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Spectral multiplicity functions
of adjacency operators of graphs
and cospectral infinite graphs

Pierre de la Harpe
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ABSTRACT. The adjacency operator of a graph has a spectrum
and a class of scalar-valued spectral measures which have been sys-
tematically analyzed; it also has a spectral multiplicity function
which has been less studied. The first purpose of this article is to
review some examples of infinite graphs for which the spectral mul-
tiplicity function of the adjacency operator has been determined.
The second purpose of this article is to show explicit examples of
infinite connected graphs which are cospectral, i.e., which have uni-
tarily equivalent adjacency operators, and also explicit examples of
infinite connected graphs which are uniquely determined by their
spectrum.

1. Introduction

Let G be a graph with vertex set V and edge set E. Here graphs are
without loops and multiple edges (except in Section 6), and F is a set
of unordered pairs of vertices. The degree deg(u) of a vertex u € V is
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the number of edges incident to u. We assume below that V is non-
empty, countable (infinite or finite), and that G is of bounded degree,
i.e., that max,cy deg(u) < oo. Let £2(V) denote the complex Hilbert

space of functions £ : V' — C such that Y [¢(u)]?> < oco. It has a
ueV

canonical orthonormal basis (6,),cy; the value of §, € £(V) is 1 at u
and 0 at other vertices. The adjacency operator of G is the bounded

self-adjoint linear operator Ag on £?(V) defined by

(Ag®w)= > &) forall £€ (V) and ueV.
veV, {uw}eE

Adjacency operators appear in the theory of both finite graphs and in-
finite graphs. From the vast literature, we quote [16], [17], [7], [27], [11]
for finite graphs, and [33], [36], [26], [37], [5], [24], [29] for infinite graphs.

As for any self-adjoint operator, the Hahn—Hellinger Multiplicity The-
orem implies that Aq is characterized up to unitary equivalence by three
invariants (see Section 2):

— the spectrum Y(Ag), also called the spectrum of G, which is a
nonempty compact subset of R;

— a scalar-valued spectral measure pug which is a finite Borel
measure on Y (Ag), well-defined up to equivalence, sometimes vie-
wed as a measure on R with closed support X(Ag);

— the spectral multiplicity function mg, which is a measurable
function from 3(Aqg) to {1,2,...,00}, well defined up to equality
ua-almost everywhere.

We define the marked spectrum of G to be the triple

(2(Ag), [ual, ma),

where [ug] denotes the class of a spectral valued measure pug. Two graphs
are cospectral if they have the same marked spectrum. A graph G is
determined by its marked spectrum if any graph of bounded degree
with the same marked spectrum is isomorphic to G.

Let G = (V, E) be a graph which is finite, or more generally a graph
such that ¢2(V) has an orthonormal basis of eigenvectors of Ag, for
example the Cayley graph of a lamplighter group as in [30] and [6]. The
scalar-valued spectral measures of Ag are precisely the measures which
charge every eigenvalue of Ag, so that the meaningful part of the marked
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spectrum of G reduces to the pair (X(Ag), mg). For such a graph, the
spectral multiplicity functions can be defined as in finite graph theory:
mg(x) = dimker(2ld — Ag) for all z € ¥(Ag). For more general graphs,
see Definition 2.10.

For finite graphs, spectra and multiplicities of eigenvalues have been
studied intensively. For infinite graphs, spectra of adjacency operators
have attracted a lot of attention, but in contrast spectral measures a bit
less, and spectral multiplicity functions even less (even if there are precise
computations of multiplicities for some classes of graphs, for example for
sparse trees [9]).

The first purpose of this article is to review a small number of examp-
les of infinite connected graphs G = (V, E') for which the spectral multi-
plicity function of Ag has been determined. All this is well-known to ex-
perts, but we did not find good references in the literature. In Section 2,
we review various kinds of multiplication operators, the Hahn—Hellinger
Multiplicity Theorem, and the definition of the spectral multiplicity func-
tion for a bounded self-adjoint operator. In Propositions 3.1, 3.2, and 3.4,
we show:

Proposition 1.1. The adjacency operator of the infinite ray R has spec-
trum [—2,2], scalar-valued spectral measure equivalent to Lebesgue mea-
sure, and uniform multiplicity one.

The adjacency operator of the infinite line L has spectrum [—2,2],
scalar-valued spectral measure equivalent to Lebesgue measure, and uni-
form multiplicity two.

For d > 2, the adjacency operator of the lattice Ly has spectrum
[—2d, 2d], scalar-valued spectral measure equivalent to Lebesgue measure,
and infinite uniform multiplicity.

Section 4 is a study of spherically symmetric rooted trees. For the
particular case of regular trees, we need in Section 5 to recall results on
operators defined by infinite Jacobi matrices. In Propositions 4.7 and 5.3,
we show:

Proposition 1.2. For d > 2, the adjacency operator of the infinite regu-
lar rooted tree T3°°* of branching degree d has spectrum [—2\/&,2\/5],
scalar-valued spectral measure equivalent to Lebesgue measure, and infi-
nite uniform multiplicity.

For d > 3, the adjacency operator of the reqular rooted tree Ty of de-
gree d has spectrum [—2v/d — 1,2+/d — 1], scalar-valued spectral measure
equivalent to Lebesgue measure, and infinite uniform multiplicity.
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Examples of cospectral finite graphs date back to the very first papers
in spectral graph theory. They include a pair of graphs with 5 vertices,
a pair of connected graphs with 6 vertices, a pair of trees with 8 vertices
(already in [16]), and pairs of regular connected graphs with 10 vertices;
for these and much more, see [11] and [31]. It is striking that examp—
les of cospectral pairs appear that early in spectral graph theory. In con-
trast, the study of the spectrum of the Laplacian of geometric objects
like bounded open domains in Euclidean spaces goes back to [46], and the
question of existence of cospectral plane domains (rather called isospec-
tral plane domains) was open for a long time, indeed from before [32],
until the discovery of explicit examples of cospectral plane domains [28].

The second purpose of this article is to show explicit examples of
cospectral infinite connected graphs. To our knowledge, such examples
do not appear explicitly in the literature. As an immediate consequence
of the two previous propositions, we have Corollaries 4.8 and 5.4:

root

Corollary 1.3. For any integer d > 2, the graphs Lq, T3 and Ty,
are cospectral.

Note that Ly and Ty, are Cayley graphs. Further examples of
multiplets of cospectral spherically symmetric rooted trees are shown in
Example 4.9. The final Section 6 is a very short account of an uncoun—
table family of cospectral Schreier graphs, from [29].

Our third purpose is to show examples of graphs determined by their
spectra. There are well-known finite graphs determined by their spectra:
finite paths, cycles, complete graphs K,,, complete bipartite graphs K, ,,
triangular graphs T'(n) with n # 8; to cite but a few. For some experts
“it seems more likely that almost all graphs are determined by their
spectrum, than that almost all graphs are not”; see [11, Chapter 14, and
in particular Section 14.4]. Some finite graphs are determined by their
spectra among connected graphs, but not among all finite graphs; this is
the case for finite graphs G with ||Ag|| < 2 [18]. For infinite graphs, we
have Propositions 3.8 and 3.9:

Proposition 1.4. The infinite graph R is determined by its marked spec-
trum.

Each of the following three graphs is determined by its marked spec-
trum among connected graphs of bounded degree: R, the graph Do, of
Proposition 3.7, and the infinite line L.
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2. Spectral measures and the Hahn—Hellinger Multipli-
city Theorem

This section is a reminder on various notions of spectral measures and on
the theorem of the title, which is due to E. Hellinger in 1907 and H. Hahn
in 1912; references to the original papers can be found in [23, Section X.6,
p. 928]. All Hilbert spaces which appear here are complex, and separable
whenever needed. The scalar product of two vectors &, 7 in a Hilbert
space H is denoted by (£ |n); it is linear in £ and antilinear in . We use
the following notation: N = {0,1,2,...,} and N* = {1,2,...,c0}.

2.A. Spectrum, spectral measures, and dominant vectors

Let H be a Hilbert space, L(H) the algebra of bounded linear operators
on H, and X € L(H). The spectrum of X is the set ¥(X) of A € C
such that AId — X is not invertible in £(H). It is a compact subset of C,
and a non-empty one unless H = {0}. Assume from now on that X is
self-adjoint, so that (X)) is a compact subset of R. Denote by By x)
the o-algebra of Borel subsets of ¥(X). By the spectral theorem, there
exists a projection-valued spectral measure Ex : Byx) — Proj(H)
such that X = fE(X) xdEx(z). A vector £ € H determines a local
spectral measure at ¢ on X(X), denoted by pg, defined by ug(B) =
(Ex(B)¢|€) for all B € Byyx); then (X¢|§) = fz ywdpg(x). A vec-
tor § is dominant for X if y,, is absolutely contlnuous Wlth respect to pe
for all n € H. (“Dominant vector” is the terminology of [44, p. 306]; the
terminology of [8, p. 446] is “vector of maximal type”, and that of [20]
is “separating vector” for the W*-algebra generated by X). A scalar-
valued spectral measure for X is a measure on 3(X) of the form p,
for ¢ dominant. Two scalar-valued spectral measures for X are equiva-
lent, i.e., are absolutely continuous with respect to each other. A vector
& € H is cyclic for X if the closed linear span of { X"{},en is the whole
of H.

