRct(X)
is the free rectangular dimonoid, (FRct(X))⊣ is the trioid which is free
in the variety of rectangular trioids with ⊣=⊥. Then ∆φ⊣

FRct
is the least

rectangular triband d⊥⊣ -congruence on Frt(X). From the construction
of φ⊣

FRct it follows that ∆φ⊣
FRct

= ζ⊥⊣ . Then ζ⊥⊣ is the least rectangular

triband d⊥⊣ -congruence on Frt(X).

Remark 3.2. Define a relation ζ⊥⊢ on the free trioid Frt(X) by

wζ⊥⊢ u if and only if (w̃(0), w[1], w̃(1)) = (ũ(0), u[1], ũ(1)).

According to Theorem 3.2 (ii) from [40], a map

φ⊢
FRct : Frt(X) → (FRct(X))⊢ defined by

w 7→ (w̃(0), w[1], w̃(1)), w ∈ Frt(X)

is an epimorphism. Due to Theorem 1 from [21], we have that (FRct(X))⊢

is the trioid which is free in the variety of rectangular trioids with ⊢=⊥.
Hence ∆φ⊢

FRct
is the least rectangular triband d⊥⊢ -congruence on Frt(X).

By definition of φ⊢
FRct, we have ∆φ⊢

FRct
= ζ⊥⊢ . Then ζ⊥⊢ is the least

rectangular triband d⊥⊢ -congruence on Frt(X).

Remark 3.3. Define a relation φ̃rb on the free trioid Frt(X) by

wφ̃rbu if and only if (w̃(0), w̃(1)) = (ũ(0), ũ(1)).

From Corollary 1 of [40] it follows that φ̃rb is the least rectangular band
congruence on Frt(X).

The least commutative semigroup congruence on the free trioid FT (X)
was characterized in [18].

4. The least n-nilpotent dimonoid congruences on the free
trioid

In this section, we characterize the least n-nilpotent dimonoid congru-
ences and the least n-nilpotent semigroup congruence on the free trioid.
We will use notations of Sections 2 and 3.
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We only recall the basic definitions.

A semigroup S is called nilpotent if Sn+1 = 0 for some n ∈ N. The
least such n is called the nilpotency index of S. For k ∈ N a nilpotent
semigroup of nilpotency index ≤ k is called k-nilpotent. If ρ is a cong-
ruence on a trioid (T,⊣,⊢,⊥) such that the operations of (T,⊣,⊢,⊥)/ρ
coincide and (T,⊣,⊢,⊥)/ρ is an n-nilpotent semigroup, we say that ρ is
an n-nilpotent semigroup congruence.

An element 0 of a trioid (T,⊣,⊢,⊥) is called zero [32] if x ∗ 0 = 0 =
0 ∗ x for all x ∈ T and ∗ ∈ {⊣,⊢,⊥}. A trioid (T,⊣,⊢,⊥) with zero is
called nilpotent if for some n ∈ N and any xi ∈ T , 1 ≤ i ≤ n + 1, and
∗j ∈ {⊣,⊢,⊥}, 1 ≤ j ≤ n, any parenthesizing of

x1 ∗1 x2 ∗2 . . . ∗n xn+1

gives 0 ∈ T . The least such n is called the nilpotency index of (T,⊣,⊢,⊥).
For k ∈ N a nilpotent trioid of nilpotency index ≤ k is said to be
k-nilpotent [41]. If ρ is a congruence on a trioid (T,⊣,⊢,⊥) such that
(T,⊣,⊢,⊥)/ρ is an n-nilpotent trioid, we say that ρ is an n-nilpotent
congruence [41].

If y1y2 . . . ym ∈ Frt(X), where yi ∈ X ∪X, 1 ≤ i ≤ m, then the least
(greatest) number i ∈ {1, 2, . . . ,m} such that yi ∈ X will be denoted
by min(y1y2 . . . ym) (max(y1y2 . . . ym)). For L ⊆ {1, 2, . . . , n}, L ̸= ∅,
denote the least (greatest) number of L by Lmin (Lmax).

