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Structure of relatively free n-tuple semigroups

A. V. Zhuchok

Dedicated to Professor V. M. Bondarenko
on the occasion of his 75th birthday

Abstract. An n-tuple semigroup is an algebra defined on
a set with n binary associative operations. This notion was consi-
dered by Koreshkov in the context of the theory of n-tuple algebras
of associative type. The n > 1 pairwise interassociative semigroups
give rise to an n-tuple semigroup. This paper is a survey of recent
developments in the study of free objects in the variety of n-tuple
semigroups. We present the constructions of the free n-tuple semi-
group, the free commutative n-tuple semigroup, the free rectan-
gular n-tuple semigroup, the free left (right) k-nilpotent n-tuple
semigroup, the free k-nilpotent n-tuple semigroup, and the free
weakly k-nilpotent n-tuple semigroup. Some of these results can
be applied to constructing relatively free cubical trialgebras and
doppelalgebras.

1. Introduction

As usual, N denotes the set of all positive integers. For n ∈ N denote
the set {1, 2, . . . , n} by n. Let us recall that an n-tuple semigroup is
a nonempty set G equipped with n binary operations 1 , 2 , . . . , n ,
satisfying the axioms(

x r y
)

s z = x r
(
y s z

)
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for all x, y, z ∈ G and r, s ∈ n. The term “n-tuple semigroup” appears in
the article of Koreshkov [12] as a base of the concept of an n-tuple algebra
of associative type, while n > 1 pairwise interassociative semigroups give
rise to an n-tuple semigroup. The theory of interassociative semigroups
was actively studied (see, e.g., [2,3,7,8,10]). Semigroups and doppelsemi-
groups are partial cases of n-tuple semigroups, n ∈ N. Conversely, if
we have an n-tuple semigroup in which n = 1 (n = 2), then it is a
semigroup (doppelsemigroup). Thus, semigroups and doppelsemigroups
can be characterized as n-tuple semigroups. The study of doppelsemi-
groups was initiated by the author in [28] and then it was continued in
[5, 6, 25, 30, 33, 35, 36, 41, 44]. Note that doppelalgebras introduced by
Richter [17] are linear analogs of doppelsemigroups. These objects have
been characterized in [1] as algebras over some operads. Doppelalgebras
were also considered in [15] under the name “cubical dialgebras”. At the
same time, cubical trialgebras introduced by Loday and Ronco [15] are
linear analogs of 3-tuple semigroups. For n = 2 (n = 3), the variety of
n-tuple semigroups contains commutative dimonoids (commutative tri-
oids). We remind that dimonoids and trioids were introduced in [14] and
[15], respectively, and studied, e.g., in [11, 23, 24, 26, 31, 32, 34, 43]. The
algebras, which retained quite a few properties of 2-tuple semigroups,
turned out to be bisemigroups [22] and restrictive bisemigroups [21]. One
observes that restrictive bisemigroups enable one to effectively study dif-
ferentiable manifolds [20]. The n-tuple semigroups can be also defined
via associative pairs [18].

In [27], the author began the in-depth study of the properties of
n-tuple semigroups. It is well-known that every n-tuple semigroup is a
homomorphic image of some relatively free n-tuple semigroup. There-
fore, a natural step is to consider relatively free n-tuple semigroups. The
theory of n-tuple semigroups has developed significantly in the direction
of studying free objects in the variety of n-tuple semigroups. The cor-
responding topic turned out to be very fruitful and rich in interesting
results; see the papers [27, 29, 37, 38, 40, 42] devoted to absolutely and
relatively free n-tuple semigroups.

In this survey, we systematize the main results that belong to the
variety theory of n-tuple semigroups. We focus on the results clarify-
ing the structure of free objects in the variety of n-tuple semigroups.
Our purpose is to show which free algebras have already been con-
structed, and this will allow us to see which free algebras should
be constructed further. In section 2, we give examples of n-tuple
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semigroups. Then, in section 3, we show connections between n-tuple
semigroups and some another algebraic structures. Section 4 establishes
independence of axioms of n-tuple semigroups. Finally, in sections 5–10,
we present the results on the structure of free objects in the variety of
n-tuple semigroups. More precisely, we give explicit structure theorems
for the free n-tuple semigroup, the free commutative n-tuple semigroup,
the free rectangular n-tuple semigroup, the free left (right) k-nilpotent
n-tuple semigroup, the free k-nilpotent n-tuple semigroup, and the free
weakly k-nilpotent n-tuple semigroup. The indicated results develop the
variety theory of algebraic structures and some of them can be useful
to constructing relatively free cubical trialgebras and relatively free dop-
pelalgebras.