We denote by B(X(X)) the algebra of bounded Borel-measurable
functions on X(X). For f in this algebra, the operator f(X) is defined
by Borel functional calculus.

Proposition 2.1 (existence and characterizations of dominant
vectors for self-adjoint operators). Let X be a bounded self-adjoint
operator on a separable Hilbert space H. Let B(X(X)) and Ex be as
above.
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(1) There exist dominant vectors for X. More precisely, for anyn € H,
there exists a dominant vector & for X such that n is in the closed
linear span of {X"E}neN.

(2) A wvector & € H is dominant for X if and only if, for any
f € B(X(X)), the equality f(X)§ =0 implies f(X) = 0.

(3) A wvector & € H is dominant for X if and only if, for any Borel sub-
set B of ¥(X), the equality pe(B) = 0 is equivalent to the equality
Ex(B)=0.

(4) Cyclic vectors for X are dominant vectors for X.

(5) If X has at least one cyclic vector, dominant vectors for X are
cyclic vectors for X.

Let (gj)j>1 be an orthonormal basis of H. For j > 1, let p; denote the
local spectral measure at €;.

(6) If & € H is such that the local spectral measure pig dominates i  for
all § > 1, then & is a dominant vector.

References for the proof. For (1) and (2), see [44, Lemma 5.4.7 and Pro-
blem 3 of § 5.4.]. For (3), see [15, Theorem IX.8.9]. For (4), let £ € H and
f € B(S(X)) be such that f(X)¢ = 0; then f(X)X"€ = X"f(X)E = 0
for all n > 0, hence f(X)n = 0 for all 5 in the closed convex hull of
{X"E}nens if € is cyclic then f(X)n =0 for all n € H, hence f(X) =0,
and therefore ¢ is dominant. We leave the proofs of (5) and (6) to the
reader; alternatively, see [14, Proposition 2.2 and Corollary 2.5]. ]

The marked spectrum of a scalar multiple of a bounded self-adjoint
operator can easily be written in terms of the marked spectrum of the
original operator. For future reference, we make this precise in the fol-
lowing proposition, which is an immediate consequence of the definitions.

Proposition 2.2. Let H be a separable Hilbert space, X a bounded self-
adjoint operator on H, and & € H. Let k > 0 be a positive real number
and let Y = kX. Denote by M? the local spectral measure of X at & and

by uéf the local spectral measure of Y at &. Let [m, M] be the convex hull
of the spectrum of X. Assume that ,ug( is of the form pg()\, where p? 1S
a function in L*([m, M], \) with values in Ry and where A denotes the
Lebesgue measure on [m, M]. Then:
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(1) Y[l = kI XI5
(2) X(Y) = kE(X);
(3) M? = pé/)\ where p?(w) = kilp?(x/k:) for all x € [km, kM].

For our analysis of lattice graphs Ly in Section 3, we will need the
following facts on local spectral measures of some operators defined
on tensor products. Let Hi,Hs be two separable Hilbert spaces. For
J € {1,2}, let X; be a bounded self-adjoint operator on #;; choose a
vector &; in H;, and let u; be the local spectral measure of X; at &;;
we view p; as a finite measure on R with closed support contained
in ¥(Xj;). Let Id; denote the identity operator on H;. Let H be the
Hilbert space tensor product H; ® Hz and let X € L£L(H) be the operator
X1 ®1Ide + Id; ® X5, It is well-known that the operator X is bounded,
self-adjoint, of norm || X|| = || X1|| + || X2]|, and of spectrum

Y(X)={2€R:z=x+y for some x € 3(X;) and y € ¥(X»)}

(see [13] or [43]). Let & = & ® & € H and let u be the local spectral
measure of X at &.

Proposition 2.3. Let X, be a self-adjoint operator on Hy and Xo a
self-adjoint operator on Ho; let &1, &2, p1, po, X = X1 ®1do 4+ 1d; ® Xo,
& =& ® &, and p be as above.

Then w is the convolution product pi1 * ps.

Proof. Recall that the convolution of two finite measure v, 5 on R is the
direct image of the measure vy ®v5 on R? by the map R? — R, (x,y) —
x +y. We have

/R F(2)d(wr ) (2) = /R /R £ (@ + y)dvs (2)dva(y)

for any continuous function f: R — C which tends to zero at infinity;
when v; and 15 are measures with compact support, this holds more
generally for any continuous function f: R — C. See [42, Chapter 7,
Exercise 5).

For the next computation, observe that the operators X; @ Ids and
Id; ® Xo commute, and that (X; ® Idy) (Id; ® X5)* = X7 @ X¥ for all
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J,k > 0. For all n € N, we have

/ 2"dp(z) = (X1 ® Idg +Id; ® X2)"(§1 @ &2) [ €1 @ &2)
£(X)

<§ (?)(Xf@@Xg_j)(fl ® &2) l £1®52>

I
3
/‘S\
~_
—~
il
7%
d
2%
L
~
—~
53
d
"%
(Y]
823
[}
~

J=0

- / / (z +y)"dpi (z)dpz(y)
2(X1) JE(X2)

= / 2"d(py * p2)(2).
2(X)

This shows that the moments of i are the same as the moments of pq * uo.
Since p and pq * po are measures with compact support, it follows that

po= 1 % pho. 0

Remark 2.4. For each positive integer d, there is a similar fact which
holds for operators of the form

X=Xi®Id® - Ildg+Idi®Xe® - - ®Idg+---+1d1 ®Ido®-- - ® Xy

which have spectral measures of the form p = py * pg * - - - * pug.

2.B. Multiplication operators

We recall successively the definition of the Hilbert space L?(X, i, m),
some facts on functions ¢ € L>°(3, 1), and on multiplications operators
My 1

Let ¥ be a non-empty metrizable compact space. Let By, the o-algeb-
ra of Borel subsets of ¥, and p a finite positive measure on (X, By).
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Let m: ¥ — N* be a measurable function. Denote by ¢2  the Hilbert
space of square summable sequences (z;)j>1 of complex numbers and,
for each n > 1, by £2 the subspace of sequences such that zj = 0 for
all j > n+ 1. Let L?(X, u,m) be the separable Hilbert space of mea-
surable functions ¢ : ¥ — ¢2 such that &(z) € 651(1) for all z € ¥ and

J5: l€(@) |2 du(x) < oo. In more sophisticated terms, L*(X, y1, m) is the
Hilbert spzofce of square summable vector fields of the py-measurable field
of Hilbert spaces (H;)zes, where H, = qun(z) for all x € X. The space

L?(X, 1, m) can also be seen as a Hilbert direct sum

@ LQ(Zna ,un,fi),

neN*

where 3, = m~!(n), the measure pu, is defined by p,(B) = u(B N ,)
for all Borel sets B € By, and L?(X,, i, #2) is the Hilbert space of
square-summable ¢2-valued functions on (X,,u,). Note that ¥, = 0
when m(z) # n for all x € ¥, and more generally that p, = 0 and
L3(Sp, pin, £2) = {0} when m(x) # n for p-almost all x € . Note also
that p, can be seen either as a measure on 3., or as a measure on X such
that 1, (X N\ X,) = 0; in the latter case, the measures pu, s are pairwise
singular with each other.

Let ¢ : ¥ — R be a measurable complex-valued function on ¥. The
essential supremum of ¢ is the infimum ||¢|/s of the numbers ¢ > 0
such that u ({z € ¥ : |¢(x)| > ¢}) = 0. We assume from now on that ¢ is
essentially bounded, i.e., that ||¢|/ < co. The essential range of ¢
is the set R, of complex numbers z such that p({z € ¥ : |p(z) — 2| <
€}) > 0 for all € > 0; we have ||¢||oo = sup{|z| : z € R,}. In other words,
R, is the closed support of the measure ¢, (u) on C, the push forward
of i by ¢, and therefore R, is a closed subset of C, indeed a compact
subset of C since ¢ is essentially bounded. Below, |¢||« and R, will be
the norm and the spectrum of a multiplication operator.

For z € C and € > 0, let D.(z) denote the closed disc {w € C :
lw — z| < e}. Note that u(¢~(D:(2))) > 0 for all € > 0 when z € R,.
For z € R,, the essential pre-image go;l(z) is defined as the set of
those x € X for which, for every neighborhood V of x in X, we have

S (VNne ' (D:(2)))
=0 p(p(D:(2)))

For z € C N\ Ry, set go;l(z) = (). When ¢ is continuous, go;l(z) is con-
tained in ¢~!(z) [2, Theorem 6]; equality need not hold [2, p. 853-854].

> 0.
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Below, the cardinalities of the essential pre-images of ¢ will be the values
of the spectral multiplicity function of a multiplication operator.

Let ¢,¢' : ¥ — C be two measurable functions which are equal
p-almost every where; then the norms |||, [|¢]lc are equal, ¢, ¢’
have the same essential range, and ¢, ¢’ have the same essential pre-
images. From now on, we consider such functions as being equal, and
write (abusively) “function” for “equivalence class of functions modu-
lo equality p-almost everywhere”. The space L>°(X, ) of essentially bo-
unded complex-valued functions on (X, 1) is a Banach space for the norm
| loo- It is the dual of L'(X, p1), hence it can be considered with both its
norm topology and its w*-topology (see for example [22, Theorem 1.45]).

