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Extended binary Golay codes by a group algebra
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ABSTRACT. We study the construction of extended binary
Golay codes with respect to the principle (left) ideals of the group
algebra Fo GG of a group G of order 24 over a field of two elements Fs.
All elements v € FoG, which generate the principle ideals that de-
fine extended binary Golay codes, have been found programmati-
cally.

Introduction

Extended Golay codes have been first introduced by Marcel J. E. Golay
in the paper [1] in 1949. These codes are examples of extreme binary
self-dual codes of Type II (linear binary self-dual codes with Hamming
distance between arbitrary codewords to be multiples of 4 that has the
highest possible minimum Hamming distance among such codes with
a fixed dimension of the codeword space and their length). The mathe-
matical significance of the Golay code goes far beyond its error-correcting
properties. The extended Golay binary code is associated with the Mat-
hieu group Msy4. In addition, this code is the main element in the con-
struction of the 24-dimensional Leach lattice.
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Extended binary Golay codes have been studied for a long time and
many different constructions have been established to build these codes.
We consider the construction of linear binary codes proposed by T. Hur-
ley in [2]. The method implements a pioneering approach, proposed by
C. D. Berman, later by K. H. Zimmerman [14], which considers one-sided
ideals in group algebras of finite groups over finite fields as codes above
the same fields.

First we are going to describe the used construction and define the
extended Golay binary codes.

Let Fy be a field with two elements, G = {g1,¢2,...,9n} be a finite
group of order n and v = oy, g1 + g, g2 + ... + g, g, be an element of
the group algebra FoG (o; € Fa). Let us define o(v) € M(n,[F3) as the
following matrix

o _—1 o -1 R e |
g1 91 g1 92 91 9n
o _—1 o —1 N 8 e |
_ 92 91 9o 92 9o gn
o(v) = : : :
ag#gl O[g;ng e agﬁlgn

The map v — o(v) is considered in the representation theory of
finite groups over a field as a regular representation of the group al-
gebra FoG, which corresponds to the arrangement g, L 9y L g, of
the elements of G. Let us define for a given element v € FoG a bi-
nary code as follows: C(v) is the subspace of the space [} generated
by the rows of the matrix o(v). In the space Fj it is introduced the

n
scalar product [(v1,...,v1), (wi,...,w1)] = > viw; as well as the cor-
i=1
responding orthogonal complement C+ = {v € F3|[v,w] = 0,w € C}.
The binary code C is called self-orthogonal if ¢ C Ct and self-dual
— if C = C+. It is clear that the code C(v) is self-orthogonal if
o(v)o(v)T = 0. For an element v = g, g1 + Qg g2 + .. + g, gn € F2G
we denote v* = aglgfl + 049292_1 + ...+ ag,g,' € FoG. It’s obvious that
o(v)T = a(v*).

In [3], an extended binary Golay code was constructed in the form
C(v) for some element v of the group algebra F,S4, where Sy is the
symmetric group of order 24. In [11], a similar result was obtained for
another group of order 24, namely the dihedral group Ds4. The following
theorem was used in the construction.

Theorem 1 ([11]). Let G be a finite group of order 24 with an element
v of the group algebra FoG. If
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1) v="1"
2) v? =0,
3) rank(o(v)) = 12,
then the code C(v) is self-dual.

It was shown in [4] that from 15 non-isomorphic groups of order 24, it
is possible to construct a code also for the groups C3 x Ds,
(CG X Cg) X CQ, CQ X A4.

Theorem 2 ([5]). Let G be a finite group of order 24 with an element v
of the group algebra FoG. The code C(v) is self-dual if and only if

1) vv* =0,
2) rank(o(v)) = 12.

It was established in [5-7] that a binary Golay code can be con-
structed in this way for the groups (Cg x C2) x Ca, Doy, C3 x Dg. Theo-
rem 2 gives a sufficient condition for the code C'(v) to be an extended
binary Golay code for the elements of the group algebra F>G of the group
G of order 24. In the following section we construct a code by group al-
gebras for the groups Cy x A4 and Sy. It is shown in [4] that an extended
binary Golay code cannot be constructed for the rest of the group of
order 24.