2. Examples of n-tuple semigroups

We first give examples of n-tuple semigroups.
(a) Let X be an alphabet, and let F [X] be the free semigroup on X.

Fix k, n ∈ N, k ≥ n. We denote the union of k different copies of X ×X
by (X ×X)k. For every pair (x1, x2) ∈ X ×X, denote by (x1, x2)i with
1 ≤ i ≤ k the i-th copy of (x1, x2), and let

D(x1, x2) = {(x1, x2)i ∈ (X ×X)k | i ∈ k}.

For all h = (x1, x2)i ∈ (X × X)k, where x1, x2 ∈ X and 1 ≤ i ≤ k,
assume that [h] = x1x2 ∈ F [X]. For every i ∈ n let

α
i
: X ×X → (X ×X)k ∪ {a1a2 ∈ F [X] | a1, a2 ∈ X},

(x1, x2) 7→ (x1, x2)α i

be an arbitrary map such that

(x1, x2)α i
= x1x2 ∈ F [X] or (x1, x2)α i

∈ D(x1,x2).

Define n binary operations 1 , 2 , . . . , n on F [X] ∪ (X ×X)k by

a1 . . . am ∗ b1 . . . bs = a1 . . . amb1 . . . bs, w ∗ h = w[h],

h ∗ w = [h]w, h ∗ f = [h][f ], x1 ∗ x2 = (x1, x2)α∗

for all a1 . . . am, b1 . . . bs ∈ F [X] such that ms > 1, w ∈ F [X], h, f ∈
(X ×X)k, x1, x2 ∈ X and ∗ ∈

{
1 , 2 , . . . , n

}
. The algebra(

F [X] ∪ (X ×X)k, 1 , 2 , . . . , n
)
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is denoted by X♯(k;n).

Proposition 1 ([40], Proposition 3.3). For any a, b, c ∈ X♯(k;n) and
i, j, r, d ∈ n, (

a i b
)

j c = a r
(
b d c

)
.

Corollary 1 ([40], Corollary 3.4). X♯(k;n) is an n-tuple semigroup.

(b) An n-tuple semigroup is called an n-band [37] if each its operation
is idempotent. It is clear that each band can be regarded as an n-band.

Let n ∈ N and G = {a, b}∪{ci : i ∈ n}∪{di : i ∈ n}, and in addition,
let the sets {a, b}, {ci : i ∈ n} and {di : i ∈ n} be mutually disjoint. We
define the operations j , j ∈ n on the set G setting

a j a = a, b j b = b,

a j b = cj , b j a = dj ,

a j ck = ck, b j dk = dk,

a j dk = cj , b j ck = dj ,

ck j x = ck, dk j x = dk

for all x ∈ G and j, k ∈ n.

Proposition 2 ([37], Proposition 1).
(
G, 1 , 2 , . . . , n

)
is an n-band.

Moreover,
(
G, i

)
∼=
(
G, j

)
for any i, j ∈ n.

(c) Let T be an arbitrary n-tuple semigroup with operations 1 , 2 ,

. . . , n , and let a1, a2, . . . , an ∈ T . Define new operations 1 a1
, 2 a2

, . . .,

n an
on T by

x i ai
y = x i ai i y

for all x, y ∈ T and i ∈ n.

Proposition 3 ([27], Proposition 3).
(
T, 1 a1

, 2 a2
, . . . , n an

)
is an

n-tuple semigroup.

The n-tuple semigroup
(
T, 1 a1

, 2 a2
, . . . , n an

)
is called a variant of

T , or, alternatively, a sandwich n-tuple semigroup of the algebra T with
respect to sandwich elements a1, a2, . . . , an, or an n-tuple semigroup with
deformed multiplications. The operations 1 a1

, 2 a2
, . . . , n an

are called
sandwich operations.

Other examples of n-tuple semigroups can be found in [27,40].
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3. Connections of n-tuple semigroups

In this section, we establish connections between n-tuple semigroups and
some another algebraic structures.

(a) Obviously, every semigroup is an 1-tuple semigroup.
(b) Every semigroup (S, ·) can be considered as an n-tuple semigroup

T if assume that T = (S, ·, ·, . . . , ·︸ ︷︷ ︸
n

).

