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ABSTRACT. In this paper we first show that among all double-
toroidal and triple-toroidal finite graphs only KglI9K;, KglUI5Ks,
KgU3Ky, KsU9K3, KgU9(K; V3K,), 3K and 3Kg U4K, LIGK,
can be realized as commuting graphs of finite groups, where L
and V stand for disjoint union and join of graphs respectively. As
consequences of our results we also show that for any finite non-
abelian group G if the commuting graph of G (denoted by T'.(G))
is double-toroidal or triple-toroidal then I'.(G) and its complement
satisfy Hansen-Vukicevi¢ Conjecture and E-LE conjecture. In the
process we find a non-complete graph, namely the non-commuting
graph of the group (Zs x Zs) X Qs, that is hyperenergetic. This
gives a new counter example to a conjecture of Gutman regarding
hyperenergetic graphs.

Introduction

Finite groups are being characterized through various graphs defined on
it for a long time now. A survey on graphs defined on groups can be
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found in [4]. One such graph defined on groups is the commuting graph.
The commuting graph of a finite group was originated from the works
of Brauer and Fowler in [3]. Let G be a finite non-abelian group with
center Z(G). The commuting graph of G is a simple undirected graph
whose vertex set is G\ Z(G) and two vertices x and y are adjacent if
xy = yx. It is denoted by T'.(G). The complement of this graph is
the non-commuting graph of G, denoted by I',.(G). The study of non-
commuting graph of a finite non-abelian group gets popularity because
of a question posed by Erdés in the year 1975 which was answered by
Neumann in 1976 [18].

The genus of a graph I' is the smallest non-negative integer n such
that the graph can be embedded on the surface obtained by attaching
n handles to a sphere. It is denoted by «(I'). The graphs which have
genus zero are called planar graphs, those which have genus one are called
toroidal graphs, those which have genus two are called double-toroidal
graphs and those which have genus three are called triple-toroidal graphs.
Classification of finite non-abelian groups whose commuting graphs are
planar or toroidal can be found in [1] and [6] (also see [9, Theorem 3.3]).
Recently, finite non-abelian groups such that their commuting graphs are
double-toroidal or triple-toroidal are classified in [20]. In this paper, we
consider finite non-abelian groups whose commuting graphs are double or
triple-toroidal and realize their commuting graphs. As such we show that
among all double-toroidal and triple-toroidal finite graphs only KglI19K7,
Kg UbKs, Kg 3Ky, KgU9K3, Kg LI 9(K1 V 3K2), 3K¢ and 3Kg U
4K 4 U6K5 can be realized as commuting graphs of finite groups, where
U and V stand for disjoint union and join of graphs respectively. We also
compute first and second Zagreb indices of I'.(G) and I'y,.(G) and show
that they satisfy Hansen-Vukicevié¢ conjecture if I'.(G) is double-toroidal
or triple-toroidal. Further, we show that these graphs also satisfy E-LE
conjecture.

Let I" be a simple undirected graph with vertex set v(I') and edge set
e(T"). The first and second Zagreb indices of I', denoted by M;(I") and
M5 (T") respectively, are defined as

Z deg(v)? and My(T Z deg(u) deg(v),
vev(T) uvee(T")

where deg(v) is the number of edges incident on v (called degree of v).
Zagreb indices of graphs were introduced by Gutman and Trinajstié¢ [13]
in 1972 to examine the dependence of total m-electron energy on molecu-
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lar structure. As noted in [19], Zagreb indices are also used in studying
molecular complexity, chirality, ZE-isomerism and heterosystems etc.
Later on, general mathematical properties of these indices are also stu-
died by many mathematicians. A survey on mathematical properties of
Zagreb indices can be found in [14]. Comparing first and second Zagreb
indices, Hansen and Vukicevié [15] posed the following conjecture in 2007.

Conjecture 1 (Hansen-Vukicevi¢ Conjecture). For any simple finite
graph I,
My(T) _ Myi(T)
le(@)] ~ @]

(1)

It was shown in [15] that the conjecture is not true if I' = K 5 U K3.
However, Hansen and Vukicevié¢ [15] showed that Conjecture 1 holds for
chemical graphs. In [22], it was shown that the conjecture holds for trees
with equality in (1) when I is a star graph. In [16], it was shown that the
conjecture holds for connected unicyclic graphs with equality when the
graph is a cycle. However, the search of graphs validating or invalidating
Conjecture 1 is not completed yet. Recently, Das et al. [7] have obtained
various finite non-abelian groups such that their commuting graphs satis-
fy Hansen-Vukicevi¢ Conjecture. It was also shown that I'.(G) satisfies
Hansen-Vukicevi¢ Conjecture if I'.(G) is planar or toroidal.

Let A(T') and D(T") denote the adjacency matrix and degree matrix
of I respectively. The set of eigenvalues of A(I") along with their multi-
plicities is called the spectrum of I'. The Laplacian matrix and signless
Laplacian matrix of I are given by L(I') := D(I') — A(I") and Q(T") :=
D(T") + A(T") respectively. The Laplacian spectrum and signless Lapla-
cian spectrum are the set of eigenvalues of L(I') and Q(I') along with
their multiplicities respectively. Let v(I") := {v; : i = 1,2,...,n}. The
common neighbourhood of two distinct vertices v; and v;, denoted by
C(vs,vj), is the set of all vertices other than v; and v; which are adjacent
to both v; and v;. The common neighbourhood matrix of I', denoted by
CN(TI'), is defined as

|C(’UZ'7U')’7 le#Ja
(CN(T))i; = {0 T
, if i = j.

The common neighbourhood spectrum of I' is the set of all eigenvalues
of CN(I') along with their multiplicities. We write Spec(I"), L-spec(I'),
Q-spec(I") and CN-spec(I") to denote the spectrum, Laplacian spectrum,
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signless Laplacian spectrum and common neighbourhood spectrum of I'
respectively.

The energy, E(I') and common neighbourhood energy, Ecn(I') of
I’ are the sum of the absolute values of the elements of Spec(I') and
CN-spec(I') respectively. The Laplacian energy, LE(I') and signless
Laplacian energy, LE"(T') of T are defined as

LET)= Y

A€L-spec(T")

2m

M_i
n

Ao 2m

Y

and LET(T) = Z

nEQ-spec(T)

n

where m = |e(T)|. It is well-known that E(K,) = LE(K,) = LET(K,) =
2(n—1) and Ecn(K,) = 2(n—1)(n—2). A graph I" with |v(I")| = n is cal-
led hyperenergetic if E(I') > E(K,,). It is called hypoenergetic if E(I") <
n. Similarly, I is called L-hyperenergetic if LE(I") > LE(K,), Q-hyper-
energetic if LET(I') > LE"(K,) and CN-hyperenergetic if Ecy(I") >
Eon (Ky).

