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On the structure of the algebras of derivations
of some non-nilpotent Leibniz algebras
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ABSTRACT. Let L be an algebra over a field F' with the binary
operations + and [,]. Then L is called a left Leibniz algebra if it
satisfies the left Leibniz identity [[a,b],c] = [a, [b, c]] — [b, [a, ¢]] for
all a, b, c € L. We study the algebras of derivations of non-nilpotent
Leibniz algebras of low dimensions.

Let V be a vector space over a field F'. Denote by Endr (V') the set of
all linear transformations of V. Then Endr (V') is an associative algebra
by the operations + and o. As usual, Endp(V) is a Lie algebra by the
operations + and [,] where

[f.g]l=fog—gof

for all f,g € Endp(V).
Now, let L be an algebra over a field F' with the operations + and [, ].
A linear transformation f of an algebra L is called a derivation of L if

f(la,0]) = [f(a), b] + [a, F(D)]

for all a,b € L.
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For many types of non-associative algebras, the derivations play a
very important role in the study of their structure. Such is, in particular,
especially true for Lie and Leibniz algebras.

Let L be an algebra over a field F' with the binary operations + and
[,]. Then L is called a left Leibniz algebra if it satisfies the left Leibniz
identity,

[[av b]v C] = [av [b7 CH - [b7 [av CH

for all a,b,c € L. We will also use another form of this identity:
[av [b7 C” = Ha7 b]7 C] + [b, [CL, CH

Leibniz algebras first appeared in the paper of A. Blokh [2], but the
term “Leibniz algebra” appears in the book of J.-L. Loday [11] and his
article [12]. In [13], J.-L. Loday and T. Pirashvili conducted an in-depth
study on Leibniz algebras’ properties. The theory of Leibniz algebras
has developed very intensely in many different directions. Some of the
results of this theory were presented in the book [1]. Note that Lie
algebras present a partial case of Leibniz algebras. Conversely, if L is a
Leibniz algebra in which [a, a] = 0 for every element a € L, then it is a Lie
algebra (see, for example, [3]). Thus, Lie algebras can be characterized
as anticommutative Leibniz algebras.

Let Der(L) be the subset of all derivations of a Leibniz algebra L.
It is possible to prove that Der(L) is a subalgebra of the Lie algebra
Endp(L). Der(L) is called the algebra of derivations of the Leibniz
algebra L.

The influence on the structure of a Leibniz algebra of its algebra of
derivations can be observed in the following result: if A is an ideal of a
Leibniz algebra, then the factor-algebra of L by the annihilator of A is
isomorphic to some subalgebra of Der(A) [4, Proposition 3.2]. Therefore,
finding out the structure of algebras of derivations of Leibniz algebras is
one of the most important steps in the process of studying the structure of
Leibniz algebras. It is natural to start studying the algebra of derivations
of a Leibniz algebra whose structure has already been studied quite fully.
The structure of the algebra of derivations of finite dimensional one-
generator Leibniz algebras was described in the papers [7, 15], and the
one belonging to infinite-dimensional one-generator Leibniz algebras was
delineated in the paper [10].

The question about the algebras of derivations of Leibniz algebras of
small dimensions naturally arises. In contrast to Lie algebra, the situa-
tion with Leibniz algebras of dimension 3 is very diverse. The Leibniz
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algebras of dimension 3 have been described, and their most detailed de-
scription can be found in [5]. The papers [6,8,9] described the algebras
of derivations of nilpotent Leibniz algebras of dimension 3. In this pa-
per, we study the algebras of derivations of some non-nilpotent Leibniz
algebras of dimension 3. First, let us recall some definitions.

Every Leibniz algebra L has a specific ideal. Denote by Leib(L) the
subspace generated by the elements [a,a], a € L. It is possible to prove
that Leib(L) is an ideal of L. The ideal Leib(L) is called the Leibniz
kernel of algebra L. By the definition, factor-algebra L/Leib(L) is a Lie
algebra, and conversely, if K is an ideal of L, such that L/K is a Lie
algebra, then K includes the Leibniz kernel.

