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ABSTRACT. Let K be a field of characteristic zero, W be
the associative unital algebra generated by two generic traceless
matrices X, Y. We also handle the Lie subalgebra L of the algeb-
ra W consisting of its Lie elements. Consider the subgroup G =
(ea1 — e12) of the special linear group SLo(K) of order 4. In
this study, we give free generators of the algebras W& and L of
invariants of the group G as a C(W)%-module.

1. Introduction

Let X and Y be two algebraically independent traceless matrices of size
2 x 2 with entries from polynomial algebra with six generators. We
denote by W the unital associative algebra over a field K of characteristic
zero generated by {X,Y'}, and by L its Lie subalgebra generated by Lie
elements; i.e., elements that can be expressed as a linear combinations of
the form 2129 — 2021, 21,29 € W and the elements of the form aX + 3Y,
a,f € K. It is well known (see [1]) the center C(W) of the algebra W is
generated by algebraically independent elements

t=2X2 w=2Y% ov=XY+YX.

It was showed in [1] that W is a free C(W) = K]t, u, v]-module generated
by
I, X, Y, [X,Y]=XY-YX,
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where I = 1y is the identity matrix of size 2 x 2. In the paper [2]
(Lemma 1) by Drensky and the second named author, the free generators
of the commutator ideal L’ of the Lie algebra L as a K|[t, u,v]-module
was given as

Xv-Yt, Xu-—Yv, [X,Y].

Now consider the group G of order four generated by the matrix
M = es1 —e19, that is a subgroup of the special linear group of size 2 x 2.
Then

G = (M)y={I,M,M? M3} ={I,M,—I,—M}.

We consider the group action of G on W as follows.
M- X=Y M- Y=-X
and thus
M-t=u, M-u=t, M-v=-v, M-[X,Y]=[XY]
Similarly we obtain the other actions as below.
M?. X=-X, M?>Y=-Y M?>t=t,
M? u=u, M? v=v, M? [X,Y]=[X,Y],
M3 - X=-Y M .Y=X M t=u,
M3 u=t, M3 v=-v, M3 [X,)Y]=I[X,Y]

We give the following lemma that will be used in the proofs of main
results.

Lemma 1. Let t,u,v be as above. Then
Kt,u,v]% = K[t +u, tu,v*, (u — t)v].
Proof. Let p(t,u,v) € K[t,u,v]%. Thenby p=M -p=M?-p=M3.p

we have that
p(t,u,v) = p(u,t,—v).
Firstly, verifying that t + u,tu,v?, (u — t)v € K[t,u,v]" is straight-
forward. Hence, it is sufficient to show that

K[t +u,tu,v?, (u —t)v] = {p € K[t,u,v] | p(t,u,v) = p(u,t,—v)}

for the rest of the proof. Clearly, the first set is a subset of the latter.
Now, let p(t,u,v) be a polynomial, taken from the set on the right hand

side, of the form
Z € apetulve

0<a,b,c
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for some ¢4, € K. Then

c even ¢ odd
p(u,t, —v) E eabcu“tb E Eapet“tPv¢ — E EapeutP0C.
0<a,b,c 0<a,b 0<a,b

The equality p(t,u,v) = p(u,t,—v) implies

Cc even Cc even
g Eapet®ulv® = g € apeutP0°
0<a,b 0<a,b
and
c odd c odd
E Eapet®ulv® = — g € apeutP0°
0<a,b 0<a,b
C even
We rewrite Y. eqpet®ubv® as
0<a,b
§ :Eaacta ay, 2c +§ :Eabcta b 2c +§ :5bactb ay, 2c
a a<b a<b
C even
and > eqpeutttyC as
0<a,b

! / /
§ €aacuata’l)QC + Z eabcu“tbv20 + § :Ebacubta’l)2c
a

a<b a<b

assuming that ¢ = 2¢. These expressions yield that

/ /
§ :Eabctaubv2c — § :gbacubtaUQC

a<b a<b
and
!
Z 5bactb a 2c Z €abcuatb’020
a<b a<b
Therefore
a, b, 2 b, a, 2c
Z(sabc - 5bac)t u-v =0= Z(Sabc - 5bac)t u-v
a<b a<b

Consequently, €45 = €pae for all a, b in the sum consisting of even powers
of v. This implies that

Cc even

Z Eapet uPv® = Z Eabe(tu? + tPu®) (v?)¢

0<a,b a<b
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that is in the algebra generated by t + u, tu, v?, since
tub + tPu® € K[t,u]*? = K[t + u, tu]

are symmetric polynomials in ¢ and u.
Similar computations for the sum consisting of odd powers of v shows
that

