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ABSTRACT. For any two positive integers m,n, we denote
the graph K, , © K7 by G. Ma Ke-Jie proposed a conjecture [9]
that pendant edge extension of a complete bipartite graph is a k-
graceful graph for £ > 2. In this paper we prove his conjecture for
n<m<n?+ ] 40

Introduction

Let G = (V(G), E(G)) be a finite simple connected graph with vertex
set V(G) and edge set E(G). In this work K, ,, denotes a regular complete
bipartite graph. For all other terminology and notations we follow [2].
A function f is called a graceful labeling of a graph G with m edges
if f:V(G) — {0,1,2,...,m} is injective and the induced function
F : E(G) — {1,2,...,m} defined as F(e = wv) = |f(u) — f(v)| is
bijective. This type of graph labeling, first introduced by Rosa in 1967
as a (-valuation [12], was used as a tool for decomposing a complete
graph into isomorphic subgraphs. Both Rosa [12] and Golomb [5] proved
that complete bipartite graphs are graceful. Also it is known that K, is
graceful if and only if n < 4 [4]. The k-graceful graphs, which is a natural
generalization of graceful graphs was introduced independently by Slater
[14] in 1982 and by Maheo and Thuillier [10] in 1982.
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Definition 1. A graph G is k-graceful, if there exists a mapping f :
V(G) — {0,1,2,...|E(G)| + k — 1} such that f(z) # f(y) for distinct
z,y € V(G) and an induced mapping is defined as f* : E(G) — {k,k +
1,...,|E|+k—1}, where f*(uv) = |f(u) — f(v)] is a bijection for all edges
w € E(G).

If a graph is k-graceful for any integer k, then it also called arbitrarily
graceful. Obviously G is graceful when k£ = 1. In 2011, Li, Li, and Yan
proved that K, , is k-graceful [8].

The corona G1® G4 of two graphs is the graph obtained by taking one
copy of Gy, and p; copies of G (where |V (G1)| = p1), and then joining
the i*® vertex of G by an edge to every vertex in the i copy of G. For
positive integer m, and n, we define the graph K, , ©® K1 by G, and in
this paper we show that G is k-graceful. In [9], Ma ke-jie proposed the
following conjecture,

Conjecture 1. 1-crown (pendant edge extension) of complete bipartite
graph K, ,(m < n) is k-graceful graph for k& > 2.

This conjecture has not been proved or disproved until today. Jirimutu
[7] has showed that this conjecture is true when m = 1. In [1,11,13], it has
been shown that pendant edge extension of a complete bipartite graph,
ie. Ky p ® K is 1-graceful. In our paper we had a different approach
to verify this conjecture. First in Theorem 1 we show that it holds for
k > mn 4+ m + n. Later we also show that our approach works when
k < mn + m + n with some restrictions (Theorem 2). Throughout the
paper we assume that m < n? + L%j + 7, where r is the smallest non-
negative integer such that k + r = ngq, for some ¢ € Z. Note that since
k > 1 as per assumption, ¢ must be a positive integer. Finally in Lemma
2 we explain the reason behind the restriction of m < n? + L%J +r.

1. Main results

In this paper, we freely use the notation and graph theoretic termi-
nologies introduced in [3] and [5]. Let us first specify the notations used in
this section. We consider that the bipartite graph K, , (where m > n) is
composed of two sets (partitions) - one consisting of m vertices on the left
side and the other consisting of n vertices on the right side. In the graph
G=Kpnn oKy, let X ={z1,2,....,cm} and Y = {yir,y2¢, .., Ynt}
define the vertices on the left and right partitions respectively. Let us
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assume that ¢ = 0 denote the vertices on K,, ,,, and ¢t = 1 denote the
vertices on the leaves extended from K, ,,.

Based on the above notations we define the vertex labeling using the
following two functions.

flzi) =n(i — 1) +tey

and
flyjr) =mn+m+n+k—j—tejy,
where
k+i—1, if1<i<r
i+p+k, ifpn—1)+r+1<i
eit =
" <min{(p+1)(n — 1) +r,m}
i+n+k—1, if (s+1)(n—1)<i—r<m
and

k4+r+n(j—1), ifl1<j<min{l+1,n}
Ci;+ =
T Vkaemaji—1, ife+r2<j<n

m—r
n—1"7

where ¢ is the largest integer less than
{0,1,...,s}.

