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ABSTRACT. Let L be an algebra over a field F with the bi-
nary operations + and [,]. Then L is called a Leibniz algebra if it
satisfies the Leibniz identity: [a, [b, c]] = [[a, b], c] + [b, [a, c]] for all
a,b,c € L. A linear transformation f of L is called an endomor-
phism of L, if f([a,b]) = [f(a), f(b)] for all a,b € L. A bijective
endomorphism of L is called an automorphism of L. The set of all
automorphisms of Leibniz algebra is a group with respect to the
operation of multiplication of automorphisms. The main goal of
this article is to describe the structure of the automorphism group
of a certain type of nilpotent three-dimensional Leibniz algebras
over arbitrary field F'.

Introduction

Let L be an algebra over a field F' with the binary operations + and [, ].
Then L is called a left Leibniz algebra if it satisfies the left Leibniz iden-
tity:
[CL, [b> CH = Ha> b]a C] + [ba [aa CH
for all a,b,c € L [2].
By analogy, we can define the right Leibniz algebra. We can make

the transition from left Leibniz algebra to right Leibniz algebra and vice
versa. All results that are valid for left Leibniz algebras are also valid
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for right Leibniz algebras. For some reasons, we prefer to work with left
Leibniz algebras. Therefore, in this article, the term “Leibniz algebra”
means “left Leibniz algebra”. The term “Leibniz algebra” first appeared
in the book [13] and the article [14]. The theory of Leibniz algebras is very
actively developing in various directions. A significant part of modern
results, which are devoted to the properties, structure and classification
of Leibniz algebras, is contained in the book [1].

It is important to note that Leibniz algebras are a very wide genera-
lization of Lie algebras. On the other hand, if L is a Leibniz algebra, in
which [a,a] = 0 for every a € L, then L is a Lie algebra. Therefore,
Lie algebras can be characterized as anticommutative Leibniz algebras.
Many results from the theory of Lie algebras are very often transferred to
Leibniz algebras. In the same time, there is a very significant difference
between Lie and Leibniz algebras (see, for example, survey articles [3, 4,
11, 15)]).

Let L be a Leibniz algebra over a field F. A linear transformation f
of L is called an endomorphism of L, if

f(la,0]) = [f(a), £(b)]

for all a,b € L. A bijective endomorphism of L is called an automorphism
of L. It is easy to prove that the set Aut|j(L) of all automorphisms of L
is a group by a multiplication of automorphisms (see, for example, [9]).

The description of automorphism groups of any algebraic structure
is one of the most important and natural problems of any branch of
algebra. Obviously, Leibniz algebras are no exception. It is natural
to start searching for the structure of automorphism groups for those
Leibniz algebras whose structure is well studied.

The first natural step is to consider one-generated Leibniz algebras.
The description of automorphism groups of infinite-dimensional one-
generated Leibniz algebras was obtained in the article [12]. A description
of automorphism groups of finite-dimensional one-generated Leibniz al-
gebras was obtained in the article [9].

The second natural step is to consider low-dimensional Leibniz algeb-

ras. The case of dimension 2 is quite simple. There are only two types
of two-dimensional non-isomorphic non-Lie Leibniz algebras (see [4]):

) Lezl(Q,F) = Fazl @FO'?? [alaal] = az,
la1, az] = [a2,a1] = [az, az] = 0;
o Leix(2, F) = Fay @ Fay, [a1,a1] = [a1,az] = as,
]
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The structures of automorphism groups of such Leibniz algebras were
described in [10].

The situation with three-dimensional Leibniz algebras is much more
complicated. The most detailed description of such algebras over arbit-
rary fields can be found in [8]. According to the results of this article,
there are 40 types of three-dimensional non-isomorphic non-Lie Leibniz
algebras. Thus, we have a rather big problem of describing automorphism
groups of three-dimensional Leibniz algebras. Here is a list of three-
dimensional Leibniz algebras Fa; ® Fas @ Fas for which the structure of
automorphism groups has already been found (here we give only non-zero
products):

e Leiy1(3,F) : [a1,a1] = aa, [a1,a2] = as [10];

o Leix(3,F) : [ar,a1] = a3 [10];

o Lei3(3,F) : [a1,a1] = [a1,a2] = a3 [6];

o Leiy(3,F) : [a1,a1] = a3, [a2,a2] = Aag, A # 0 [7];
o Leis(3,F) : [a1,a1] = as, [a1,a2] = az + Aas [7]

In this paper, we continue our research for the next type of three-
dimensional Leibniz algebras, the structure of which will be illustrated
in the next section.

1. Some information about Leibniz algebras of dimension
3 with a one-dimensional Leibniz kernel

We recall some necessary definitions.