Let L be a Leibniz algebra. Define the lower central series of L,

L=y(L)=(L) >...7(L) = Ya+1(L) > ...7s(L),

by the following rule: 1 (L) = L, v2(L) = [L, L], recursively, yo+1(L) =
[L,vo(L)] for every ordinal «, and

() = J @)

<A

for every limit ordinal A. The last term ~5(L) = voo(L) is called the
lower hypocenter of L. We have: ~v5(L) = [L,~s(L)].

As usual, we say that a Leibniz algebra L is called nilpotent if there
exists a positive integer k, such that (L) = (0). More precisely, L is
said to be nilpotent of nilpotency class ¢ if ve11(L) = (0) but v.(L) # (0).

The left (vespectively right) center (1°%(L) (respectively ¢*18M(L)) of
a Leibniz algebra L is defined by the rule below:

(L) = {2 € L| [x,y] = 0 for each element y € L}
(respectively
Cright(L) ={z € L| [y,z] = 0 for each element y € L}).

It is not hard to prove that the left center of L is an ideal, but such is not
true for the right center. Moreover, Leib(L) < ¢'°(L), so that L/¢*™*(L)
is a Lie algebra. The right center is a subalgebra of L; in general, the left
and right centers are different; they may even have different dimensions
(see [4]).

The center of L is defined by the rule below:

((L) ={z € L| [z,y] =0 = [y, z] for each element y € L}.
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The center is an ideal of L. Note that if K is an ideal of L, then the
center of K is an ideal of L [14].

Let L be a non-nilpotent Leibniz algebra of dimension 3. As usual,
we will suppose that L is not a Lie algebra, so that Leib(L) is non-zero.
Thus, we obtain the following two cases:

dimp(Leib(L)) = 2 or dimp(Leib(L)) = 1.

Consider the first case. Let K = Leib(L). Since L is not a Lie algebra,
there is an element a; such that [a1,a1] = a3 # 0. Using the information
about the structure of Leibniz algebras of dimension 2, we obtain that
either [a1,a3] = [as,a1] = 0, or we can choose an element a; such that
las,a1] = 0, [a1,a3] = a3. First, suppose that [a;1,a3] = [a3,a1] = 0.
Since subalgebra K is abelian of dimension 2, K = Fag ® Fb for some
element b. Since [a3,z] = [z,a3] = 0 for every element x € K, the fact
that L = (K, ap) implies that az € ((L). Since L is not nilpotent, factor-
algebra L/Fag is not abelian. Then L/Fas has a coset ¢ + Fag, such
that (c, Fas) = Leib(L), [a1 + Fas,c + Fas] = ¢+ Fas. Put ¢ = ay,
then [a1, a2] = a2 + Aag for some scalar A € F. Furthermore, [a3,as] =
[az,a3] = la2,a1] = 0, and we come to the following type of Leibniz
algebra:

Leig(3, F) = Fay ® Fas ® Fas where
[a1, a1] = ag, [a1, az] = az + Aag, A € F,

[al,ag] = [ag,al] = [GQ,GQ] = [a2,a3] = [ag,aﬂ = [ag,(J,Q] = [CL3,G3] = 0.

In other words, Leig(3, F') = L is the sum of the Leibniz kernel Leib(L) =
Ao = Fas @ Fas and the nilpotent one-generator Leibniz algebras A; =
Fa; @ Fasz of dimension 2, [Ay, As] = As, Leib(L) = [L,L] = ¢"*f(L),
¢EMY(L) = ¢(L) = Fas.

Now, suppose that a subalgebra (a;) is not nilpotent. Using the
information about the structure of Leibniz algebras of dimension 2, we
can choose an element ap, such that [a1,as] = as. Since subalgebra K
is abelian of dimension 2, K = Faz @ F'b for some element b. Moreover,
las, x] = [z, a3] = 0 for every element = € K. It follows that a subalgebra
(a3) is an ideal of L. Since (ag) # Leib(L), the factor-algebra L/Fas is
not a Lie algebra. Then L/Fas has a coset ¢+ Fag, such that (¢, Fas) =
Leib(L), [a1+Fas, c+Fag) = c+Fag. Put ¢ = ag, then [a1, as] = ag+ a3
for some scalar A € F. Furthermore, [a3,a2] = [az2,a3] = [a2,a1] = 0,
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and we come to the following type of Leibniz algebra:

Leiz(3,F) = Fay; @ Fay @ Fag where
la1, a1] = [a1, a3] = a3, [a1, as] = as + Aas, A € F,
a2, a1] = [az, as] = [ag, a3] = [a3, a1] = [a3, a2] = [a3,a3] = 0.