Lemma 1. For the above vertex labeling f, the induced edge labeling
function f* is bijective.

s = min{/,n}, and p €

Proof. We show that the induced function f* : E(G) — {k,k+1,...,
|E(G)| + k — 1} is bijective, where f*(u ~ v) = [f(u) — f(v)], for all
u,v € V(G). To prove the bijection we need to show that there is a
one-to-one correspondence between the two sets {f*(z0 ~ vio) U f* (21 ~
xi0) U f*(yi1 ~ yio)} and {k,k+1,...,k+mn+m+n— 1} (note that
|E(G)| = mn 4+ m + n). Now, from the definition of the function f, it is
easy to observe that

f(wio~yo)={k+m+nk+m+n+1,... k+mn+m+n—1}.

Therefore, it remains to show that there is also a one-to-one correspondence
between the two sets { f*(zi1 ~ zio) U f*(yi1 ~ vio)} and {k,k+1,... k+
m+n —1}. To proceed further, depending on the values of m we consider
the following three cases and in each case we show that f*(x;; ~ zi) U
f*(yil Nyi(]) = {k,k‘+1,...,k+m+n— 1}
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Case 1: m < (n — 1)? +r (for any r).
Note that since £ < ™= < n — 1 which implies ¢ < n — 2, hence

n—1
s =min{l,n — 1} = {.

E+i—1, if1<i<r
[ ~xp)=Qi+p+k, ifpn—1)+r+1<i
<min{(p+1)(n — 1) +r,m}

k+r+n(—1), if1<j

s+1
k+m+j—1, ifs+2<j

<
SJsn

(i1 ~ yjo) :{
It is easy to observe that f*(y;1 ~ yjo) = {k+r.k+r+nk+r+
2n,...,k+r+snk+m+s+1L,k+m+s+2,....,k+m+n—1} On

the other hand f*(x;y ~ z0) ={k,k+1,....,k+r—1} <U;:0Ap>,

where

Ay={k+r+1Lk+r+2,....k+r+n—1}
Ar={k+r+n+1Lk+r+n+2,....k+r+2n—1}

As={k+r+ns+LEk+r+ns+2,....,m+k+s}.

Hence we obtain that f*(z;1 ~ zi0)U f*(yi1 ~ vio) = {k,k+1,...,k+
m-+n—1}. Also, the uniqueness of all the elements, of the form f*(u ~ v),
is evident from the pattern of the sets mentioned above. This is enough to
ensure the bijection. Therefore, it follows that f* maps the set of pendant
extension edges uniquely to the set {k,k+1,...,k+m+n — 1}, when
m< (n—1)2+r.

Case 2: (n—1)2 <m —7r <n? —n.

Observe that £ < = < ”::1” = n. On the other hand, the facts that
¢ is the greatest integer less than (m —r)/(n — 1) and m —r > (n — 1),
together imply that £ must be greater than n—1. Hence s = min{¢,n—1} =
n — 1, and consequently min{(s + 1)(n — 1) +r,m} = m.

fyji ~yjo) =k+r+n(i—1), if1<j<n
k4i—1, if1<i<r
(i ~zio) = i+p+k, ifs(n—1)+r+1<i
<min{(s+1)(n—1) +r,m}
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It is easy to observe that f*(y;1 ~ yjo) ={k+rk+r+nk+r+
2n, ...,k +7r+n?—n}. On the other hand

fWMINm@—{hk+L“wk+r—lﬂj(LJ&J,

p=0
where

By={k+r+1L,k+r+2,...;k+r+n-—1}
Bi={k+r+n+1Lk+r+n+2,....k+r+2n—1}

Bs1={k+r+ns—n+1Lk+r+ns—mn+2,....k+r+mns—1}
Bs={k+r+ns+Lk+r+ns+2,....,m+k+s}.