1. The construction of codes by the groups C> x A4 and S,

Lemma 1. Let G=(z,y, z,w|r? = y? = 2? = w3 = 1,2y = yz, 22 = 27,

TW = wr,yz = 2y, yw = wyz, 2w = wy) be the group Cy X Ay, v =01 +
Yy + a3z + ayz + asw + agyw + arzw + agyzw + agw? + aloyw2 +
112w 4 aq2y2w? + a13% + 14Ty + Q1522 + Q16TYZ + ar7zw + asTyw +
a19T2zWw + aggryzw + o zw? + a22myw2 + qogzzw? + a24xyzw2. If the
code C(v) is self-dual, then

24
1) > o =0;
i=1

2) (o1 +ag2+as+aq) (o7 + g+ arg + oo + 21 + oo + oz + )+
(o5 4+ a6 + a7+ ag) (a3 + ovg + s + e + Qo1 + Qoo + o3 + o)+
(g+ajo+ari+ar2)(s+aistars+aie+orr+aig+ag+agg) = 0;
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3) (Oq + ag + oz + 044)(045 + ag + a7 +ag + g + a1 + @11 + a12)+
(a5 + o + a7 + ag)(ag + a0 + a1 + a12)+ (o3 + a1q + @15 +
a16) (17 + aug + 19 4+ o + a1 + g2 + o3 + agq)+ (17 + a1g +
@19 + ag0)(a21 + a2 + ao3 + aq) = 0.

Calculations in the group show that the matrix o(v)o(v
has the following form:

1 0 0 0 ~v27v3 7475 727475 v3 0
0 ~v1 0 0 37275 7474727375 0
0 0 v O va4v5 727375 ¥3 7274 0
0 0 0 71 7v5 7473727375 V472 0
Y2 ¥3 74571 0 0 0 v2 75 v3 7476 ¥v7 78 v9 0 0 0 0 v v9 v7 78
Y372 ¥5 ¥4 0 71 0 0 ~v5 v2 v4 v3 v7 v6 ¥9 v8 0 0 0 0 79 v6 78 V7
Y45 23 0 0 71 0 v3 74 v2 v5 8 v9 v6 y7 0 0 0 O 7 v8 v6 Yo
¥5 ¥4 ¥3v2 0 0 0 71 v4 7375 729 v8 76 0 0 0 0 ~v8 v7 Y9 V6
Y2 ¥4 ¥5 Y3 ¥2 v5 13 ¥4 v1 0 0 0 v6 v8 Y9 ¥7 76 Y9 y7 v8 0 0 0 O
Y4 v2 ¥3 75 ¥v5 72 ¥4 v3 0 1 0 0 v8 v6 ¥7 79 79 ¥6 v8 7 0 0 0 0O
Y5 Y3 ¥2 ¥4 Y3 ¥4 v2v5 0 0 v1 0 Y9 v7 v6 ¥8 ¥7 78 ¥6 Y9 0 0 0 O
Y35 ¥4 Y2 ¥4 35 v2 0 0 0 v1 7 v9 78 ¥6 v8 77 9 v6 0 0 0 O
0 0 0 0 v Y7879 76 ¥8 Y97 v1 0 0 0 72 v3v47v5 v2 74 75 v3 [’
0 0 0 0 ~v7 v 79 v8 78 ¥6 ¥7¥9 0 71 0 0 ~3 v2 v5 74 ¥4 72 V3 V5
0 0 0 0 v8v9v6 Y7 v9 Y7 Y68 0 0 71 0 ~v4v5 v2 ¥3 ¥5 ¥3 ¥2 V4
0 0 0 0 v 7% 779787 0 0 0 v1 75 74 ¥3 72 7¥3 V5 ¥4 72
Y6 Y7 v8 Y9 0 0 0 0 ~v6 v9 7 v8 2 ¥v3 74 ¥5 71 0 0 0 2 v5 v3 74
Y7 76 Y98 0 0 0 0 ~v9 v6 v8 7 ¥3 72 ¥5 74 0 71 0 0 75 72 74 73
8 Y9 v%6¥7 0 0 0 0 ~v7 v8 v6 79 va v5 v2v3 0 0 71 0 v3 va 72 75

0 ~v6 v7 ¥8 Y9 Y6 Y8 Y9 V'