In other words, Lei7(3, F') = L is the sum of the Leibniz kernel Leib(L) =
Fas & Faz = Ay and the non-nilpotent one-generator Leibniz algebras
Ay = Fa; ® Fag of dimension 2, [A1, As] = Ay, Leib(L) = [L,L] =
¢ (L), ¢E"(L) = ¢(L) = (0).

We begin with some general properties of the algebra of derivations

of Leibniz algebras. Here, we show some basic elementary properties of
derivations that have been proven in the paper [10].

Lemma 1. Let L be a Leibniz algebra over a field F' and f be a derivation
of L. Then f(¢'"(L)) < ¢"*™(L), f(¢"8™(L)) < ("€ (L), and f(¢(L)) <
¢(L).

Corollary 1. Let L be a Leibniz algebra over a field F' and f be a
derivation of L. Then f((4(L)) < (o(L) for every ordinal c.

Lemma 2. Let L be a Leibniz algebra over a field F' and f be a derivation
of L. Then f([L,L]) <|[L,L].

Proof. We have
f(la; b)) = [f(a),b] + [a, f(b)] € [L, L]
for each elements a,b € L. If z is an arbitrary element of [L, L], then
x = [a1,b1] + ...+ [an, by]
for some elements a1, by, ..., a,,b, € L. Then
f(x) = f(ar; b1]) + - + f([an, bn]) € [L, L.
O

Lemma 3. Let L be a Leibniz algebra over a field F' and D be an algebra
of derivation of L. If A is a D-invariant subspace of L, then Annp(L/A)
s an ideal of D.
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Proof. 1f f,g € Annp(L/A), then f(a), g(a) € A for every element a € L.
Then

(f —9)(a) = f(a) — g(a) € A.
Let f € Annp(L/A), h € D. Then
[f,hl(a) = (foh —ho f)(a)
= (foh)(a) = (ho f)(a)
= f(h(a)) — h(f(a)).

Since f(a) € A, and A is a D-invariant subspace of L, h(f(a)) € A. The
choice of f implies that f(h(a)) € A, so that [f,h](a) € A. Since it is
valid for each element a € L, we obtain that [f, h] € Annp(L/A). Hence,
Annp(L/A) is an ideal of D. O

Lemma 4. Let L be a Leibniz algebra over a field F of dimension 2,
L =Fa; ® Fao,

la1,a2] = ag, [a2,a1] = [az,a2] = [a1,a1] = 0.

If D is an algebra of derivations of L, then D is isomorphic to a Lie
subalgebra of Ma(F') consisting of the matrices having the following form:

0 0
0o B )’
B € F. In particular, D is abelian and isomorphic to the additive group
of field F.
Proof. Let f € D. By Lemma 2, f(Fag) < Fag, so that
fla1) = arar + agaz,
f(az) = Bas.
Then
flaz) = f([ar, a2]) = [f(ar), a2] + [a1, f(a2)]
= [@1a1 + azaz, az] + [a1, Bas)]
= aifa1, az] + Blar, az] = aras + Baz
= (a1 + B)as,

and we obtain:

(a1 + B)az = Baz and a1 + 3 = j.
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It follows that «; = 0. Furthermore,

0= f(la1,a1]) = [f(a1),a1] + [a1, f(a1)]
= [a1a1 + asag, a1] + [a1, a1a1 + agas]

= ag[al, CLQ] = (¥209.

It follows that as = 0.