In this case also we observe that f*(z;1 ~ x;0)U f*(yi1 ~ vio) = {k, k+
1,...,k+m+s}, where s = n— 1. Also, the uniqueness of all the elements
f*(u ~ v) is evident from the pattern of the sets mentioned above. Similar
arguments as Case 1 indicate the bijection of f* in this case. Therefore, it
follows that f* maps the set of pendant extension edges uniquely to the
set {k,k+1,....;k+m-+n—1}, when (n —1)2<m —r <n?—n.
Case 3: n2 —n <m—r<n?+ L%J

Asn?—n < m—r, it is clear that in this case s = min{¢,n—1} = n—1.
Also min{(s+1)(n—1)+r,m} = min{n? —n+r,m} = (s+1)(n—1) +r.

[ yin ~yjo) =k+r+nn—7j), ifl1<ji<n

kti—1, if1<i<r
i+p+k, ifp(n—1)+r+1<i
[H(@in ~ zio) = <min{(p+1)(n — 1) +r,m}
i+k+n—1, if(s+1)(n—1)+r+1
<1<m

where p € {0,1,2,...,n — 1}. It is easy to observe that f*(y;1 ~ yjo0) =
{k+7r+n?—nk+r+n?—2n,...,k+r}. On the other hand

f*(l’ilNﬂjio):{k,k-l-l,...,k?-i-T—l}

U(UCP> U{k+r+n2,k:—|—r—|—n2—|—1,...,m+k—|—n—1},

p=0
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where

Co={k+r+1Lk+r+2,...;k+r+n—1},
Ci={k+r+n+Lk+r+n+2,....;k+r+2n—1},

Coa={k+r+n>—n+1Lk+r+n* —n+2,..  k+r+n?—1}.
Proceeding similarly as the previous two cases we obtain that
f*(iL'ﬂ ino)Uf*(yﬂ Nyi()) = {k,k—l—l,...,k—i—m—l—n— 1}.

Therefore, similar arguments as the previous two cases leads us to the fact
that that f* maps the set of pendant extension edges uniquely to the set
{k,k+1,...,k+m+n—1}, whenn®> —n<m—r <n’+ |£].

This completes the proof. [

Lemma 1 proves that all the edge labels obtained by f* are distinct.
Now, to prove the k-gracefulness of the graph, it remains to show that the
the vertex labels defined by f are distinct as well. In the following section,
we either prove the uniqueness of the vertex labels and when there are
repetitions in the vertex labels under certain condition, we rearrange the
assignments to ensure there is no repetition and also the uniqueness of
the edge labels remains unaltered.

2. Vertex labeling

21. k>2mn+m+n

In the following theorem, we see when the function f labels the graph
k-gracefully, i.e., the vertex labels are unique. (In other words, there is no
repetition in the vertex labels).

Theorem 1. K,,,, © K1 is k-graceful for any positive integer m,n when
m<n®+n, and k > mn+ m + n.

Proof. We have already shown that the induced function f* is bijective.
It is easy to observe that the vertex labeling function f is well-defined.
Hence to prove that K, , ® K is k-graceful, we just need to show that
f is injective, when k& > mn + m + n. Our approach is to show that f
is distributing vertex labels in four mutually exclusive subsets. In other
words, all of the vertex labels are distinct. Note that

f(xlo) = ’I’L(’L — 1)
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where i € {1,2,...,m}, therefore |J;~, f(zi) = {0,n,...,mn —n}. Next

fyjo)=mn+m+n+k—j
where j € {1,2,...,n}, ie.

n
U f(yjo) ={mn+m+n+k—-1,mn+m+n+k—2,... mn+m+=k}.
7=1

Now we need to consider two cases based on the value 7r.

Case 1: r = 0. This occurs when £ is a multiple of n

n(i—1) ifp(n—1)+r+1<i
+i+p+Ek, <min{(p+1)(n — 1) +r,m}
f(wa) =
n(i—1) if(s+1)(n—1)<i—r<m
titn+k—1,

Hence U;ilf(xil):{k—l—l,k—i—Q,...,mn—i—m—i—k—l}. Next

(mn+m+2n—jn+1), if1<j<l+1;
m<n2—n
flyji) = ¢ mn+n—25+1, ifr+2<j<nm

mgnz—n

mn+m+2n—jn+1), ifm>n%-n

Hence if m < n? —n, then

n
Uf(yjl):{mnfnJr1,mnfn+3,...,mn+m+nf1}.
j=1

If n2 —n<m<n? + n, then

n
U (yj1) ={mn+m+n—-1,mn+m—2,. mn+m—n2}.

