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Frieze matrices and friezes with coefficients
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ABSTRACT. Frieze patterns are combinatorial objects that are
deeply related to cluster theory. Determinants of frieze patterns
arise from triangular regions of the frieze, and they have been con-
sidered in [2,4]. In this article, we introduce a new type of matrix
for any infinite frieze pattern. This approach allows us to give a
new proof of the frieze determinant result given by Baur-Marsh.

1. Introduction

A frieze pattern is an arrangement of numbers that classically starts
with a row of zeros followed by a row of ones and ends with a row of
ones followed by a row of zeros, and such that every diamond formed
by neighbouring entries satisfies the so-called “diamond rule”. These ar-
rangements were introduced by Coxeter in [7] and studied by Conway
and Coxeter in [5,6]. Lately, friezes have been actively studied in con-
nection to cluster theory, in such a way that the entries of the frieze are
interpreted as the cluster variable of a cluster algebra of type A. In this
setting the notion of a frieze pattern can be generalized, in particular to
infinite friezes (as in [3]) or friezes with coefficients (as in [8]).

The study of symmetric matrices arising from finite frieze patterns
was firstly developed in [4]. The main result is a formula for the deter-
minant of a symmetric matrix whose entries form a fundamental region
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of a finite frieze pattern of positive integers. See Corollary 2.6 for de-
tails. Afterwards, Baur and Marsh proposed in [2] a new interpretation
drawing upon the cluster algebra setting, and considering a symmetric
matrix whose lower part is a fundamental region of a finite frieze pattern
with coefficients. In [1] the author asks for an analogous formula for the
determinant of a matrix whose entries are cluster variables of a cluster
algebra of type D, which was provided by Lampe in [10, Theorem 3.6].

In this work we provide a new proof of [2, Theorem 2.1] using a
different approach, dropping the use of triangulations. For a symmet-
ric matrix M, our main strategy to prove Theorem 2.5 is to study an
upper triangular matrix Th; which is equivalent to M, and reduce the
computation of det(M) to that of the determinant of T}y.

After our preprint has been posted, work of Holm and Jgrgensen has
appeared which includes a more general result, implying Baur-Marsh’s
frieze determinant, see [9, Section 4.3].

The structure of this paper is as follows. In Section 2 we define frieze
matrices and we enunciate the main results, giving the proof of our main
result, Theorem 2.5. We finish this section showing two identities fulfilled
by the entries of the matrices that we study. Some results of Section 2
are left to be proved in Appendix 3 in order to ease the reading; thence,
Appendix 3 is a section primarily intended to contain demonstrations
left in Section 2, together with some lemmas needed for this purpose.
The reader is warned that in some proofs of Section 2 the author may
use results from Appendix 3.

2. Frieze matrices

For the rest of this article R will denote an integral domain of characte-
ristic zero and n will be a positive integer.

Definition 2.1. A symmetric matrix M = (m; ;) € frac(R)"*" will be
called a frieze matriz if m; ; = 0 if and only if 7 = j and the entries
satisfy the generalized diamond rule

T G411 — T, TG 1 = T 1T 1 (1)
foralll1<i<n—-land2<i+1<j<n-—1.

Note that Equation 1 says nothing about entries m; ;41 and m; ;42.
It will be useful to denote them as x; and y; respectively. M is fully de-
termined by these entries and the repeated application of the generalized
diamond rule.
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In the literature the relation m;gm;; = m;jmg; + m;ym; for
i < j <k <lis called Ptolemy relation [12,13] or Plicker relation [2].
We will denote this equation as Fj ;.

With this notation, in Definition 2.1 we ask the entries of M to
fulfill the equation E; ;1 ;41 for every pair of indices (i,7) such that
2<i+4+1<j<n-—1. In the next lemma we see that this is enough
to ensure that the entries of M indeed fulfill the Ptolemy relation E; ; 1,
for all quadruples of indices 1 <1< j <k <[l <n.