Denote by = the canonical monomorphism of End[j(L) in Ma(F').
Then Z(f) is the following matrix:

0 0

0o g )’
B € F. Thus, we can see that D is abelian and isomorphic to the additive
group of field F. O

Denote by = the canonical monomorphism of End(L) in M3(F) (i.e.,
the mapping), assigning to each endomorphism its matrix with respect
to the basic {a,az,as}.

Theorem 1. Let D be an algebra of derivations of the Leibniz algebra
Leig(3,F). Then D is isomorphic to a Lie subalgebra of M3(F) consis-
ting of the matrices of the following form:

0 O
0 p
a A3

o O o

a, 8 € F. Furthermore, D is abelian and isomorphic to the direct sum
of two copies of the additive group of field F.

Proof. Let L = Leig(3,F) and f € Der(L). By Lemma 2, f([L,L]) <
[L, L], and by Lemma 1, f(¢(L)) < {(L) = Fas. So that

fla1) = acnaq + azag + asas,
f(a2) = Baaz + B3as,
f(a3) = vas,
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ap, a2, a3, B2, 33,7 € F. Then

flag) = f(lar, a1]) = [f(ar), a1] + [a1, f(a1)]
= [1a1 + agag + agas, a1] + [a1, ana1 + agas + asas]
= aiar, a1] + aqfar, a1] + aslay, ag)
= aia3 + arag + as(ag + Aag) = agas + (201 + Aag)as,
f(lar, a2]) = flaz + Aaz) = f(az) + Af(as) = Baaz + Bza3 + Ays
= faaz + (B3 + Ay)as,
f(lar, az]) = [f(a1), az] + |a1, f(a2)]
= [1a1 + asag + asas, as] + a1, feas + Psas)
= a1la1, ag] + B2lar, az] = (a1 + B2)la1, as]
= (a1 + B2)(az2 + Aag) = (a1 + P2)az + A(a1 + B2)as.

Thus, we obtain

agag + (2a1 + Aa)as = vyas,
Baaz + (B3 + Ay)ag = (1 + B2)az + Aai + f2)as

or
az =0, 2010 + Aag =, B2 = a1+ B2, B3+ Ny = dar + Aja.
It follows that
as =0, a1 =0, vy=2a1 + Aag =0, B3 = Abs.

Hence, Z(f) is the following matrix:

0 0 0
0 /82 0 )
a3 )\52 0

asg, ﬁ? er.
Conversely, let x,y be arbitrary elements of L,

x = §1a1 + §oaz + §3a3,
Yy = may + neaz + n3as
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where &1, &2, &3, 11,12, m3 are arbitrary scalars. Then

[2,y] = [§101 + &aa2 + E3a3, mar + n2az + n3a3]
= &imlar, a1] + &implar, az] = Eimas + E1m2(az + Aas)
= &impan + (& + Aimz)as,

f(x) = f(§1a1 + &2a2 + &3a3) = §1azaz + &2(B2a2 + AB2as)
= §f2a2 + (§1a3 + A2 B2)as,

f(y) = mafraz + (mas + Anz2f2)as,

f(lz,y]) = f(&amaz + (&m + Aanz)as)

= & f(az) + (§am + Minz) f(a3)
= E1m2(Baaz + AB2as) = §1m2f2a2 + A1z Bras.

Therefore,

[f(@),y] + [z, f(y)] = [§282a2 + (§1a3 + A§2B2)as, mar + nm2az + n3as]
+ [§1a1 + &2a2 + E3a3,m2B2a2 + (M1a3 + A2 B2)as]
= &1mefalar, az] = E1m2f2(az + Aas)
= &1m2B2as + A1 faas,

so that f([z,y]) = [f(2),y] + [z, f(¥)].

Furthermore, the equality

0O 0 O 0O 0 O 0 0 0
0 B8 0 0 v 0 |=10 By O
a A5 0 woAy 0 0 A3y O

shows that D is abelian and isomorphic to the direct sum of two copies
of the additive group of field F. O

Theorem 2. Let D be an algebra of derivations of the Leibniz algebra
Leir (3, F).