0 v7 v6 79 78 Y8 Y6 V7 'y;\
0 v8 Y9 ¥6 Y7 Y9 V7 Y6 V8
0 Y9 v8 77 Y6 Y7 Y9 V8 V6

[oNejoNe)
[oNejoNe)

Yo v8 y7 v6 O 0 0 0 v8 77 v9 v6 ¥5 ¥4 ¥v3 v2 0 0 O ~v1 74 v3 ¥5 72
Y6 Y8 Y9 Y7 ¥6 v9 Y7 ¥y8 0 0 0 0 v2 y4 v5 ¥y3 2 v5 ¥3 v4 71 0 0 O
Y8 Y6 Y7 Y9 Y9 Y6 v8 7 0 0 0 0 ~v4 v2 375 v5 v2 74 v3 0 71 0 O
g977"/6’78’77’7’876’790000’75’73’727473’Y4’Y2’Y500“/10
77 Y8 ¥6 ¥8 Y7 Y9 v6 0 0 0 0 v3 v5 74 v2 74 ¥3¥v5 72 0 0 0 ~yu

where 71 = a1 + g+ ag+ag+ a5 +ag+ar +ag+ag+ g+ a1 + oo+
a13 + a1g + a5 + aie + @17 + g + g + aigp + o1 + o2 + a3 + Qay;

Yo = al(ag + a5) + ag(a7 + a12) + ag(ag + a10) + a4(a6 + CL11) + a13(a17 +
as1) + ara(azs + arg) + ais(age + az) + aig(as + aig) + arpas + agas +
ai2a7 + aiiag + arrazl + a4a19 + a22a20 + a23a18;

Y3 = ai (a12 + a6) + az(ag + ag) + a3(a11 + (17) + a4(a10 + a5) + a13(a24 +
aig) + ar4(a21 + a20) + ais(as3 + a19) + ars(aze + a17) + aroas + ar2a¢ +
agag + ai1a7 + airage + az4a18 + a21a20 + ag3aly;

Y4 = a1(a10 + ar) + az(ain +as) + az(ag + as) + as(ai2 + ag) + aiz(azn +
ai9) + aia(azs + air) + a1s(ag1 + a1s) + aig(aza + az) + arpar + agas +
aioag + ai1as + airags + asqagp + agealg + a1a18;

75 = a1(ag + a11) + az(ae + a10) + az(as + a12) + as(ar + ag) + ar3(azo +
a3) + aia(aig + ag2) + ais(ai7 + a24) + ar(arg + as1) + aroas + agay +
@12a5 + a1108 + a17G24 + a20623 + 19621 + A22018.

From the last four equations we obtain that vo + v3 + v4 + 75 =
(a1 + g +az+ou)(as+as+ar+ag+ag+aig+ o1 +ai2)+ (a5 +as+
a7+ ag)(ag+ ajo+a11 +a12)+ (@13 + a4+ a5 +aie) (a7 + a1 + a9+
a0+ a1 + s+ o3+ aos)+ (7 +aig+arg+ang) (a1 +aa+ a3+ o).

If the code C(v) is self-dual, then from Theorem 2 we have that the
qualities vv* = 0 and o(v)o(v)? = o(vv*) = 0 are met. Therefore v; = 0
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(t=1,...,9). Theny; =0, v%2+73+v1+75 =0.
From the product of matrices ¢(v) and o(v)? we also have the fol-
lowing elements:

6 = a1(a17+a21)+az(az2a +aig) +as(az+a)+as(ags +aig) +as(aiz+
az1) + as(aie + az3) + ar(ais + az4) + ars(as + ar) + ar1(as + a1s) +
ai2(aia + a19) + agair + arpaz + a13a9 + azeas;

Y7 = a1(a18+a24) +az(ag +az0) +az(azs+aig) +as(az+air) +as(ais+
aze)+ag(aiz+ass)+ais(ar+air)+as(ag+ag)+aio(arr+as)+aiz(ag+
a13) + agasy + ai1aig + asiag + azzar;

8 = ai(ag2+a19)+az(azs +air) +as(a +a1g) +as(ags +az) +as(aia+
az3)+ag(ais+az1)+ar(aiz+ag)+ag(aie+a)+ag(aig+ais)+aio(ag+
a13) + a11(a1a + a17) + ar2(aie + azo);

Yo = a1(ags+az) +az(azx +aig)+as(az+air) +as(ao +ag) +as(ais +
aga)+ag(ara+age)+ar(ais+a)+ag(aiz+ass)+ag(aig+ais)+aio(ais+
ai4) + a11(ago + a13) + ar2(arr + ars).

