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ABSTRACT. The paper is devoted to the study of local near-
rings (those with identity, for which all non-invertible elements form
subgroups of their additive group). A study of such nearrings was
first initiated by C. J. Maxson in 1968, and the problem on the
determination of the finite p-groups, which are the additive groups
of local nearrings have become one of the most important. Par-
ticular cases of this (still unsolved) problem have been studied in
many works. In previous papers the authors have shown that, up
to isomorphism, there exist at least p local nearrings on elementary
abelian additive groups of order p?, which are not nearfields, and
at least p + 1 on each non-metacyclic non-abelian or metacyclic
abelian groups of order p3. In this paper we study the groups of
nilpotency class 2 of order p*, which are the additive groups of lo-
cal nearrings. It is proved that, for odd p, 4 out of total number 6
of such groups are the additive groups of local nearrings. Explicit
examples of the corresponding local nearrings are provided.

Introduction

The problem of finding the groups that can be additive groups for the
nearrings with identity is studied from the late 1960s. One of the first
results in this direction was obtained in [8], where it was shown that there
exists a unique nearring with identity whose additive group is cyclic and
that, in fact, this nearring is a commutative ring. It was also proved
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that the symmetric group S, with n > 3 cannot be an additive group
of a nearring with identity. It was shown that the alternating group A4
also cannot be an additive group of a nearring with identity [6]. There
is no nearring with identity whose additive group is isomorphic to the
quaternion group Qs [7].

A study of local nearrings was first initiated in [11] and it was found
that the additive group of a finite zero-symmetric local nearring is a
p-group. In [12] it is shown that, up to isomorphism, there exist p — 1
local zero-symmetric nearrings with elementary abelian additive groups
of order p?, in which the subgroups of non-invertible elements have or-
der p, that is, those nearrings which are not nearfields. Together with
the fundamental paper [25] and [8], a complete description of all zero-
symmetric local nearrings of order p? is obtained. The dihedral group
Dy of order 8 cannot be the additive group of local nearrings [13]. The
existence of local nearrings on finite abelian p-groups is proved in [14],
i.e. every non-cyclic abelian p-group of order p™ > 4 is the additive group
of a zero-symmetric local nearring which is not a ring. Also, it is estab-
lished in [18] that an arbitrary non-metacyclic Miller-Moreno p-group
of order p™ > 8 is the additive group of some local nearring. Nearrings
with identity and local nearrings on Miller—-Moreno groups were studied
n [18], [16] and [17].

Boykett and Nobauer [4] classified all non-abelian groups of order
less than 32 that can be the additive groups of a nearring with iden-
tity and found the number of non-isomorphic nearrings with identity on
such groups. The package SONATA [1] of the computer algebra sys-
tem GAP [10] contains a library of all non-isomorphic nearrings of order
at most 15 and nearrings with identity of order up to 31, among which
698 are local.

The classification of nearrings of higher orders requires much more
complex calculations. For local nearrings they were realized in the form
of a new GAP package called LocalNR [22]. Its current version (not yet
distributed with GAP) contains 37599 non-isomorphic local nearrings of
order at most 361, except orders 128, 256 and some of orders 32, 64 and
243. We have already calculated some classes of local nearrings of orders
32, 64, 128, 243 and 625.

However, it is not true that any finite group is the additive group
of a nearring with identity. Therefore it is important to determine such
groups and to classify some classes of nearrings with identity on these
groups, for example, local nearrings.
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In [19] it was shown that on each group of order p® with p > 2 there
exists a local nearring. Moreover, lower bounds for the number of local
nearrings on groups of order p? are obtained. It is established that on
each non-metacyclic non-abelian or metacyclic abelian groups of order
p> there exist at least p + 1 non-isomorphic local nearrings. In [21] it is
proved that, up to isomorphism, there exist at least p local nearrings on
elementary abelian additive groups of order p3, which are not nearfields.

The next natural step is to investigate groups of order p* as the
additive groups of local nearrings. In this paper we consider groups
of nilpotency class 2 of order p* which are the additive group of local
nearrings. It was shown that, for odd p, out of 6 of such groups 4 of
them are the additive groups of local nearrings.

1. Preliminaries

We will give the basic definitions.

Definition 1. A non-empty set R with two binary operations “+" and
“.” 4s a nearring if:

1) (R,+) is a group with neutral element 0,
2) (R,-) is a semigroup;
3) x-(y+z)=x-y+ax-z foralzx,y, z€R.

Such a nearring is called a left nearring. If axiom 3) is replaced by an
ariom (x +vy)-z=x-z+y-z for all z, y, z € R, then we get a right
nearring.

The group (R, +) of a nearring R is denoted by RT and called the
additive group of R. It is easy to see that for each subgroup M of R™ and
for each element z € R the set xM = {x-y|ly € M} is a subgroup of R
and in particular -0 = 0. If in addition 0-z = 0 for all z € R, then the
nearring R is called zero-symmetric. Furthermore, R is a nearring with
an identity i if the semigroup (R,-) is a monoid with identity element i.
In the latter case the group of all invertible elements of the monoid (R, -)
is denoted by R* and called the multiplicative group of R. A subgroup
M of RT is called R*-invariant, if rM < M for each r € R*, and (R, R)-
subgroup, if tMy C M for arbitrary x, y € R.

The following assertion is well-known (see, for instance, [8], Theo-
rem 3).
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Lemma 1. The exponent of the additive group of a finite nearring R
with identity i is equal to the additive order of i which coincides with the
additive order of every invertible element of R.

Definition 2. A nearring R with identity is called local if the set L of
all non-invertible elements of R forms a subgroup of the additive group

R and a nearfield, if L = 0.

Throughout this paper L will denote the subgroup of non-invertible
elements of R.

The following lemma characterizes the main properties of finite local
nearrings (see [3], Lemma 3.2).

Lemma 2. Let R be a local nearring with identity i. Then the following
statements hold:

1) L is an (R, R)-subgroup of R™;
2) each proper R*-invariant subgroup of RT is contained in L;
3) the set i + L forms a subgroup of the multiplicative group R*.

Finite local nearrings with a cyclic subgroup of non-invertible ele-
ments are described in [20, Theorem 1].