If A\ =0, then D is isomorphic to a Lie subalgebra of M3(F') consisting
of the matrices having the following form.:

0O 0 O
ay B g |,
az fB3 a3

a9, as, B2, B3 € F. In this case, D is isomorphic to Lie algebra Ms(F).



L. A. KURDACHENKO, M. M. SEMKO, I. YA. SUBBOTIN 253

If X # 0 and char(F) = 2, then D is isomorphic to a Lie subalgebra
of M3(F') consisting of the matrices of the following form:

(05} 0 0
A lag s Al ,
a3 f3 o1 +a3

a1,as, B3 € F. In this case, D is isomorphic to Lie algebra Ms(F).

If X # 0 and char(F) # 2, then D is isomorphic to a Lie subalgebra
of M3(F') consisting of the matrices of the following form:

0 0 0
0 a3 0 s
a3 B3 o

as, B3 € F. Furthermore, D = A1 ® By ® E, where A1 ® By is an abelian
ideal of D and By @ Ei is an abelian subalgebra of D, dimp(A1) =
dimp(By) = dimp(E;) = 1.

Proof. Let L = Lei7(3,F), f € Der(L). By Lemma 2, f([L, L]) < [L, L],
so that f(a1) = ara1 + azag + asasz, f(a2) = Peaz + Bzaz, f(az) =
Yoaz + y3as, a1, e, a3, B2, £3,72,73 € F. Then

flaz) = f(lar, a1]) = [f(a1), a1] + [a1, f(a1)]
= [1a1 + agaz + azas, a1] + [a1, 161 + azag + azas)
= ajlay, a1] + ailar, a1] + aslar, ag] + aslar, as)
= aja3 + ajaz + az(az + Aag) + asas
= agay + (201 + A + a3)as,
flas) = f(la1, as]) = [f(a1), as] + [a1, f(a3)]
= [va1 + azaz + azas, as] + [a1, 7202 + Y303]
= aqla1, az] + yelar, az] + y3lai, as)
= aqag + 12(a2 + Aaz) + y3a3
= Y202 + (a1 + Ay2 + 73)as.
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Furthermore,

f(la1, a2]) = f(az + Aa3) = f(a2) + Af(a3)
= Baaz + Bzaz + A(y2a2 + y3a3)
= (B2 + Ay2)az + (B3 + My3)as,
f(la1,a2]) = [f(a1), az] + [a1, f(az)]
= [ara1 + azaz + azaz, az] + [a1, Beas + B3as]
= a1la1, ag] + Bala1, az] + B3lai, as]
= ai(az + Aag) + B2(az + Aaz) + Bzas
= (a1 + B2)az + (Aa1 + AB2 + B3)as.

Thus, we obtain

azas + (200 + Ao + az)az = a2 + (a1 + A2 + 73)as,
(B2 + AMy2)ag + (B3 + Ay3)asz = (a1 + B2)az + (Ao + APz + f3)as,

or

G2 = 72,
201 + Aag + ag = a1 + A2 + 73,
B2+ M2 = a1 + o,
B3+ Ay3 = Aag + AB2 + Bs.

It follows that
g =2, a1 + a3 =13, Ay2 = a1, A\y3 = Aoy + A\fa.

If A =0, then g = 72, a1 = 0, ag = 3. In this case, Z(f) is the
following matrix:
0 0 O
az B2 ay |,
az B3 as

0427043762763 er.

If A £ 0, then ag = v, a1 + az = v3, A2 = a1, ¥3 = a1 + Po, or
ag = Y2, a1 +ag =93, A\y2 = a1, ag = [o. In this case, Z(f) is the
following matrix:

[1]

a1 0 0
)\_1&1 a3 )\_1041 R
a3 B3 a1+ a3
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ay, a3, ﬁ3 S
Conversely, let z,y be arbitrary elements of L,

x = §1a1 + §oan + §3a3,
Y = mai + n2a2 + n3a3

where &1, &9, &3, M1, 12, N3 are arbitrary scalars. First, suppose that A = 0.
Then