For completeness we include a proof of the following lemma in Sec-
tion 3. Note that this property also appears in the context of finite friezes
in [8, Theorem 3.3].

Lemma 2.2. Let M = (m; ;) be a frieze matriz in frac(R)"*™. Then
My M1 = My Mg + My 1Mk
foreveryl <i<j<k<l<n.

The main feature that we will use to compute the determinant of M
is a triangulated form. For this, denote by Ths € frac(R)™*" the upper
triangular matrix whose entries are given by:

ma ; if ¢ = 1,
mi,; ifi = 2,

tij =193 0 ifi>3 A j<i,
—2m L
Jmi—l,i ifi>3 A ] >t
migi—1

Proposition 2.3. If M = (m; ;) € frac(R)™" is a frieze matriz, then
it 1s row equivalent to the upper triangular matriz Tyy defined above, and

det(Thr) = —det(M).
We will prove Proposition 2.3 in Section 3.

Example 2.4. For the frieze matrix

0 1 2 2 -1 5-%
1 -7, V56
1 0 -2 1 1 F4p
V5
IV 2 —2 0 6 -1 3-%
2 1 6 0 2 VB
-1 3 -1 2 0 1
VB =7 , Vb V5
b T Y 3-% Vb 1 0
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we have that

1 -7 . V5
10 -2 1 3 SL4¥p
01 2 2 -1 5-Y
0 0 8 8 —2 20—2v5

Ty =

00 0 —-12 4 3/5-18
oo o o # V5-6
00 0o o o0 -1

11 22

The main result of this section follows directly from Proposition 2.3
as the determinant of M can computed using the upper triangular matrix
T

Theorem 2.5. If M is a frieze matrix then

n—1
Det(M) = —(=2)"*man [ ]
=1

Proof. As Det(M) = —Det(Tys), and this last determinant can be com-
puted as the product of the entries in the diagonal of Th; we have that

n n
Det(M) = —Det(Th) = — [ tii = —tiat22 [ tii =
i=1 =3
n _2m17. B my,
= —miomiza [] “mic1i = —(=2)""2myamio—> [ mi—1; =
i=3 M1i-1 mi1,2 =3
9 n n—1
= —(=2)"2my, [ mi—1; = —(=2)"2m1n [ 2.
=2 i1

O]

Two results that we recover from Theorem 2.5 are stated in Corol-
lary 2.6 and 2.7, so we recover [4, Theorem 4] and [2, Theorem 1.1]
respectively.

To give the context of Theorem 4 in [4] we recall the notion of frieze
patterns as first introduced by Conway and Coxeter in [5,6]. For further
details we refer to [1,11]. An array of numbers F = (f; j)i jez, with j > i,
is a frieze pattern if the following holds:

1) fi,i =0 for all i € Z;
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ii) f,‘7z‘+1 =1 for all i € Z;
ii) fijfiv1541 — fixrjfijqr =1 foralli <jeZ.

Usually the entries of F are displayed in rows, shifted with respect
to each other. The frieze F is finite if f; ;111 = 1 for some fixed k£ and
for all ¢+ € Z. The positive integer k is called the order F. A frieze F is
a frieze pattern of positive integers if all the f; ; out of the rows of zeros
are positive integers. The third row of F, whose elements are of the form
fii+2, is called the quiddity row of F and its entries are noted a; = f; ;+2.
If F is finite of order k then it is k—periodic (f;j = fitrj+r Vi,7), see
[5,6] problem (21). In this case we call a quiddity sequence of F the
sequence of numbers (ay,...,a). Finally, a fundamental region for a
finite integral frieze pattern F is given by the elements of the form f; ;,
with 1 < ¢ < k and ¢ < j < k. The main theorem stated in [4] is the
following corollary of Theorem 2.5.