Theorem 1. Let R be a local nearring of order p™ with n > 1 whose
subgroup L is cyclic and nmon-trivial. Then the additive group RT is
either cyclic or is an elementary abelian group of order p?. In the first
case, R is a commutative local ring, which is isomorphic to residual ring
Z/p"Z with n > 2, in the other case there exist p non-isomorphic such
nearrings R with |L| = p, from which p—1 are zero-symmetric nearrings
and their multiplicative groups R* are isomorphic to a semidirect product
of two cyclic subgroups of orders p and p — 1.

The following theorem was proved by Maxson in [12, Theorem 2.1].

Theorem 2. If R is a finite local nearring which is not a nearfield, then
[R| < |LJ%.

As a consequence of Theorems 1 and 2 we have the following result.

Corollary 1. Let R be a local nearring of order p* with non-abelian
additive group and is not a nearfield. Then the subgroup of non-invertible
elements L is a non-cyclic group of order p* or p?.
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Due to Onyshchuck, Sysak [15], let G be a group and End G be the
set of all its endomorphisms, which can be considered as a semigroup
with respect to the composition operation of endomorphisms. For each
g € G we denote by g™4C the set {g®|a € End G} of all images of the
element g with respect to endomorphisms of End G.

Definition 3 ([15]). A group G is called endocyclic if it contains an
element g with G = ¢g¥rdG,

It is clear that in this case g is an element of maximum order in G.
We recall the following definition.

Definition 4. A finite non-abelian group whose proper subgroups are
abelian is called a Miller—Moreno group.

2. Groups of nilpotency class 2 of order p*

We will consider groups of nilpotency class 2 of order p?.

Let [n,i] be the i-th group of order n in the SmallGroups library in
the computer system algebra GAP. We denote by C,, the cyclic group of
order n.

It is an easy exercise for example in GAP to get the following asser-
tion.

Remark 1. There are 6 groups of nilpotency class 2 of order 2* = 16,
which are:

1. (C4 x Cq) x Cs [16, 3];
2. Oy x Cy [16,4];

3. Cg x Cs [16,6];

4. Cy x Dy [16,11];

. Oy x Qs [16,12];

6. (Cy x C2) x Cq [16,13].

ot

The following theorem contains the classification of groups of nilpo-
tency class 2 of order p*, where p is an odd prime (see, [5] and, for
example, [2]).

Theorem 3. There are 6 groups of nilpotency class 2 of order p*, where
p is an odd prime, which are:
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G1 = {(a,b: a” =W = [a,[a,b]] = [b,[a,b]] = [a,b]" =€) = (Cp2 X
Cp) » Cp;

o Gy={(a,b:a? =W =e¢,[ba) =) =C

p2 AN sz;

o Gy={(a,b:a?” =W =¢,|ba =a) =C

p3 X Cp;

Gy = (a,b,d: aP =W =P =dP = [a,c] = [b,c] = [a,d] = [b,d] =
[c,d] =€) = Cp x ((Cp x Cp) x Cp), where ¢ = [a, b];

¢ G5 = (a,bc:a” =W = = [a,c] = [b,d = e,[ba] = a?) =
Cp x (Cp2 x Cp);
o Gg = <a,b,c: ap2 =0 == [a7b] = [avc] = 6,[6,()] = ap> =

(sz X Cp) X Cp.

3. Groups of nilpotency class 2 of order 16 and local near-
rings

As was mentioned above a library of all non-isomorphic nearrings
with identity of order up to 31 are contained in the package SONATA,
and so all non-isomorphic local nearrings of order 16 (see [4]).

Lemma 3. The following groups of nilpotency class 2 and only they are
the additive groups of local nearrings of order 16:

. (Cy x C3) x Cy [16,3];

—_

2. C4 X C4 [16,4];
3. Cg X 02 [16,6];
4. 02 X Qg [16, 12}

Let n(G) be the number of all non-isomorphic local nearrings R whose
additive group R™ is isomorphic to the group G.

StructureDescription(R') | n(R™)

(C4 X CQ) X Cg 37
C4 X C4 24
Cg X C'g 33

CQXQg 2
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3.1. The groups G;, G2 and G3 and local nearrings

The groups G1, G2 and G'3 from Theorem 3 are Miller-Moreno groups.

Due to [23] G2 and G3 are the groups G(p?,p?) and G(p3, p), respec-
tively (see, for example, Lemma 2 [23]). Therefore, by Theorem 2 [23]
there exists a local nearring R whose additive group R is isomorphic
to G3. As a consequence, there does not exist a local nearring on the
additive group Gb.

Let R be a local nearring whose additive group of R is isomorphic
to G3. Then RT = (a) + (b) for some elements a and b of R satisfying
the relations ap® = 0, bp = 0 and —b +a + b = a(1 — p?). In particular,
each element x € R is uniquely written in the form = = ax1 + bzy with
coefficients 0 < 1 < p? and 0 < z5 < p.

The formula for multiplying elements of local nearrings on Miller—
Moreno metacyclic groups is defined in [23]. The multiplication formula
for arbitrary elements of a zero-symmetric local nearring on G is given
in the proving of [23, Theorem 2], namely:

-y = alziy + pPeies (y21>) +b(a2y1 + B(x)y2),

1, if 1 Z0 (mod p);

where f(z) = { 0, if x1 =0 (mod p).

Example 1. Let G =2 Cy; xC5. If x = ax1 +bro and y = ay; + by € G
and (G, +,-) is a local nearring, then as above “-” can be the following
multiplication:

n

) )) + b(w2y1 + B(7)y2),

x-y=a(xiys + 9951332(
where B(x) = { O, Zf z1=0 (mod 3)

A computer program verified that the nearring obtained in Example 1
is indeed a local nearring, is deposited on GitHub:

https://github.com/raemarina/Examples/blob/main/LNR_81-6.txt.

From the package LocalNR and [24] we have the following number
of all non-isomorphic zero-symmetric local nearrings on G3 of orders 81
and 625.
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StructureDescription(R1) | n(R™)
027 A Cg 10
Ci25 X Cs 5

Analogously, G is the group G(p?, p,p) according to [18]. Hence,
by Theorem 3 [18] there exist a local nearring whose additive group is
isomorphic to G1. Since G7 is a Miller-Moreno non-metacyclic group,
using [18, Theorem 3], for arbitrary elements = = azy + bz + crs and
y = ay1 + bys + cys of G1 we obtain the following multiplication formula:

n

) ) + z3y1 + 27ys3),

z-y = a(v1y1 + pFaaye) + b(zays +2192) + c(—x1x2<

where k =1, 2.
It is easy to see that R = (G1,+,-) is a non-zero-symmetric local
nearring.