From these four equations we obtain that v + 77 + vs + 79 = (a1 +
ag + a3+ ag) (a7 + aig 4+ ang + g + a1 + e + o3 + o)+ (s + o6+
a7+ ag)(o13 + a1 + 15 + aie + az1 + ae + agz + aoq)+ (a9 + aro +
a11 + a12) (13 + a1q + a5 + 16 + 17 + a1s + a9 + ao).

If C(v) is self-dual, then g + v7 + 78 + 79 = 0.

Therefore, from these conditions we get the corresponding equations
given in the conclusion of the lemma.

For example, one of the obtained elementsisv=14+y+z4+yz+w+
yw + 2w + yzw + w? + wa + yzw2 +rz 4+ xyz + ryw + xzw + :cyzwz.
For this element we consider v* = 1+ y + 2z + yz + w? + yzw? + yw?+
zw2+w+zw+yw+xz+wyz+xyzw2+a:yw2+xyw7év.

Thus, vv* = 0. From the form of v we have

Q

—_

4

~

I
HFOROOORORROORRHRORRRRHRER
OHOFOOORFHHOOKR O M = = = =
HOHOFOOOOO K = b = e et O b= b b e
OHOROROOOO e O b b i
O OOROROORRORRO R
HFOOOOROHRROORR I HO - -
COORFROROROOROR I -
OOHOOHORORRORORRRRRRRRFRF
OO OOROOOHRR RO R
OO HOOOROOR LR, HIEO R H
OO OORROO RO e e O
OO OO OO O e O
P R R O R RO OO0 HORFROO
R EOR R RHOROROOORRHOO
R RO R R HROHROROO0O00O K
RFRERRERRORRRRORORORO000OR
RFRORFRRRHERRRHOROOROROORRO
RFRRORRRRRRRHERO000ROR OO
O R R R RO OO RO RO OO
FORHRRHRRRRRRROOROORORORFO
P R R RO R RO HOH OO0 0O
RRRRER R HORRHROORRHOOOHROO
R R R RORO0OROORROORO
RFRERREERRERRORORHO0O0ORROOOR
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As a result of calculations we obtain the number of elements v €
Fo(Cyx Ay) such that C'(v) is an extended binary Golay code. We present
these results for comparison with the number of the same elements under
the condition v = v*.

Table 1.1: Number of elements of the group algebra Fy(Cy x Ay)

Minimum Hamming distance C(v) 2 4 6 8
Number of elements v, v = v* 640 | 8 704 768 768
Number of elements v 10 752 | 96 768 | 18 432 | 18 432

Lemma 2. Let G=S; = (a,b,c,dla®> =b* = = d? = 1,a® = a,a° =
ab, b = a,a? = a,b? = ab,c? = c?) be the symmetric group of degree
four, v = aq + asa + azb + agab + asc + agac + arbe + agabe + agc? +
0110(102 + 041le2 + algabCQ + Oélgd + a14ad + a15bd + ozlgabd + a17cd +
aigacd + argbed 4+ asgabed + ao1c?d + agsac’d 4+ aogbc?d + asgabc®d. If
the code C(v) is self-dual, then

24
1) Y ;=0

i=1
2) (a1 + as + az + aq)(as + ag + ay + ag + ag + a1 + a1 + a12)+
<O¢5 +ag+ar+ ag)(ag + a0+ a1+ ()é12)+ (Oz13 + a4+ a5+ Ct16)<0617 +
Q18 + @19 + Qg0 + Q21 + Qa2 + o3 + arog)+ (7 + g + g + ap) (21 +
Q22 + a3 + ag) = 0;
3) (041 + 042)(041(5 + ais
(a7 + ag) (o1 +ao2) +
4) (a1 + ag)(a1g + g
(a7 +ag) (16 +a13) +
5) (o1 + az) (s + az
(a6 +as) (17 +a1g) +