(c) Let B be an arbitrary nonempty set, and let (⋆, ◦) be an ordered
pair of binary operations defined on B. Following Schein [21], the pair
(⋆, ◦) is associative if (x ⋆ y) ◦ z = x ⋆ (y ◦ z) for any x, y, z ∈ B. Asso-
ciative pairs of operations were considered in [18]. Thus, in each n-tuple

semigroup
(
G, 1 , 2 , . . . , n

)
, any operations i and j , where i, j ∈ n,

form an associative pair
(
i , j

)
. And conversely, binary operations 1 ,

2 , . . . , n defined on a set G give rise to an n-tuple semigroup if any

operations i and j , i, j ∈ n, form an associative pair
(
i , j

)
.

(d) Recall that a duplex [16] is a nonempty set D equipped with two
binary associative operations ⊣ and ⊢. Free duplexes were constructed in
[16]. Duplexes with an associative pair of operations were considered in
the paper [16] in which a free object of rank 1 in the corresponding variety
was constructed. A dimonoid is a duplex (D,⊣,⊢) with an associative
pair (⊢,⊣) in which the axioms

(x ⊣ y) ⊣ z = x ⊣ (y ⊢ z), (x ⊣ y) ⊢ z = x ⊢ (y ⊢ z)

hold. Dimonoids were introduced by Loday [14] during constructing the
universal enveloping algebra for a Leibniz algebra. A dimonoid is called
commutative [32] if both its operations are commutative.

Proposition 4 ([27], Proposition 2). Every commutative dimonoid is a
2-tuple semigroup.

Connections between the n-tuple semigroup X♯(k;n) from section 2,
item (a) and dimonoids were characterized in [40].

(e) Recall that a trioid is a dimonoid (D,⊣,⊢) equipped with a binary
associative operation ⊥ satisfying the axioms

(x ⊣ y) ⊣ z = x ⊣ (y ⊥ z), (x ⊥ y) ⊣ z = x ⊥ (y ⊣ z),

(x ⊣ y) ⊥ z = x ⊥ (y ⊢ z), (x ⊢ y) ⊥ z = x ⊢ (y ⊥ z),

(x ⊥ y) ⊢ z = x ⊢ (y ⊢ z).
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Trioids were introduced by Loday and Ronco [15] in the context of algeb-
raic topology. A trioid is called commutative [24] if its three operations
are commutative.

Proposition 5 ([27], Proposition 1). Every commutative trioid is a
3-tuple semigroup.

(f) One can associate 3-tuple semigroups and 2-tuple semigroups to
cubical trialgebras and cubical dialgebras, respectively.

Following Loday and Ronco [15], a cubical trialgebra is a vector
space A equipped with three binary operations: ⊣ called left, ⊢ called
right and ⊥ called middle, satisfying the following nine axioms:

(x ◦1 y) ◦2 z = x ◦1 (y ◦2 z) (3.1)

where ◦1 and ◦2 are either ⊣ or ⊢ or ⊥. The free cubical trialgebra on
one generator was constructed in [15]. We get the definition of a cubical
dialgebra from the definition of a cubical trialgebra by restricting ourself
to the first two operations. More precisely, a cubical dialgebra [15] is a
vector space A equipped with two binary operations: ⊣ called left and ⊢
called right, satisfying (3.1) for any ◦1, ◦2 ∈ {⊣,⊢}. This structure under
the name “doppelalgebra” has been considered earlier by Richter [17].

It is obvious that every cubical trialgebra (cubical dialgebra) is just a
linear analog of a 3-tuple semigroup (2-tuple semigroup). Thus, the re-
sults obtained for 3-tuple semigroups (2-tuple semigroups) can be applied
to cubical trialgebras (cubical dialgebras).

(g) Consider connections between 2-tuple semigroups and interaso-
ciativities of a semigroup.

Let (D,⊢) be an arbitrary semigroup. Consider a semigroup (D,⊣)
defined on the same set. Recall that (D,⊣) is an interassociativity
of (D,⊢) [3] if (⊣,⊢) and (⊢,⊣) are associative pairs of operations on
D. Descriptions of all interassociativities of the free commutative semi-
group, the bicyclic semigroup and a monogenic semigroup were presented
in [7, 8, 10]. Some methods of constructing interasociativities of a semi-
group were developed in [2]. Thus, in any 2-tuple semigroup (D,⊣,⊢),
a semigroup (D,⊣) is an interassociativity of a semigroup (D,⊢), and
conversely, if a semigroup (D,⊣) is an interassociativity of a semigroup
(D,⊢), then (D,⊣,⊢) is a 2-tuple semigroup. Hence, n > 1 pairwise
interassociative semigroups give rise to an n-tuple semigroup.