Example 2. Let G = (Cy x C3) x C5. If = azxy + bry + cx3 and
y = ayy + bys + cys € G and (G, +, ) is a local nearring, then as above
“.7 can be one of the following multiplications:

(1) z-y = a(z1y1+372y2) +b(@2y1 +71Y2) + (2172 (3"21) +x391 +x%y3);
(2) z-y=alziy1) + b(zayr + z1y2) + c(—z122(%) + z3Y1 + 23 Y3).

A computer program verified that the nearring obtained in Example 2
is indeed a local nearring, is deposited on GitHub:

https://github.com/raemarina/Examples/blob/main/LNR_81-3.txt.

From the package LocalNR and [24] we have the following number
of all non-isomorphic zero-symmetric local nearrings on G of orders 81
and 625.

StructureDescription(RT) | n(R™)
(Cg x C3) x Cs 46
(Ca5 x C5) 1 Cs 154

3.2. The group G4

Let G4 be additively written group from Theorem 3. Then G4 =
(a) 4+ (b) + {c) + (d) for some elements a, b, ¢ and d of R satisfying the
relations ap =0, bp=0,cp=0,dp=0,a+b=b+a+c,a+c=c+a,
b+c=c+batd=d+a,b+d=d+bandc+d=d+c.
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Lemma 4. For arbitrary integers k and l in the group G4 the equalities
—ak — bl + ak + bl = c(kl) and bl + ak = —c(kl) + ak + bl hold.

Proof. Since —a—b+a+b=rc, we get —=b+a+b=a+ c. Then
—bl + ak + bl = (a + cl)k = ak + c(kl).
Therefore, —ak—bl+ak~+bl = c(kl) and, so bl+ak = —c(kl)+ak+bl. O

Lemma 5. For any natural numbers k, [, n, m and r in the group Gy
the equality (ak + bl + cm + dn)r = a(kr) + b(lr) + c(mr — kl(3)) + d(nr)
holds.

Proof. The proof will be carried out by induction on r. For r = 1 the
equality is valid. Let for r the equality hold, i.e.

(ak + bl + em + dn)r = a(kr) + b(lr) + c¢(mr — ki (;)) + d(nr).

Let us prove the equality for r + 1:

(ak +bl+cm+dn)(r+1) =
= a(kr) + b(Ir) + ak + bl + c(kl(3)) + c(m(r + 1))+
+dn(r+1))=alk(r+1))+b((r+1)) + c(—kir)+
+ c(—kl(g)) +ce(m(r+1))+dn(r+1)) =alk(r+1))+
+b(l(r+ 1)) +c(m(r+1) = ki(r + () + d(n(r +1)) =
= a(k(r +1)) +b((r + 1)) + c(m(r + 1) — kI("5")) + dn(r + 1).

Therefore, the equality is valid for any r. O

3.3. Nearrings with identity whose additive groups are
isomorphic to G4

Let R be a nearring with identity whose additive group R™ is iso-
morphic to G4. Then RT = (a) + (b) + (c¢) + (d) for some elements a,
b, ¢ and d of R satisfying the relations ap = 0, bp = 0, ¢p = 0, dp = 0,
a+b=b+a+c,at+c=c+a,b+c=c+ba+d=d+a,b+d=d+b
and ¢+ d = d + c. In particular, each element x € R is uniquely written
in the form x = axy + bxo + cxs + dry with coefficients 0 < z1 < p,
0<za<p,0<zz3<pand 0 <xy <p.

Since the order of the element a is equal to the exponent of group
G, then by Lemma 1 we can assume that a is an identity of R, i.e.
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ax = xa = x for each x € R. Furthermore, for each x € R there exist
coefficients a(x), (), v(x), ¢(x), AM(z), u(z), v(z) and () such that
zb = aa(x) + bB(x) + ¢y(x) + dp(z) and xzd = a(z) + bu(z) + cv(x) +
dip(z). It is clear that they are uniquely defined modulo p, so that some
mappings a: R — Zp, B: R — Zy, v: R = Zyp, ¢: R = Zp, A1 R — Zp,
p: R—Zy, v: R — 7, and ¥: R — 7, are determined.

Lemma 6. Let R be a nearring with identity whose additive group R™
is isomorphic to G4. If a coincides with identity element of R, x =
ary + bre + cxs + dry, y = ay1 + bys + cys + dys € R, b = ac(x) +
bB(x) + cy(z) + de(x) and xd = aX(x) + bu(x) + cv(x) + dip(x), then

ry = a(ziy1 + oz )yz + AM@)ya) + b(iﬁzyl + B(@)y2 + pu(x)ya)+
+c(— xlxg(yQ) ax ;17)( ) — zoa(x)y1y2 — Az )N(x)(y;)_
—ra(7)ys + T3y1 + 7( Y2 + 218(2)ys + v(2)ya) + d(vays+
+p(x)y2 + Y (x)ya).

Moreover, for the mappings
a:R—Zyp,: R—=Zp,v: R—= Zp,p: R— Zp,\: R — Zy,
pw: R— Zp,v: R — Zy and v: R — Zj, the following statements hold:

(0) a(0) =0 (mod p), 5(0) =0 (mod p), ¥(0) =0 (mod p);
¢(0) =0 (mod p), A(0) =0 (mod p), p(0) =0 (mod p),
v(0) =0 (mod p) and ¥(0) =0 (mod p) if and only if the nearring

R is zero-symmetric;
(1) a(zy) = z10(y) + (2)B(y) + AM(x)p(y) (mod p);

(2) Blay) = waaly) + B(x)B(y) + p(x)e(y) (mod p);

(3) y(zy) = —z120(*Y) — (@) (W) — zaa(a)a(y)By)—
~Mz)p(z)(*Y) —33204(@ ( )+~’E30¢(y v(z)B(y)+
+z18(x)v(y) + v(z)e(y) (mod p);

o(ry) = zaa(y) + () B(y) + ¥ (2)p(y) (mod p);
A

(x)ﬁ( (“(y) — zaa(x) M (y)uly) -
(y) +v(@)p(y)+
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(8) ¥(zy) = waA(y) + p(z)u(y) + Y (z)Y(y) (mod p).

Proof. Since 0-a = a-0 = 0, it follows that R is a zero-symmetric
nearring if and only if

0=0"-b=aa(0)+b3(0)+ cy(0) + dp(0)

and
0=0-d=aA(0)+bu(0) + cv(0) + dip(0).