Case 2: r # 0.
nii—1)+k+i—1, if1<i<r
n(i—1) ifp(n—1)+r+1<1
flen) =4 +itp+k, < min{(p +1)(n — 1) +r,m}
n(i—1) if(s+1)(n—1)<i—r<m
+it+n+k—1,

\
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Hence " f(za1) = {k,k+1,...,mn+m+k — 1}. Next

(mn+m+2n—jn+1)—r, ifl1<j<l+41;
mgnQ—n
flyjr)) =< mn+n—25+1, ifl4+2<j<n

méann

(mn+m+2n—jn+1)—r, ifm>n?—n

Hence if m < n? —n, then

n
U (yj1) ={mn—n+1mn—-n+3,....mn+m+n—r—1}
j=1
If n2 —n <m < n?+n, then
n
U fyj1) ={mn+m+n—r—1,mn+m-—r—2,. ,mn+m—r—n?}.
j=1

For the sake of the proof we define the four sets as follows:

A={f(zi) €Z:i=1,2,...,m}
B={f(zin)€Z:i=1,2,...,m}
C={f(zjo) €Z:i=1,2,...,n}
D={f(zj1) €Z:i=1,2,...,n}

From the pattern of the vertex labels obtained above, we see that all
the elements in set X (for each X € A,B,C,D) can be arranged in an
increasing/decreasing order and this can also be observed that all the
elements of the set X (for each X € A,B,C,D) is distinct. Further, we
assume that maxy and miny denote the maximum and minimum element
respectively, contained in set X (for each X € A, B, C,D).

From the above discussion it can be easily verified (for the both the
cases) that

min = 0, max = mn — n,

A A

mBin:k:—i—l, mgxzmn+m+k‘—1,
mén:k—i-mn—l—m, mgx:mn+m+n+k—1,
mDin:mn—n—r—i-l, mgX:mn+m+n—1.
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Since k > mn + m + n, it can be easily noticed that
min < max < min < max < min < max < min < max
A A D D B B C C

This implies A < B < C < D, i.e. we have

ANBNCND
m m n n
= ( U f(l'zo)) ﬂ ( U xll ﬂ U ]]0 ﬂ U y]O
i=1 i=1 j=1 j=1
This completes the proof. O

Theorem 1 proves the uniqueness of the vertex labels when k >
mn + m + n. Therefore, Lemma 1 and Theorem 1 together prove that
G = Kpn © Ky is k-graceful when k£ > mn 4+ m + n. In the following
subsection we shall observe the case when k < mn + m + n.

22. k<mn+m-+n

In this section we consider the case k < mn 4+ m + n. We assume that
k +r = ng, where ¢ is any positive integer. In this section we first define
few sets of integers.

o A = {z €Zlz=m+1—-j)/n+m+2—i—7j wherel < i <
r,1<j<min{l+1,n}}
Ag = {z € Z|z = (m—j—p)/n+m+2—i—j, where p(n—1)+r+1 <
i <min{(p+1)(n —1) +r,m},
1<j<min{l+1,n}}
A3 ={z € Zlz = (m+1—j)/n+m+1—i—j, where (s+1)(n—1) <
i—r<m,1<j<n}
Ay={z€Zlz=n(m+1—-1i)—2j+2, where ]l <i<r{+2<
j<n}
As ={z€Zlz=n(m+1—1i)—2j—p+1, where p(n—1)+7r+1<
i<min{(p+1)(n—1)+r,m},{+2<j<n}

Now we have the following theorem which describes that the graph
G = Kpn © Ky is k-graceful, if k is not in this following sets of integers.

Theorem 2. Let G = K, , © K1, then G is k-graceful if each of the
followings statements are true.
1) If m <n? —n+r, then q is not in Ay, As, and/or k is not in Ay,
and As.
2) Ifn’ —n<m-—r<n?+ L |, then q is not in Ay, Az, and/or As.
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Proof. First assume that m < n? —n. Then if L; = R; for some i, j, then
we have this following cases to consider, depending on the values of ¢
and j.