Let L be a Leibniz algebra over a field F'. Then L is called abelian
if [a,b] = 0 for every a,b € L. If A, B are subspaces of L, then [A, B]
will denote a subspace generated by the elements [a,b], a € A, b € B.
A subspace S of L is called a subalgebra of L, if [a,b] € S for all a,b € S.
A subalgebra I of L is called a left (respectively right) ideal of L, if
[b,a] € I (respectively [a,b] € I) for every a € I, b € L. A subalgebra I
of L is called an ideal of L if it is both a left ideal and a right ideal.

Denote by Leib(L) the subspace generated by the elements [a,a],
a € L. It is easy to prove that Leib(L) is an ideal of L. The ideal
Leib(L) is called the Leibniz kernel of L.

The left ¢(*%(L) and the right centers (*'8"(L) of L are defined by
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the following rules:

Cleft(L) ={a € L] [a,b] =0 for each b € L},
(ﬁght(L) ={a € L| [b,a] =0 for each b € L}.

We note that the left center of L is an ideal, but that is not true for the
right center. The right center is a subalgebra of L and, in general, the

left and right centers are distinct.
The center (L) of L is defined by the following rule:

C(L)={a€ L| [a,b] =0 =[b,a] for each b € L}.

The center is an ideal of L.
Define the lower central series of L

L=~5(L) 27(L) > ... 7 (L) =2 Yat1(L) > ...y (L)

by the rule: Vl(L) = L’ V?(L) = [LaL]v ’Ya-i-l(L) = [L)’YQ(L)] for all

ordinals o and yA\(L) = () vu(L) for the limit ordinals A. We say that
<A
L is nilpotent, if there exists a positive integer k such that v (L) = (0).

Let L be a non-Lie Leibniz algebra over a field F' of dimension 3. Sup-
pose that the center of L includes the Leibniz kernel, dimp(Leib(L)) = 1
and L/Leib(L) is abelian.

We note that the center (L) has dimension at most 2. Suppose that
¢(L) has dimension 1. In this case, ((L) = Leib(L). Since L is not a
Lie algebra, there is an element a; such that [a1,a;] = ag # 0. We note
that az € ((L). It follows that [a1,as] = [as,a1] = [a3,a3] = 0. Then
((L) = Fag. Since L/Leib(L) is abelian, for every element = € L we
have [a1, ], [z,a1] € ((L) < (a1) = Fa; ® Fas. It follows that (a1) is an
ideal of L. Since dimp({a1)) = 2, (a1) # L.

Suppose that there exists an element b such that b & (a1), [b,b] = 0.
We have [b,a;] = vas for some v € F. The following two cases appear
here: v =0 and ~ # 0.

Let v+ = 0. Then [a,b] = aag for some o € F. If we suppose
that @ = 0, then b € {(L). But in this case, dimp(¢(L)) = 2, and we
obtain a contradiction, which shows that a # 0. Put as = a~'b, then
[ag, as] = [az,a1] = 0, [a1,a2] = a3, and we come to Leibniz algebra of
type Leis(3, F).

Let v # 0. Put ag = v~ !b, then [az,as] = 0, [az,a1] = a3. We have
[a1,a2] = aag for some o € F. If o = 0, then ay € ¢"#"(L), and we
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come to the following type of nilpotent Leibniz algebras:
Leig(3,F) = Lg = Fa; ® Fay ® Fas where [a1,a1] = [ag, a1] = a3,
a1, as] = [a1, a3] = [az, az] = [az, as] = [a3, a1] = [a3, az] = [a3, a3] = 0.

In other words, Lg is a direct sum of ideal A = Fa; ® Fas and subalgebra
B = Fas. Moreover, A is a nilpotent one-generated Leibniz algebra of
dimension 2, [A, B] = (0), [B, A] = Fag, ("8"(L¢) = Fay @ Faz and

Leib(Lg) = [Lg, L] = ¢ (Le) = ((Lg) = Fas.

Here are some general useful properties of automorphism groups of
Leibniz algebras (see Lemmas 2.1, 2.4 in [10]).

Lemma 1. Let L be a Leibniz algebra over a field F' and f be an auto-
morphism of L. Then f(C'(L)) = ¢¥(L),” F(C8"(L)) = ("8 (L),
f(C(L)) =¢(L), f([L,L]) = [L, L].

Let L be a Leibniz algebra over a field F', A be a subalgebra of L and
G = Autm (L). Put

Ca(A) ={a € G| a(a) = a for every a € A}.
If A is an ideal of L, then put
Ca(L/A) ={a € G| ala+ A) =a+ A for every a € L}.

Lemma 2. Let L be a Leibniz algebra over a field F' and G = Aut|j(L).
If A is a G-invariant subalgebra, then Cg(A) and Cg(L/A) are normal
subgroups of G.