Suppose that ¥ is a nonempty compact subset of the real line. Denote
by C(X) the algebra of continuous functions on ¥, with the sup-norm,
and by P(X) the subalgebra of functions which are restrictions to X
of polynomial functions on R. Then P(X) is dense in C(X), by the
Stone—Weierstrass theorem, and the natural image of C(X) in L™ (X, u)
is w*-dense, see [22, Corollary 4.53]. It follows that P(X) is w*-dense
in L®(%, ).

Definition 2.5. Let ¥, 4, m and ¢ be as above. The multiplication
operator My , m is the operator defined on the space L2(%, u,m) by

(Ms: jimo€)(7) = p(z)é(z)  for all & € LA, u,m) and x € .

When m is the constant function of value 1, we write My, , , instead of
ME,u,m,ga'

A straight multiplication operator My, ,, ., is an operator of this
type in the particular case of a compact subset X of the real line and of
the function ¢ given by the inclusion ¥ C R, so that (My, ;,.m)(z) = z&(x)
for all ¢ € L*(2, y,m) and = € X.

Proposition 2.6. Let X, p, m: ¥ — N*, L2(X, u,m), p € L=(3, ) be
as above, and My ,m , the corresponding multiplication operator, as in
Definition 2.5. Suppose now that ¢ is a real-valued function.

(1) Ms ;im,e is a bounded self-adjoint operator, | Ms; ym ol = ||¢]loo-

(2) The spectrum of My, ; m., is the essential range Ry, of o, and A € R
is an eigenvalue of My, ;, wm o if and only if p({z € X : p(x) = A}) > 0.

(8) The spectral measure Eprg, , . s given by

EME,u,m,w (B) = ME,M,m,X¢71(B>
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for any Borel subset B of Ry, where x,-1(p) stands for the cha-
racteristic function of the inverse image of B by .

(4) The measure ju is a scalar-valued spectral measure for Ms ,m -

Suppose that, in particular, ¥ C R and that ¢ is given by the in-
clusion ¥ C R; let My, m be the corresponding straight multiplication
operator, as in Definition 2.5. Let ¥, denote the closed support of .

(5) Mg pmll = sup{|z| : z € Xy}

(6) The spectrum of Ms. ;m 15 3.

(7) Eys,,n(B) = Ms jymyp for any Borel subset B of .
(8) 1 is a scalar-valued spectral measure for My, ;.

Suppose moreover that m = 1x; is the constant function of value 1, so
that the operator M = My, , 14, acts on L*(Z, ).

(9) For & € L*(X, 1), the following conditions are equivalent:

(i) € is cyclic for M;
(ii) & is dominant for M;
(111) p({z € ¥ :&(x) =0}) =0.

(10) In particular, the function on ¥ of constant value 1 is a cyclic
vector for M.

On the proof. Let m, denote the restriction of the function m to ¥,. The
spaces L?(%, p,m) and L*(X,, 1, m,,) are canonically isomorphic, and M
can be seen as an operator on L2(Eu,,u,mu). It follows that we can
assume without loss of generality that 3 = X, namely that the closed
support of u is the whole of X.

The arguments to prove Claims (1) to (4) are standard; see for examp-
le Sections 4.20 to 4.28 in [22], or any of [1,2,34].

Let £ € L?(X, i). Suppose first that the condition p({z € X : &(z) =
0}) = 0 of (9) (iii) is satisfied. Let n € L?(%, i) be orthogonal to M™¢ for
all n € N; we are going to show that n = 0. Note that the product &7 is
in the weak* dual L' (X, ) of L>°(X, i1), because & and 1 are in L2(3, u1).
Since (M"&|n) = [ 2"¢(z)n(z)pu(z) = 0 for all n € N, we have

[ f@ewiterutn) o
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for all f € P(X), and therefore also for all f € L*(3, u) because P(X)
is w*-dense in L>°(X,x). This implies that & = 0 in L'(X, i), hence
that £(z)n(xz) = 0 for p-almost all x € ¥, hence by hypothesis on ¢ that
n(z) = 0 for p-almost all x € 3, hence that n = 0. It follows that ¢ is
cyclic for M.

This shows (10) because the condition of (9) (iii) is clearly satisfied
for ¢ the constant function of value 1. Moreover, a vector in L%(X, p) is
cyclic for M if and only if it is dominant for M, by Proposition 2.1.

Suppose now on the contrary that & € L?(3, ) is such that u({x €
Y : &(x) = 0}) > 0. Define a Borel function x : ¥ — C by x(z) = 1
when z is such that {(z) # 0 and x(x) = 0 otherwise. Then x(M) # 0
and x(M)& = 0. It follows that £ is not dominant for M.

This concludes the proof of (9). O

An operator X; on a Hilbert space H; and an operator X, on a
Hilbert space Ho are unitarily equivalent if there exists a unitary
operator (= a surjective isometry) U : H; — Ha such that Xo = UX,U*.

If X1 € L(H1) and Xy € L(H2) are two self-adjoint operators which
are unitarily equivalent, their spectra coincide, 3(X;) = X(X32), and
their scalar-valued spectral measures are the same.

Example 2.7 (unitarily equivalent pairs of multiplication ope-
rators). Let [a1,b1], [ag, ba] be two intervals of the real line, with —oo <
a1 < by <ooand —o0 < az < by < oo. We consider the Hilbert spaces
L?([a1,b1], A) and L?([ag, ba], \), where ) is the Lebesgue measure. Let

@2 ¢ [ag, ba] = [a1,b1]

be a function of class C!, injective, mapping [as, bo] onto [a1, b1], and such
that |5 () > 0 for all = € Jag, ba[. Define an operator My = Mi,, 4,]1
on L?([a1,b1],)\) by

(Mi&)(x) = x&1(x)  for all & € LQ([al,bl]) and z € [ag, by]
and an operator My = Mg, p] 21,0, O L?([ag, b2], A) by
(M3&2) () = pa(z)éa(x) for all & € L2([a2, ba]) and x € [ag, ba].

Then M, and Ms are unitarily equivalent.

Proof. Let U : L*([a1, 1], \) — L?([az,b2],\) be the operator defined by

(U&) () = 1/ la(@)] &1(pa(2))
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for all & € L%([a1,b1],A) and x € [ag, ba]. Then U is unitary. Indeed, for
& € L*(Ja1,b1],A) and & € L*([ag, ba], A), we have

bo ba
e = / (V) (@) P = / €1 (p2(2) 2l () d

a a

b1
= [ ey = e
al
and similarly |[|[U~1&]]? = ||&]?.

For & € L?([a1, b1], ), we have

(MUE) () = o) ( 5@ & (m@:)))

(@)l (2(2)8(p2(2))

05 (@)] (Mi&1)(p2(2)) = (UM1&1)().
It follows that MU = UMy, and this ends the proof. O

Here are two particular cases; this will be useful in the proof of Propo-
sition 3.2.

Example 2.8. (1) Let [a1, b1] = [ag, b2] = [0, 1] and ¢a(z) = z* for some
a € R,a > 0. The operator M7 of multiplication by x and the operator
M,, of multiplication by * on L?([0, 1], \) are unitarily equivalent. The
unitary operator U on L?([0, 1], \) is given by (U¢)(z) = Vaz2—1&(2®),
and M, U = UM;.

(2) Let [a1,b1] = [-2,2], [a2,b2] = [0,7], and @a(x) = 2cos(z).
The operator M; of multiplication by  on L?([—2,2],\) and the opera-
tor Ma s of multiplication by 2 cos(x) on L2([0, 7], A) are unitarily equi-
valent. Similarly, the operator M; on L?([—2,2],\) and the operator of
multiplication by 2cos(z) on L?([r,27], \) are unitarily equivalent.

2.C. The Hahn—Hellinger Multiplicity Theorem,
and spectral multiplicity functions

The following Theorem 2.9 is the keystone of Hahn—Hellinger theory.

Theorem 2.9. Any self-adjoint operator X on a separable Hilbert space
H is unitarily equivalent to the straight multiplication operator My, , m of
Definition 2.5 for the spectrum ¥ = X(X) of X, a scalar-valued spectral
measure j for X, and a measurable function m: ¥ — {1,2,...,00}.
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Moreover, if ' is a measure on ¥ and m’ : ¥ — {1,2,...,00} a mea-
surable function, then X is unitarily equivalent to the straight multipli-
cation operator My, v if and only if the measures p, |’ are equivalent,
and the functions m,m’ are equal p-almost everywhere.

For a sample of other formulations of the theorem and for proofs, see
[23, Theorem X.5.10], [20, Chap. II, § 6], [4, Section 2.2], [34], [15, Theo-
rem 10.16 and Theorem 10.20], [44, Section 5.4], and [8, Theorem 10.4.6].