Case 1: If 1 <i<r,and 1 <j < min{/+ 1,n}, then we have (i — 1)n +
k+i—1l=mn+m+n+k—j—(k+r+n(j—1)), which simplifies to
nk+r+i+j—m-—2)=m+1—j. As we know k + r = ng, we easily
arriveat g=(m+1—j)/n+m+2—1i—j€ A

Case 2: If p(n — 1) +r+1 < i < min{(p + 1)(n — 1) + r,m}, and
1 < j < min{¢+1,n}, then we have (i—1)n+k+i+p = mn+m—+n+k—j—
(k4+r+n(j—1)), which simplifies to n(k+r+i+j—m—2) = m—p—j. As we
know k+1r = ng, we easily arrive at ¢ = (m—j—p)/n+m+2—i—j € As.
Case 3: If 1 < i < r,and £+ 1 < j < n, then we have (i — 1)n +
k+i—1=mn+m+n+k—j—(k+m+j—1), which implies to
E=n(m+1—1i)—2j+2¢c Ay

Case 4: It p(n—1)+r+1 <i < min{(p+1)(n—1)+r,m},and £+1 < j < n,
then we have (i — )n+k+i+p=mn+m+n+k—j—(k+m+j—1),
which implies to k =n(m+1—14) —2j —p+ 1€ As.

Next we consider n2 —n < m < n? + n. In this case it is easy to
observe that min{¢ + 1,n} = n. Then if L; = R; for some 1, j, then we
again have some more cases to consider, depending on the values of i,
and j. When 1 < i < r,orp(n—1)+r+1< i< min{(p+1)(n—
1) + r,m}, then similar to Case(1), and Case(2), we can easily observe
that ¢ is not in A, As. The remaining case that we need to consider
is(s+1)(n—1) <i—r <mand 1 < j < n. In this case we have
(t—1)n+k+i+n—1=mn+m+n+k—j—(k+r+n(j—1)), which
simplifies to n(k+r+i+j—m—1) =m+1—j. As we know k +r = ng,
we easily arrive at ¢ = (m+1—j)/n+m+1—i—j € As. This completes
the proof. O

Throughout the paper we have followed the restriction on m that m <
n? 4 L%J +7+1. In the following lemma we explain the reason behind this
restriction. Actually, we observe that (|, f(zi0)) N (UL f(za) # @
when m > n? + {%J + 7+ 1. As a consequence of that we get a repetition
in the vertex labels and hence f fails to remain injective anymore.

Lemma 2. f is not injective when m > n? + [E| + 74 1.

Proof. In this theorem we consider the case when m > n? + L%J +r+1.
There is no restriction on any other variable in this proof. For our conve-
nience, throughout this proof we express f(x;.) as f(x;.) (where ¢ =0, 1).
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If possible we assume that f is injective i.e., f(z;, j,) # f(2i,,j,) for any
11,19 € {1, 2,... ,m} and j1,7J2 € {O, 1}.

First, note that k¥ = ng — r, which implies |k/n| =q— 1.

Now, in this proof we must have m > n? + {%J + 7+ 1. So, we start
with the assumption m > n?+ || +r+2=n2+q+r+ 1.

Without loss of any generality, we consider a particular case where
m = n?+q+r+1. Then we have from the definition, f(x,,0) = n(m—1) =
n(n*+q+r).

On the other hand, since m = n? + ¢+ 7+ 1 > (n — 1)2, then
s =min{l¢,n — 1} = n— 1 in this case. So, for i = n(n —1)+r+ 1, we get
f@ir) ={nn—1+r+1-1}+n(n—1)+r+1+n+k—1=n(n+q+r).
Therefore, we get a contradiction f(z;, j,) = f(%iy.j,) = n(n*+q+r) when
i1 =m,j1 =0 and ia =n(n—1)+r+1,jo = 1. Hence, this completes
the proof. O

Conclusion

In this paper we have shown that K,,, ® K is k-graceful for any
integer n > 2 and m < n? + L%J + 7. As our future work we would like to
investigate whether is possible to label K, ,, ©® K; k-gracefully, for any
m, and k.
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