Gutman et al. [12] conjectured that E(I') < LE(T') which is known
as E-LE conjecture. Gutman [11] also conjectured that “G is not hyper-
energetic if G 2 K|,(g)|”- Note that both the conjectures were disproved.
However, it is still unknown whether the commuting or non-commuting
graphs of finite groups satisfy E-LE conjecture. In this paper, we show
that I'.(G) and I'y,.(G) satisfy E-LE conjecture if I'.(G) is double-toroidal
or triple-toroidal. Further, we find a non-complete graph, namely the
non-commuting graph of the group (Zs x Z3) x Qg, that is hyperener-
getic. This gives a new counter example to the above mentioned con-
jecture of Gutman. We shall also determine whether I'.(G) and I',,.(G)
are hypoenergetic, hyperenergetic, L-hyperenergetic, Q-hyperenergetic
and CN-hyperenergetic if I'.(G) is double-toroidal or triple-toroidal. It
is worth mentioning that the universal adjacency eigenvalues/eigenpairs
of the commuting and non-commuting graphs for most of the groups
considered in this paper can be obtained from [2].

1. Realization of commuting graph

In this section, we determine all finite planar, toroidal, double-toroidal
and triple-toroidal graphs that can be realized as commuting graphs of
finite groups. Using [1, Theorem 2.2], [9, Theorem 3.3] and commuting
graphs of various finite non-abelian groups considered in [9] we have the
following theorem.
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Theorem 1. (a) Among all the planar finite graphs only Ko U 3K,
3Ky, Ky UBK,Ky U 3Ky, 3Ky, K3 U 4Ks, 5K3 LU 10K5 LI 6Ky,
3Ky U4Ky, K4 UbBKs and TKe LI D can be realized as commuting
graphs of finite groups, where D is the graph obtained from 4Kj3
after three vertex contractions as shown in Figure 1.

(b) Among all the toroidal finite graphs only K¢ U 7K, K¢ U 4K>,
KgU3K3, Kg U4Ky and Kg U 7Ky can be realized as commuting
graphs of finite groups.

Figure 1: Graph after three vertex contractions in 4K3

Figure 2: KV 3K,

The following two results from [20] are useful in determining all fi-
nite double-toroidal and triple-toroidal graphs that can be realized as
commuting graphs of finite groups.

Theorem 2 (|20, Theorem 3.6]). Let G be a finite non-abelian group.
Then the commuting graph of G is double-toroidal if and only if G is
isomorphic to one of the following groups:

(a) Dig, Dag, Q20,53 X Zy x Ly, S3 X Za,

(b) (Z3 XZ3) X g = <5U71/721333 :y3 =z= [l’,y] =1,
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(C) Z3 >qZS = <x7y:x8 :y3 = 1’ym :y_1>7

d) (Z3 X Z4) X Lo = (x,y,z: 0t =y =22 =1,
( Y Y

1

ayr~! =y wz =z, yz = 2y),

(e) (Zg x Zs) x Zy = (w,y : a* = y* = (ya?)? = [o7 yz,y] = 1),

(f) (Z3 X Z3) X QS = (x,y,z : 1‘4 = y4 = 23 = 17yx = y_17
=2t = o = (2y)?).
Theorem 3 ([20, Theorem 3.7]). Let G be a finite non-abelian group.
Then the commuting graph of G is triple-toroidal if and only if G is
isomorphic to either

(a) GL(2,3),Dg x Z3,Qg x Z3,

(b) SL(2,3)0Zs = (w,y,z:y® =2 = 1,22 =22, y" =y~ !,

1 —12—1 1

Y zy y~lz =az oy !

zy =1).
Now we realize the structures of I'.(G) if I'.(G) is double-toroidal or
triple-toroidal.

Theorem 4. Let G be a finite non-abelian group. If T'¢(G) is double-
toroidal then T.(G) is isomorphic to Kg 19Ky, Kg U 5Ky, Kg U 3Ky,
Kg LU9K3 or Kg LU 9(K1 V 3K2>.

Proof. From Theorem 2, we have I'.(G) is double-toroidal if and only if G
is isomorphic to either Dig, Dog, Q20,53 X Zo X Zg, Sg X Z4, (Zg X Zg) X s,
Z3 A Zg, (Z3 X Z4) X ZQ, (Zg X Zg) X Z4 or (Zg X Zg) X Qg.

Let G be any of the groups Dig and (Zs X Zs3) x Zz. Then G is
an AC-group. The centralizers of the non-central elements of G are of
size 9 and 2. There is exactly one centralizer of size 9 and nine distinct
centralizers of size 2. Thus I'.(G) = Kg U 9K].

Let G be any of the groups Doy and QQ29. Then G is an AC-group,
|Z(G)| = 2 and it has one centralizer of size 10 and 5 distinct centralizers
of size 4. Thus I'.(G) = Kg U5K>.

Let G be any of the groups S3 X Zg X Zg, S3 X Z4,Z3 X Zg and (Zs3 X
Z4) X Za. Then G is an AC-group, |Z(G)| = 4 and it has three centralizer
of size 8 and one centralizer of size 12. Thus I'.(G) = Kg LI 3K}.

If G = (Z3 x Z3) % Z4, then G is an AC-group, |Z(G)| = 1 and it
has one centralizer of size 9 and 9 centralizers of size 4. Thus I'.(G)
= KgLU9Ks3.
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Let G = (Z3x7Z3) X Qs. The group G consist of one sylow 3-subgroup
of order 9 and 9 sylow 2-subgroups of order 8. The sylow 2-subgroups of
G are isomorphic to Qg and the sylow 3-subgroup is isomorphic to Zg xZs.
The intersection of any two of these subgroups is trivial. Thus G is exact-
ly the union of these subgroups. Let L be any of these subgroups and
x € L,z # 1. Then Cg(z) C L. Thus the commuting graph of G con-
sist of 10 components. One of the component is I'.(G)[H], where HU{1}
is the sylow 3-subgroup of G. The other 9 components are I'.(G)[K;],
where K; U{1},i=1,2,...,9, are the sylow 2-subgroups of G. It can be
seen that ['.(G)[H] = Kg and I'.(G)[K;] = K1 V3K fori=1,2,...,9.
Thus I'.(G) = Kg U9(K7 V 3Ks). O

Theorem 5. Let G be a finite non-abelian group. If T.(G) is triple-
toroidal, then I'.(G) is isomorphic to 3Kg or 3Ke L1 4K, L 6K5.

