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On exponentiation, p-automata and HNN

extensions of free abelian groups∗

A. Oliynyk and V. Prokhorchuk

Communicated by A. P. Petravchuk

Abstract. For every prime p it is shown that a wide class of

HNN extensions of free abelian groups admits faithful representation

by őnite p-automata.

1. Introduction

Natural action of the wreath product of permutation groups (G,X)
and (H,Y) on the Cartesian product X × Y is widely used. The other
action of this wreath product on the set Y

X of all functions from X to Y

is called exponentiation. This action was deőned in [4] as a formalization
of group actions used in [12] to enumerate types of Boolean functions
(cf. [11,14]). Its basic properties as a permutation group were obtained in [8].
Exponentiation was applied to construct and study new strongly regular
graphs ([15,16]), to study automorphism group of the n-dimensional cube
([5, 6]), to construct new őnite Gelfand pairs ([2]) and to construct new
őnitely generated proőnite groups ([17]). We observe that exponentiation
can be applied to construct groups deőned by őnite automata.

Finite automata and groups deőned by automata form a valuable direc-
tion in modern mathematics (see e.g. [3,9]). Given a őnite (permutational)
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automaton over a őnite alphabet X a naturally deőned permutation group,
the group of this automaton, acting by automorphisms on free monoid
X
∗ as on a rooted tree is deőned. The other way to deőne a group by an

automaton is to generate it by a subset of the generating set of the group
of this automaton. Given a group deőned by an automaton over some
alphabet, it is natural to reduce the size of the alphabet so that this group
can be deőned by an automaton over the minimized alphabet. Moreover,
additional restrictions on permutations deőned at states of automata can
be applied ([10]).

In the present paper we consider this problem for HNN extensions of
free abelian groups to extend results of [13]. We use automata constructed
in [1] such that their groups are required HNN extensions. As the main
result for any prime p we give sufficient conditions on an ascending HNN
extension of a free abelian group of őnite rank under which this HNN
extension can be deőned by a őnite automaton over an alphabet of cardi-
nality p and all permutations on the alphabet at the states are powers of
a certain cycle of length p.

The paper is organized as follows. In section 2 we recall required
deőnitions regarding wreath products and exponentiation. We observe
in Theorem 1 a sufficient condition to represent an exponentiation as a
permutation group in terms of a permutational wreath product acting
on a őnite rooted tree. Here we also give a constructive example of such
a representation. In section 3 we brieŕy recall required notions on őnite
automata and groups deőned by them. In Theorem 2 we give a sufficient
condition for a group deőned by an automaton to decrease the size of the
alphabet such that it can be deőned by an automaton over minimized
alphabet. In section 4 we use these statements to prove the main result of
the paper.

All used notions and properties about trees, automata and groups are
standard and can be found e.g. in [3, 9].

2. Wreath products and their actions

2.1. Wreath products

Let (G,X) and (H,Y) be permutation groups. The wreath product of
(G,X) with H is deőned as the semidirect product

G⋉HX

where the action of G on the set of functions HX is induced by its action
on X. It is denoted by G ≀ H and consists of the pairs [g, h(x)], where
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g ∈ G, h(x) : X → H. Such a pair acts on the Cartesian product X× Y

by the rule
(x, y)[g,h(x)] = (xg, yh(x)), x ∈ X, y ∈ Y.

The permutation group (G ≀H,X× Y) is called the permutational wreath
product of (G,X) and (H,Y).

Being an associative operation on permutation groups their wreath
product can be deőned for an arbitrary őnite sequence

(G1,X1), (G2,X2), . . . , (Gn,Xn)

of permutation groups. In this case it is denoted by ≀ni=1Gi and consists of
tuples

[g1, g2(x1), . . . , gn(x1, . . . , xn−1)],

where

g1 ∈ G1, g2(x1) : X1 → G2, . . . , gn(x1, . . . , xn−1) : X1 × . . .× Xn−1 → Gn.

It acts on the sets ∅, X1, X1×X2, . . . ,X1× . . .×Xn preserving the natural
structure of a rooted tree on their union. Hence, the permutational wreath
product ≀ni=1Gi can be viewed as an automorphism group of a homogeneous
rooted tree acting on the set of its leaves.