Definition 2.10. Let H, X, 3, u and m be as in the previous theorem.
The function m is the spectral multiplicity function of X. The opera-
tor X is of finite multiplicity if there exists a finite constant N such
that m(z) < N for p-almost all z € ¥. The operator X is multiplicity-
free, or simple, if m(z) = 1 for p-almost all x € X, equivalently if
it is unitarily equivalent to the operator of multiplication by x on the
Hilbert space L?(X, 1), where y is a scalar-valued spectral measure on the
spectrum ¥ of X. The operator X is of uniform multiplicity n € N*
if m(z) = n for p-almost all z € X(X), equivalently if X is unitarily
equivalent to a direct sum X7 @ - - @ X, of pairwise unitarily equivalent
multiplicity-free self-adjoint operators X1i,..., X,.

Corollary 2.11 (reformulation of part of Theorem 2.9). Let X1, X»
be two self-adjoint operators on two Hilbert spaces Hi,Ha. Suppose that
X1 and X5 have same spectrum, equivalent scalar-valued spectral mea-
sures, and spectral multiplicity functions which are equal almost every-
where; in other words, suppose that X1 and Xo have the same marked
spectrum.

Then X1 and Xo are unitarily equivalent.

Proposition 2.12. For a self-adjoint operator X on a separable Hilbert
space H, the following properties are equivalent:

(i) X is multiplicity-free;
(ii) X has a cyclic vector.

Reference for a proof, and comments. Suppose that X satisfies Condi-
tion (i). Let My, m = Msx ;.15 be as in Theorem 2.9. Then My, 1,, has
a cyclic vector by (10) of Proposition 2.6, hence X has a cyclic vector.
The converse implication (ii) = (i) can be seen as one form of the
spectral theorem; we refer to [44, Theorem 5.1.7]. O
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The next proposition is a complement to Proposition 2.6 for the spec-
tral multiplicity function, in the simple case of m = 1x;. We use it below
in the proof of Proposition 3.4. For the proof, we refer to [1, Theorem 5].

Proposition 2.13. Let ¥ be a non-empty metrizable compact space and
W a finite positive measure on X2; assume that the closed support of w is
the whole of X3. Let ¢ be a continuous real-valued function on %, viewed
as o € L>®(3, ). Let M = Ms 15, be the multiplication operator by
@ on L?(Z, 1), as in Definition 2.5; recall from Proposition 2.6 that the
spectrum of M is the essential range R.

Then the spectral multiplicity function m for My, 15, satisfies

m(z) = £ (0" (2))
for p-almost all v € X(M) = R,,.

For infinite connected graphs, spectral multiplicity functions of adja-
cency operators have not been much studied. It would be interesting (at
least for us!) to understand which of these graphs have multiplicity-free
adjacency operators.

In contrast, many results have been shown concerning finite graphs
and adjacency operators with simple eigenvalues; we quote a few.

All eigenvalues are simple for finite paths, and for all trees with at
most 10 vertices (see the tables of [17]).

If G is a finite graph such that all eigenvalues of Ag are simple, any
automorphism of G is of order 2; more precisely, the automorphism group
of G is an elementary abelian 2-group ([38], see also [11, Corollary 1.6.1]).

Let G = (V,E) be a finite graph with n = |V| vertices and Ag
its adjacency matrix. We denote by 1y the vector in £2(V) defined by
1y (v) =1 for all v € V. Say G is controllable if 1y is a cyclic vector
for Ag. It is conjectured in [25] and proved in [40] that almost all finite
graphs are controllable, and therefore multiplicity-free. This is made pre-
cise as follows. Consider a positive integer n and a probability p € |0, 1].
Let G(n,p) be the set of all graphs with vertex set {1,2,...,n} having
lp(5)] edges. Let MFG(n,p) be the subset of G(n, p) of multiplicity-free
graphs. We denote by #S the cardinality of a set S. Then

lim BMFG(n, p)/4G(n,p) = 1.
3. The infinite ray, the infinite line, and the lattices

Let again G = (V, E) be a graph, (d,)yev the standard orthonormal basis
of the Hilbert space £2(V), and Ag its adjacency operator on £2(V). A
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vertex v € V is dominant if the vector ¢, is dominant for Ag, and v is
cyclic if the vector §, is cyclic for Ag. The vertex spectral measure
at v € V is the local spectral measure at ¢, on the spectrum X(A¢g) of
Aq.

The infinite ray is the graph R with vertex set N = {0,1,2,3,...}
and edge set E = {{j,j + 1} : j € N}. The adjacency operator Ag of R
is defined by

(Ar€)(u) = &(u—1) +€&(u+1)  forall £ € *(N) and u € N,
where {(—1) should be read as 0. With respect to the standard basis

(6n)pen Of the Hilbert space ¢2(N) the adjacency operator Ap is the
free Jacobi matrix:

01 00
1 01 0
Ap=J = 01 0 1
00 10
with entries Jy,, = 1 if [m —n| = 1 and J,,,, = 0 otherwise. The

following proposition collects standard results on J.

Proposition 3.1. Let R be the infinite ray and let Arp = J be its adja-
cency operator.

(1) The norm of Agr is 2.

(2) The spectrum of Ag is [—2,2], and Ar does not have any eigen-
value.

(8) The vertex spectral measure of Ar at 0 is given by

1
du(x) = 3=V 4 — 22dx

for x € [—2,2]; it is a scalar-valued spectral measure for Ag.
(4) The vertex 0 is cyclic in R and the operator Ag is multiplicity-free.

(It is known that all vertices of R are cyclic [14, Proposition 7.1].)
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Proof. The strategy of the proof is to view J as the matrix of an operator
of multiplication by x on a Hilbert space of functions on [—2,2] with
respect to an appropriate basis of orthogonal polynomials. For some
background on orthogonal polynomials and their relations with Jacobi
matrices, see [44, Section 4.1].

Consider the sequence (P,),”, of functions defined on the interval
[—2, 2] of the real line by

sin((n + 1))

P,(2cosf) = $in(0)

for § € [0,7]. Note that Py(z) = 1, Pi(z) = x, Ps(x) = 22 — 1, for all
€ [-2,2]. Define P_; to be the zero function. From the trigonometric
formula

2 cos(#) sin(nf) = sin((n — 1)0) + sin((n + 1)),

it follows that
xP,_1(x) = Py_o(x) + Py(x) for all n > 1. (3.1)

This implies, by induction on n, that P, is a polynomial, of the form
P,(z) = 2™ + (lower order terms) for all n > 0.

The P, ’s are Chebychev polynomials, up to a scale change. More
precisely, if Uy, (z) denotes the Chebychev polynomial of the second kind
of degree n, defined by Up(cosf) = sin((n + 1)8)/sin(8), then P,(z) =
Un(z/2).

Define a probability measure p on [—2,2] by

1
du(x) = %\/4 —z2dx  for z €[-2,2].

Let m,n > 0; using the change of variables z = 2 cos(f), we compute

2
/ P () Pul)dpi(x) =

-2
L[ dx
=5 | Pr@VA—aE P VA -t s
_ % 0” P (2cos(8))25in(8) P, (2 cos(9))2sin(9) df

2 [T .
= /0 sin((m + 1)) sin((n + 1)0) do

™
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_ 1/W [cos [(m +1)0 — (n+1)0] — cos [(m + 1)6) + (n+ 1)0] |8
T Jo

= 71T/07r [cos [(m —n)f] — cos [(m+n+2)0Hd9

=0if m#n and 1 if m=n.

It follows that (P,),>0 is an orthonormal basis of L?([—2,2], ). If M,
denotes the operator of multiplication by x on this space, we have by
Equation (3.1) above

M,P, =P, 1+ P,y1 forall n>0, (3.2)

where P_q should be read as 0.

This shows that J is the matrix of M, with respect to the basis
(Pn)n>0- The claims of Proposition 3.1 follow therefore from the corre-
sponding facts of Proposition 2.6. O

The line is the graph L with vertex set Z = {...,—1,0,1,...} and
edge set E = {{j,j+ 1} : j € Z}. The line can be seen as the Cayley
graph of the infinite cyclic group Z generated by {1, —1}. The adjacency
operator Ay, of L is defined by

(Aré)(u) =&E(u—1)+&(u+1) forall € € (*(Z) and u € Z.
The following proposition can be viewed as an exercise in Fourier series.

Proposition 3.2. Let L be the infinite line and let Ay, be its adjacency
operator.

(1) The norm of Ay, is 2.
(2) The spectrum of Ay, is [—2,2].

3) For all j € Z, the vertex spectral measure p; of Ar, at j is given by
J
its density with respect to the Lebesgue measure:

1
() = ———— —2,2|.
d:U’J (.’E) W\/mdx fOT S [ ) }

The measure i is independent of j, it is a scalar-valued spectral
measure for Ar, and the vertex j is dominant.

(4) The operator Ay is of uniform multiplicity 2.
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Lemma 3.3. The adjacency operator Ar, of the line L is unitarily equi-
valent to the operator Mg ox) 2 2c0s 0f multiplication by the function 2 cos
on the Hilbert space L?([0,27],\), where X stands for the Lebesgue mea-
sure on the interval.