Corollary 2.6 ([4, Theorem 4]). Let F be a finite integer frieze pattern
of order k, with quiddity sequence (ai,...,ar). Let us define My =
(mij) € ZF*k a5 the symmetric matriz whose lower part is given by the
fundamental region of F (i.e. mi; = fij if1 <i <j <k andm;; =mj;
if 1 <j<i<n). Then Det(Mr) = —(—2)"2.

Proof. If in Definition 2.1 we set n =k, x; = 1 for all i € [1,...,k — 1]
and y; = a; for all i € [1,...,k — 2] we recover the matrix Mz, so we
see that Mr is a frieze matrix. Then, by Theorem 2.5, Det(Mr) =
—(—Z)k_QmLk, since all the z; are equal to one. Besides, as F is of order

k, mig = fix = 1. Therefore, Det(Mz) = —(—2)k=2. O
Now we proceed to give the proof of [2, Theorem 1.1] in terms of our
Theorem 2.5. For this, consider a 2xn matrix X = @ a2 ... An
by be ... by
whose entries are indeterminate. Denote by A;; = Zl Z] the minor
i 0j

of X given by the columns 4, j and let A = (A;;) be the matrix such that
_ Ay iz,
Aij o { Aji 1< J.

The authors showed in [2, Theorem 2.1] that the entries of A, fulfill
the Ptolemy relation; in particular this holds for ¢ < i+1 < i+k—1 < i+k
(with £ > 3). So we have that A is a frieze matrix, and we can apply
Theorem 2.5 to obtain the following immediate corollary of Theorem 2.5.
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n—1
Corollary 2.7 ([2, Theorem 1.1]). Det(A) = —(—2)""2A1, [] Aj(it1)-
i=1

We finish this section with two results giving identities in the entries
of the matrices we have studied. The first one provides a formula to
compute the entries of a frieze matrix M only knowing the entries in its
first two rows and the elements m; ;11 € frac(R). The second one proves
that the entries of the triangular form Ty, of a frieze matrix M fulfill an
analogous formula of the generalized diamond rule in Equation 1.

Proposition 2.8. For3<i<n—1 and j > 1 it holds that

%
m1,Mma2 j ma;1my 4
mi; = + -2
mi2 mi2 p—

m1,;M1 5
mi—1,t-
my ¢ t—1

Proof. We will treat the cases i = 3 and 4 < ¢ < n + 1 separately.
If i =3 and j > 3 we have by Lemma 2.2 that
M1,2Mm3 j = M13Maj — M23M1j = M13M2j + Ma3mij — 2mgz3my ;j

Consider now 4 < ¢ < n+ 1 and fix £ > i. Due to the proof of
Lemma 3.2 we know that

min{i—1,k} mi
K

But by definition of m¥ . this element is equal to m? i i
Asmin{i — 1,k} =i—1 it turns out that t=3 it
my;m maim m m
1,377%2,5 2,011, i t—1 1,5
mij — - - E —my = 2
mi,2 mi,2 s MLt m1i—1
.. _ miy. 4 my 4 miy;mq 4
ertlng mijl =-2 o mi—1¢ and —2771’””_171' = —Q#mi_u
’ miy¢—1 miyi—1 my ;M ;-1
the proof is completed. O

A natural question that arises while studying the matrices Ty is if
they are frieze matrices; i.e. if they fulfill Equation (1). The reader may
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check in Example 2.4 that the entries of T, do not fulfill the generalized
diamond rule. Despite of that, one can observe that a different rule holds:
the determinant of any 2 x 2 matrix formed by neighbouring entries above
the diagonal is equal to zero. The following proposition states this for
every matrix Thy.

Proposition 2.9. Let M be a frieze matriz and Thys its triangulated
form given in Proposition 2.3. Then

a) tijtiv1j+1 — tiv1tij41 =0 forall i>2 and j>i+1;
b) tiitit1,i41 + 2miip1tiip1 =0 for all 7> 2.

Proof. a) We will treat the cases i = 2 and ¢ > 3 separately.