2.2. Exponentiation

For permutation groups (G,X) and (H,Y) the action of the wreath
product of (G,X) with H on the set Y

X can be deőned as follows.
The exponentiation of (H,Y) by (G,X) is the permutation group

H ↑ G = (G ≀H,YX)

such that every [g, h(x)] ∈ G ≀H acts on f(t) ∈ Y
X by the rule

f(t)[g,h(x)] = (f(tg))h(t).

Since for őnite X and Y the degrees of permutation groups (G≀H,X×Y)
and (G ≀H,YX) are not equal these groups are not isomorphic as permuta-
tion groups. Moreover, exponentiation is not an associative operation on
permutation groups. However, it is natural to ask about existence of an
isomorphism between the permutation group H ↑ G and an automorphism
group of a homogeneous rooted tree acting on the set of its leaves.

In general such an isomorphism does not exist. For instance, consider
the exponentiation Z2 ↑ Z3 of the regular cyclic group of order 2 by the
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regular cyclic group of order 3. It is a permutation group of degree 8 and
contains elements of order 3. From the other hand the automorphism
group of the 2-regular rooted tree of depth 3 has exactly 8 leaves and no
elements of order 3.

We give a sufficient condition under which a required isomorphism
exists.

Theorem 1. Let p be a prime, G and H be őnite p-groups faithfully acting

on sets X and Y of cardinalities pn and pm correspondingly, n,m ⩾ 0.
Then the exponentiation H ↑ G is isomorphic as a permutation group to

the wreath product of m · pn copies of the regular cyclic group of order p

acting by automorphisms on the set of leaves of the p-regular rooted tree

of depth m · pn.

Proof. Under conditions of the Theorem the exponentiation H ↑ G is
a permutation group of order pn+m·pn and degree pm·pn . Then it can
be considered as a p-subgroup of the symmetric group of degree pm·pn .
Hence, by Sylow’s Theorem it is contained in a Sylow p-subgroup of this
symmetric group. Sylow p-subgroup of the symmetric group of degree
pm·pn is isomorphic to the wreath product of m · pn copies of the regular
cyclic group or order p [7]. The statement immediately follows.

2.3. Example

Let p = 3. Consider the additive group Z3 = {0, 1, 2} regularly act-
ing on itself. Theorem 1 implies that the exponentiation Z3 ↑ Z3 as a
permutation group is isomorphic to a subgroup of the permutation group

(Z3 ≀ Z3 ≀ Z3,Z
3
3).

An example of such an isomorphism can be constructed as follows.
Let

a = [1, (0, 0, 0)], b = (0, (1, 0, 0))]

be a generating set of the wreath product Z3 ≀ Z3. Denote by σa and σb
permutations on Z

3
3 deőned by a and b correspondingly.

Consider elements

c = [c1, c2(x1), c3(x1, x2)], d = [d1, d2(x1), d3(x1, x2)] ∈ Z3 ≀ Z3 ≀ Z3

such that

c1 = 0, c2(x1) =











2, if x1 = 0

1, if x1 = 1

0, if x1 = 2

, c3(x1, x2) =











2, if x1 = 2, x2 = 0

1, if x1 = 2, x2 = 1

0, otherwise

,
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d1 = 1, d2(x1) = 0, x1 ∈ Z3, d3(x1, x2) =

{

1, if x1 = 0, x2 ̸= 2

0, otherwise
.

Denote by σc and σd permutations on Z
3
3 deőned by c and d correspond-

ingly.