Equivalently we have
a(0) =0 (mod p), B(0) =0 (mod p), v(0) =0 (mod p),
©(0) =0 (mod p), A(0) =0 (mod p), u(0) =0 (mod p),
v(0) =0 (mod p) and ¥(0) =0 (mod p).
Moreover, since ¢ = —a — b+ a + b and the left distributive law we
have 0-c=—-0-a—0-04+0-a+0-b=0, whence

0-z = 0-(ax1+bro+crs+dry) = (0-a)z1+(0-b)zo+(0-¢)x3+(0-d)xy = 0.

So that statement (0) holds.
Further, using Lemma 4, we derive

xe = —za — xb+ xa + xb = —crs — bry — axy — cy(x)—

—bB(x) — ac(z) + axy + bxy + cxz + ac(z) + bS(z) + cy(x) =
= —bxy — azx; — bB(z) — aa(x) + axy + bxre + aa(z) + bB(z) =
= —bxs + cr18(x) — bB(x) — ax1 — a(a(x) — 1) + bry + aa(x)+
+b6(x) = cx18(x) — b(xa + B(x)) — ac(z) + bxra + aa(x) + bB(z) =
= cx18(x) — b(x2 + B(x)) — aa(x) — cxaa(x) + ac(z) + bro+
+06(x) = c(x18(x) — xoa(x)) — b(wa + B(x)) 4 bxg + bB(2) =

= c(z16(x) — x20x(x)).

Further, using the left distributive law, we obtain

zy = (ax1 + bra + cxs + dxg)yr + (ac(z) + bB(z) + cy(z)+
de(x))y2 + (c(z18(x) — rae(x)))ys+
+(aA(z) + bu(z) + cv(z) + dp(x))ya

By Lemma 5, we get

(axy + bxg + cxs + dxg)y1 = axiyr + broyi+
+c(zgyr — z1@2 (%)) + drayr,
(aa(z) + bB(x) + cy(z) + dp(z))y2 = aa(z)yz + bB(z)y2+
+e(y(@)y2 — a(@)B(x) (%)) + de(x)ys,
(aA(@) + bu(z) + cv(z ) + d¢(w))y4 = aX(@)ys + bu( )ya+
+e(v(@)ys — Mz)u(@) (%)) + dy(x)ya
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By Lemma 5, we have

brayr + ac(z)ys = aa(x)ys + brayr — cxoa()y1y2,

and

bB(x)y2 + aX(x)ys = aX(x)ys + bB(2)y2 — cA(z)B(2) Y2y

Hence and using the left distributive law, we have

ry = a(z1y1 + ax )Z/2 + A(@)ya) + b($2yl + B(@)y2 + u(x)ya)+
te(—m1a2(%) — a(@)B(2) (%) — v20(x)y1y2 — Az)u(@) (%) -
—za0(T)ys + T3Y1 + Y(2)y2 + 218(x)ys + v(x)ys) + d(way1+
+o(x)y2 + V() ya).

The associativity of multiplication in R implies that for all z, y € R

1) (zy)b = x(yb)
and
2) (xy)d = z(yd).

According to xb = aa(z) + bB(x) + cy(z) + de(x), we obtain

3) (zy)b = aa(zy) + bB(zy) + cy(zy) + dp(zy)

and yb = aa(y) + bB(y) + cy(y) + dp(y). Substituting the last equation
to the right part of equality 1), we also have

4) z(yb) = a(z1a(y) + a(z)B(y) + AM@)e(y)) + b(z2a(y) + B(z)B(y)+
+u(@)e(y)) + e(—z122(*Y) — a(2)B(x) (°P) — zaa(z)aly)Bly)—
—Ma)u(@) (PY)) — zaa(@)y(y) + zsaly) +v(2)B(y) + 218(x)y(y)+

+v(2)p(y)) + d(zaa(y) + o()B(y) + P (@)e(y)).

Since equality 1) implies the congruence of the corresponding coeffi-
cients in formulas 3) and 4), we obtain statements (1)—(4).

Next, according to zd = aX(z) + bu(x) + cv(x) + dy(z) instead of y
in equality 2), we get

5) (zy)d = aX(zy) + bu(ry) + cv(zy) + dy(zy)

and yd = aA(y) + bu(y) + cv(y) + dip(y). Substituting the last equation
to the right part of equality 2), we also have
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6) x(yd)za(a?v\( ) a(z)py) + ( J(y)) + b(x2A(y) + B(x)p(y)+
+u(@)d(y)) + e(—z1za (M) — a@)B(x) (*Y)) — zaa(z)A(y)p(y) -
—A(@)pu(z )(w(gy)) zpa(x)v(y )+£B3A( )+ v(@)uy) + 218(z)v(y)+

+u(2)(y)) + d(zaAy) + e(@)p(y) + () d(y))-

Finally, comparing the coefficients under a, b, ¢ and d in formulas 5)
and 6), we derive statements (5)—(8) of the lemma. O

3.4. Local nearrings whose additive groups are isomorphic
to G4

Let R be a local nearring whose additive group R™ is isomorphic to
Gy4. Then RT = (a)+ (b) + (c) + (d) for some elements a, b, c and d of R
satisfying the relations ap =0, bp=0,cp=0,dp=0,a+b=b+a+c,
a+c=c+a, b+c=c+b,d+c=c+d,a+d=d+aand b+d=
d+b. In particular, each element z € R is uniquely written in the form
x = axr1 + bxo + cx3 + dxry with coefficients 0 < z1 < p, 0 < 9 < p,
0<z3<pand0<ay <p.

Since order of the element «a is equal to the exponent of group G, i.e.
p, it follows that by Lemma 1 we can assume that a is an identity of R,
i.e. ax = xa = x for each x € R. Furthermore, for each x € R there exist
coefficients a(x), B(x), v(x), ¢(x), AM(z), u(z), v(z) and () such that
xb = aa(x) + bB(z) + cy(x) + dp(x) and xd = a\(z) + bu(x) + cv(z) +
di(z). It is clear that they are uniquely defined modulo p, so that some
mappings a: R — Z,, B: R = Zy, v: R = Zp, ¢: R = Zp, \: R —= 7y,
p: R— Zy, v: R — Z, and ¢: R — 7, are determined.