2. Automorphism group of Leig(3,F).

Theorem 1. Let G be an automorphism group of Leibniz algebra
Leig(3, F'). Then G is isomorphic to a subgroup H of GL3(F), consisting
of the matrices of the form

a7 0 0
oy a1+ s 0
2
Qas B3 ag + ajog
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where ap # 0, a1 + ag # 0. A subgroup H is a semidirect product of
normal subgroup Ss3(L, F), which is isomorphic to a subgroup of GL3(F),
consisting of the matrices of the form

1 0 0
oz 1+ as 0
o B3 1+ a9

and a subgroup D3(L, F), consisting of the matrices of the form

c 0 O
0 ¢ O
0 0 o2

In particular, Ds(L, F') is isomorphic to multiplicative group of a field F.
Furthermore, S3(L, F') is a semidirect product of subgroup T3(L, F'), which
is normal in G and isomorphic to a subgroup of GL3(F), consisting of
the matrices of the form

1 0 O
o 1 0|,
ag B3 1

and a subgroup J3(L, F'), which is isomorphic to a subgroup of GL3(F),
consisting of the matrices of the form

1 0 0
A1+ A 0
0 0 1+ A

A subgroup T3(L, F) is isomorphic to direct product of two copy of addi-
tive group of a field F', and a subgroup J3(L,F) is isomorphic to multi-
plicative group of a field F.

Proof. Let L = Leig(3, F), f € Aut[j(L). By Lemma 1,
f(Fas) = Fag = ((L) = [L, L],
f(Fay ® Faz) = Fag @ Fag = "M (L),
so that
fla1) = a1a1 + azaz + azas,

f(az) = Paaz + Bas,
f(az) = y3as.
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Then
flaz) = f(lar, a1]) = [f(a1), f(a1)]

= a1 + agaz + azas, a1 + azas + azas)

= afla1,a1] + arasfaz, a1] = afas + ajazas

= (af 4 ayan)as;

flas) = f(laz, a1]) = [f(a2), f(a1)]

= [B2a2 + Baz, ara1 + aas + azas]

= ai1f2[az, a1] = a12a3.
Thus, we obtain an equality a;(a; + a2) = a1f2. Being an automor-
phism, f is a non-degenerate linear transformation, so that a; # 0.

It follows that a; + as = (B2. Thus, an automorphism f has in basis
{a1, a2, a3} the following matrix

aq 0 0
ay a1+ s 0
2
as B3 aj + oz

Denote by = the canonical monomorphism of Aut[(L) in M3(F).
We note that the right center (8" (Leig(3, F)) = Fas @ Fag is an
ideal of L. Put

S ={f| f € End(L), f(a1) € ar + ¢"#"(L)}
= Chna(ry(L/¢"#(L)).
If feSn Aut[,}(L), then
f(a1) = a1 + azas + azas,

flaz2) = (1 + az)az + Bsas,
f(a3) = (1 + (12)@3.
If x is an arbitrary element of L, that is x = £1a1 + &a9 + £3a3, then
f(x) =& f(a1) + & f(az) +&3f(a3)

= &1a1 + §1anag + §1azaz + §2((1 + az)ag + Bzaz) + §3(1 + az)as
= &ra1 + (§rag + & + S00)az + (§1a3 + &283 + E3(1 + a2))as.

Conversely, let A, p, v be the elements of F', v be a linear transforma-
tion of L, defined by the rule: if x = £1a1 + &2a0 + £3a3, then

v(z) = &ar + (GA+ &+ &N )ax + (Sp + Sav + E3(1 + N))as.
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Let x,y be the arbitrary elements of algebra L, x = £1a1 + &2a9 + £3a3,
y = mai + n2az + nzaz, where &1, 82,83, M1, m2,m3 € F. Then

[z,y] = [§1a1 + &20a2 + E3a3,mar + n2az + n3as]
= &imlar, a1] + Eamifag, ai]
= (&m + &am)as;
v([z,y]) = v((E1m + Eam)as) = (E1m + Eam)v(as)
= (&am + &m) (1 + Nas;
[v(z),v(y)] = [§1a1 + (E1A + §2 + LN )az + (S1p + ov + &3(1 + N))as,
mai + (MA +n2 + neA)az + (mp + nav +n3(1 + A))as]
= &imlar, ar] + m(§A + & + oA [az, a1
= (&m +m(&A+ &+ §N))as
= (&m + &mA + am + EamA)as
= (&m + &m)(1 + Nas,
so that v([x,y]) = [v(z),v(y)]. It shows that S < Aut[j(L). Moreover,
by Lemma 2, S is a normal subgroup of Aut|;(L).
Put S3(L, F') = Z2(5). Then S3(L, F) is a subgroup of a group T3(F),
which consist of the matrices, having the following form:

1 0 0
as 1+ as 0 .
a3 B3 14+

Let

T ={f| f € End(L), f(a1) € a1 +[L, L], f(a2) € ag +[L, L]}
= Cpna(r)(L/[L, L]).
If felTn AutH (L), then

f(a1) = a1 + azas,
f(az) = az + Bzas,
f(az) = a3.