First, if i = 2 and j > 3 then

ta,jt3,5+1 = tajtagitn) = M (—2%%73) - <—2%m2,3) my i1 =0.
Secondly, if i > 3 and j > i + 1 we have that
tijtit1,j+1 = tig+itivr,y =

—2myMi—1i —2Ma Mg —2Ma i Mim1s —2Ma Mgl

mi,i—1 mi, myi—1 miq

_Amymiyima jamaipr M e mi1ima jMaier 0

miy,;—1M1 my;—1Mi;

b) Again we have to treat the cases i = 2 and i > 3 separately.
Ifi=2

—2m13ma 3
to otz 3 + 2moglo g = mio———"—"— +2mg3mi 3 = 0.

m1,2

Andif3>i>n
Liiliv1,it1 +2my i1t 01 =

—=2M1 i My—1,; —2M1 i1 541 —2m1 i41Mi—1;

= + 2m; 541 =
mi;-1 my mi;-1
P S e WL e U RA S U W
my ;1 my ;-1
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3. Appendix: Proofs

The goal of this section is to prove Proposition 2.3. In preparation, we
first prove Lemma 2.2 and then show an additional Lemma on auxiliary
matrices M} which are needed for the proof of the proposition.

Lemma (Lemma 2.2). Let M = (m; ;) be a frieze matriz in frac(R)" ™.

Then
MG 1= TG M |+ TG 1 (Eijk1)

foreveryl <i<j<k<l<n.

To clarify the following arguments, whenever an equality holds be-
cause of an equation E; ;; we will indicate this by writing the tag with
the corresponding indices on the right.

Proof of Lemma 2.2. Firstly, if one of the inequalities between the in-
dices ; j; k; 1 in Lemma 2.2 is an equality, then the equation (; ;1) is
trivial.

Suppose now that i < j < k < [. We will prove the assertion by
induction on d = [ — i, the distance between the first and last subscript.
The minimum non-trivial distance for ¢ and [ is [ — ¢ = 3, which implies
that j =i+ 1 and k = i + 2. Therefore the right hand side is

M i 142,543 + T i 4-3MMi41 542 = LiTi4+2 + M i43Ti+1
by Equation 1 this last element is equal to

YilYi+1 — TiTit2

) Ti+1 = YilYi+1 = My 421 41,5+3 = T4 k151
Ti+1

TiTit2 + (

Now, assume that E j/ 5 holds for all ¢/ < j' < k' <1’ with I’ —¢' <
d. Consider i < j < k <[ withl—14%=d+ 1. Then, since [ — i > 3, by
the generalized diamond rule we have that

Mg 1 —1Mi41,0 — mi,i+1ml—1,l) -
J.k =

My M1 + My My e = My jME 1+ <
Mit1,1—1

(mi,l—lmj,k)mi+1,l — My kM 4411 —1,1
= m; jMy, + =
Mi41,1-1

MG Mg 11 (M 1 )T 1 — T R i 11T 1)

mMi41,0—1

As E; j 1.1—1 holds, this last term is equal to
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My jME,1Mi41,1-1 + (mi,kmj,l—l - mi,jmk,l—l) Mit1,0 — My, kMM,i+170 1,1 (Ei k1]
555k, 1=

Mi41,1—1

My 5 (M 1M 11,11 — M 1—1Mi41,1) + Mg kM1 1My 1,0 — My kM 11T 1,1

mMit1,1—1

My M4 1 kT 1,1 + My kG 111 — T T 1T 1 ]
- (Eit1,k,0-1,1]
Mi41,1—1

(mygmigr e — My Emaie1) M1 My Ry 1mig

M4it1,1—1
My M1 1, T TG 1T 1] (Eiisrs ]
- ©,1+1,7
Miy1,1—1 T
My g (Mg 1,jMi—1,0 + My 1—1Mi41,1)
M4it1,1—1

MG kM5 1M 41,11

= =My My [Eit1,5,0-1,]

Mit1,1—1

O]