A 2-tuple semigroup also has the name “doppelsemigroup” [28].
(h) Show connections between 2-tuple semigroups and restrictive bi-

semigroups.
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Let B be an arbitrary nonempty set, and let ⊣, ⊢ be binary associa-
tive operations on B. A restrictive bisemigroup (see, e.g., [21, 22]) is an
ordered triple (B,⊣,⊢) with idempotent operations ⊣ and ⊢ forming an
associative pair (⊣,⊢) and satisfying the axioms

x ⊣ y ⊣ z = y ⊣ x ⊣ z, x ⊢ y ⊢ z = x ⊢ z ⊢ y.

Restrictive bisemigroups have applications in the theory of binary rela-

tions. Thus, every 2-tuple semigroup
(
G, 1 , 2

)
is a restrictive bisemi-

group if
(
G, 1

)
is a right normal band, and

(
G, 2

)
is a left normal

band. And conversely, every restrictive bisemigroup (B,⊣,⊢) with an
associative pair (⊢,⊣) is a 2-tuple semigroup.

4. Independence of axioms of n-tuple semigroups

This section is devoted to the question on independence of axioms of
n-tuple semigroups [27].

A system of axioms
∑

is independent if any axiom α from
∑

cannot
be deduced from the system of axioms

∑
\{α}.

Theorem 1 ([27], Theorem 1). The system of all axioms of n-tuple
semigroups (n > 1) is independent.

5. Free n-tuple semigroups

In this section, we construct the free n-tuple semigroup of an arbitrary
rank and consider singly generated free n-tuple semigroups [27] sepa-
rately. We will use notions and notations of section 2.

The class of all n-tuple semigroups forms a variety. An n-tuple semi-
group which is free in the variety of n-tuple semigroups is called a free
n-tuple semigroup.

A subdirect product of two algebras A1 and A2 is a subalgebra U of
the direct product A1 × A2 such that the projection maps U → A1 and
U → A2 are surjections.

Theorem 2 ([27], Theorem 2). Every free n-tuple semigroup is a sub-
direct product of a free semigroup on some set and a variant of some
n-tuple semigroup defined on a free monoid of rank n.

Now we give an explicit construction of the free n-tuple semigroup.
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Let X be an arbitrary nonempty set, and let ω be an arbitrary word
over the alphabet X. The length of ω is denoted by lω. By defini-
tion, the length of the empty word is equal to 0. Fix n ∈ N and let
Y = {y1, y2, . . . , yn} be an arbitrary set consisting of n elements. Let
further F [X] be the free semigroup on X and F θ[Y ] the free monoid on
Y with the empty word θ. Define n binary operations 1 , 2 , . . . , n on

XYn = {(w, u) ∈ F [X]× F θ[Y ] | lw − lu = 1}

by
(w1, u1) i (w2, u2) = (w1w2, u1 ·yi u2) (5.1)

for all (w1, u1), (w2, u2) ∈ XYn and i ∈ n, where ·yi is the sandwich-

operation on F θ[Y ]. The algebra
(
XYn, 1 , 2 , . . . , n

)
is denoted by

FnTS(X). By the proof of Theorem 2, FnTS(X) is the free n-tuple
semigroup.

Theorem 2 implies a corollary which describes free n-tuple semigroups
of rank 1.

Corollary 2 ([27], Corollary 1). (F θ[Y ], ·y1 , . . . , ·yn) is the free n-tuple
semigroup of rank 1.

In [27], it was proved that the semigroups of the free n-tuple semi-
group are isomorphic and its automorphism group is isomorphic to the
symmetric group. In the latter paper, it was also shown how a free semi-
group can be obtained from the free n-tuple semigroup by a suitable
factorization. The least commutative congruence and the least rectan-
gular congruence on the free n-tuple semigroup were presented in [37]
and [29], respectively. The problems of the description of the least k-nil-
potent congruence and the least weakly k-nilpotent congruence on the
free n-tuple semigroup were solved in [40] and [38], respectively. The
least left (right) k-nilpotent congruence on the free n-tuple semigroup
and on the free semigroup was characterized in [42].

6. Free commutative n-tuple semigroups

In this section, we construct the free commutative n-tuple semigroup
of an arbitrary rank and consider singly generated free commutative
n-tuple semigroups [37] separately. We will use notions and notations
of sections 2 and 5.

An n-tuple semigroup is called commutative if all its operations are
commutative. The class of all commutative n-tuple semigroups forms a
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subvariety of the variety of n-tuple semigroups. An n-tuple semigroup
which is free in the variety of commutative n-tuple semigroups is called
a free commutative n-tuple semigroup.