By Corollary 1, L is the normal subgroup of order p? or p? in R. Since
L consists the derived subgroup of R™ it follows that the generators b
and ¢ we can choose such that ¢ = —a — b+ a +b. If |L| = p3 then
L = (b) + (c) + (d). Since R* = R\ L it follows

R* ={axi 4+ bro + crs+dry | z1 Z0 (mod p)}

and x = axy + bxy + cxs + dxy is invertible if and only if 27 Z 0 (mod p).
Throughout this section let R be a local nearring with |R: L| =

Lemma 7. If a coincides with identity element of R, © = axi + bxo +
cxs +dry, y = ay1 +bys + cys +dys € R, |R : L| = p, zb = aa(x) +
bB(x) + cy(z) + de(x) and xd = aX(x) + bu(x) + cv(x) + dip(x), then
zy = a(z1y1) + b(zay1 + B(x)y2 + p(x)ys) + c(—z122(%) + z3y1+
+y(2)y2 + 218(2)ys + v(x)ya) + d(zayr + o(2)y2 + (x)ya). (%)
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Moreover, for the mappings
a:R—Zyp,B: R—Zp,v: R—= Zp,p: R—= Zp,\: R — Zy,
pw: R— Zp,v: R— Zyp and ¢: R — Z, the following statements hold:

(0) B(0) =0 (mod p), ¥(0) =0 (mod p), ¢(0) =0 (mod p),
A(0) =0 (mod p), u(0) =0 (mod p), »(0) =0 (mod p) and
¥(0) =0 (mod p) if and only if the nearring R is zero-symmetric;

(1) a(z) =0 (mod p) and A(z) =0 (mod p);

(2) if B(x) =0 (mod p), then 1 =0 (mod p);

(3) Blay) = B(x)B(y) + pu(@)e(y) (mod p);

(4) y(zy) =(2)B(y) + 218(x)y(y) + v(2)e(y) (mod p);

(5) (zy) = (x)B(y) + Y(@)¢(y) (mod p);

(6) p(zy) = B(x)u(y) + p(@)(y) (mod p);

(7) v(zy) = v(@)u(y) + 218(x)v(y) + v(2)Y(y) (mod p);

(8)

8) Y(zy) = ¢(x)u(y) + ¥ (x)Y(y) (mod p).

Proof. If |L| = p3, then L = (b) + {(¢) + (d). Since L is the (R, R)-
subgroup in R by statement 1) of Lemma 2 it follows that b € L and
xzd € L, hence aa(z) € L and a\(x) € L for each x € R. Thus a(z) =0
(mod p) and A(z) = 0 (mod p), so we get statement (1). Substituting
the obtained value of a(z) =0 (mod p) and A(x) =0 (mod p) in state-
ments (2)—(4) and (6)—(8) from Lemma 6, we obtain statement (3)—(8)
of the lemma and the formula for multiplication (x). Putting y = ¢, we
get xc = c(x18(z)). Hence, if f(z) = 0 (mod p), then zc¢ = 0, and so
x € L. Therefore, z;1 =0 (mod p), as claimed in statement (2). Indeed,
statement (0) repeats the statement (0) of Lemma 6. O

Next, we give examples of local nearrings.

Lemma 8. Let R be a local nearring whose additive group of R is
isomorphic to G4 and |R : L| = p. If x = ax; + bxe + cxs + duy,
y = ay1 +bya+cys+dys € R, then the mappings B: R — Zy,, v: R — Z,,
p:R—=7Z,, p: R—Zp, vi R—7Zy and : R — Z, from multiplica-
tion (x) can be one of the following:

1) ﬂ(af) w1’ and Y(z) = 21' (0 <i < p), ¥(z) = p(2) = plz) =
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2) Ble) =1 and () = 1, y(z) = p(x) = p(z) = v(z) = 0.

Proof. 1t is easy to check that the functions from statements 1) and 2)
satisfy conditions 2)-8) of Theorem 7. O

As a consequence of Lemma 8 we have the following result.

Theorem 4. For each odd prime p there exists a local nearring R whose
additive group R is isomorphic to Gy.

Example 3. Let G = C3 x ((C3x C3) x C3). If x = axy +bry+crs+dry
and y = ay1 + bya + cys + dys € G and (G, +, ) is a local nearring, then
by Lemma 8 “-” can be one of the following multiplications:

(1) z-y = aziy1 +b(zay1 +x1y2) +c(—z122 (%) + 2391 +27y3) +d(zays +
T1Ya);

(2) z-y = ax1y1 +0(xay1 +27y2) + c(—w122 (%) + 2391 +y3) + d(zay1 +
2
T1Ya);

(3) z-y = ax1y1+b(wayr +y2)+e(—z122 (%) a3y +31y3) +d(zay1+ya).-

A computer program verified that for p = 3 the nearring obtained
in Lemma 8 is indeed a local nearring (see Example 3), is deposited on
GitHub:

https://github.com/raemarina/Examples/blob/main/LNR_81-12.txt.

From the package LocalNR and [24] we have the following number of all
non-isomorphic zero-symmetric local nearrings on G4 of orders 81 and 625.

StructureDescription(RT) | n(RT)
03 X ((Cg X Cg) X Cg) 794
R:L =3 782
R:L[=9 12

05 X ((C5 X 05) X 05) 2090
R:L]=5 2078
R:L =25 12

3.5. The group G5

Let G5 be additively written group from Theorem 3. Then G5 = (a) + (b) +
{c) for some elements a, b and ¢ of R satisfying the relations ap? = bp = cp = 0,
a+b=b+a(l—p),a+c=c+aandb+c=c+b.

Recall that the exponent of a finite p-group is the maximal order of its
elements. The following assertion is easily verified.
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Lemma 9. If x is an element of maximal order in G5, then there exist genera-
tors a, b and c of this group such that a = x and the relations ap® = bp = cp = 0,
—b+a+b=a(l—p),a+c=c+a,b+c=c+b hold

Lemma 10. For any natural numbers k, r, s andt in the group G5 the equalities
ck+bs+ar = ar(1+ sp) + bs + ck and (ar+bs+ck)t = ar(t+s(})p) +bst +ckt
hold.