Proof. From Theorem 3, we have I'.(G) is triple-toroidal if and only if
G is isomorphic to GL(2,3), Dg X Zs, Qs X Zs or Cy 0 Sy.

If G = Dg x Z3 or Qg X Z3, then G is an AC-group, |Z(G)| = 6 and
has three distinct centralizers of size 12. Therefore, I'.(G) = 3Kj.

If G = GL(2,3) or Cy 0 Sy, then G is an AC-group, |Z(G)| = 2
and it has three centralizers of size 8, four centralizers of size 6 and six
centralizers of size 4. Thus, I'.(G) = 3Ks U 4K, L 6K>. O

We conclude this section with the following corollary.

Corollary 1. (a) Among all the double-toroidal finite graphs only
Kg 9Ky, KglUbKs, Kgli3Ky, Kgl9K3 or Kg |_|9(K1 \/3K2) can
be realized as commuting graphs of finite groups.

(b) Among all the triple-toroidal finite graphs only 3Kg and 3K¢U4K,
LU6Ko can be realized as commuting graphs of finite groups.

2. Some consequences

In this section we show that for any finite non-abelian group G if I'.(G) is
double-toroidal or I'.(G) is triple-toroidal then I'.(G) and I',,.(G) satisfy
Hansen-Vukicevi¢ Conjecture and E-LE conjecture. The following result
is useful in our study.

Theorem 6 ([8, page 575] and [5, Lemma 3]). For any graph T’ and its

complement T',

My(T) = [u(D)|(Jo(D)] = 1)* = 4leD)|([o(T)] = 1) + Mi(T)  and
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v v — 3
20y = MO pemy2 = sfe(y (o)) - 17
+ (100 = ) 200) - 20,

In [7], it was shown that I'.(G) satisfies Hansen-Vukicevi¢ Conjec-
ture if I'.(G) is planar or toroidal. The following theorem shows that if
I'.(G) is double-toroidal then I'.(G) and I',,.(G) satisfy Hansen-Vukicevié
Conjecture.

Theorem 7. Let G be a finite non-abelian group. If T'.(G) is double-
toroidal then ]\\gfg(GC):))l) > %Egéﬁ))l), where T'(G) = T(G) or T'ne(G).

Proof. From Theorem 4, we have that I'.(G) is isomorphic to Kg 3Ky,
KgU9K,, KgLUbKy, KglU9K3 or Kg LI 9(K1 \Y 3K2) Ifr (G) Kgu
3Ky, then [v(T(G))| = 20, [e(Te(G))| = 46, |e(Tne(G))| = (%)) — 46 =
144. Using Theorem 2.1 of [7] and Theorem 6, we have M;(I':(G)) =
500, Ma(T'e(G)) = 1534, M1(I'ye(G)) = 4224 and M(I',.(G)) = 30720.
Therefore

M (TAGY) _ TOT . M(TA(G)
le(Te(G))] 23 [v(Te(G))]
and

My(Te(G)) _ 640 1056 _ Mi(Tue(G))

le(Tne(G))] 3 5 w(Tne(@))]
I T(G) 2 Ky UK, then [0(To(G))] = 17, |e(T(G))] = 28, [e(Tne(G))
= (127) — 28 = 108. Using Theorem 2.1 of [7] and Theorem 6, we
have Mi(To(G)) = 392, My(T'o(G)) = 1372, Mi(T'e(G)) = 2952 and
M5(I'pe(G)) = 19584. Therefore

49 >

Mo(Le(G) _ g o, 892 _ Mi(Te(G))
le(Te(G))] 17 o(Te(@))

and

leTne(G))l 9 17 [o(Tne(G))]
If T (G) = Kg U 5Ky, then [0(Te(G))] = 18, [e(Te(G))| = 33, |e(Tne(G))|
= (%) — 33 = 120. Using Theorem 2.1 of [7] and Theorem 6, we
have Mi(Te(G)) = 402, Ma(To(G)) = 1377, Mi(Tpe(G)) = 3360 and
M5 (T1e(G)) = 23040. Therefore
Mp(To(G)) 67 _ 459  M(T(G))
|

TG ~ 3 711 u(T(G))
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and

=192 > —
le(Tne(G))] 3 u(Tne(G))
It T(G) & Ky U9Ks, then [o(T(G))] = 35, [e(Tu(G))| = 55, [e(Tne(G))
= (%)) — 55 = 540. Using Theorem 2.1 of [7] and Theorem 6, we
have M (To(G)) = 500, My(Te(G)) = 1480, M (Tne(G)) = 33480 and
M>5(T'.(G)) = 518400. Therefore

My (Tne(G)) 560 _ Mi(T'ne(G))
n

Mp(To(G)) 1480 _ 500  My(Le(G))

eT(G)] ~ 55~ 35 [o(T.(@)
and

eTne@)] 707 T35 T o0

If T.(GQ) = Kg U9(K, V 3Ks), then |o(To(G))| = 71, [e(Te(G))| = 109,
le(The(@))] = (1) — 109 = 2376, M1 (T+(G)) = 932 and Ma(T'.(G)) =
2128. Using Theorem 6 we have M;(I'y.(G)) = 318312 and M2 (I'y.(G))
— 10660608. Therefore

My(T(G)) 2128 932 Mi(T(G))
leTe(@)] 109~ 71 u(Te(G))]

and
Ms(T'ne(G)) 10660608 - 318312 M (I'ne(G))
le(Tne(G))] 2376 1 [o(Tne(G))]

Hence, the result follows. O

The following theorem shows that if T'.(G) is triple-toroidal then
I'.(G) and I'y,.(G) satisfy Hansen-Vukicevi¢ Conjecture.