Now we can formulate the main result of this section.

Theorem 4.1. Let Frt(X) be the free trioid, n ∈ N and w, u ∈ Frt(X).

(i) Define a relation β⊥
⊣ on Frt(X) by wβ⊥

⊣ u if and only if

(w̃,min(w)) = (ũ,min(u)), or ℓw > n and ℓu > n.

Then β⊥
⊣ is the least n-nilpotent d⊥⊣ -congruence on Frt(X).

(ii) Define a relation β⊥
⊢ on Frt(X) by wβ⊥

⊢ u if and only if

(w̃,max(w)) = (ũ,max(u)), or ℓw > n and ℓu > n.

Then β⊥
⊢ is the least n-nilpotent d⊥⊢ -congruence on Frt(X).

(iii) Define a relation β on Frt(X) by wβu if and only if

w̃ = ũ, or ℓw > n and ℓu > n.

Then β is the least n-nilpotent semigroup congruence on Frt(X).
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Proof. Let P 0
n(X) and FNTn(X) be free n-nilpotent trioids from [41]

and [30], respectively, let FNn(X) be the free n-nilpotent dimonoid [20]
and FNSn(X) the free n-nilpotent semigroup [30]. Define a map

ξ : Frt(X) → P 0
n(X) by

wξ =

{
w, ℓw≤n,
0, ℓw > n

(w ∈ Frt(X)).

By Theorem 5 from [41], ξ is a surjective homomorphism. According
to Theorem 3 from [30], P 0

n(X) ∼= FNTn(X) and the corresponding
isomorphism is defined by the rule

φ : P 0
n(X) → FNTn(X), h 7→ hφ

=

 (h̃, Vh), h = a1a2...ak ∈ Pn, Vh ⊆ {1, 2, . . . , k} and

j ∈ Vh ⇔ aj ∈ X,
0, h = 0.

(i) Consider a map κ⊥⊣ : FNTn(X) → (FNn(X))⊣ defined by

vκ⊥⊣ =

{
(w′, Lmin), v = (w′, L),
0, v = 0.

This map is an epimorphism by Theorem 4 (i) of [30]. Since ξ and κ⊥⊣
are surjective homomorphisms and φ is an isomorphism, the composition
ξ◦φ◦κ⊥⊣ is a surjective homomorphism of Frt(X) onto (FNn(X))⊣. One
can check that ξ ◦ φ ◦ κ⊥⊣ is defined by

w 7→
{

(w̃, Lmin), ℓw≤n,
0, ℓw>n

(w ∈ Frt(X)).

We have that P 0
n(X) and FNTn(X) are isomorphic free n-nilpotent tri-

oids, and Theorem 1 of [20] implies that (FNn(X))⊣ is the trioid which
is free in the variety of n-nilpotent trioids with ⊣=⊥. Using these facts,
we get that ∆ξ◦φ◦κ⊥

⊣
is the least n-nilpotent d⊥⊣ -congruence on Frt(X).

From the construction of ξ ◦ φ ◦ κ⊥⊣ it follows that ∆ξ◦φ◦κ⊥
⊣
= β⊥

⊣ .

(ii) By Theorem 4 (ii) from [30], a map κ⊥⊢ : FNTn(X) → (FNn(X))⊢

defined by

vκ⊥⊢ =

{
(w′, Lmax), v = (w′, L),
0, v = 0
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is a surjective homomorphism. The composition ξ ◦φ ◦κ⊥⊢ is a surjective
homomorphism of Frt(X) onto (FNn(X))⊢ since ξ, κ⊥⊢ are surjective
homomorphisms and φ is an isomorphism. We can show that ξ ◦ φ ◦ κ⊥⊢
is defined by

w 7→
{

(w̃, Lmax), ℓw≤n,
0, ℓw>n

(w ∈ Frt(X)).