In the construction of FnTS(X) instead of the free semigroup on
X, take the free commutative semigroup F ∗[X] on X, and instead of
the free monoid on Y , take the free commutative monoid F θ

∗ [Y ] on Y
with the empty word θ. In this case, denote by FCnS(X) the algebra(
XYn, 1 , 2 , . . . , n

)
with operations defined by (5.1).

Theorem 3 ([37], Theorem 4). FCnS(X) is the free commutative
n-tuple semigroup.

Corollary 3 ([37], Corollary 3). (F θ
∗ [Y ], ·y1 , ·y2 , . . . , ·yn) is the free com-

mutative n-tuple semigroup of rank 1.

In [37], it was stated that the semigroups of the free commutative
n-tuple semigroup are isomorphic and its automorphism group is iso-
morphic to the symmetric group. In addition, the authors constructed
a congruence on FCnS(X) and used it to get a free commutative semi-
group from the free commutative n-tuple semigroup. They also found
some conditions under which the operations of an arbitrary (commuta-
tive) n-tuple semigroup coincide.

7. Free rectangular n-tuple semigroups

In this section, we construct the free rectangular n-tuple semigroup of
an arbitrary rank and consider separately free rectangular n-tuple semi-
groups of rank 1 [29]. We also calculate the cardinality of the free rec-
tangular n-tuple semigroup for the finite case.

A semigroup S is called rectangular [32] if xyz = xz foll all x, y, z ∈ S.
In [4], the lattice of subvarieties of the variety defined by the identity
xyz = xz was indicated. This variety is the union of the variety of left
zero semigroups, the variety of right zero semigroups and the variety
of zero semigroups, and the lattice of its subvarieties is an 8-element
Boolean algebra.

For n-tuple semigroups, it is natural to consider an analog of a rec-
tangular semigroup.

An n-tuple semigroup
(
G, 1 , 2 , . . . , n

)
is called rectangular if se-

migroups
(
G, 1

)
,
(
G, 2

)
, . . .,

(
G, n

)
are rectangular. The class of

all rectangular n-tuple semigroups forms a subvariety of the variety of
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n-tuple semigroups. An n-tuple semigroup which is free in the variety of
rectangular n-tuple semigroups is called a free rectangular n-tuple semi-
group.

Let X be an arbitrary nonempty set, n ∈ N, and let Y = {y1, . . . , yn}.
Define n binary operations 1 , 2 , . . . , n on X ∪ (Y ×X ×X × Y ) by

(a1, b1, c1, d1) i (a2, b2, c2, d2) = (a1, b1, c2, d2),

x i (a1, b1, c1, d1) = (yi, x, c1, d1), (a1, b1, c1, d1) i x = (a1, b1, x, yi),

x i y = (yi, x, y, yi)

for all (a1, b1, c1, d1), (a2, b2, c2, d2) ∈ Y ×X×X×Y , x, y ∈ X and i ∈ n.
The obtained algebra is denoted by FRnS(X).

Theorem 4 ([29], Theorem 1). FRnS(X) is the free rectangular n-tuple
semigroup.

Corollary 4 ([29], Corollary 1). The free rectangular n-tuple semigroup
FRnS(X) generated by a finite set X is finite. Specifically, if |X| = k,
then |FRnS(X)| = k(1 + n2k).

Now we construct an n-tuple semigroup which is isomorphic to the
free rectangular n-tuple semigroup of rank 1.

Let e be an arbitrary symbol. Define n binary operations 1 , 2 , . . . ,

n on (Y × Y ) ∪ {e} by

(a1, d1) i (a2, d2) = (a1, d2), e i (a1, d1) = (yi, d1),

(a1, d1) i e = (a1, yi), e i e = (yi, yi)

for all (a1, d1), (a2, d2) ∈ Y × Y and i ∈ n. The algebra(
(Y × Y ) ∪ {e}, 1 , 2 , . . . , n

)
is denoted by FRnS1.

Theorem 4 implies the following statement which describes singly
generated free rectangular n-tuple semigroups.

Corollary 5 ([29], Corollary 2). If |X| = 1, then FRnS1
∼= FRnS(X).

It was established in [29] that the operations of a rectangular n-tuple
semigroup coincide if and only if its semigroups are pairwise P-related
semigroups. It is also known that the semigroups of the free rectan-
gular n-tuple semigroup are isomorphic and its automorphism group is
isomorphic to the symmetric group [29].
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8. Free left (right) k-nilpotent n-tuple semigroups

In this section, we construct the free left k-nilpotent n-tuple semigroup
of rank 1 and show that the free left k-nilpotent n-tuple semigroup of
rank m > 1 is a subdirect product of the free left k-nilpotent semigroup
with m generators and the free left k-nilpotent n-tuple semigroup of
rank 1 [42]. We also calculate the cardinality of the free left k-nilpotent
n-tuple semigroup for the finite case. We will use notions and notations
of section 5.