Proof. The Fourier transform

U:(Z) — L*([0,27],)),  (U&(x) =D &(n)e™

neZ
is a surjective isometry with inverse
2
UL L2([0,27],\) = £2(Z), (U 'n)(n) = 2177/ n(x)e " dz.
0
For any n € L?([0,27], \), we have
(UALUfln) (z) = Z (ALUfln) (n)e™®
nez
— Z ((Ufln) (n _ 1)eznx + (Ufln) (n + 1)€mx>
nez
_ (Z e (k)eikx) ey <Z (U~1n) (k)eikx) o=t
kez keZ

= (UU ™)) (@)™ + (UWU ™ n)) (z)e™™ = 2cos(z)n(z)
for all z € [0, 27], so that
UALU™" = Mg 27 72 cos
as was to be proved. ]

Proof of Proposition 3.2. For (1) and (2), use Lemma 3.3: the norm of
Ap is the norm of Mg x) x 2cos; Which is sup_s<, <o |2cos(z)| = 2, and
the spectrum of Ay, is the spectrum of Mg 2x) x 2c0s, Which is the range
of the function 2 cos, namely which is [—2, 2].

(3) Let j € Z, viewed as a vertex of L. The vertex spectral measure
pj at j is defined by

/ F(@)dus(x) = (F(AL); | 65)
[—2,2]



P. DE LA HARPE 63

for all continuous function f on the spectrum of Ay. For n € N, its n'®
moment is

/ 2 dpy(x) = (AL)"5;157).
[2.2]

This number is also the number of paths of length n from j to j in the
graph L. When n is odd, this number is clearly 0. When n = 2m is even,
each such path has m left steps and m right steps, so that this number
is the binomial coefficient (2777?)

The moments of the measure - \/éll_?dzv on [—2,2] a)re also easy to
flz

compute. Moments of odd order vanish, because f_22 - @dm = 0 when

f is an odd function, in particular when f(z) = 2?™*! for some m € N.
For moments of even order 2m, using again the change of variables x =
2 cosf, we have

2 2m T 2m
/ wdle/ (2cosO)™ ) 6 do
_o V4 — 22 T Jo 2sin 6

1 ™ 0 iy 2m
= — v v do
77/0 (e +e )
2m T
_ 1 <2m> / o2m=k)0 gp _ <2m>,
T — ]C 0 m

because all but one term (k = m) vanish in the sum over k.

. d
These computations show that the measures 4; and — \/4””7? on [—2,2]
have the same moments, hence they are equal. In particular p; is inde-
pendent of j. It follows from Proposition 2.1 (6) that this measure is a

scalar-valued spectral measure for Ay, and that the vertex j is dominant.

On the one hand, Claim (4) follows from Proposition 2.13. On the
other hand, we prefer to show it with a more elementary argument, as
follows.

We view the operator Mgz z2cos Of Lemma 3.3 as the direct sum
of two operators: the operator Mg ] x 2cos Of multiplication by 2 cos on
L?([0,7],\) and the operator Mz 272,205 Of multiplication by 2cos on
L?([r,27],\). By Example 2.8, each of these two operators is unitarily
equivalent to the operator M; of multiplication by z on L?([-2,2],A). It
follows that Mg 2x] 1 2 cos» and therefore also the adjacency operator Ay, of
the line, are unitarily equivalent to the operator of multiplication by x on
the space L%([—2,2], A, C?), so that Ay, is of uniform multiplicity 2. [
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Let now d be an integer, d > 1. Let {ej,...,eq} be the canonical
basis of the free abelian group Z?. The lattice L, is the graph with
vertex set Z¢ and edge set

E={{u,v}:u€Z v=u+e; forsome j€ {1,...,d}}.

In other words, Ly is the Cayley graph of the group Z¢ with respect to
the generating set {£ey,...,+eq}. The adjacency operator Ay of Ly is
given by

d
(Aaé)(u) = Zﬁ(u —ej)+&(u+e;) forall £e 2(Z%) and u e Z%.
j=1

When d = 1, the lattice L; is the infinite line L of Proposition 3.2;
now we denote by u; the vertex spectral measure of the line, given by

dpi(z) = ﬁdl‘ for all € [-2,2].

Proposition 3.4. Let d > 2. Let Ly be the lattice graph of dimension d
and let Agq be its adjacency operator.

(1) The norm of Aq is 2.
(2) The spectrum of Aq is [—2d,2d].

(3) The vertex spectral measure pg of a vertex v in Lg is independent
of v; it is the convolution of d copies of the spectral measure py of
Proposition 3.2. It is a scalar-valued spectral measure for Aq and
it is equivalent to the Lebesgue measure supported on [—2d,2d].

(4) The operator Agq had infinite uniform multiplicity.

For the proof of the proposition above, we begin as for Proposi-
tion 3.2, with minor modifications. Much of what follows holds for d > 1,
rather than for d > 2 only. Proposition 2.13 is used for the only slightly
delicate point, which is our proof of (4).

Lemma 3.5. Let \ denote the Lebesgue measure on [0,27]¢. The Fourier
transform

U: 2z - 220,274 0),  (U€)(x) = Y g(u)e

u€Zd
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d
(where (uw|x) = ) ujz;) is a surjective isometry with inverse
j=1

Ut L2([0,27]%, \) — 2(Z9),

W) = o /[0 e

d
Let 23" cos be the function [0,27]? — R, = = (:L'j)‘j:l =2 ) cos(xj).
j=1
The operators Aq and Mg ora \ 25 cos aT€ unitarily equivalent; more

precisely:

UAdU?l = M[O,Qﬂ']d,)\,Z > cos*

Proof. For any n € L?([0,27]%, )\), we have

(VAU ) (@) = Y (AU ") (u)eitele)

ueZd
d

= Z Z ( (Un) (u— ej)ettule) 4 (Un) (u+ ej)ei<“|x>)

uEZd Jj=1
_ ( Z (k i(k|x) ) irj Z ( Z (k.)ei<k|x>>e—ixj

Jj=1 kezd Jj=1 kezd

d d

= Uu eI 4 Z Uuu x)e % = QZCOS(l'j) n(z),

J=1 J=1

so that UA U~ is the operator of multiplication by 23 cos on the
Hilbert space L*([0,27]%, X). O
Proof of Proposition 5.4. By Proposition 2.6, Mg xjd x 25 coss the ope-
rator of multiplication by the function 2 Z?Zl cos(x;) on L2([0,27]4, \),
has norm 2d and spectrum [—2d,2d]. Claims (1) and (2) follow from

Lemma 3.5.
Observe that there is a natural isomorphism

F(Z) @ H(Z)® - @ 2(Z) — (2(29)
by which we can identify the operators

Ald®-- - ®Id+---+1ld®---®Id® A1 and Ay
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By Proposition 2.3, the vertex spectral measure of Ay at a vertex of Ly
is the convolution of d copies of the vertex spectral measure of A; at a
vertex of L;. It follows from Proposition 2.1 (6) that the vertex spectral
measure of Ay at a vertex of Ly is a scalar-valued spectral measure for
Ag. This proves the first part of Claim (3).

By Proposition 3.2, the vertex spectral measure at a vertex of the
line L; is dpi(z) = f(z)dz, where f(x) = 7r\/41—7 it -2 <2 <2 and
f(x) = 0 otherwise. The vertex spectral measure at a vertex of the lattice
Lg, which is the convolution power pg = py % pg * - -+ % uy (d factors),
is consequently of the form fy(z)dx, where fy is a continuous function,
fa(z) > 0 for all x € |—2d, 2d[, and fy(x) = 0 for all z such that |z| > 2d.
In particular, this measure pg is equivalent to the Lebesgue measure on
the interval [—2d, 2d]. This concludes the proof of Claim (3).

By Proposition 2.13, the operator Mg oxjd 3 23 cos Nas uniform infinite
spectral multiplicity. By Lemma 3.5, Claim (4) follows. O

Remark 3.6. Consider the so-called discrete Laplacian Dg = 2d Id — Ay
on the lattice Ly, acting on £2(Z?). Proposition 3.4 shows that D4 has
spectrum [0, 4d] and uniform multiplicity, 2 when d = 1 and oo when

d
d > 2. The continuous Laplacian Ay = — > 83722 on the Euclidean space
j:l J
R? is an unbounded self-adjoint operator with domain

Dom(Ag) = {geL%Rd,A) IR P <oo},

where A\ denotes the Lebesgue measure and E the Fourier transform of &.
The spectrum of Ay is [0, 00[. The operators D, and A, share the same
multiplicities: it is known that Ay has uniform multiplicity, 2 when d = 1
and oo when d > 2.

Let Dy, = (V', E’) be the graph obtained from R = (V, E) by adding
one vertex 0’ to the set of vertices V of R and one edge {0’,1} to the set
of edges E of R. Thus V' = {0’} UN and

E' = {{0,1},{0,1},{1,2},{2,3},... } = {0/, 1} UE.
Let Ap be the adjacency operator of Dy.

Proposition 3.7. The spectrum of Ap is [—2,2] and 0 is an eigenvalue
of Ap. The vertices 0 and 0 are cyclic, and Ap is multiplicity-free.
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Proof. The spectrum ¥(X) of a bounded self-adjoint operator X is the
union of the essential spectrum Yqs(X) and a discrete set of points in
R N\ Xess(X) which are eigenvalues of finite multiplicity. In particular
Yess(J1) = X(J1) = [2, 2] by Proposition 3.1.