+ (a3 + aq)(13 + a1q
a9 +aig) (a0 + 19) +
+ (a3 + ag)(ago + a17
a9+ aq2) (a3 + ) +
+ (a2 + ag) (o1 + a3
ag+aq1)(aie +a14) +

+ (Oég, + ag)(oz24 + a23)+
a1+ ag2) (o7 +aig) =0;
+ (a5 + ag) (s + ara)+
a1+ aqo) (s + az1) =0;
+ (045 + 047)(0420 + a18)+
10+ 12)(a13 +ais) =0,

N — N —
N~ — o~ — o~ —

Calculations in the group show that the matrix o(v)o(v)? = o(vv*)
is equals to the following matrix with the elements 1, 92,3, 74 and 75
of the same form as in the proof of Lemma 1, i.e.
Y1 =01 a2+ a3+ o4+ a5+ o+ ar +ag + ag + ayp + o1 + 12 +
a13 + 14 + a5 + a6 + a7 + aag + agg + agp + o1 + g + a3 + Qag;

2 = ai(ag + as) + az(ar + ai2) + az(as + aio) + as(ag + a11) + a1z(ar7 +
as1) + ar4(az4 + arg) + ars(age + az) + ais(azs + aig) + arpas + agas +
a1267 + a1166 + a17621 + a24a19 + a22a20 + a23a18s;

v3 = ai(a12 + ag) + az(ag + ag) + az(ai1 + ar) + as(aio + as) + az(az +
a1g) + ara(a21 + az0) + ais(azs + aig) + are(az + aiz7) + apas + aizae +
agag + ai1ay + airags + a4a18 + a21a20 + a23019;
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Y4 = al(alo + a7) + ag(au + a5) + a3(a9 -+ CLG) + a4(a12 + ag) + a13(a22 +
ai9) + aia(azs + air) + a1s(ag1 + a1s) + aig(aza + az) + arpar + agas +
a12a8 + a11a5 + a17623 + a24a20 + a22a619 + @21018;

75 = ai(ag + a11) + az(as + a10) + az(as + ai2) + as(ar + ag) + arz(az +
az3) + aia(aig + age) + ais(a1r + a24) + aig(arg + a21) + arpas + agay +
1265 + a11a8 + a17624 + a20023 + A19G21 + G22018 :

[h 00 O0vy2v3v 5572727573 0 0% v 0 v7v7 0 0 v 0 78
07 0 0 v372v5 747472737 0 0 %v%7v7 0 0 v798 0 95 0
0 0~ 0 vav Y2775 73727 % Y6 0 0 v7 0 0 47 0 v8 0 78
00 0 v v 737273 ¥2727% Y% 0 0 0 4797 0 78 0 78 O
Y2v3 74571 0 0 0 v2 95 7374 0 v8 78 0 0 76 0 v6 O O ~v7 v7
Y3 ¥2 ¥ ¥4 0 v1 0 0 v5 v2vav37v8 0 0 78 0 v6¢ 0 0 0 ~v7 7
Y4 v5 v2¥3 0 0 1 0 v3vav2v5 78 0 0 78 O %6 0 v6 y7v7 0 O
Y5 ¥4 1372 0 0 0 v1vav3v572 0 v8v8 0 %6 0 %6 O v7v7 0 O
Y2 Y4 Y5 Y3 Y25 ¥3 Y471 0 0 0 0 7 0 v7 0 0 v5v8 0 v6 Y6 O
Yay2 3 V5 Y5 ¥2 74 ¥3 0 2. 0 0 7 0 97 0 0 O v8vsv6 O O 76
Y5 Y3 Y2 Y43 ¥4 v2 5 0 0 71 0 0 97 0 7878 0 0 v 0 0 76
Y3 Y5 Y4 Y2 ¥4 ¥3 572 0 0 0 vy1 97 0 97 0 v8 v8 0 0 O v v6 O
0 0% v 0 v8v8 0 0~ 0771 0 0 0 ~v2v4 793795 v2 73 V5 V4
0 0v%v%v8 0 0 v 0~ 0 0~ 0 0 vav2795 7373727475
Y6 ¥6 0 0 v 0 0 78 0 77 0 77 0 0 v1 O v3 75 v2 V4 V5 V4 V2 V3
Y6 ¥6 0 0 0 v898 0 97 0 77 0 0 0O O 71795 73 Y4 72 V4 V5 V3 V2
07797 0 0 v% 0 v% 0 0 vsv8v27v4av37v5 71 0 0 0 7295 va 73
Y7 0 0 v7v% 0 9% 0 0 0 v8v8vav27v573 0 71 0 0 v5 72 v3 74
77 0 0 v7 0 v% 0 %6878 0 O v3v5 7272 0 0 71 0 vav3v27s
0 Y777 0 v% 0 v% 0 v3v8 0 0 v 372720 0 0 717937475 72
07 0 v 0 0~y v7 0 v67 0 72 v37¥5 vav275 747371 0 0 0
Y8 0 v8 0 0 0 9797 v 0 O v6 v3 v2 v4a 5 7v5 v2 3 ¥4 0 71 O