Following Schein [19], a semigroup S is called a left (right) nilpotent
semigroup of rank p if the product of any p elements from this semi-
group gives a left (right) zero. Right nilpotent semigroups appear in au-
tomata theory, namely, such semigroups are semigroups of self-adaptive
automata (see [9,13]). The class of all left nilpotent semigroups of rank p
is characterized by the identity g1g2 . . . gpgp+1 = g1g2 . . . gp. The least
such p is called the left nilpotency index of a semigroup S [42]. Follo-
wing [42], for k ∈ N a left nilpotent semigroup of left nilpotency index
≤ k is said to be a left k-nilpotent semigroup. Right k-nilpotent semi-
groups are defined dually [42]. The class of all left (right) k-nilpotent
semigroups forms a subvariety of the variety of semigroups. A semigroup
which is free in the variety of left (right) k-nilpotent semigroups is called
a free left (right) k-nilpotent semigroup.

For n-tuple semigroups, it is natural to consider an analog of a left
(right) nilpotent semigroup of rank p.

An n-tuple semigroup
(
G, 1 , 2 , . . . , n

)
is called left nilpotent if

for some m ∈ N, every x1, . . . , xm, xm+1 ∈ G, and all i ∈ n the following
identities hold:

(x1 ∗1 . . . ∗m−1 xm) i xm+1 = x1 ∗1 . . . ∗m−1 xm,

where ∗1, . . . , ∗m−1 ∈
{
1 , 2 , . . . , n

}
. The least such m is called the

left nilpotency index of
(
G, 1 , 2 , . . . , n

)
. For k ∈ N a left nilpo-

tent n-tuple semigroup of left nilpotency index ≤ k is said to be a left
k-nilpotent n-tuple semigroup. Right k-nilpotent n-tuple semigroups are
defined dually. The class of all left (right) k-nilpotent n-tuple semigroups
forms a subvariety of the variety of n-tuple semigroups. An n-tuple
semigroup which is free in the variety of left (right) k-nilpotent n-tuple
semigroups is called a free left (right) k-nilpotent n-tuple semigroup.

Let w ∈ F [X]. Fix k, n ∈ N. Following [39], if lw ≥ k, let
k−→w denote
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the initial subword with the length k of w, and if lw < k, let
k−→w= w. We

will also regard that
0−→u = θ for all u ∈ F θ[Y ]. Let us assume that

Y (k) = {u ∈ F θ[Y ] | lu + 1 ≤ k}

and define n binary operations 1 , 2 , . . . , n on Y (k) by

u1 i u2 =
k−1−−−−→u1yiu2

for all u1, u2 ∈ Y (k) and i ∈ n. The algebra obtained in this way is

denoted by Y
(k)
n .

Theorem 5 ([42], Theorem 3.1). Y
(k)
n is the free left k-nilpotent n-tuple

semigroup of rank 1.

Further, we present the free left k-nilpotent semigroup.
Let Uk = {w ∈ F [X] | lw ≤ k}. A binary operation · is defined on Uk

by the rule

w1 · w2 =
k−−−→w1w2

for all w1, w2 ∈ Uk. With respect to this operation Uk is a semigroup
generated by X. It is denoted by FLNSk(X).

Lemma 1 ([42], Lemma 3.2). FLNSk(X) is the free left k-nilpotent
semigroup.

Now we are ready to construct the free left k-nilpotent n-tuple semi-
group of an arbitrary rank. For this define n binary operations 1 , 2 ,

. . ., n on

Wk =
{
(w, u) ∈ FLNSk(X)× Y (k)

n | lw − lu = 1
}

by

(w1, u1) i (w2, u2) =
( k−−−→w1w2,

k−1−−−−→u1yiu2

)
for all (w1, u1), (w2, u2) ∈ Wk and i ∈ n. The obtained algebra is denoted

by F k,n
(l) NS(X).

Theorem 6 ([42], Theorem 3.3). F k,n
(l) NS(X) is the free left k-nilpotent

n-tuple semigroup.
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Corollary 6 ([42], Corollary 3.4). The free left k-nilpotent n-tuple semi-

group F k,n
(l) NS(X) generated by a finite set X×{θ} is finite. Specifically,

|F k,n
(l) NS(X)| =

∑k
i=1 n

i−1 · |X|i.