Theorem 8. Let G be a finite non-abelian group. If T.(G) is triple-
- My(T(G)) ~ Mi(I(G)) —

toroidal, then ‘;F(Gm > ‘U%F(G)N , where T'(G) =T(G) or T'ne(G).
Proof. From Theorem 5, we have that I'.(G) is isomorphic to 6K5 LI
3Kg U4K, or 3Kg. If FC(G) = 6K LU3Kg LUU4Ky, then |U(FC(G))‘ = 46,
e(To(@)] = 75,]e(Tne(@))] = () — 75 = 960. Using Theorem 2.1
of [7] and Theorem 6, we have M;(I'.(G)) = 606, My(T'.(G)) = 1347,
M (T).(G)) = 80256 and My (T',.(G)) = 1677120. Therefore

M(Lo(G)) _ 449 303 _ My(Ie(G))
eT(@)] ~ 25 7 28 Q)
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and
My (Tre(G)) 40128  M; (T (GQ))
— = = 1747 > = .
|e(Tne(G))] 23 [o(Tne(@))|
If T.(G) = 3K, then |v(T.(GQ))| = 18, e(T(Q))| = 45, |e(The(@))| =
(18) 45 = 108. Using Theorem 2.1 of [7] and Theorem 6, we have
Ml( (@) = 450, Ms(T.(G)) = 1125, M;(T'(G)) = 2592 and
M5(T,.(G)) = 15552. Therefore

M((G) e M)
le(T'e(G))] [v(Ce(G))]
and
Mol @) _ |y M0 @)
le(Tne(G))| [v(Tne(G))]
Hence, the result follows. O

Using results from [10,17,21], we have the following characterizations
of I'.(G) and I',,o(G) if I'+(G) is planar or toroidal.

Theorem 9. Let G be a finite non-abelian group such that T'.(G) is
planar. Then

(a) To(G) is neither hyperenergetic, L-hyperenergetic nor CN-hyper-
energetic.

(b) T'.(G) is hypoenergetic only when G = Dg or Dig.
(¢) Te(G) is Q-hyperenergetic only when G = Ay.

(d) ET.(G)) < LE(T.(G)) < LET(T(G)) when G = Ay or Sy;
LET(I'(G)) < E(Te(@)) < LE(Te(G)) when G = As,SL(2,3)
or S,(2) and E(T'.(G)) < LET(T.(G)) < LE(T'.(GQ)) otherwise.

(e) I'ne(G) is neither hypoenergetic nor CN-hyperenergetic.

is L-hyperenergetic when G = Dg, D19, D12, Q12, A4, As, Sy,
) or Sz(2).

nc

(@)
(f) T0e(G) is hyperenergetic only when G = Sy.
(8) Ine(G)

(2,3

T,

SL(2,
(h) T'ne(G) is Q-hyperenergetic when G = Dyg, D12, Q12, A4, A5, Sy or

SL(2,3).
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() B(Tne(G)) < LE*(Tne(G)) < LE(Te(G)) but
BE(T1e(S4)) < LE(T1e(S4)) < LE*(Te(S4)).

Theorem 10. Let G be a finite non-abelian group such that T'.(G) is
toroidal. Then

(a) T'o(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-
getic.

(b) T'e(G) is L-hyperenergetic and @Q-hyperenergetic when G = Dyy,
Drg, Que, QD16 or D X Zs.

(c) ET.(@)) < LE(T.(Q)) < LET(T.(G)) when G = D¢ X Zs3 or
Ay X Zo and E(T.(G)) < LET(T'.(G)) < LE(T.(GQ)) otherwise.

(d) Tne(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-
getic but is L-hyperenergetic as well as Q-hyperenergetic.

(€) E(Tye(G)) < LE* (Tne(G)) < LE(T5e(G)) but
E(PnC(A4 X Zg)) < LE(FnC(A4 X ZQ)) < LE+(FnC(A4 X ZQ))

From Theorems 9-10, it follows that I'.(G) and I',,.(G) satisfy E-LE
conjecture if I'.(G) is planar or toroidal. In the following theorems we
show that T'.(G) and T',,.(G) satisfy E-LE conjecture if I'.(G) is double-
toroidal or triple-toroidal.

Theorem 11. Let G be a finite non-abelian group such that T'.(G) is
double-toroidal. Then

(a) Te(G) is neither hyperenergetic nor CN-hyperenergetic.

(b) T'e(G) is not L-hyperenergetic only when G = (Zs X Zs3) X Zy or
(Z3 x Z3) x Qs.

(c) Te(G) is Q-hyperenergetic.
(d) T'e(G) is hypoenergetic only when G = Dig or (Zs x Z3) X Zs.
(e) E(T':(G)) < LE(T:(G)) < LET(T(Q)) only when G = (Z3 x Z3)

Zy or (Z3 x Z3) x Qs and E(T'.(GQ)) < LET(T.(G)) < LE(T.(Q))
otherwise.
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Proof. From Theorem 4, we have that I'.(G) is isomorphic to Kg 3Ky,
KgU9K,, KgUb5Ko, Kgl19K3 or Kg L 9(K1 \Y 3K2)
If I'.(G) & Ks U3Ky, then Spec(I'o(G)) = {(—1)'%,(7)!, (3)*} and so
E(FC(G)) =16+74+9= 32. We also have L-spec(I'+(G)) = {(0)*, (8)7,
(4)°} and Q- spec( (@) = {(14)", (6 91. Here, 2le(Ce(@)] _ 23

") @l =
and [0 — 2| = |8—— =142 |—% Therefore

LE¢J®)=4%MJHH+9g:J§'

Similarly, [14 — 22| = 4716 — 2| = I |2 — 23| = 1 and hence

LE+( (@) =% +10- 14913 =234
Further, CN-spec(I" )={(—6 L(=2)?,(6)%} and so Ecn (Te(G))
= 120. We have

[v(Te(Q))] = 20 < 32 = E(I':(Q)),
E(K9) =2(20—1) =38 >32=E(I'.(G)) and
Eon(Kag) = 2(20 — 1)(20 — 2) = 684 > 120 = Ecn (To(G))
Thus, I'.(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-
getic. Also,

LE(K2) =2(20—-1) =38 < 22 = LE(T(G)) and
LE*(Ka) =2(20— 1) =38 < 2 = LET(T'.(G)).

Therefore, I'.(G) is L-hyperenergetic as well as Q-hyperenergetic. Fur-
ther

ET.(G))=32< % = LE*(I“C(G)) < 28— LE(FC(G)).

If I'.(G) = Kg U9K;, then Spec(T’ = {(-1)7",(7 )9} and so
ET.(G))=7+7=14. We also have L—spec(I‘ (@) = {(O (8)"} and
Quspec(T% (@) = (141,67, (0)°}. Here, 2O 28 o — 38
= 5018 — 28| = 8. Therefore

_ 56 80 _ 1120
LE(T(G)) = 1036 4 7. 80 — 1120,

Similarly, [14 — 51’—(75 = 1%2, |6 — ?—g = 17, |0 — 5—(75| 56 and hence

LET(T(G)) =2 +7- 15 +9-3% = 8.

Further, CN-spec(T'c(G)) = {(—6)7,(42)!,(0)?} and so Ecn(Le(G)) =
84. We have
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[v(e(G))] =17 > 14 = E(T'(G)),
E(Ki7) =2(17—1) =32 > 14 = E(T.(G)) and
Eon(Ki7) = 2(17 — 1)(17 — 2) = 480 > 84 = Ecn(To(G)).