[z,y] = [§101 + &2a2 + §3a3,ma1 + neag + n3as)]
= &imlar, a1] + &implar, ag] + &1m3fat, as]
= &imag + §imzaz + 1m3a3
= &impag + (§1m1 + &1m3)as,
f(z) = f(&ra1 + 200 + E3a3)
= {1(anag + azaz) + &a(Beaz + Bzaz) + 3(aaz + azas)
= (§1a2 + &202 + E3a2)az + (§1a3 + €283 + §303)as,
f(y) = (maz +nm2B2 + n3az)az + (masz + n283 + nzas)as,
f([z,y]) = f(§meaz + (&om + &1ns)as)
= &inaf(az) + (&om + &uns) f(as)
= &1m2(Beaz + B3a3) + (S1m + §1m3) (az2a2 + azaz)
= (§&1m2B2 + &1maz + §1m32)az
+ (E1m283 + E1mas + E1m3az)as.

Therefore,

[f(@),y] + [z, f(y)] = [(§raa + &282 + E3aa)ag + (§1a3 + &283 + E303)as,
mai + n2a2 + nzas] + [§1a1 + &aa2 + E3as,
(Mmoo +n2B2 + m3az)as + (Mmas + 283 + N3z )as)
= &1(mag + n2f2 + nzas)az
+ &1(mas + n2B3 + n3as)as,
so that f([z,y]) = [f(x),y] + [z, f(¥)].
Now, suppose that A # 0. Then
[z,y] = [§1a1 + &2a2 + 3a3, 101 + m202 + 1303]
= &imlar, a1] + &imelar, as] + Eumsar, as]
= &imas + §imz(az + Aag) + §imsas
= &inpag + (§m + Aamz + &ins)as.
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Furthermore,

f(@) = f(§1a1 + E2a2 + E3a3)
= &1 (aar + A tagag + azaz)
+ &(agas + Bsas) + &(A  aqag + (a1 + az)as)
= &Garar + (G2 g + Eaz + EX ar)as
+ (§1a3 + §283 + §301 + §303)as,

f(y) = marar + (mA~" ar + ez + p3A " ar)az
+ (mas + m2f3 + n3a1 + nzas)as,

f([z,y]) = f(&maz + (Eom + Aama + E1m3)as)

= &imaf(az) + (E1m + Aama + §1m3) f(as)
= {1 (azaz + P3a3)
+ (&am + A + §mz) (A anag + (o0 + az)as)
= (E1mpas + (E1m + Az + Em3) AL ar)ag
+ (&1m2B3 + (&1m + Az + &m3) (o + a3))ag
= (&mpaz + A taréim + aréime + A raaéins)as
+ (&1m2Bs + cn&imn + Ao + Sz + aséim
+ az A& + &1m3a3)as,

Therefore,
[f (@), 9] + [z, f(y)] = [C101a1 + (SN a1 + Gaas + E3A  an)ag
+ (§1a3 + 283 + 301 + E33)az, may + n2az + n3as]
+ [§1a1 + &0z + E3a3, maray
+ (771/\71a1 + neaxs + 773/\71a1)a2

+ (masz + n2f3 + n3a1 + nzaz)as]

= Sraimlan, a1] + & aingfar, ag] + §1aans[ar, as)
+&mailar, a1] + & (mA " ag 4+ neas + 3" ag)[ar, as
+&1(masz + m2f3 + n3a1 + n3az)lar, as)

= Sranmas + Saame(az + Aag) + §raanzas + &imazas

+ & (mA g + maas + n3Arar)(ag + Aag)

+ &1 (mas + 263 + nzar + n3az)as

= (&aame + EmA " an + Eimpas + EmsA T o )ay

+ (Sroam + Eroam + Sroans + Siman + Siman + Ainpas
+ &mzan + Eimas + §1m283 + §1mzan + §1mzas)as.
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Since f([z,y]) = [f(2),y] + [z, f(y)], we obtain
(§1m2B3 + a1&int + Ainear + &1mzan + azéiny + asAline + imzasz)az =
(Craam + §raimeA + §1aams + Siman + &iman + ASimpas + §imzan
+&mas + 11283 + §1mzan + E1mzaz)as

or 2&1aing + 2&3maq = 0. Hence, if char(F) = 2, then we obtain that

the matrix
a7 0 0

)\710(1 o3 )\71041
as  P3 artoag
defines a derivation of L. If char(F) # 2, then we obtain & ains +