Corollary 7 ([42], Corollary 3.5). Every free left k-nilpotent n-tuple
semigroup of rank m > 1 is a subdirect product of the free left k-nilpotent
semigroup with m generators and the free left k-nilpotent n-tuple semi-
group of rank 1.

Corollary 8 ([42], Corollary 3.6). F k,1
(l) NS(X) is the free left k-nilpotent

semigroup.

Theorems 5 and 6 imply the following statement.

Corollary 9 ([42], Corollary 3.7). If |X| = 1, then Y
(k)
n

∼= F k,n
(l) NS(X).

Remark 1 ([42], Remark 3.12). In order to construct free right k-nil-
potent n-tuple semigroups we use the duality principle.

In [42], it was established that the semigroups of the free left (right)
k-nilpotent n-tuple semigroup are isomorphic and its automorphism
group is isomorphic to the symmetric group.

9. Free k-nilpotent n-tuple semigroups

In this section, we construct the free k-nilpotent n-tuple semigroup of
an arbitrary rank and consider separately free k-nilpotent n-tuple semi-
groups of rank 1 [40]. Moreover, we calculate the cardinality of the free
k-nilpotent n-tuple semigroup for the finite case [40]. We will use nota-
tions of section 5.

An element 0 of an n-tuple semigroup
(
G, 1 , 2 , . . . , n

)
is called

zero if x∗0 = 0 = 0∗x for all x ∈ G and ∗ ∈
{
1 , 2 , . . . , n

}
. An n-tuple

semigroup
(
G, 1 , 2 , . . . , n

)
with zero 0 is called nilpotent if for some

m ∈ N and any xi ∈ G with 1 ≤ i ≤ m + 1, and ∗j ∈
{
1 , 2 , . . . , n

}
with 1 ≤ j ≤ m,

x1 ∗1 x2 ∗2 . . . ∗m xm+1 = 0.

The least such m is called the nilpotency index of
(
G, 1 , 2 , . . . , n

)
.

For k ∈ N a nilpotent n-tuple semigroup of nilpotency index ≤ k is said
to be k-nilpotent. The class of all k-nilpotent n-tuple semigroups forms
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a subvariety of the variety of n-tuple semigroups. An n-tuple semigroup
which is free in the variety of k-nilpotent n-tuple semigroups is called a
free k-nilpotent n-tuple semigroup.

Fix k ∈ N. Define n binary operations 1 , 2 , . . . , n on

XY[k] = {(w, u) ∈ F [X]× F θ[Y ] | lw − lu = 1, lw ≤ k} ∪ {0} by

(w1, u1) i (w2, u2) =

{
(w1w2, u1yiu2), lw1w2 ≤ k,

0, lw1w2 > k,

(w1, u1) i 0 = 0 i (w1, u1) = 0 i 0 = 0

for all (w1, u1), (w2, u2) ∈ XY[k]\{0} and i ∈ n. The algebra obtained in

this way is denoted by FNk
nS(X).

Theorem 7 ([40], Theorem 4.1). FNk
nS(X) is the free k-nilpotent

n-tuple semigroup.

Corollary 10 ([40], Corollary 4.2). The free k-nilpotent n-tuple semi-
group FNk

nS(X) generated by a finite set X × {θ} is finite. Specifically,
|FNk

nS(X)| =
∑k

i=1 n
i−1|X|i + 1.

Now we construct an n-tuple semigroup which is isomorphic to the
free k-nilpotent n-tuple semigroup of rank 1.

Assume that Yk = {u ∈ F θ[Y ] | lu + 1 ≤ k} ∪ {0}. Define n binary
operations 1 , 2 , . . . , n on Yk by

u1 i u2 =

{
u1yiu2, lu1u2 + 2≤ k,

0, lu1u2 + 2 > k,

u1 i 0 = 0 i u1 = 0 i 0 = 0

for all u1, u2 ∈ Yk\{0} and i ∈ n. The obtained algebra is denoted by
Y k
n .

Corollary 11 ([40], Corollary 4.3). If |X| = 1, then Y k
n
∼= FNk

nS(X).

According to [40], the semigroups of the free k-nilpotent n-tuple semi-
group are isomorphic and its automorphism group is isomorphic to the
symmetric group.
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10. Free weakly k-nilpotent n-tuple semigroups

In this section, we construct the free weakly k-nilpotent n-tuple semi-
group of an arbitrary rank and consider separately free weakly k-nilpo-
tent n-tuple semigroups of rank 1 [38]. In addition, we calculate the
cardinality of the free weakly k-nilpotent n-tuple semigroup for the fi-
nite case [38]. We will use notations of section 5.