07 0 v8v7v7 0 0% 0 0 v v5 v4av27v3727v3727 0 0 71 0]/
78 0 v8 0 v7v7 0 0 0 v v6 O vav5 v3 723 a5 72 0 0 0 v

From the last four equations (before the matrix) we obtain that
Yo+ 3+t = (1 +a+as+as)(as +as+ar+as+ag +
aio + a1 + a12)+ (as + ag + ar + ag)(ag + 1o + a1 + ai2)+ (i3 +
14 + a1 + a16)(1r + g + aig + ago + a1 + g + @23 + qoq)+
(17 4 g + g + o) (o1 + oo + a3 + a24).

If the code C(v) is self-dual, then from Theorem 2 we have the con-
ditions vv* = 0 and o (v)o(v)T = o(vv*) = 0 are met. Therefore v; = 0
(t=1,...,8). Then vy =0, 72 +v3+ 74 +v5 =0.

From the product of matrices o(v) and o(v)?T we also have the fol-
lowing elements:

Y6 = (01 + a2) (a1 +ais) + (a3 +ou)(aiz + ana) + (o5 + a6) (s + a23)+
(a7 + ag) (a1 + a22) + (a9 + o) (@20 + a19) + (11 + a12) (17 + aag),

(a7 4+ ) (g + aa3) + (g + a12) (o3 + agg) + (an1 + aig) (s + a21),

78 = (o1 +a3) (21 + ag2) + (2 + aa) (21 + ao3) + (s + ) (20 + cg) +

)(

)

7 = (00 + ay)(arg +aig) + (a3 + o) (20 + aa7) + (o5 + ag) (a5 + a1a)+
)(

)

(g + ag) (17 + ag) + (g + 1) (e + 1a) + (oo + a2) (a3 + aus).

If C(v) is self-dual, then v = 0, 77 = 0, and g = 0.
Therefore, from these conditions we get the corresponding equations
given in the conclusion of the lemma, and, thus, Lemma 2 is proved.
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For example, one of the obtained elementsisv =14+a+b+ab+c+
ac+bc+abe+ c? +ac? +bc? 4 d+bd + bed + abed + c?d. For this element we
consider v* = 14+a+b+ab+c?+abc®+ac®+bc® 4+ c+be+abe+d+abd+acd
+abed + 2d # v.

Thus, vv* = 0. From the form of v we have

PO R R R = = = = O = OO0 OO
RO R R = = = = = OO OO OO O
O R b R et = = = = OO OO OO~ O
ORI RO RO O0O0O=O O
PR R e R e R = = O = O OO OO OO
PR R e R e R = O = OO OO O OO
= e e e el e e e = = O O O OO OO O
R RO O00OROOR OO F
RO OO HORO000OR
HEEEEORFEFEEEFEOORFOFOFOO~O
RO EEEOOFOFOOFOO
RO EOOOFOR OO0

OO OO OO b b bt bt et O i
OO O O b bt O b bt bt o ot ot ot O o o i b
O—ROOFROFROORFOR O R = e
HOOOOHOR OO b= k= b bt et O b b s b e
OFFHOOORFOOO R = O k= b b b e b o ok o et
HOOHOOR OO OO b b b bt e b e b e et
HOOHHHOOOHOOR O = = = =
OO HOOHOOOR O b e
OHOHOOORHHOOR R EOR
HOFOOORORFOORRRFRFEEEE O -
OHOFHOFOOOORRFRFFFF O
HOHROHOOOOO b b b b = = O

As a result of calculations we have obtained the number of elements
v € FySy such that C(v) is an extended binary Golay code. There are
55296 elements. The number of the same elements under the condition
v =% is 192.