€aac =0, Eabe = —E€pac ,

and assuming that ¢ = 2¢/ + 1, we have

c odd
/
Z Eapet“uPv® = Z Eabe(t Ul — tPu®)p2 1
0<a,b a<b
— Z Eabc(tu)a(ub—a _ tb—a)v2c’+1
a<b
= cae(tu)  Agy(u — t)v(v?)"
a<b

where
Agy = ub™07 b 07 2 o pgbmam2 ol ¢ K[t )2

which completes the proof. O

2. Main Results
In this section, we provide generators of
Wé={weW|w=M w=M* w=M w}

and of
LC={leL|l=M-1=M*.1=M31}

as K[t,u,v]® = K[t + u, tu,v?, (u — t)v]-modules.
Theorem 1. W is freely generated by elements
I, [X,Y]

as a K[t + u,tu,v?, (u — t)v]-module.
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Proof. Initially, proving that an element in the K[t + u, tu, v?, (u — t)v]-
module generated by I and [X,Y] is G-invariant is straightforward.
Now let w € W& C W be of the form

w = Ipl(tu U,U) + ng(hu,u) + ng(t,u,?)) + [X) Y]p4(t,u,v)
for some p;(t,u,v) € K[t,u,v], i =1,2,3,4. Then
w=M-w=M?* w=DM w

gives the followings.

Ipi(t,u,v) + Xpa(t,u,v) + Yps(t,u,v) + [ X, Y]pa(t, u,v)
=Ipi(u,t,—v) + Ypa(u,t,—v) — Xps(u,t,—v) + [ X, Y]ps(u,t, —v)
=Ipi(t,u v) — Xpa(t,u,v) — Yps(t,u,v) + [X,Y]ps(t, u,v)
=Ipi(u,t,—v) — Ypa(u,t,—v) + Xps(u,t, —v) + [ X, Y]ps(u, t, —v).

Working in the free K[t,u,v]-module W, by comparing the multipliers
of generators I, X,Y, [X,Y], we get that

pl(ta "LL,'U) :pl(u7t7 —’l)), p4(t7u7v) :p4(u7t7 _U)a
p?(ta u, U) - _p3(ua ta _U) = —D2 (ta u, U) - p3<u7 t7 —U),
p3(t7 u, U) - pQ(U, t? —’U) - _p3(t7 u, U) = —D2 (’U,, t7 —’U).

This implies that pa(t, u,v) = ps(t,u,v) = 0, and
p1(t,u,v), pa(t,u,v) € K[t + u, tu,v?, (u — t)v]

by Lemma 1. The freeness of the generators I and [X,Y] is a direct
consequence of the module structure of W, that completes the proof. [

Theorem 2. LC is generated by the element [X,Y] as a K[t +u, tu, v2,
(u — t)v]-module.

Proof. First of all, we have to show that there are no nonzero linear
elements of LE. Let | = aX + BY € LY. Then

aX+p8Y =aY — X = —aX — Y = —aY + 38X
that implies @ = = 0. Now let

= (Xv—-Yt)pi(t,u,v) + (Xu— Yv)po(t,u,v) + [X,Y]p3(t,u,v) € L'
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be an element in (L')¢. Then we have
(Xv=Yt)p1(t,u,v) + (Xu—Yv)pa(t,u,v) + [ X, Y]ps(t, u,v)
=(—Yv+ Xu)pi(u,t,—v) + (Yt — Xv)pa(u, t,—v) + [ X, Y]ps(u, t,—v)
=— (Xv—=Yt)p1(t,u,v) — (Xu—Yv)pa(t,u,v) + [X,Y]ps(t, u,v)
=(Yv — Xu)pi(u,t,—v) + (=Yt + Xv)pa(u, t,—v) + [ X, Y]ps(u, t,—v)
that yields

p1(t,u,v) = —pa(u,t, —v) = —p1(t,u,v) = pa(u,t,—v)
pa(t,u,v) = p1(u,t, —v) = —pa(t,u,v) = —p1(u,t, —v)
ps3(t,u,v) = p3(u,t,—v)
comparing the multipliers of free generators (Xv—Yt), (Xu—Yv), [X,Y]
of K[t,u,v]-module L'. Hence, p1(t,u,v) = pa(t,u,v) = 0, and ps(t, u,v)
satisfies the condition of the statement by Lemma 1. Finally checking

that an element stated in the theorem is G-invariant is straightforward.
O

3. Conclusion

In this study, we examine the algebras W& and L¢ of invariant of a
specific group G with its action inherited from the general linear group
of size 2 x 2. In the further studies, one may consider the algebra of
invariants of other important subgroups.
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