As above, using Theorem 1 of [20] and Theorem 3 of [30], we deduce that
∆ξ◦φ◦κ⊥

⊢
is the least n-nilpotent d⊥⊢ -congruence on Frt(X). By definition

of ξ ◦ φ ◦ κ⊥⊢ we get ∆ξ◦φ◦κ⊥
⊢
= β⊥

⊢ .

(iii) Define a map κ : FNTn(X) → FNSn(X) by

vκ =

{
w′, v = (w′, L),
0, v = 0.

According to Theorem 4 (iii) of [30], κ is a surjective homomorphism.
It can be shown that the composition ξ ◦ φ ◦ κ of the surjective homo-
morphism ξ, the isomorphism φ and the surjective homomorphism κ is a
surjective homomorphism of Frt(X) onto FNSn(X) which is defined by

w 7→
{

w̃, ℓw≤n,
0, ℓw>n

(w ∈ Frt(X)).

As above, P 0
n(X) and FNTn(X) are isomorphic free n-nilpotent trioids.

Using it and the fact that FNSn(X) is the free n-nilpotent semigroup,
we deduce that ∆ξ◦φ◦κ is the least n-nilpotent semigroup congruence on
Frt(X). By the construction of ξ ◦ φ ◦ κ, we have ∆ξ◦φ◦κ = β.

5. The least left n-trinilpotent dimonoid congruence on
the free trioid

In this section, we characterize the least left n-trinilpotent dimonoid
congruence and the least left n-nilpotent semigroup congruence on the
free trioid. We will use notations of Sections 2–4.

Following Schein [13], a semigroup S is called a left (right) nilpotent
semigroup of rank m if the product of any m elements from this semi-
group gives a left (right) zero. The class of all left nilpotent semigroups
of rank m is characterized by the identity g1g2 . . . gmgm+1 = g1g2 . . . gm.
The least such m is called the left nilpotency index of a semigroup S [37].
Following [37], for k ∈ N a left nilpotent semigroup of left nilpotency
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index ≤ k is called a left k-nilpotent semigroup. Right k-nilpotent semi-
groups are defined dually [37]. If ρ is a congruence on a trioid (T,⊣,⊢,⊥)
such that the operations of (T,⊣,⊢,⊥)/ρ coincide and (T,⊣,⊢,⊥)/ρ is
a left (right) n-nilpotent semigroup, we say that ρ is a left (right) n-nil-
potent semigroup congruence.

Recall the definition of a left k-trinilpotent trioid [33].
By Ω

′
denote the signature of a trioid. Let a1, . . . , an be individual

variables. By P (a1, . . . , an) we will denote the set of all terms of the
signature Ω

′
having the form a1 ◦1 . . .◦n−1 an with parenthesizing, where

◦1, . . . , ◦n−1 ∈ Ω
′
. A trioid (T,⊣,⊢,⊥) is called left trinilpotent if for some

n ∈ N, any a ∈ T and any p (a1, . . . , an) ∈ P (a1, . . . , an) the following
identities hold:

p (a1, . . . , an) ∗ a = p (a1, . . . , an) ,

p (a1, . . . , an) ⊢ a = a1 ⊢ . . . ⊢ an,

where ∗ ∈ {⊣,⊥}. The least such n is called the left trinilpotency index
of (T,⊣,⊢,⊥). For k ∈ N a left trinilpotent trioid of left trinilpotency
index ≤ k is said to be left k-trinilpotent. Right k-trinilpotent trioids are
defined dually [33]. If ρ is a congruence on a trioid (T,⊣,⊢,⊥) such that
(T,⊣,⊢,⊥)/ρ is a left (right) n-trinilpotent trioid, we say that ρ is a left
(right) n-trinilpotent congruence [34].