Proof. Let g =1+p. Since —b+a+b=a(l—p),a+c=c+aandb+c=c+b
it follows c+b+a =aq+ b+ ¢, so ck + bs + ar = arq® + bs + ck for arbitrary
integers kK > 0, r > 0 and s > 0. Taking into consideration, that

¢®=(1+p)°=1+sp (modp?)

by binomial’s formula, giving ck + bs + ar = ar(1 + sp) + bs + ck. Next, (ar +
bs + ck)t = ar(1 4+ ¢° + --- 4+ ¢**~ V) + bst + ckt by induction on t. Therefore,
I+g*+ 4+t =14+ (1+sp)+-+(1+st—1)p) =t+s(3)p (mod p?),
thus (ar + bs + ckt)t = ar(t + s(5)p) + bst + ckt. O

3.6. Nearrings with identity whose additive groups are
isomorphic to G5

Let R be a nearring with identity whose additive group R* is isomorphic to
G5. Then Rt = (a) + (b) + (c) with elements a, b and ¢, where a coincides with
identity element of R and the relations ap? =bp=cp =0, a+b=b+a(l —p),
a+c=c+a, b+ c=c+b are valid. Moreover, each element x € R is uniquely
written in the form « = az +bxs+cxs with coefficients 0 < 21 < p?, 0 < 25 < p
and 0 < x3 < p.

Consider a coincides with identity element of R, so that xa = ax = x for
each x € R. Furthermore, for each x € R there exist integers a(z), f(x),
¥(z), v(z), p(z) and ¢(z) such that b = aa(x) + bB(z) + cy(z) and zc =
av(z) +bu(x) + cp(z). Tt is clear that modulo p?, p, p and p?, p, p, respectively,
these integers are uniquely determined by z and so some mappings a: R —
Ly, B: R — Zp, v: R — Zp, v: R = Zp2, p: R — Z,, and ¢: R — Z, are
determined.

Lemma 11. Let x = ax1 + bxs + cx3 and y = ay; + bys + cys be elements of
R. If a coincides with identity element of R, then

zy = a(ziyr + a(x)ys + 2122 (% )p + v(x)ys)+
+ b(z2y1 + B(@)y2 + p(x)ys) + c(wsyr + v(@)y2 + d(x)ys). (+*)

Moreover, for the mappings

a: R — Zp2,B: R— Zp,v: R— Zyp, v: R— Zyp2,
w: R—7Z, and ¢: R — 7, the following statements hold:
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(0) a(0) = B(0) = v(0) = v(0) = p(0) = $(0) = 0 if and only if the nearring
R is zero-symmetric;

(a) =0, B(a) =1, y(a) = 0, v(c) = 0, p(c) = 0 and $(c) =
(2) a(xz) =0 (mod p) and v(z) =0 (mod p);
(

(3) alzy) = z10(y) + () B(y) + 2122 (“Y)p + v(2)¥(y) (mod p?);
(4) Bxy) = z20(y) + B(x)B(y) + p(@)y(y) (mod p);
(5) v(zy) = z3a(y) +7(2)B(Y) + ¢(z)y(y) (mod p);
(6) v(xy) :xw(y)+a(x)u(y)+x1x2(”(y))p+l/( )$(y) (mod p?);
(7) n(zy) = z2v(y) + B(z)u(y) + p(z)d(y) (mod p);

) +v(@)uy) +

(8) d(xy) = w31/(y z)pu(y) + ¢(x)d(y) (mod p).

Proof. By the left distributive law, we have

zy = (za)y; + (zb)ys + (zc)ys = (axy + bxs + cx3)yr + (aa(z)+
+bB(x) + cy(2))y2 + (av(z) + bu(x) + co(z))ys.

Furthermore, Lemma 10 implies that
(azy + bxy + cx3)yr = axi(y1 + 22(% )p) + brays + cxsy,
(aa(z) + bB(x) + cy(x))y2 =
= aa(z)(y2 + B(x) (% )p) + 0B(x)y2 + cv(2)y2,

and

(av(x) + bu(z) + cp(x))ys =
= av(z)(ys + p(z) (%)p )+bu( Yys + cd(x)ys.

By Lemma 10, we have

broy + ac(z)(y2 + Bz ( 2)
= aa(r)(y2 — B(z )(yg) )(1 — 22y1p) + bxays

and

bB(x)ys + av(x)(ys + p(x) (%) p)
= av(z)(y2 — p(x) (F)p)(1 — B(x)y2) + bB(z)ys.

Thus we get

Ty = a(($1y1 + Oé( )y2) + ($1$2( Y 4 a(@)ys + o(z)z2y1yep+
+ a () (%)) p + v(x)ys + v(z)zay1y2p + v(2)B(2)y2ysp+
+ v(z) () (B)p) + blzays + B(x)y2 + pu(z)ys)+
+ c(x3y1 + ’y(x)yg + ¢(z)ys)-

As 0-a = a-0 = 0, the nearring R is zero-symmetric if and only if 0 =
0-b = aa(0) + bB8(0) + c¢y(0) and 0 = 0 - ¢ = av(0) + bu(0) + cp(0) whence
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a(0) = B(0) = v(0) = v(0) = p(0) = ¢(0) = 0. Similarly, from the equalities
b = ab = aa(a) + bB(a) and ¢ = ac = av(c) + bu(c) + co(c) it follows that
ala) =0, Bla) =1, v(a) = 0, v(c) = 0, u(c) = 0 and ¢(c) = 1, we obtain
statement (1). Since (zb)p = z(bp) = 0 and xb = aa(z)+bB(x)+cy(x), we have
0 = (ac(z) +bB(z)+cy(z))p = aa(z)(p+B(z) (5)p) = aa(z)p by Lemma 10 and
hence a(x) =0 (mod p). Moreover, (zc)p = x(cp) = 0 and xc = av(x)+bu(x)+
cp(x), we have 0 = (av(z) + bu(z) + cp(z))p = av(z)(p + u(z) (5)p) = av(z)p
by Lemma 10 and hence v(z) =0 (mod p), and so statement (2). Therefore we
obtain

zy = a(z1y1 + a(x)y2 + w122(%)p + v(2)ys)+
+ b(z2y1 + B(2)y2 + p(w)ys) + c(xzys + v(2)y2 + o(x)ys),

as desired in (xx).

Finally, the associativity of multiplication in R implies that z(yb) = (zy)b =
ac(zy) + bB(zy) + cy(zy) and 2(yc) = (zy)c = av(zy) + bu(zy) + ch(zy). Fur-
thermore, substituting yb = aa(y) + bB(y) + cy(y) instead of y in formula (xx),
we also have

2(yb) = a(z1a(y) + a(z)B(y) + z122 (“Y)p + v(2)y(y)) + blazaly)+
+ B(z)B(y) + p(x)y(y)) + c(zzaly) +v(x)B(y) + ¢(x)y(y))-

Comparing the coefficients under a and b in two expressions obtained for z(yb),
we derive statements (3)—(5) of the lemma.