2. Main result

We consider the groups G1 = (Cg X C2) x Co, Go = Dy, G3 = C3 X Ds,
G4 = Cyx Ay, G5 = S4. Let us define the element v € Fa((Cs x Ca) xCy)
for the group Gi:

3
V= Z (i1 + @irse + Qipgr®)y' + (aip1s + iz + aipna?)y'z) .
=0

For G5 the element v € FoDyy is the following;:

11

v = Z (@vip17’ + iy13a’y) .
i=0

For G5 the element v € Fy(C3 x Dg) we define as

3
v =Y (i1 + oy + aipor®)y’ + (ig1s + qip1rr + opyma®)y'z) .
i=0
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For G4 the element v € Fy(Cy x Ay) is the following:
V= +a2y—i—a32+a4yz+a5w+a6yw+a7zw+a8yzw+a9w2+a10yw2+
anzw2 + algyzw2 + 0137 + 014TY + 01522 + 116TYZ + 17XW + Q18TYW+

Q19TZW + 0 TYZW + aglfcw2 + OCQQ.Twa + a23x2w2 + a243:yzw2.

Finally, for G5 the element v € F9Sy we define as

v = 11+ asa+ asb+ asab+ ase + agac+ arbe + agabe + agc® + argac +

a11bc2 4+ aq2abc® +an3d+ansad+aqsbd+argabd+ag red+argacd+argbed—+
asoabed + as1c?d + asgac’d + agsbc®d + asgabcd.

Theorem 3. Let G be one of the groups Gi1,G2,G3,G4, G5 and v =
24

> aggi € FbG. If the code C(v) is self-dual, then ) o =0 for all the
geG =1

five groups,
(041 + a3 + a5 + a7 + ag + Ckn)(ag + a4 + g + g + 19 + 0412)-1-

(13 415+ 17+ @19 + o1 +@o3) (14 + 16 +a1s +ago +aze +az) =0,
a1+ (a1 +as) (o +ag)+as+(as+ag) (ae+aig) +as+(as+ar) (az+agr )+
ag+ (ag+ag)(ag+a12) + o3+ (13 +a17) (@13 +az1) + g+ (a1s +ais)
(14+ao2)+ais+ (15 +ai9)(a1s+az3) +a1e+ (a1 +az0) (@1e+ ) = 0

for the groups G1, G, Gs,
(01 + g + a3z + au) (o7 + cug + g + g + 21 + a2 + a3 + aoq)+

(a5 + ap + a7 + ag)(a13 + g + aqs + 16 + a1 + a2 + oz + aoq)+
(a9 4+ 10+ ai1 +ar2) (i3 + s+ aq5 + g6 + @17+ ag + g +azo) =0

for the groups Gs, G4 and
(a1 + ag + a3z + ag)(as + ag + a7 + as + ag + a9 + @11 + aq2)+
(a5 + ag + a7 + ag)(ag + a1g + a1 + a12)+
(13 + 14 + a15 + aie) (17 + a1s + a1g + oo + Qo1 + Qo2 + agz + az4)+

(o7 + aig + @19 + ago) (a1 + g + aos + agg) =0

for the groups G4, Gs.



32

EXTENDED BINARY GOLAY CODES BY A GROUP ALGEBRA

Theorem 3 follows from the results obtained in [5—7] and two lemmas

of Section 1.

As a result of calculations we obtain the number of elements v € FoG

such that C(v) is an extended binary Golay code. We present these
results for comparison with the number of the same elements under the
condition v = v*.

1]

[7]

8]

Table 1.2: Number of elements from the group algebra FoG

G Number of v with v = v* | Number of all v
Doy 768 36 864
(06 X 02) X 02 576 27 648
C3 x Dg 128 12288
Cy x Ay 384 18432
Sy 192 55296
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