&may = 0. Since it is true for all &;,73,7m1, we obtain that a; = 0.
Thus, if A # 0 and char(F) # 2, then Z(f) is the following matrix:

0 0 0
0 a3 O ,
a3 B3 o3

a3, Bg e F.
Furthermore, let A = 0. Then by what is proven above, Z(D) consists
of the matrices having the following form:

0O 0 O
az P2 oaz |,
ag Pz a3

a2, (g, 52753 € F.
Consider the mapping

¥ :2(D) — My(F)
defined by the rule
0 0 O
(6% 52 a9 — < gz zi > .
as P a3

The equalities

0 0 O 0O 0 O
az B2 o p2 V2o 2
az P33 as M3 V3 43

0 0 0

= | Popo +asus Povo 4+ vz Pous + aops
Bapa 4+ a3z Bava + azvz Bapio + aszpis
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and
( B2z ) < vy 2 > _ < Bave + gy Papg + azus >
B3 as ZIE B3ve + agvs  Bsuz + azps
show that mapping 1 is a homomorphism. Clearly, ¥ is an epimorphism.
It is not hard to see that Ker(d) is zero, so that ¢ is an isomorphism.
Thus, we obtain that the algebra of derivations D of L is isomorphic to
Lie algebra My (F).

Now, suppose that A # 0 and char(F') = 2. Then, by what is proven
above, Z(D) consists of the matrices having the following form:

a; 0 O
Qg a3 Y2 )
az f3 73

where as = 72 = A"taq, 73 = a1 + a3. Consider again the mapping
Vv :2(D) — My(F)

defined by the rule

a1 0 0 o
Qg Q3 72 —><3fy2>.

as B3 73 fs s
The equalities
a; 0 0 wr 0 0
Qo Q3 72 M2 3 02
as B3 3 p3z vz 03
o fiy 0 0

= | aop1 +azpu + yeus azpus + YV 302 + 203
agpr + B3pe + 33 B3pz +y3v3 B30 + 303

and
< o3 72 > ( 13 02 > _ < a3z + Y2V3 302 + 72073 >
B3 73 v3 03 Bsps +y3v3  B302 + Y303
show that a mapping ¢ is a homomorphism. Clearly, ¥ is an epimor-

phism. We note that Ker(v) consists of the matrices such that 0 = ag =
vo = 3 = 3. It follows that ay = a1 = 0, so that Ker(?) is zero and ¢
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is an isomorphism. Thus, we obtain again that the algebra of derivations
D of L is isomorphic to Lie algebra My (F).

At last, assume that A # 0 and char(F) # 2. Then, by what is
proven above, Z(D) consists of the matrices having the following form:

0O 0 O
0 a3 0 s
az 3 a3
ag, B3 € F.
Let C be a set of matrices having the following form:
00 0
0~ 0],
0 B8 v
v, B € F. The equality
00 0 00 0 0 0 0
0 v 0 0O 0w O ]=1{0 o 0
058 ~ 0 v p 0 Bu+yv yp

shows that C' is an abelian subalgebra of Z(D) of dimension 2.
Let B be a set of matrices having the following form:

00 0
000 |,
03 0

B € F, and let E be a set of matrices having the following form:

0 0 O
0~ 0 |,
0 0 ~

~v € F. Clearly, B, E are subalgebras of C, C' = B & E. The equalities

0 0 O 0 0O 0 0O
0 v O 0 0 0 |= 0 0 O
0 B8 ~ o 0 0 yo 0 0
and
0 0O 0 0 O 0 0O
0 0 O 0 0 )]=1000
c 00 0 B8 ~ 0 00
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show that the set A consisting of the matrices having the form

Q © o
o o o

0
0],
0

o € F, is an ideal of Z(D) of dimension 1. Moreover, =(D) = A B& FE
where A® B is an abelian ideal of Z(D) and B@FE is an abelian subalgebra
of (D). O
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