Thus, I'.(G) is hypoenergetic but neither hyperenergetic nor CN-hyper-
energetic. Also

LE(Ky7) =2(17—1) =32 < 342 = LE(T'.(G)) and
LEF(Ki7) =2(17—1) =32 < 198 = LEF(I.(G)).

Therefore, T'.(G) is L-hyperenergetic as well as Q-hyperenergetic. Fur-
ther,

BE(Te(G)) =14 < 43 = LE*(Ie(G)) < H3° = ( ))-

(G
If T'o(G) = Ks U5Ky, then Spec(I'o(G)) = {(— 1) (1) }and 50
E(FC(G)) =12+ 745 = 24. We also have L-spec = {(0)6
5} andQ spec( (G)) = {(14) ,(6)7,(2)° } Here 2“6(5 ((G))))| = %

and [0 — | = g -4l 3= %, 2-4= % Therefore

Similarly, \14— =l = %7 6 — L) = g’ 12— 1| = %, 0— L) =1 and
hence

Further, CN-spec(I'+(G)) = {(—6)7, (42)',(0)!°} and so Ecn(Te(G)) =
84. We have

[0(Te(G))] = 18 < 24 = E(T'(G)),
E(Kig) =2(18 — 1) = 34 > 24 = E(I'.(G)) and
Econ(Kig) =2(18 — 1)(18 — 2) = 544 > 84 = Eon(Te(G)).

Thus, I'.(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-
getic. Also

LE(K15) =2(18 — 1) = 34 < 182 = LE(T'((G)) and
LET(Kig) =2(18 — 1) = 34 < 18 = LET(I'.(G)).

Therefore, I'.(G) is L-hyperenergetic as well as Q-hyperenergetic. Fur-
ther

E(T.(G)) =24 < ¥ = LEH(I(G)) < 82 = LE(T.(G)).
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If T'.(G) = Kg U 9K3, then Spec(I' = {(- (7)L,(2)°} and
so E(T.(G)) = 25+ 7+ 18 = 50 We also have L spec(Fc(G)) =
{(O)", (573"} and Qspee(T(@) = {(19)' 6)7 7. ()1%). FHere,
2|'f((prj((g))))" = 22 and !0* == |8 - == |3 — 2| = % Therefore,

LE(FC(G))=10‘2—72+7-3—74+18-l:68,

Similarly, |14—¥|:§, |6_¥|:§, |4_ |_g 1 _;72 :175and
hence

LET(T(G) =T +7.-2049.6418. 1 =540,

Further, CN-spec(T'c(G)) = {(—6)7, (42)!, (=1)'%,(2)°} and so Ecn (Te(G)) =
120. We have

[v(Te(G))] = 35 < 50 = E(T'e(G)),
E(K35) =2(35—1) = 68 > 50 = E(T.(G)) and
Econ(Kss) =2(35 —1)(35 — 2) = 2244 > 120 = Ecn(T.(G)).

Thus, T'.(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-
getic. AISO, LE(K35) = 2(35 — 1) =68 = LE(FC(G)) and LE+(K35) =
2(35 — 1) = 68 < 2% = LET(I'.(G)). Therefore, I'«(G) is not L-hyper-
energetic but Q-hyperenergetic. Further,

E(T.(G)) =50 < 68 = LE(T.(G)) < 220 = LE+(T.(G)).

If FC(G) =~ Kg U9(K V 3K,), then Spec(Te(G)) = {(—=1)**, ()}, (-2)?,
(1)'%,(3)} and S0 E(F (G)) = 34 + 34 + 18 + 18 = 104. We also
have L—spec = {(0) (3)27,(1)'8,(7)?} and Q-spec(I'+(G))

o o o, () ()} e UG -

3 0 58] = B2 5~ 981 = 303 31 = o 11— 1= 4
7 — 28| = 2. Therefore,

218
71

LET(G) =10- 2 +7- 82 418 & +27- 5 +9. 32 = 922,

218 _ 716 218 208 |9+/33 218| .. 610.86
Similarly, [14 — 27| = £, |6 — 27| = 2, |22 — 22| =~ 55,
!79 5 — % R 720?186 and hence

LE+(FC(G)) 776 47 208+27 147—|—18 _|_9 610 86 +9. 204 86 ~ 136%312.48_

Further, CN-spec(T’ = {(- )L, (—1)54,(6)°} and so Ecn(Te(G)) =
192. We have
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[v([e(G))| = 71 <104 = E(T'(G)),
E(K71)=2(71—1) =140 > 104 = E(T'.(G)) and
Ecn(Kqp) = 2(71 —1)(71 — 2) = 9660 > 192 = Econ (Te(G)).

Thus, I'.(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-

getic. Also, LE(K71) = 2(71 — 1) = 140 > %22 = LE(I'.(G)) and

LE*(Kn) = 2(71 — 1) = 140 < 1383248 ~ [ pH(T.(G)). Therefore,
I'.(G) is not L-hyperenergetic but Q-hyperenergetic. Further,
E(T:(G)) =104 < 222 = LE(T.(G)) < 163248 — [ pH(T.(@Q)).

Hence, the result follows. O

Theorem 12. Let G be a finite non-abelian group such that T'.(G) is
triple-toroidal. Then

(a) T'e(G) is neither hypoenergetic, hyperenergetic, CN-hyperenergetic
nor Q-hyperenergetic.

(b) T'.(G) is L-hyperenergetic only when G = GL(2,3).
(c) E(Te(G)) < LET(Ie(G)) < LE(T(G)).

Proof. From Theorem 5, we have that I'.(G) is isomorphic to 6 Ko LI3Kg
L4K,4 or 3Kg.
If I'o(G) = 6K, U3Kg U4Ky, then Spec(I'(G)) = {(-1)%3,(1)%, (5)*

3)* } and S0 E( (G)):33+6+15+12 = 66. We also have L-spec(I'¢(G))

={(0) 6)'°, (4)"} and Q-SpeC( o(G))={(0)°,(10)*, (4)°, (6)*,
(2) 18} Here, \‘(( ((G))))|| = and [0-3| =3, 2-31 = 5, 16-F] = 5,
|4 — ﬁ = % Therefore,

LE(FC(G)):13-%+6%+15-%+12-H:%.