Next, substituting yc = av(y) + bu(y) + co(y) instead of y in formula (xx),
we get

2(ye) = alzrv(y) + a(@)p(y) + 2122 (*Y)p + v()d(y)) + bz (y)+
+ B(@)uly) + w@)o(y)) + clzsv(y) +v(x)uy) + ¢(2)o(y))-

Finally, comparing the coefficients under a and b in two expressions obtained
for x(yc), we derive statements (6)—(8) of the lemma. O

3.7. Local nearrings whose additive groups are isomorphic
to G5

Let R be a local nearring whose additive group R™ is isomorphic to Gs.
Then RT = (a) + (b) + (c) with elements a, b and ¢, where a coincides with
identity element of R and the relations ap? =bp=cp =0, a+b=b+a(l —p),
a+c=c+aand b+ c = c+ b are valid. Moreover, each element z € R is
uniquely written in the form x = az; + bxy + cxs with coefficients 0 < z1 < p?,
0<zys<pand 0< z3 <p.

Consider a coincides with identity element of R, so that za = ax = x for
each x € R. Furthermore, for each x € R there exist integers a(z), (),
~v(z), v(z), p(z) and ¢(x) such that zb = aa(x) + bB(z) + cy(x) and zc =
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av(z) +bu(x) + cp(x). Tt is clear that modulo p?, p, p and p?, p, p, respectively,
these integers are uniquely determined by x and so some mappings a: R —
L2, B: R — Zp, v: R — Zp, v: R = Zp2, p: R — Z, and ¢: R — Z, are
determined.

By Corollary 1, L is the normal subgroup of order p? or p? in R. Through
this section let R be a local nearring with |R : L| = p.

If |L| = p?, then L = (ap) + (b) + {(c). Since R* = R\ L it follows that

R* ={ax; +bxa +cx3 |21 Z0 (mod p)}

and x = axy + bxs + cxs is invertible if and only if 1 # 0 (mod p). Since L is
the (R, R)-subgroup in Rt by statement 1) of Lemma 2 it follows that zb € L
and zc € L, hence aa(z) € L and av(z) € L for each x € R. Thus a(z) =0
(mod p) and v(z) =0 (mod p), as in statement (2) of Theorem 12. Therefore,
for local nearrings R we have the same multiplication as for nearrings with
identity, i.e. multiplication (xx).

Lemma 12. Let © = axy + bxs + cxs and y = ayy + bys + cys be elements of R
and |R : L| = p. If a coincides with identity element of R, then multiplication
(xx) holds for the mappings from Theorem 12.

Next, we will give examples of local nearrings.

Lemma 13. Let R be a local nearring whose additive group of R™ is isomorphic
to Gy and |R: L| = p. If x = axy + bxs + cx3, y = ay1 + bys + cys € R, then
the mappings « : R — Zy2, B: R—Zyp, y: R—=Zp, v: R = Zy2, p: R =7,
and ¢ : R — 7Z,, can be one of the following:

Do) =o@) ={ 5 HEZ0 P aw) =1(o) = ula) = i) = O

2) B(z) = ¢(z) = 1, a(zx) = v(z) = p(z) = v(z) = 0.

Proof. Tt is easy to check that the functions from statements 1) and 2) satisfy
conditions 1)-8) of Theorem 7. O

As a consequence of Lemma 13 we have the following result.

Theorem 5. For each odd prime p there exists a local nearring R whose additive
group R™ is isomorphic to Gs.

Example 4. Let G = (Cy x C3) x C3. If x = axy + bxs + cxz and y =
ayr +by2 + cys € G and (G, +, ) is a local nearring, then by Lemma 8 “-” can
be one of the following multiplications.

(1) z-y = a(ziy +3z122(%)) + b(22ys + B(2)y2) + c(x3y1 + ¢(2)ys), where

Bla) = () = { 0 OED el
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(2) -y = a(ziys + 3z122(%)) + b(x2y1 + y2) + (2391 + Y3)-

A computer program verified that for p = 3 the nearring obtained in
Lemma 13 is indeed a local nearring (see Example 4), is deposited on GitHub:

https://github.com/raemarina/Examples/blob/main/LNR_81-13.txt.

From the package LocalNR and [24] we have the following number of all
non-isomorphic local nearrings on groups G5 of orders 81 and 625.

StructureDescription(RT) | n(R™)
(Cy x C3) x Cs 337
(Cas5 x C5) x Cs 630

3.8. The groups Gg

Let Gg be additively written group from Theorem 3. Then Gg = (a) + (b) +
{c) for some elements a, b and ¢ of R satisfying the relations ap® = 0, bp = 0,
ecp=0,a+b=b+a,a+c=c+a,c+b=b+c+ ap.

Lemma 14. Gy is not endocyclic.

Proof. Consider the group Gg = (a,b,c: ap? =bp =cp = 0,a+b = b+a,a+c =
¢+ a,c+b=>b+c+ ap). Since a subgroup (ap) is a unique subgroup of order
p? it follows that (ap) is fixed under the action of End Gs. Hence Gg is not
endocyclic by Definition 3. O

Conjecture 1. There does not exist a local nearring whose additive group
1s isomorphic to Gg.

Acknowledgements

The authors are grateful IIE-SRF for their support of the fellowships at
the University of Warsaw. This work is partially supported by the Thematic
Research Programme “Tensors: geometry, complexity and quantum entangle-
ment”, University of Warsaw, Excellence Initiative — Research University and
the Simons Foundation Award No. 663281 granted to the Institute of Mathe-
matics of the Polish Academy of Sciences for the years 2021-2023.

References

[1] Aichinger, E., Binder, F., Ecker, Ju., Mayr, P., Noebauer, C.: SONATA — system
of near-rings and their applications. GAP package. Version 2.9.1 (2018). https://
gap-packages.github.io/sonata/

[2] Al-Hasanat, B.N., Almazaydeh, A.: On classification of groups of order p*, where

p is an odd prime. International Journal of Mathematics and Computer Science.
17(4), 1569-1593 (2022).


https://gap-packages.github.io/sonata/
https://gap-packages.github.io/sonata/

I. RAIEVSKA, M. RAIEVSKA 113

[3] Amberg, B., Hubert, P., Sysak, Ya.: Local nearrings with dihedral multiplicative
group. J. Algebra. 273, 700-717 (2004). https://doi.org/10.1016/j.jalgebra.2003.
10.007

[4] Boykett, T.H.H., Nobauer, C.: A class of groups which cannot be the additive
groups of near-rings with identity. Contributions to general algebra (Klagenfurt,
1997), Klagenfurt: Heyn. 10, 89-99 (1998).