Before proving Proposition 2.3 we introduce auxiliary matrices
My, My, ..., M,_1, being M, _1 the desired upper triangular matrix Ty,
as follows. The matrix M is obtained by swapping the first row of M
with its second row, M; is the result of applying the sequence of row
operations “R; — —*L Ry — R;” (for 3 < i < n) to My, and My results

mi,2

from applying the sequence of row operations “R; — :Zf; Ry — R;” (for

3 <i<n)to M. From there on, the matrix M}, is obtained by applying

the sequence of row operations “R; — :le; Ry = R (for k+1<i<n)

to the matrix My_1.
For an explicit calculation, let us denote by mf ; the ij-entry of My

(observe that the super index is not a power). We define m¥ j as:

ma, g if i = 1,
mi;=q my; ifi=2,
0 . .
. my ifi=1,2,
m. . =
i, m oo
/ Mij — maMmey  ifi>3
) my; ifi=1,2,
m. .=
2v) L Mma o Mma, . e
Mij = a5 M2~ g L if ¢ > 3.
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And inductively for k > 3

mfj_.l if 1 <i <k,
mf’j - k—1 mii,  k—1 : . (2)
Mg = ml:k my.j fk+l<i<n.

Before moving forward with the proof of Proposition 2.3 we give
several useful observations.

Remark 3.1. Observe that for j = 1,2 and ¢ > j the entries m?j

zero. Besides, is not hard to prove by induction on k that an equivalent
definition for m” ., with k > 3 is

are all

1,37
2 . .
) m3; if i € {1,2,3},
mg; = min{i—1,k} _ (3)
Z 2 m1 t—1 .
mi; — t;}) M if4<i¢<n.

Lemma 3.2. For all k > 3 the entries of My have the following form:

(4) mz?,j ifi=1,2,
(ii) 0 ifi>3 A j<min{i —1,k},
mhy = (i) My, F3<i<kel A j>i
mii—1
k
(iv) mij—ZZi:ile ifi>k+2 A j>k+1

Proof. We prove this by induction on k:
Fix k = 3 and lets mg’,j denote the ij-entry in the matrix Ms.

(i) If i = 1,2 then mfj = mij by definition.

(ii) Let i > 3 and j < min{i — 1,3}. If i = 3 then j < 2 and mj; =
maj = 0 by the form of Ms. If i > 4 then j < 3 and m?,j =

27 ma,
7,7 mi,3

m% ;- It j = 1,2 this last element is zero due to the form
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of My. If j = 3 we have

my
3 2 1,0 2
m,; q =M; q — mg -
7,3 1,3 3,3
mi,3

o mi, ma mi, mi,3 ma 3 3
=Mm;3 — mo 3 — m mi3 — m ms3s3 — m ma 3 — mi.3 ()
2 b

mi,2

) 1, 1,3
1,2 ma
ma 3 — mi3
mi 2 m

) 1,

=m;3 +

. (mg 3my2 + my ime3) — Mg M3

mi2

ma 1M1,3 — M2 ;1M1,3
= =0 [E1,2,3,i]
mi,2

)

(iii) Let 3<i¢<4and j >i. If i =3 then j > 3 and

3 mi3 mo3 mg,;mi2 — (M1 3Maj + Mo smi ;) .
m3 ;=M j — ———Mgy; — my; = (3)
, miz2 mi2
72m1
5J
=——Imy, [E1,2,3,5]
mi,2
If i =4 then 5 > 4 and
m
3 .2 1,4 2
My =My 5 — ms ;

mi3

i mi 4 ma.4 mi 4 mi,3 ma 3 .
= m47j — m mg_j — m ij — m m37j — m mgvj — m ij (3)
1,2 1,2 1,3 1,2 1,2

) ) )

o ma 4 mi,4ms,; mi,4M2 3
=My, — mij — + 1,j
mi2 mi3 m1,31M1,2
My jM1,3 — 1M1 4T3 5 M1,4M2 3 — M2 411 3
=— L+ mi;  [Ei2s,, B2
mi3 mi,3M1,2
_ myjmga M12M3y _ —2my
= - - mi; = ms.4
mi3 mi,3M1,2 mi3

(iv) If i > 5 and j > 4 we have that m},; = m7; — 211; m3 ;. And this
completes the proof for case k = 3.