10— B =185 |4 - 2| =

23 |6_*_®

Slmllarly, |0 — 2| = 23, = 23

2- =2 and hence

23’

LE*(FC(G))—6 Bopg.15 4517 1 4. 08 4 98,29 — 1944

Further, CN-spec(I'.(G)) = {(0)'?,(—4)',(20)3, (-2)!2,(6)*} and so
Ecn(T(G)) = 168. We have

[v(Te(G))] =46 < 66 = E(I'.(G)),
E(Ky) = 2(46 — 1) = 90 > 66 = E(I'.(G)) and
Ecn(Kyg) = 2(46 — 1)(46 — 2) = 3960 > 168 = Ecy (T(G)).
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Thus, I'.(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-
getic. Also, LE(Kys) = 2(46 — 1) = 90 < Z¥ = LE(I'(G)) and
LE*(Kyg) = 2(46 — 1) = 90 > 84 = LET(I'o(G)). Therefore, I'e(G) is

L-hyperenergetic but not Q- hyperenergetzc. Further,
E(.(G)) =66 <12t = LET(T.(G)) < 2338 LE(T.(G)).

IfT'.(G) = 3Kg, then Spec(I':(G)) = {( 1 5)%} and so E(I':(@))
= 154+ 15 = 30. We also have L-spec(T’ = {(0)3,(6)*} and
Q-spec(Te(G)) = {(10)%,(4)1°}. Here, % =5 and |0 — 5| =5,

|6 — 5| = 1. Therefore, LE(I'.(G)) = 3-5+ 15-1 = 30. Similarly,
|10 — 5| = 5,4 — 5| = 1 and hence LE+(FC(G)) =3-5+15-1 = 30.
Further, CN-spec(T’ ={(- 0)*} and so Ecn(Ie(G)) = 120.
We have

[v(Te(G))] = 18 < 30 = E(I'e(G)),
E(Kig) =2(18—1) =34 > 30 = E(I'.(G)) and
Eon(Kig) = 2(18 — 1)(18 — 2) = 544 > 120 = Ecn(T(Q)).

Thus, I'.(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-
getic. Also, LE(K13) = 2(18 = 1) = 34 > 30 = LE(I'.(G)) and
LET(Kyg) = 2(18 = 1) = 34 > 30 = LET(T'.(G)). Therefore, I'.(G)
1s neither L-hyperenergetic nor Q-hyperenergetic. Further,

E(T(G)) = 30 = LE* (T(G)) = LE(T(G)).

Hence, the result follows. O

Theorem 13. Let G be a finite non-abelian group such that T'.(G) is
double-toroidal. Then

a) I'ne(G) is neither hypoenergetic nor CN-hyperenergetic.

) The(G) is hyperenergetic only when G = (Zs X Z3) % Qs.
(¢) Tne(Q) is L-hyperenergetic and Q-hyperenergetic.

)

(d) E(Tye(G)) < LE(T1(G)) < LET(T(Q)) only when G = (Z3 x
Z3)xZy and E(T(Q)) < LET(T1(Q)) < LE(To(G)) otherwise.

Proof. From Theorem 4, we have that I'.(G) is isomorphic to Kg U 3Ky,
KsU9K,, KglLUbKo, KgLI9K3 or Kg LI 9(K1 \Y 3K2)

If T.(G) = Kg U 3Ky, then Spec(I,. = {(0)'6,(—4)2, (4 + V112)!,
(4—+/112)'} and so E(I',.(G)) = 8—1—2\/? We also have L—spec(Fnc(G)) =
{(0)1,(16)°, (12)7, (20)°} and Q-spec(Tne(@)) = {(12)%, (16)°, (18 + V/IR2)",
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(18— 2)1}, Here, %Z%&Dd ’0—%\:%,\16—%]:%,
12 — & = %, |20 — %| = %. Therefore,

LE(Tn(G)=2+9.- 8472438312
Similarly, [12 — 2| = 2 116 - 2| = I, 18 + V132 — 2| = %7\/@,

|18 — /132 — 2| = 5¥432=18 ypd hence
LE*(Tpe(G)) = 9- 22 49 & 4 1845V152 4 5VIBIIS _ 36 1 9,/132.

Further, CN-spec(T, = {2(57 + V1761)!,2(57 — V/1761)*, (—16)?,
(—12)7,(0)?} and so ECN(F <(G)) = 456. We have

[0(The(G))| = 20 < 8 4+ 2v/112 = E(T,(G)),
E(Ka) =2(20 — 1) = 38 > 8 + 2/112 = E(T,,.(G)) and
Fon(Kz) = 2(20 — 1)(20 — 2) = 684 > 456 = Ecn (Tne(Q)).

Thus, I'yc(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-
getic. Also, LE(Ka) = 2(20 — 1) = 38 < 312 = LE(I's(G)) and
LE*(Ks) = 2(20 — 1) = 38 < 36 + 2/132 = LE*(I',.(G)). Therefore,
e (G) is L-hyperenergetic as well as Q-hyperenergetic. Further,

E(T,.(G)) = 8 +2V112 < 36 + 2V/132
312

= LET(I.(Q)) < - = LE(T,.(Q)).

If T.(G) = Kg U 9K, then Spec(T = {(0) (4 +/88)1,
(4 —V/88)'} and so E(Iy,(G)) = 8+2\/>. We also have L spec(Fnc(G))

= {©%07.07) }and Qspec(le(G) = {(9)2(15)8, (spm)

(33 V513 ) . Here, 2e@ne(@)] _ 216 ynd |0 — 26| = 216 |9 216) _ 63

(The(G)] — 17> 17
117 — 216| = 73 Therefore
LETy(G) =32 +7- 8 +9.- 72 =134,
V513 216 _ 120417/513
Similarly, |9 — 21| = 83 |15 - 216) = 39 |33+ 513 7’:%,

’33 V513 216| _ 17\/51 —129 and hence

LEJr(I‘nc(G)) 7. 65;_'_ ?‘F 129+17\/51 + 17\/5;)27129 753+%$\/51

Further,
CN-spec(Ine(G)) = {3(61 + v2049)!, 2(61 — v/2049)!, (—15)8,(-9)"}
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and so Eon(Fpe(G)) = 366. We have

"U(Pnc(G))’ =17< 8+ 2\/§ = E<Pnc(G))7
E(Ki7) =2(17 — 1) = 32 > 8 + 2V/88 = E([',(G)) and
Ecn(Ki7) =2(17 — 1)(17 — 2) = 480 > 366 = Ecn (Tne(G)).

Thus, I'ye(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-

getic. Also, LE(Ky7) = 2(17 — 1) = 32 < BU = [P(T,.(G)) and

LE*(Ky7) = 2(17 — 1) = 32 < D3RIV — [ pH(T,.(G)). Therefore,
I'o(G) is L-hyperenergetic as well as Q hyperenergetic. Further,

753 4+ 17513

17
= LET(T,(Q)) < % = LE(T(Q)).