[5] Burnside, W.: Theory of groups of finite order. Cambridge: At the University
press (1897).

[6] Clay, J.R., Doi, D.K.: Near-rings with identity on alternating groups. Math. Scand.
23, 54-56 (1968). https://doi 10.7146/math.scand.a-10896

[7] Clay, J.R.: Research in near-ring theory using a digital compute. BIT. 10, 249-265
(1970). https://doi.org/10.1007/BF01934196

[8] Clay, J.R., Malone, Jr.: The near-rings with identities on certain finite groups.
Math. Scand. 19, 146-150 (1966). https://doi.org/10.7146 /math.scand.a-10803

[9] Feigelstock, S.: Additive groups of local near-rings. Comm. Algebra. 34, 743-747
(2006). https://doi.org/10.1080/00927870500388042

[10] The GAP Group, GAP — Groups, lgorithms, and Programming. Version 4.12.0
(2022). https://www.gap-system.org

[11] Maxson, C.J.: On local near-rings. Math. Z. 106, 197-205 (1968). https://doi.
org/10.1007/BF01110133

[12] Maxson, C.J.: Local near-rings of cardinality p?>. Canad. Math. Bull. 11(4),
555-561 (1968). https://doi.org/10.4153/CMB-1968-066-2

[13] Maxson, C.J.: On the construction of finite local near-rings (II): on non-abelian
p-groups. Quart. J. Math. Oxford. 22(2), 65-72 (1971). https://doi.org/10.1093/
qmath/22.1.65

[14] Maxson, C.J.: On the construction of finite local near-rings (I): on non-cyclic
abelian p-groups. Quart. J. Math. Oxford. 21(2), 449-457 (1970). https://doi.org/
10.1093/qmath/21.4.449

[15] Onyshchuck, V.O., Sysak, Ya.P.: Endocyclic groups. Paper presented at the II
Ukrainian Scientific Conference “Applying of mathematics methods in science and
technics”, Lutsk, Ukraine, 22-23 November 2013, 104-109 (2013).

[16] Raievska, I.Yu.: Local nearrings with an additive Miller—Moreno non-metacyclic
p-group. Bulletin of Taras Shevchenko National University of Kyiv. Series: Mathe-
matics, Mechanics. 25, 43-45 (2011) (in Ukrainian).

[17] Raievska, I.Yu., Raievska, M.Yu.: Local nearrings on finite non-abelian 2-gene-
rated p-groups. Carpathian Math. Publ. 12(1), 199-207 (2020). https://doi.org/
10.15330/cmp.12.1.199-207

[18] Raievska, I.Yu., Raievska, M.Yu., Sysak, Ya.P.: Local nearrings on non-metacyc-
lic Miller-Moreno groups. Bulletin of Taras Shevchenko National University of
Kyiv. Series: Physics and Mathematics. 3, 39-46 (2012) (in Ukrainian).

[19] Raievska, I., Raievska, M.: Lower bounds for the number of local nearrings on
groups of order p®. Math. Commun. 29, 177-191 (2024).


https://doi.org/10.1016/j.jalgebra.2003.10.007
https://doi.org/10.1016/j.jalgebra.2003.10.007
https://doi 10.7146/math.scand.a-10896
https://doi.org/10.1007/BF01934196
https://doi.org/10.7146/math.scand.a-10803
https://doi.org/10.1080/00927870500388042
https://www.gap-system.org
https://doi.org/10.1007/BF01110133
https://doi.org/10.1007/BF01110133
https://doi.org/10.4153/CMB-1968-066-2
https://doi.org/10.1093/qmath/22.1.65
https://doi.org/10.1093/qmath/22.1.65
https://doi.org/10.1093/qmath/21.4.449
https://doi.org/10.1093/qmath/21.4.449
https://doi.org/10.15330/cmp.12.1.199-207
https://doi.org/10.15330/cmp.12.1.199-207

114 GROUPS OF NILPOTENCY CLASS 2 OF ORDER p?

[20] Raievska, I.Yu., Raievska, M.Yu.: Local nearrings with restrictions on the mul-
tiplicative groups and the subgroups of non-invertible elements. Sci. Journ. Dra-
gomanov Ped. Univ. Ser. 1. Phys.—math. sci. (Kyiv). 14, 134-145 (2013) (in Uk-
rainian).

[21] Raievska, I.Yu., Raievska, M.Yu.: Local nearrings on elementary Abelian groups
of order p*. Scientific Bulletin of Uzhhorod University. Series of Mathematics and
Informatics. 1(38), 85-93 (2021) (in Ukrainian).

[22] Raievska, I.Yu., Raievska, M.Yu., Sysak, Ya.P.. LocalNR, Package of local
nearrings. Version 1.0.3 (GAP package) (2021). https://gap-packages.github.io/
LocalNR

[23] Raievska, I.Yu., Sysak, Ya.P.: Finite local nearrings on metacyclic Miller-Moreno
p-groups. Algebra Discrete Math. 13(1), 111-127 (2012).

[24] Raievska, I., Raievska, M., Sysak, Y.: DatabaseEndom625 (v0.2) [Data set].
Zenodo (2023) https://doi.org/10.5281 /zenodo.7613145.

[25] Zassenhaus, H.: Uber endliche Fastkorper. Abh. Math. Sem. Univ. Hamburg. 11,
187-220 (1935/36). https://doi.org/10.1007/BF02940723

CONTACT INFORMATION

I. Raievska, Institute of Mathematics, University of Warsaw,
M. Raievska Banacha 2, 02-097 Warsaw, Poland;
Institute of Mathematics of NAS of Ukraine,
Tereshchenkivska str., 3, 01024, Kyiv, Ukraine
E-Mail: raeirina@imath.kiev.ua,
raemarina@imath.kiev.ua

Received by the editors: 12.05.2024
and in final form 01.07.2024.


https://gap-packages.github.io/LocalNR
https://gap-packages.github.io/LocalNR
https://doi.org/10.5281/zenodo.7613145
https://doi.org/10.1007/BF02940723

	Iryna Raievska and Maryna Raievska