Let R' = (V', E) be the graph obtained from R = (V, E) by adding
one isolated vertex {0'}, and let A’ be its adjacency operator. The
marked spectrum of A’ is the union of that of Ap = J; and of the simple
eigenvalue 0. The operator Ap is a perturbation of A%, by an operator of
finite rank, indeed of rank 2. If K is a compact self-adjoint operator on
the same space as X, it is a theorem of Weyl that Xegs(X + K) = Zess(X)
[44, Theorem 3.14.1]. In particular

by Weyl
Sess(AD) ( y W yl)

Let n > 4. The finite graph D,, has vertex set {0',0,1,...,n — 2}
and edge set {{0’, 1},{0,1},{1,2},...,{n — 3,n — 2}} The spectrum
Y(D,,) of its adjacency operator is well-known [11, Theorem 3.1.3] to be
a finite subset of |—2,2[. Let D/, be the graph with vertex set V' and
the same edge set as D,,. Since 0 € X(D,,), the spectrum of D], is the
same as that of D,,. For n — oo, the sequence of the adjacency operators
of D}, converges strongly to Ap. It follows that ¥(Ap) is contained in
the union |J,,~, 3(D;,), hence in [—2,2]; see [23, Section X.7]. Together
with (3.3), this shows that X(Ap) = [-2,2].

Let £ € £2(V') be defined by £(0) = 1, £(0') = —1 and £(j) = 0 for all
j > 1. Then Ap& = 0, so that 0 is an eigenvalue of Ap. It is easy to check
that 0 and 0" are cyclic vertices; if necessary, see [14, Example 7.2]. [

Sess(A) = S(AR) = [-2,2]. (3.3)

Proposition 3.8. Let G be an infinite connected graph of bounded de-
gree with adjacency operator Ag such that ||Ag|| < 2. Then ||Ag|| = 2,
Y(Ag) = [-2,2], and G is isomorphic to one of the three following
graphs:

— the infinite ray R and then Ag is multiplicity-free, without eigen-
value;

— the graph Do and then Aq is multiplicity-free, with an eigenvalue;

- the infinite line L and then Ag is of uniform multiplicity two, with-
out eigenvalue.

It follows that these three graphs are determined by their marked spectrum
among connected graphs of bounded degree.
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Proof. Let F' = (Vp, Er) be a finite subgraph of G = (Viz, E), and let
Finq = (Vp, Einq) be the subgraph of G induced by V. Then ||Ap| <
|Ap,,|| by Perron-Frobenius theory and ||Ag || < ||Ac|l by standard
arguments (details in [14, proof of Proposition 3.1]), so that ||Ap|| < 2.

Computations with finite graphs show we would have |[Ap| > 2 if I
was a connected finite graph containing strictly one of A, (n > 2), D,
(n>4), E, (n=6,7,8), and this is not possible. Here A,, denotes the
cycle with n 4+ 1 vertices, D,, the graph obtained from a segment with
vertices v1,...,v,—1 and edges {vj,vj41} (1 <j<n—2) by addmg two
vertices vg, U, and two edges {vg, v2}, {vn—2,vn}, and E6, E7, Eg the stars
with respectively 7,8,9 vertices described in [11]; see Theorem 3.1.3 in
this book. It follows that G is a tree, because it does not contain strictly
any A, (n > 2). Also G does not have vertices of degree > 4, and G has
at most one vertex of degree 3, because it does not contain strictly any
D,, (n > 4). And finally, if G contains a vertex of degree 3, two of the
segments starting from this vertex must be of length 1, because it does
not contain strictly any E, (n = 6,7,8). It follows that G is isomorphic
to one of R, Do, L, hence ||Ag| = 2 and X(Ag) = [-2,2].

Since R, Do, and L have different multiplicity functions, each of them
is determined by its marked spectrum among connected graphs. O

Proposition 3.9. The infinite ray R is determined by its marked spec-
trum.

Proof. Let G be a graph of bounded degree with the same marked spec-
trum as that of R. Let (G;);c; be the connected components of G.
Denote by Ag the adjacency operator of G and, for each i € I, by A;
that of G;. There cannot exist i € I with G; finite; otherwise X(A;)
would consist of eigenvalues, and thus ¥(Ag) would contain eigenvalues,
but this is impossible since ¥(Ag) does not; hence each Gj is infinite. By
Proposition 3.8, each G; is isomorphic to one of R, D, or L; but Dy,
is impossible because Ar does not have eigenvalue and L is impossible
because Ag has uniform spectral multiplicity 1; hence each G; is isomor-
phic to R. The graph G cannot be the union of 2 or more connected
components isomorphic to R, again because Agr has uniform spectral
multiplicity 1; hence G is isomorphic to R. O

Note that the infinite line L is not characterized by its marked spec-
trum. Indeed, the adjacency operator A;, and the adjacency operator of
a graph with two connected components isomorphic to R are unitarily
equivalent, as it follows from Corollary 2.11 and Propositions 3.1 & 3.2.
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It is natural to ask whether there are other infinite connected graphs
G with ||Ag|| < V2 + /5 ~ 2.058 which are characterized by their mar-

ked spectrum among connected graphs; see [12]. The range /2 + /5 <
|Ac| < 2v/2 ~ 2.121 could also be investigated [47].

4. Spherically symmetric infinite rooted trees

Let T = (V, E) be a spherically symmetric rooted tree, of bounded degree
and without leaves, and let Ar be its adjacency operator. The main
technical result of this section is Proposition 4.6, showing an orthogonal
decomposition of £2(V) in subspaces invariant by A7 on each of which Ap
is an infinite Jacobi matrix. This is standard, it has been used for trees
as here and in other contexts; see [41], [3, Lemma 1], [45, Theorem 3.2],
[9, Theorem 2.4].

Let T'= (V, E) be a tree. Choose a root vy € V. For v € V, denote
by |v| the distance from v to vg. For an integer r > 0, let S, = {v e V :
|v| = r} be the sphere in V' of radius r around vg. For v € V, denote
by N, the set of neighboring vertices of V at distance |v| + 1 from vy.
For v € V different from vy, denote by v_ the neighboring vertex of v at
distance |v| — 1 from wvp; note that, for v # vy, the set of neighbors of v
is {v_} U N,, and therefore the degree of v is deg(v) = 1 + |N,/|. The
set of neighbors of vy is N,i = 5.

The infinite rooted tree T is spherically symmetric if, for every
r > 0, every vertex in S, has exactly d, > 1 adjacent vertices in S, 1, for
some sequence (d,)r>o of positive integers, the sequence of branching
degrees of T'. From now on, we consider an infinite spherically symmet-
ric rooted tree T" of bounded degree, with sequence of branching degrees
such that

dp >2 forall r>0 and supd, < oo. (4.1)

For r > 0, we identify ¢?(S,) with the subspace of £2(V) of functions
which vanish on V'~ S,. We set £2(S_1) = {0}. Define an operator H
on ¢>(V) by

(HE)(v) = E(v_) if |v| > 1 and (HE)(vo) =0 for all € € £2(V). (4.2)
Proposition 4.1. Let T = (V,E) be a spherically symmetric infinite

rooted tree with root vog € V, and with sequence of branching degrees
(dy)r>0 such that Condition (4.1) holds. Let Ar and H be as above.
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(1) The operator H is bounded on ¢*(V) of norm \/max,>od,, and is
mjective.

(2) The adjoint H* of H is given by

= Y &w) forall € P(V) and veV, (43)

weN

and we have
AT = H + H*.

(8) For allr > 0:

o the restriction \/%H‘gz(s) is an isometry from (%(S,) into
EQ(ST+1) and iH*H‘Z2(ST) = IdeQ(ST),'

o H*((%(S,)) = (2(S,_1) and HH*((%(S,)) C £2(S,).

(4) Letr >0 and k > 0. If ¢ and n in €%(S,) are orthogonal, then H*¢
and H*n in 2(S,,1) are also orthogonal.

Proof. (1) Let € € £2(V)). We have

IHEP =D IHO@P = [6w)P = dpy Ew)]

veV ’UGV@;&UO weV

< (maxd,) Y [€(w)]® = (maxdy) €],

weV

hence ||H|| < y/max,>¢ d,. For the equality, see the end of (3) below.
If HE =0, ie., if {(v_) =0 for all v € V . {vp}, then & = 0, hence
H is injective.
(2) We use temporarily Formula (4.3) as a definition of H*. Then

H* is bounded; indeed, using the Cauchy—Schwarz inequality, we have
for all £ € £2(V)

SIErO@E =3 | 3 tw) < Ddy 3 letw)

veV veV  weN; veV weN;

= Y dele@)P < (maxd,) ¢

weV,w#vg
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And H* is the adjoint of H because, for &,1 € £2(V), we have

(H*¢|m) =D _(H* ) =Y Y &)

veV veV w€N+
= {w = &w = (¢| Hn).
WAV wW#vo

The equality Ar = H + H* follows from (4.2) and (4.3).

(3) Let & € £2(S,). It is obvious that H¢ € ¢2(S,11). Moreover, the
computation of the proof of (1) continues as

IHEN? = dpyy [€w)]> =dp > 1€(w)]? = dr||€]?,

hence \/%TTH‘EQ(ST) is an isometry from ¢2(S,.) into £2(S,11). We have also
(H*HE)(v) = Y (HE)(w) = dé(v) forall veV,
wEN,
hence

1 *
TH H|p5) = Tdes,). (4.4)

It follows that H* maps ¢2(S,,1) onto £2(S,), and also that || H|| > /d,.
It follows now that ||H|| = \/max,>¢ d;.