A semigroup S is called nilpotent if Sn+1 = 0 for some n ∈ N.
The least such n is called the nilpotency index of S. For k ∈ N a
nilpotent semigroup of nilpotency index ≤ k is called k-nilpotent. An

n-tuple semigroup
(
G, 1 , 2 , . . . , n

)
with zero is called weakly nilpotent

if
(
G, 1

)
,
(
G, 2

)
, . . . ,

(
G, n

)
are nilpotent semigroups. A weakly

nilpotent n-tuple semigroup
(
G, 1 , 2 , . . . , n

)
is called weakly k-nilpo-

tent if
(
G, 1

)
,
(
G, 2

)
, . . .,

(
G, n

)
are k-nilpotent semigroups. It is

not difficult to check that the variety of k-nilpotent n-tuple semigroups
introduced in [40] (see also section 9) is a subvariety of the variety of
weakly k-nilpotent n-tuple semigroups. An n-tuple semigroup which is
free in the variety of weakly k-nilpotent n-tuple semigroups is called a
free weakly k-nilpotent n-tuple semigroup.

For x ∈ Y and all u ∈ F θ[Y ], the number of occurrences of the
element x in u is denoted by dx(u). Obviously, dx(θ) = 0. Fix k ∈ N and
define n binary operations 1 , 2 , . . . , n on

Ωk = {(w, u) ∈ F [X]× F θ[Y ] | lw − lu = 1,

dx(u) + 1 ≤ k for all x ∈ Y } ∪ {0}

by

(w1, u1) i (w2, u2)

=

{
(w1w2, u1yiu2), dx(u1yiu2) + 1 ≤ k for all x ∈ Y,

0, otherwise,

(w1, u1) i 0 = 0 i (w1, u1) = 0 i 0 = 0

for all (w1, u1), (w2, u2) ∈ Ωk\{0} and i ∈ n. The algebra obtained in
this way is denoted by FNSk

n(X).

Theorem 8 ([38], Theorem 1). FNSk
n(X) is the free weakly k-nilpotent

n-tuple semigroup.
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In order to calculate the cardinality of Ωk, let a0 = α0 = α−1 = 0,

and let αp =

p∑
i=1

ai for p ∈ n and α = (a1, . . . , an) ∈ {0, . . . , k − 1}n.

Corollary 12 ([38], Corollary 1). The free weakly k-nilpotent n-tuple
semigroup FNSk

n(X) generated by a finite set X × {θ} is finite. Specifi-
cally, if |X| = m, then

|Ωk| = 1 +
∑

α = (a1, . . . , an) ∈
{0, . . . , k − 1}n

(
n−1∏
l=0

(
αn − αl−1

al

)
m(1+αn)

)
.

Now we construct an n-tuple semigroup which is isomorphic to the
free weakly k-nilpotent n-tuple semigroup of rank 1.

For k ∈ N let us assume that

Y (k) = {u ∈ F θ[Y ] | dx(u) + 1 ≤ k for all x ∈ Y } ∪ {0}.

Define n binary operations 1 , 2 , . . . , n on Y (k) by

u1 i u2 =

{
u1yiu2, dx(u1yiu2) + 1 ≤ k for all x ∈ Y,

0, otherwise,

u1 i 0 = 0 i u1 = 0 i 0 = 0

for all u1, u2 ∈ Y (k)\{0} and i ∈ n. The obtained algebra is denoted by
Y (n, k).

Corollary 13 ([38], Corollary 2). If |X| = 1, then Y (n, k) ∼= FNSk
n(X).

In [38], some properties of the free weakly k-nilpotent n-tuple semi-
group were described. More precisely, the authors characterized all maxi-
mal n-tuple subsemigroups of the free weakly k-nilpotent n-tuple semi-
group and gave a criterion for an isomorphism of endomorphism semi-
groups of free weakly k-nilpotent n-tuple semigroups. They also conside-
red separately the question of regularity in the endomorphism semigroup
of FNSk

n(X). Moreover, in [38], it was established that the semigroups
of the free weakly k-nilpotent n-tuple semigroup are isomorphic and its
automorphism group is isomorphic to the symmetric group.
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Remark 2. The free product of arbitrary n-tuple semigroups was con-
structed in [37]. In the latter paper, the authors introduced the notion of
n-band of n-tuple semigroups and used it to describe the structure of free
products of n-tuple semigroups. They also characterized one congruence
on the free product of n-tuple semigroups in order to get a free product
of semigroups from the free product of n-tuple semigroups.

Note that the main results of sections 5–10 can be applied to con-
structing the corresponding relatively free cubical trialgebras and rela-
tively free doppelalgebras.
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