Suppose now that the claim is true up to k£ > 3.

(i) If i = 1,2 then mf}“l = mf] = mij by the induction hypothesis.

(ii) Let j <min{i — 1,k + 1} and ¢ > 3. If j <min{i — 1, k} then

w1 | mE; if3<i<k+1

i = b, ik if g =0
J MGG~ e ife>k+2

m
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by the induction hypothesis. Let j =k + 1 and ¢ > k + 2. Then

k
k+1 _ 2 Mmii ¢
My k1 = My k+1 — E m My 1™
s MLt
m k m
1,i 1,k+1 _ .
—— (m? — —LEL ot K +1¢ ! (3)
E+1,k+1 )
mi,k+1 i—3 mait
— m2 my; m2 —m my . m ma; m
=M1 — —— Mpy g1 = Mik+1 — ——M2k+1 — — M1 k+1—
mik+1 mi, ma,
my; 2my k41
e <mk+1,k+1 - M2 k+1 (3>
mi k+1 may,

miq ma
=M k+1 + ——M2 k1 — —— M1 k41
mi2 mi 2

) s

My 1M 2 N M2 k1 — M2 M k41 0
mi,2

3

(iii) Let 3<i<k+2and j>i If3<i<k+1 then

—2m1 i . .
mitt =ml ;= ——4m;_y;. Ifi=k+2then j > k+2 and
’ ’ mi,i—1
Rl ook k42 ko
k42,5 k+2,j M1 g1 k+1,5
b m m K m
2 1L,k+2  ¢t—1 1,k+2 2 1L,k+2  ¢t—1 b
= Mpqoj — Z e My — M1 pe1 Met1,5 — Z This my g (3)
t=3 . s t=3 :
m
2 1,k+2 2
= Mpy2y — ——  Mig1j
J mi k41 J
- ™mi,k+2 m2 k+2
=Mey2 =~ M2 — ——— M1~
mi2 miz2
_ Mak42 Mg i — mi,k+1 Mg i — m2 k41 My s (5)
rLkH +1,5 mis »J mis 2
ma k42 M1 k4+2Mk+1,5 M1, k4212 k+1
=Met2,j — ——— Mij — + 1,j
1,2 mi k+1 mi k+11M1,2
_ ME42,jM1 k+1 — T k+2Mk+1 5 + M k42T2 k1 — T2 k21101 k41
= 1,5
mi k+1 miy k4+1M1,2
—MmMa,iMe4+1,k+2 —Mi1,2MEk41 k42
= + 1j (E1kt1,k+2,5 and By 2 gy k2]
™mi k+1 mi k+111,2
—2m1’j
= Mp41,k+2-

mi k+1
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(iv) If i > k+3 and j > k+ 2 then

k
k+1 _ kK _ _Mmii k _ 2 mii, t—1 M1, k
Mig =M = e k1 = My ;ml,t tj T migpr kL T
k+1
2 Mg 41
mivj m t,J
=y Mt
and this completes the induction. O

Proof of Proposition 2.3. The claim of the form of Th; then follows from
Lemma 3.2: observe that case (iv) in Lemma 3.2 disappear for k =n —1
because i can not be greater than n+1, so we are left with the first three
cases, which are those of Proposition 2.3 when we replace k by n — 1.
For the second assertion, we observe from its definition that My is
obtained from M by swapping its first two rows. In the other hand, if
1 < k < n—1, My is obtained by a sequence of row operations that do not
alter the determinant, so we have that det(M) = —det(My) = —det(My,)

for all k& € {1,...,n — 1}. In particular, det(M) = —det(M,—1) =
—det(TM). ]
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