(4) For & and n orthogonal in ¢2(S,) we have, using Equality (4.4),

(HE|Hn) = (H*HE |n) = d(&|n) =0,

so that H¢ and Hn are orthogonal in ¢2(S,;1). For k > 2, the same
argument repeated k times shows that H*¢ and H*n are orthogonal. [

Set
Uoo = 52(50) and Uy, = H (Upp) for each integer r > 0.

Note that Uy, is the one-dimensional subspace of £2(V) of functions on
V' which vanish outside S, and which are constant on S,. Set

Vo = @ Uo,,
r=0
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which is the subspace of £2(V) of functions which are constant on each
sphere.

We define now subspaces U, , and V,, for n > 1 and r > n, by
induction on n. Let n > 1; assume that U, , has already been defined
when 0 < m < n and ¢ > m. Define

Uy, n = orthogonal complement of Uy, U1y B -+ BUp—1, in €2(Sn),
Unyr = H " Uy,,) in £2(S,) for all r>n,

Vo = Dl

Observe that

CWV)=EPr(S,) and 2(S,) =PUy, forall r>0. (45)
r=0

n=0

Proposition 4.2. Let the notation be as above. There are orthogonal
direct sums decompositions

(V) = év = ééun
n=0

n=0r=n
For each n > 0, the subspace V,, of (2(V) is invariant by H, H*, and Arp.

Proof. We continue to follow [3].

We first check that the direct sums are orthogonal. Let ni,r, s be
nonnegative integers such that r # s and 0 < n; < min{r,s}. The
spaces Uy, » and Uy, s are orthogonal, because they are respectively sub-
spaces of £2(S,) and ¢2(Ss) which are orthogonal. It follows that V,, =

(o]

@ Uy, is an orthogonal sum. Let moreover ny be an integer such that
r=ni
ng > ni. The spaces Uy, n, and Uy, n, are orthogonal by definition of

Ungy ny- By (4) of Proposition 4.1, the spaces Uy, , = H" ™" (Up, n,) and

Unyr = H" ™2 (Uny n,) are orthogonal whenever r > ny. It follows that
o0 o0

Von = @ Un,,» and V,,, = @ Uy, , are orthogonal, and therefore that

r=nj r=ns
oo
2(V) = @ V, is an orthogonal sum.

n=0
By definition, each V), is invariant by H. It remains to show that
each V), is also invariant by H*, i.e., that H*(Uy,,) C V, for all r > n.
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Let £ € Uy, for some n and r such that 0 < n < r; we distinguish
three cases.

Assume first that » > n. There exists n € U, , such that £ =
H"™ ", Then H*¢ = (H*H)(H" ") = d,_1H" "1 by (3) of Propo-
sition 4.1, hence H* € Uy r—1 C Vp.

Assume now that r = n > 1. Then H*¢ € (*(S,_1). We claim
that H*¢ = 0. Indeed, choose £ € {0,1,...,n — 1} and ¢ € Up,—1.
Then H( € Up,, and € € U, are orthogonal (because ¢ < n), so that
(H*¢ | ¢) = (¢ | H() = 0; hence H*{ is orthogonal to Uy, for each
L<n-—1,ie., H* is orthogonalto@ (Sp—1), i.e., H*¢ = 0.

Assume ﬁnally that r = n = 0; then H*¢ = 0. This shows that
H*¢ € V,, in all cases. O

The next proposition is now straightforward:
Proposition 4.3. With the notation as above, we have
(1) dim¢%(S,) = |S,| —Hg;gdq for alln > 0;
(2) dimU, , = (Hg;g dq> (dp—1—1) foralln>2 and r > n;
and dimUy , = do — 1 for all v > 1; and dimUp, = 1 for all r > 0;
(8) dimV,, = oo for all n > 0.

Let n > 0. Denote by ¢*(N,U,,) the Hilbert space of sequences
oo

(&j)j>0 of vectors in Uy, , such that > [|&;]|? < oo. For all j > 0, by (3)
i=0

]_
of Proposition 4.1 and by definition of U, ,4;, the operator

B
Hn—‘rj 1 d

q=n

HY un,n — un,n+j

is a surjective isometry.
Let £ € V,,. For all j > 0, there exists &,4; € Up ntj, and therefore
Xn+j € Unn, such that

, 1 : .
€ = (€nts) n0 With Enpj = ————— Hix,y; forall j>0. (4.6)
= Hn+] 1d

q=n

Note that ang“ = ||Xn,j

|. We have shown:
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Proposition 4.4. Let the notation be as above. For any n > 0, the
operator

Wi e Vo = £2(N,Un ) defined by Wi ((§nt5)20) = (Xnt5)520
is a surjective isometry, and W ((xn+)j>0) = (§ntj)j>0-
Let n > 0. We define the weighted shift Sy, on EQ(N,Z/{H,H) by
St (Xns Xnt1> Xn42s Xn43s - --) =

= (07 V anna d’fH-lxn-‘rl? dn+2Xn+27 .. )

The operator Sy, is the direct sum of dim(U4, ) copies of the standard
weighted shift S,, defined on the usual sequence space ¢2(N) by

Sn( Moy AL, A2y Az, <) = (0, v/ dp Aoy \/dns 1A, Vidngoha, .. ).  (4.7)
Proposition 4.5. With the notation as above, we have for all n > 0
WnHW, = Sy and W, H*W; =S5 .
Proof. Let (X”ﬂ')jzo € (*(N,Uy ). The vector Wi ((xn+j)j>0) is the

vector £ of (4.6), so that

HW* ((Xn+j)jz0) = H((§n+5)j20) = H((ﬁé% Han+j>j>0>

= (0777177727"'777ka"')

with
1 _
e =V dptk—1 THk IXn—Hc—l =V ptk—1&n+k—1
Hq:ni dq

for all £ > 1. Therefore

W HW (Xn+5)520) = Wa(0, 01,12, Dk - - -)

= Wn(oa \/CTngm \Y dn-‘rlgn-i-h V dn+2€n+27 . )

= Su,n(Xm Xnt1s Xn+2> Xn+3s -+ +),

hence W, HW} = Sy . Finally W, H*W} = (W, HW})* = SZ‘,,”. O
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For n > 0, we denote by

dxn the sequence (\/d, \/dn+1, e \/dnﬂ-, oY)
and we consider the infinite Jacobi matrix

0 Vd, 0 0
Vi 0 Vdnt1 0

Js..,=1 0 Vdun 0 dny2 - | (4.8)
0 0 da 0 .-

If we identify the operators S,, of (4.7) and S} with their matrices with
respect to the standard basis (d;) g of ?2(N), we have

Jg*’n =5, + SZ.
Here is a reformulation of part of the previous propositions.

Proposition 4.6. Let T = (V, E) be an infinite spherically symmetric
tree with root vy and with sequence of branching degrees (dy)r>0 such that
dr > 2 for all v > 0 and sup, d, < oco.
The adjacency operator Ap of T is unitarily equivalent to a direct
oo

sum mnJs, ., where the multiplicities m,, are given by
n=0

n—2

m, = dimU, , = (H dq) (dp—1—1) for n>2
q=0

m1 = dimul,l == do —1

mo = dimUpo = 1
and where the Js, , ’s are the Jacobi matrices of (4.8).

As a first particular case, consider an integer d > 2, the constant
sequence (d,d,d,...), and the regular rooted tree T3°°* = (V, E) of
branching degree d; the relevant Jacobi matrix is the multiple v/d.J of
the free Jacobi matrix J of Section 3. By Proposition 3.1 for the marked
spectrum of J and by Proposition 2.2, we obtain the marked spectrum
of VdJ:

(1) The norm of v/dJ is 2V/d.

(2) The spectrum of v/dJ is [—2v/d, 2V/d].
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(3) The vertex spectral measure of v/dJ at &y is
1
du(x) = 57V 4d — 22 dx
T

for z € [-2v/d, 21/d] (where dx stands for the Lebesgue measure).
(4) The vector & is cyclic for v/dJ and v/dJ is multiplicity-free.
By Proposition 4.6, the adjacency operator of T5°°" is the direct sum of
infinitely many copies of v/d.J, and we obtain the following:

Proposition 4.7. Let d > 2 and let T;°° = (V, E) be the regular rooted
tree of branching degree d. Let A°" denote the adjacency operator of
T§00t'

(1) The norm of At is 2v/d.
2) The spectrum of A® is [—2v/d,2V/d].
d

(3) The vertex spectral measure at 0 is du(z) = 525v/4d — 22 dz for ©
in B(APY); it is a scalar-valued spectral measure for AL°".

(4) A°" has uniform infinite multiplicity.

Recall from the introduction that two graphs G, G’ of bounded degree
are cospectral if their adjacency operators have equal spectra, equiva-
lent scalar-valued spectral measures, and spectral multiplicity functions
which are equal almost everywhere.

Corollary 4.8. For any integer d > 2, the lattice graph Lg and the
regular rooted tree T 58“ are cospectral.

Proof. This is an immediate consequence of Corollary 2.11 and of Propo-
sitions 3.4 and 4.7.