E(Tn(G)) =84 2V88 <

If FC(G) = KsU5Ko, then SpeC(FnC(G)) = {(0)127 (_2)67 (4 + \/%)1a
(4— \/> } and 0 B(T1e(G)) =12+2+/96. We also have L—spec( nc(G))

= {(0) 10) (18)°} and Q-spec(I'ne = {(10)7, (16)5, (14)4
2le(Tn(G

(17+\/12 ) ( V129)'}. Here, M — 40 4nq yo 40| _ 40

116 — 42 \_3,\10— P =2 18 — L] = L. Therefore,

LE(Fm(G)):43—0+5-§+7-13—0+5-%:2‘3@.

Similarly, [10 — 4| = 2, (16 — 3| = 5, 14 — 2| = 2, [17 + V129 — 4|

_ 11+33\/ﬁ7 117 — F 430‘ - 3@—11 and hence

LE+(Tpe(G) =T7- 17?? +5. % +4. % i 11+33\/129 n 3\/1239—11 _ 118+§\/129.

Further, CN-spec(Tne(G)) = {(99 + v/5961)!, (99 — V/5961)1, (—16)°,
(=2)*,(=10)7} and so Ecn (Tne(G)) = 356. We have

[0(Tne(G))| = 18 < 12 + 2v/96 = E(T',(G)),
B(K1g) =2(18 —1) = 34 > 12+ 2/96 = E(T',,.(G)) and
Eon(Kig) = 2(18 — 1)(18 — 2) = 544 > 356 = Ecn (Tne(Q)).

Thus, I'yc(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-

getic. Also, LE(K1s) = 2(18 — 1) = 34 < 220 = LE(I';(G)) and

LE*(Kig) = 2(18 — 1) = 34 < U8+0V12 _ 1 p+(D, (@)). Therefore,
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I'he(G) is L-hyperenergetic as well as Q-hyperenergetic. Further,

B0,(6)) = 12+ 2G5 < 1 OVI20
= LE*(I,(G)) < 2%0 — LET..(C)).

I T,(G) 2 KsU9Ks, then Spec(Tne(G)) = {(0)25, (=3)%, (12 + 6V/10) ",
(12 — 6@)1} and 5o E(Ty.(G)) = 24 + 124/10. We also have
L-spec(Ty,c(G)) = {(0)*, (27)7, (32)"%, (35)?} and

1 1

Q-Spec(rnc(G)) _ {(27)77 (29)8’ (32)187 (83+\/2m) ’ (83*@) }
2 Fnc G

Here, SEE) = 88 and j0 - 200 = 20, g2 o) = 8, o7 2

_ 27% |35 — %‘ = ?. Therefore,

LETy(G) =28 +18-847.2Z +9.2 = 810,

@| _ 13 |83+\/12073 . @| ~ 918.14 ‘83—\/W . m|
7 70 2 7 4 > 2 7

Similarly, |29 —

~ 62?414 and hence

LEt(Tne(G) =7 -2 +18 -8 + 8. 13 4 91814 4 62014 o 241228

1 1
Further, CN-spec(T',,.(G)) = { (94%7 V2823705) , (94977 V2823705> , (—32)18,
(—27)7,(—23)%} and so Ecn(Tne(G)) = 1898. We have

[0(Tpe(@))| = 35 < 24 4+ 1210 = E(Ty(Q@)),
E(K35) =2(35—1) = 68 > 24 + 12y/10 = E(I',.(G)) and
Eon(K3s) = 2(35 — 1)(35 — 2) = 2244 > 1898 = Eon (Tne(@)).

Thus, I'ye(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-
getic. Also, LE(K3s5) = 2(35 — 1) = 68 < 20 = LE(I';.(G)) and
LET(Ks5) = 2(35 — 1) = 68 < 24228 — [ p+(T,.(G)). Therefore,

I'o(G) is L-hyperenergetic as well as Q-hyperenergetic. Further,

1
E(Tne(@)) = 24 + 1210 <8—70

2412.28

— LE(T(G) < =

= LET(T.(Q)).

If I'o(G) = KsU9(K1 V3K>), then Spec(Tne(G)) = {(0)34, (—2)8, (—4)8,
(1)%, (1), (w2)', (w3)'}, where 21, x5 and x5 are roots of the equation
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x3 — 6022 — 472z + 288 = 0. Since z1 ~ 66.98, 9 ~ —7.55, x5 ~ 0.569,
we have

E(T0e(G)) = 8 + 36 + 32 + 66.98 + 7.55 + 0.569 ~ 151.00.
We also have L-spec(I'y,.(G)) = {(71)77 (70)16,(68)%7, (64)7, (63)7, (y1)*,
(o)1, (y3)!, (210)1, (22)1, (23)1, (z4)1}, where 11, y2 and y3 are roots of the

equation x® — 20522 + 139942 — 318088 = 0 and 21, 20, 23 and z; are
roots of the equation z* — 20523 + 1401022 — 320232z + 71680 = 0 and

Quapec(Te(G) = { (697, (60), (63)7, (255", (12:5559)° ),

(I)!, (lg)l}, where 11,1y and I3 are roots of the equation x> — 25522 +

19848z — 487296 = 0. Here, % = 45% and |71 - 432 = 3P,
7 _@ _ 27118’ |68—4752 71, 64— 4752 _ %’ \63—4752| _ @ Since

y1~7163 ys & 69.07,y3 ~ 64.20, 21~7149 2 = 69.15, z3~6421 and

Z4~0226 we have |y1 4752 N33373|27@ N15197‘3i47ﬁ
~ 193.8 ’ 4752’ 323.79 29 — 47551 ~ 157.65 7;3 4755’ ~ 193.09 ;ild
|24 — 4752| o~ 4736 38 T}felref70re o B n o
289 218 76 208 279  333.73
LET, (G ~T - —4+16-—4+27- — +7-— +7-—2
(Tne(G)) 71 71 + 71 71 71 + 71
151.97 N 193.8 N 323.79 N 157.65 N 193.09 N 4736.38
71 71 71 71 71 71
17062.41
N

4752‘ — 129+\/ 33 4752| ~ 62.86 |129—v33 _ 4752

71’| 71

Similarly, |66 —

142 > 2 71
~ 15250 Since Iy ~ 134.06, 15 ~ 65.11 and I3 ~ 55.82, we have |y; — 432
~ 476761 26 |y 4752| ~ 129 19 |y . Mﬂ ~ 7878178 and hence
76 66 279 62.86 752.86
LET(T,.(G)) ~27 - — + 18 — +7-—= +8. 8-
(Tne()) 71 + 71 + 71 + 142 142
N 4766.26 N 129.19 N 788.78 _ 28280.22
71 71 71 142

8
Further, CN-spec(I',,.(G)) = {(—68)27, (—64)18, (—63)7, (%) ’

5=\ 8
(M) ,(m1)t, (ma)!, (mg)l}, where mq, mgs and ms are roots of

the equation x® — 434922 — 3116762 — 1809504 = 0. Since m; ~ 4419.69,
may ~ —64.86 and m3 ~ —6.37 we have Ecn(I',.(G)) ~ 8839.83. We have
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|U(Pnc(G))| =71 <151.09 = E(Pnc(G)))
E(K7)=2(71-1) =140 < 151.09 = E(T',,.(G)) and
Eon(K7) = 2(71 — 1)(71 — 2) = 9660 > 8839.83 = Ecn(Lne(G)).