If x is an arbitrary element of L, that is x = £1a1 + &2a0 + £3a3, then

f(x) =& far) + & f(az) + &3 f(as)
= &1a1 + §1azaz + §2a2 + §283a3 + §3a3
= &1a1 + &a2 + (13 + 283 + £3)as.
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Conversely, let A, u be the elements of F', z be a linear transformation of
L, defined by the rule: if z = £1aq + 200 + £3a3, then

2(z) = &1a1 + 2a2 + (E1N + Lo + €3)as.

Let x,y be the arbitrary elements of algebra L, x = £1a1 + &2a90 + £3as,
Y = mai + n2a2 + n3az, where &1, 82,83, M1, 12,73 € F. Then

[z,y] = [§1a1 + &2a2 + 3a3,mar + n2a2 + n3a3]
=m (&1 + &2)as;
z([z,y]) = 2(m (& + &2)as) = m (& + &2)z(as)
= m (& + &2)as;
[2(2), 2(y)] = [§1a1 + E2a2 + (1A + Sopt + &€3)as,
niai + neaz + (MA + n2p + n3)as)]
= &imlar, a1] + Eamar, az] = m (&1 + &2)as,

so that z([x,y]) = [2(x), 2(y)]. It shows that T'is a subgroup of Aut[)(L).

Put T3(L, F') = E(T"). Then T3(L, F') is a subgroup of a group UT3(F')
of all unitriangular matrices over a field F, which consist of the matrices,
having the following form:

1 0 O
0 1 0
as Pz 1

It is not hard to see, that T3(L, F') is abelian and it is isomorphic to
direct product of two copy of additive group of a field F'. Clearly,

=(Autyy (L)) NUT3(F) = Ty(L, F),

so it follows that a subgroup T is normal in Aut[;(L).
Let A € F. Put

J={f1 F €S, fla1) = a1 + Aag, f(az) = (1 + A)ay, f(a3) = (1 + Nas}.

Put J3(L,F) = E(J). Then J3(L, F) is a subset of T5(F’), which consist

of the matrices, having the following form:

1 0 0
A T4A 0
0 0 1+
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An equality

1 0 0 1 0 0
A 14+A 0 g 14+p 0 =
0 0 1+ 0 0 1+4up
1 0 0
A+NA4+p) -1 1+N)(1+p) 0
0 0 (14 A)(1+p)

shows that J3(L, F) is a subgroup of S3(L, F'). Moreover, it is not hard
to see that J3(L, F') is isomorphic to multiplicative group of a field F.
Furthermore, it is not hard to see that the matrix equation

1 0 0 1 00 1 0 0
as 1+ as 0 = 010 z 14z 0 =
Qs 53 1+ as z y 1 0 0 1+z2

1 0 0
z 142 0
r+yz y+yz 14z

has the solutions. It proves that Ss(L, F') = T5(L, F)J3(L, F') and there-
fore S =T J. Clearly, the intersection 7' N J is trivial.
Let

D = {f’ f c Aut[,](L),f(al) = Ual,f(az) =0a9,0 € F}

By proved above, f(a3) = oas3.
Put D3(L, F) = Z(D). Then D3(L, F) is a subset of T5(F"), which
consist of the matrices, having the following form:

c 0 O
0 ¢ O
0 0 o2
An equality
c 0 0 v 0 0 ov 0 0
0 ¢ O 0 v O = 0 ov 0
0 0 o2 0 0 2 0 0 o222

shows that D3(L, F) is a subgroup of E(Aut;(L)). Moreover, it is not
hard to see that Ds(L, F') is isomorphic to multiplicative group of a
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field F'. Furthermore, an equality

(65} 0 0
a2 a1+ ag 0 =
Qs 63 Oé% + 1009
1 0 0 ar 0 O
agal_l 1+ agal_l 0 0 oy O
aza;t  Baagt 14 aga;! 0 0 o}

proves that Z(Aut[(L)) = S3(L, F)D3(L, F'), that is Autj(L) = SD.
Clearly, the intersection S N D is trivial. Thus, we obtain that

D=

(1]

AutM (L) =SX D,

F*, 8 =TxJ, Tisnormal in Aut[|(L), T = Fy xFy, J= F*. [
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