Note that the measure pg of Proposition 3.4 for Ly and the measure
i of Proposition 4.7 for TéSOt are not equal, but they are both equiva-
lent to the Lebesgue measure on [—d?, d?], and this is enough to apply
Corollary 2.11. O

Example 4.9. Consider an integer p > 2 and a sequence of integers
di = (dr)r>0 such that d, > 2 and d,q, = d, for all » > 0. For
s € {0,1,...,p — 1}, let Ts be the spherically symmetric rooted tree
with sequence of branching degrees d, s = (ds, dst1,dsy2,...). When p is

the smallest period of the sequence dy, the trees T, ..., T,_1 are pairwise
non-isomorphic.
It follows from Proposition 4.6 that the p trees Ty, ...,T,—1 are cos-

pectral.
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5. Regular trees

For any positive real number a, set

0 a 00
a 0 1 0

J,=10 1 01 (5.1)
0010

Note that Jy is the free Jacobi matrix. Matrices J..« here and below are
identified with the corresponding operators on the Hilbert space ¢?(N),
with its canonical orthonormal basis.

Let d be an integer, d > 3; let Ty = (V, E) be the regular tree of
degree d. Choose one vertex vy € V to be the root of Ty. Then T is
the spherically symmetric rooted tree with sequence of branching degrees
(d,d—1,d—1,d—1,...) of which all terms are d — 1 but the initial one
which is d. The matrix Js, , of Proposition 4.6 is

0 Vd 0 0 0
Vd 0 d—1 0 0
0 Vd—1 0 d—1 0
JvavaiT==| o 0 Vd—1 0 d—1 :
0 0 0 d—1 0 (5.2)

Note that 1 < a < M, since d > 3. The other matrices Js,, of Propo-
sition 4.6, for n > 1, are all equal to v/d — 1J;. For Proposition 5.3 below,
we will need to know properties of the scalar-valued spectral measures
defined by these matrices. This is straightforward and very standard for
J1, as already shown in Proposition 3.1, but we did not find a simple ad
hoc argument for J, ;5 AT and we rather quote the following

Proposition 5.1. Consider a real number a such that 0 < a < V2 and
the matriz J, of (5.1), viewed as a self-adjoint operator acting on (*(N),
with its canonical orthonormal basis (8p)n>0-

(1) The norm of Jg is 2.
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(2) The spectrum of Jg, is the interval [—2,2].
(3) The vector &y is cyclic for the operator J,.

(4) The vertex spectral measure of J, is equivalent to the Lebesgue mea-
sure on [—2,2], and it is a scalar-valued spectral measure.

Proof for (1) to (3) and reference for (4). As in the proof of Proposi-
tion 3.7, we have Yess(X + K) = Yegs(X), so that Yess(Jy) = [-2,2];
this holds for all @ > 0. The eigenvalue equation J,§& = A for £ =
(€2)n>0 € £2(N) gives rise to a difference equation of second order with
constant coefficients, and a routine computation shows that this equa-
tion has no solution in ¢?(N) when 0 < a? < 2 (details for example
in [14, Lemma 4.6]); it follows that 3(J,) = Xess(Jo) = [-2,2]. This
completes the proof of Claims (1) and (2). It is straightforward to check
Claim (3).

Claim (4) is more delicate to prove, and we quote here a particular
case of the result of [35] (particular because we impose diagonal coeffi-
cient b, = 0 here, and because we exclude eigenvalues):

Let (an)n>0 be a sequence of positive real numbers such that

o

nh_}ngo ap,=1 and Z |an+1 — an| < oo.
n=1
Let i be the measure associated to the sequence of orthonormal polyno-

mials (Py)n>0 defined by the recurrence formula
2Py (x) = anPpi1(z) + an—1Py—1(x) for n>0

(with a_y =0, P_y = 0, Py constant) and the normalisation P,(x) =
Ynx™ + lower order terms, v, > 0. Consider the operator J defined on
the Hilbert space (*(N) with its canonical basis (6,)nen by the Jacobi
matric

0 ao 0 O
aq 0 aj 0
0 al 0 ay , (5'3)

0 0 a O
and assume that this operator does not have any eigenvalue. Let p be the

local spectral measure of J at 0y, defined by fE(J) fz)du(z) = (f(J)do |
do) for any function f continuous on the spectrum 3(J) of J.
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Then %(J) = [—2,2] and pu = p\ for a function p which is continu-
ous positive on |—2,2[ and zero outside [—2,2] (where X is the Lebesgue
measure). In particular, y is equivalent to A on [—2,2].

Claim (4) follows. Rather than relying on [35], we could alternatively
quote [48, Theorem III.11], which provides an explicit formula for the
local spectral measure of J, at the vector dg, or quote results related to
that of [35], such as [21, Theorem 3| or [49, Theorem 8.18]. O

By Corollary 2.11, we have the following consequence of Proposi-
tion 5.1, surprising for us:

Corollary 5.2. For any a € |0,/2], the matriz J, is unitarily equivalent
to Jl .

In corétrast, for a > /2, the operator .J, has two simple eigenva-
lues i\/%, and therefore is not unitarily equivalent to J;. Let d > 3

and a = v/d/v/d — 1; note that a < v/2; since Jyayaie = Vd—1Jq,
see (5.2), Proposition 5.1 implies: (1) The norm of J /5 7= is 2v/d — 1.
(2) The spectrum of J 5 z=~ is the interval [—2vd —1,2V/d —1].
(3) The vector &y is cyclic for the operator J 5 o—. (4) The vertex
spectral measure of J NN = is equivalent to the Lebesgue measure on

[—2v/d — 1,2v/d — 1]; it is a scalar-valued spectral measure.

By Proposition 4.6, the adjacency operator Ay of Ty is the direct sum
of one copy of J VAT and infinitely many copies of v/d — 1J1, hence
we obtain the following:

Proposition 5.3. Let d > 3 and let T; = (V, E) be the regular tree of
degree d. Let Ar, be the adjacency operator Ty.

(1) The norm of Ar, is 2¢/d — 1.
(2) The spectrum of Ar, is [-2v/d —1,2v/d — 1].

(8) The vertex spectral measure at any vertex is equivalent to the Lebes-
gue measure on the spectrum of Ar,; it is a scalar-valued spectral
measure.

(4) Ar, has uniform infinite multiplicity.

Corollary 5.4. For any integer d > 2, the lattice graph Lg and the
reqular tree T2 1 are cospectral.
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Remark: the vertex spectral measures of Ty and Té‘mt which appear
here are equivalent to the Lebesgue measure on the appropriate interval.
This is in sharp contrast with large families of spherically symmetric
rooted trees, for which vertex spectral measures don’t have absolutely
continuous spectrum [10], [19].

6. An uncountable family of cospectral graphs

There are in [29] examples of uncountable families of pairwise non-
isomorphic cospectral Schreier graphs. They are defined in terms of
certain groups of automorphisms of infinite regular rooted trees called
spinal groups, and the actions of these groups on the boundaries of the
trees. We restrict here to the particular case of the Fabrykowski—-Gupta
group, which is the simplest of the spinal groups acting on rooted trees
of branching degree > 3, and we describe shortly one of these families as
follows.

Consider the regular rooted tree 7' = T3°° of branching degree 3, its
boundary 9T which is the Cantor space {0, 1, 2}N of infinite sequences
of 0,1 and 2 ’s, and the Bernoulli measure v on 9T which is a probability
measure invariant by the automorphism group of 7. The Fabrykowski—
Gupta group I' is the group of automorphisms of T' generated by the
symmetric set S = {a,a"1,b,b~1}, where a is the cyclic permutation of
the three main branches of T" just below the root, and where b is the
automorphism of T usually defined recursively by b = (a,1,b), see for
example [39, Subsection 8.2].

For £ € OT, let Stabe(I") denote the stabilizer {g € ' : g¢ = £}. Let
Sce = Sc(I', Stabg(I'), S) be the Schreier graph of the indicated triple,
with vertex set the orbit I'¢ (i.e., the coset space I'/Stabg(I')) and edges
the pairs of the form {g¢, sg{} with g € T and s € S. This graph may
have loops (pairs with g€ = sg§) and multiple edges (pairs {g¢&, sg¢} and
{g€,s'g¢} with s’ # s and sg€ = s'g¢), but its adjacency operator Ag
acting on £2(G¢) can be naturally defined.

It is known that there exists a measurable subset W of 9T of full
measure, i.e., (W) = 1, such that for { € W the adjacency operator A¢
has the following properties:

— The closure of the set of eigenvalues of A¢, which is the spectrum
of Ag, is the union of a Cantor subset of R of Lebesgue measure
zero and of countably many points accumulating on this Cantor
set; see [5, Theorem 3.6 and Corollary 4.13] and [29, Theorem 1.5].
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— A¢ has a pure point spectrum, more precisely there exists an or-
thonormal basis of £2(I'¢) of eigenvectors of A¢, moreover each
eigenvector in this basis is a function of finite support on '
[29, Theorem 1.8].

— The set of these eigenvalues and their multiplicities, which are all
infinite, do not depend on & [29, Section 5].

Moreover, for £ € W, the set of ¢ € W for which Sce is isomorphic to
Sce has v-measure 0 [39, Corollary 7.13].

In particular, there are uncountably many graphs Sce which are

cospectral and pairwise non-isomorphic.
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