Thus, I'),.(G) is hyperenergetic but neither hypoenergetic nor CN-hyper-
energetic. Also, LE(K71) = 2(7T1 — 1) = 140 < %824l ~ LE(T',,.(G))
and LET(K71) = 2(71—1) = 140 < 2822022 ~ LET(T',o(G)). Therefore,
I'o(G) is L-hyperenergetic as well as Q-hyperenergetic. Further,

28280.22
ET ~ 151. _—
(Pne(G)) &~ 151.09 <— o
17062.41
= LET(I'(G)) < — LE(Tp(Q)).
Hence, the result follows. ]

Theorem 14. Let G be a finite non-abelian group such that T'.(G) is
triple-toroidal. Then

(a) The(Q) is neither hypoenergetic, hyperenergetic nor CN-hyperener-
getic.

(b) T'ne(G) is L-hyperenergetic as well as Q-hyperenergetic only when
G =GL(2,3).

(¢) BE(Tye(G)) < LE(Tne(G)) < LET (I'e(@)).

Proof. From Theorem 5, we have that I'.(G) is isomorphic to 6 Ko LI3Kg
LU4K,4 or 3Kg.

IfTo(G) = 6 KoLBKgU4Ky, then Spec(Iye(G)) ={(0)%, (—2)°, (—6)?,
(—4)3, (z1)Y, (22)1, (xg)l}, where x1, 2o and x3 are roots of the equation
x3 — 3422 — 3122 — 576 = 0. Since z1 ~ —5.08401, 2o ~ —2.71078,
r3 ~ 41.7948, we have

E(Tne(G)) ~ 10 + 12 4 12 + 5.08401 + 2.71078 + 41.7948 = 83.58959.

We also have

L-spec(Tyc(G)) = {(0)!, (42)'2, (40)'°, (44)°, (46)'?} and
Q-spec(Tne(G)) = {(44)°, (40)', (42)'7, (34)%, (38)%, (y1)", (12) ", (y3)' },

where 41, y2 and y3 are roots of the equation x3 — 160x2 + 78362 — 121344

2le(Cnc(G)] _ 960 960 960 960 _ 960
_0 Hee,“e(w— and |0 — 90| = 960 |49 960 — 6 140 —
=20,144 - 2| = 22 |46 — 2 %. Therefore

LE(FHC(G)):%+12.ﬁ+15 4O+6 5§+12 %'
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Similarly, |44~ PN =2, 40— = 38, 42— | = 5, 34— | = 12,
38 — 2| = £ Slnce y1 ~ 35. 7774 Yo ~ 40. 5202 and y3 ~ 83 7024 we
have |y; — 960 ~ 137.1198, |yo — 9—60 ~ 28.0354, |ys — 22| ~ 965.1552
and hence
LET(Te(G)) ~ 6 %+15 %H? 2% 2. 12—75 3- %
+ 137.1198 + 28.0354 + 965.1552 = 1201.0930.

Further,

CON-spec(Te(@)) = {(—44)°, (~42)'2, (~40), (~26)",
(—4)2, (z20)" (22)", (20)'}

where 21,29 and z3 are roots of the equation 2> — 165422 — 863362 —
921024 = 0. Since z1 =~ 1704.96, z0 ~ —35.9132 and 23 ~ —15.042, it
follows that Ecn(I'ne(G)) ~ 3409.9152. We have

[0(Tne(G))| = 46 < 83.58959 = E (' (G)),
E(Ky6) = 2(46 — 1) = 90 > 83.58959 = E(I',,.(G)) and
Eon(Kye) = 2(46 — 1)(46 — 2) = 3960 > 3409.9152 = Ecn (Lpe(GQ)).

Thus, I'y.(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-
getic. Also, LE(Kyg) = 2(46 — 1) = 90 < 3220 = LE(I',.(G)) and
LE1(Kyg) = 2(46 — 1) = 90 < 1201.0930 = LE™(T',.(G)). Therefore,

e (G) is L-hyperenergetic as well as Q-hyperenergetic. Further,

3120
23
= LE(T,e(G)) < 1201.0930 = LET(T,,.(@)).

E(I'(G)) = 83.58959 <

If I'.(G) = 3K, then Spec(T = {(0)
E(,(G)) =12+12 = 24. We also haveL spec(F ( )) {(
(18)?} and Q-spec(T’ = {(6)%(12)'*,(24)' }. Here, L
12 and [0 — 12| = 12, ]12 — 12| =0, |18 — 12| = 6. Therefore,

LET(G)) =12+0+2 -6 = 24.
Similarly, |6 — 12| = 6,]12 — 12| = 0, |24 — 12| = 12 and hence

Further, CN-spec(I'n.(G)) ={(132)", (24)%, (—12)*} and so Ecn (Tne(G))
= 360. We have

1} and so
)t (12 )

e(Tne(G))| _
(Tne(@)]
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[0(Tne(@))| = 18 < 24 = E(T,,.(G)),
E(Kig) =2(18 — 1) = 34 > 24 = E(T',.(G)) and
Eon(Kig) = 2(18 — 1)(18 — 2) = 544 > 360 = Ecn(Lne(G)).

Thus, I'yc(G) is neither hypoenergetic, hyperenergetic nor CN-hyperener-
getic. Also, LE(K13) = 2(18 = 1) = 34 > 24 = LE(I',.(G)) and
LET(Ki8) =2(18 —1) =34 > 24 = LE"(I',.(GQ)). Therefore, T'y,.(G) is
neither L-hyperenergetic nor Q-hyperenergetic. Further,

E(Fnc(G)) =24= LE(Fnc(G)) = LE+(Fnc(G))‘

Hence, the result follows. O
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