Let w′ ∈ F [X] and n ∈ N. Following [33], if ℓw′ ≥ n, by

n−→
w′ we denote

the initial subword with the length n of w′, and if ℓw′ < n, let

n−→
w′= w′.

Following [34], let

L(n) =

{
{n}, n ≤ Lmin,

{m ∈ L | m ≤ n}, n > Lmin

for any nonempty L ⊆ {1, 2, . . . , k} and k ∈ N.
The main result of this section is the following theorem.

Theorem 5.1. Let FT (X) be the free trioid, n ∈ N and (w1, L), (w2, R) ∈
FT (X).

(i) Define a relation γ⊥⊣ on FT (X) by

(w1, L)γ
⊥
⊣ (w2, R) if and only if

n−→w 1=
n−→w 2 and (L(n))min = (R(n))min.
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Then γ⊥⊣ is the least left n-trinilpotent d⊥⊣ -congruence on FT (X).
(ii) Define a relation γ on FT (X) by

(w1, L)γ(w2, R) if and only if
n−→w1=

n−→w2 .

Then γ is the least left n-nilpotent semigroup congruence on FT (X).

Proof. Consider the free left n-trinilpotent trioid FT l
n(X) [33], the free

left n-dinilpotent dimonoid FDl
n(X) [23, 36] and the free left n-nilpotent

semigroup FLNSn(X) [37]. By the Main Theorem of [34], a map

dn : FT (X) → FT l
n(X) defined by

(w1, L) 7→ (w1, L)dn = (
n−→w1, L

(n))

is a surjective homomorphism.
(i) Define a map

µ⊥
⊣ : FT l

n(X) → (FDl
n(X))⊣ by (w1, L)µ

⊥
⊣ = (w1, Lmin).

By Theorem 3 (i) of [31], µ⊥
⊣ is an epimorphism. Since dn and µ⊥

⊣ are
surjective homomorphisms, the composition dn ◦ µ⊥

⊣ is a surjective ho-
momorphism of FT (X) onto (FDl

n(X))⊣. One can guess that dn ◦µ⊥
⊣ is

defined by

(w1, L) 7→ (
n−→w1, (L

(n))min), (w1, L) ∈ FT (X).

Since by Theorem 3.4 from [36] FDl
n(X) is the free left n-dinilpotent

dimonoid, (FDl
n(X))⊣ is the trioid which is free in the variety of left n-tri-

nilpotent trioids with ⊣=⊥. Then ∆dn◦µ⊥
⊣
is the least left n-trinilpotent

d⊥⊣ -congruence on FT (X). From the construction of dn ◦ µ⊥
⊣ it follows

that ∆dn◦µ⊥
⊣
= γ⊥⊣ .

(ii) By Theorem 3 (ii) from [31], a map µ : FT l
n(X) → FLNSn(X)

defined by (w1, L)µ = w1 is a surjective homomorphism. The compo-
sition dn ◦ µ is a surjective homomorphism of FT (X) onto FLNSn(X)
since dn and µ are surjective homomorphisms. One can show that dn ◦µ
is defined by

(w1, L) 7→
n−→w1, (w1, L) ∈ FT (X).

According to Lemma 3.2 from [37], FLNSn(X) is the free left n-nil-
potent semigroup. Then ∆dn◦µ is the least left n-nilpotent semigroup
congruence on FT (X). By definition of dn ◦ µ, we have ∆dn◦µ = γ.
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Remark 5.1. By Remark 2 of [31], (FDl
n(X))⊢ is not a left n-trinilpotent

trioid. It means that we cannot characterize the least left n-trinilpotent
d⊥⊢ -congruence on the free trioid with the help of a homomorphism from
FT l

n(X) to (FDl
n(X))⊢.

Remark 5.2. In order to characterize the least right n-trinilpotent di-
monoid congruence and the least right n-nilpotent semigroup congruence
on the free trioid we use the duality principle.

Since trialgebras are linear analogs of trioids, the main results of this
paper can be useful for the description of congruences on trialgebras.
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