Deőne a bijection π : Z3
3 → Z

3
3 as follows:

(0, 0, 0) 7→ (0, 0, 1), (0, 0, 1) 7→ (1, 1, 2), (0, 0, 2) 7→ (2, 2, 0),

(0, 1, 0) 7→ (0, 1, 0), (0, 1, 1) 7→ (1, 2, 1), (0, 1, 2) 7→ (2, 0, 2),

(0, 2, 0) 7→ (1, 0, 0), (0, 2, 1) 7→ (2, 1, 1), (0, 2, 2) 7→ (0, 2, 2),

(1, 0, 0) 7→ (0, 2, 0), (1, 0, 1) 7→ (1, 0, 1), (1, 0, 2) 7→ (2, 1, 2),

(1, 1, 0) 7→ (0, 0, 2), (1, 1, 1) 7→ (1, 1, 0), (1, 1, 2) 7→ (2, 2, 1),

(1, 2, 0) 7→ (2, 0, 0), (1, 2, 1) 7→ (0, 1, 1), (1, 2, 2) 7→ (1, 2, 2),

(2, 0, 0) 7→ (1, 2, 0), (2, 0, 1) 7→ (2, 0, 1), (2, 0, 2) 7→ (0, 1, 2),

(2, 1, 0) 7→ (1, 0, 2), (2, 1, 1) 7→ (2, 1, 0), (2, 1, 2) 7→ (0, 2, 1),

(2, 2, 0) 7→ (0, 0, 0), (2, 2, 1) 7→ (1, 1, 1), (2, 2, 2) 7→ (2, 2, 2).

Then for an arbitrary α ∈ Z
3
3 the following equalities hold:

σa(α) = π(σc(π
−1(α))), σb(α) = π(σd(π

−1(α))).

The required isomorphism now directly follows.

3. Automata and groups deőned by automata

3.1. Words and automata

Let X be a őnite set, |X| > 1. The set X
∗ = ∪∞

i=0X
i of all őnite words

over X, including the empty word Λ, form a free monoid with basis X

under concatenation. The length of a word w ∈ X
∗ is denoted by |w|, i.e.

w ∈ X
|w|. The right Cayley graph of X∗ with respect to basis X deőnes on

X
∗ as on the vertex set the structure of a regular tooted tree. Two words
u, v ∈ X

∗ are joined by an edge if and only if u = vx or v = ux for some
x ∈ X. For every n ⩾ 0 the set X

n form the nth level of this tree and the
union ∪n

i=0X
n is the vertex set of a regular rooted subtree of depth n.

A őnite automaton over alphabet X is a triple A = (Q, λ, µ) such
that Q is a őnite non-empty set, the set of states, λ : Q× X → Q is the
transition function, µ : Q× X → Q is the output function. Automaton A
is called permutational if for every q ∈ Q the restriction µq : X → X of
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the output function at state q is a permutation on X. We will consider
őnite permutational automata only.

In case |X| = p for some prime p and all permutations µq, q ∈ Q, are
powers of a őxed cycle of length p on X automaton A is called p-automaton.

3.2. Groups deőned by automata

Let A = (Q, λ, µ) be a őnite permutational automaton over X. The
set of permutations {µq, q ∈ Q} generates a subgroup in the symmetric
group on X. We call this group the permutation group deőned at states of
A. For a p-automaton the permutation group deőned at its states is the
regular cyclic group of order p.

For every q ∈ Q the permutation µq can be recursively extended to
the permutation on the set X

∗ as follows:

µq(Λ) = Λ, µq(xw) = µq(x)µλ(q,x)(w), x ∈ X, w ∈ X
∗.

Obtained in this way permutation µq is length preserving, i.e. |µq(w)| = |w|,
w ∈ X

∗, and preőx preserving, i.e. if for w,w1 ∈ X
∗ and some x ∈ X the

equality w = w1x holds then some x1 ∈ X the equality µq(w) = µq(w1)x1
holds. Hence, µq preserves the structure of a rooted tree on X

∗. It is called
an automaton permutation deőned by A at the state q.

The permutation group, generated by the set {µq, q ∈ Q} is called the
group of the automaton A and denoted by G(A). The restriction of its
action on X is the permutation group deőned at states of A.

More generally, a group G is called a group generated by a őnite
automaton over X if there exists a őnite permutational automaton A
over X such that G is isomorphic to the group generated by a subset
of automaton permutations deőned at states of A. In this case G is
isomorphic to a subgroup of automaton A generated by a subset of its
generating set.

In terms of [10], a group generated by a őnite automaton over X

is a őnitely generated subgroup of the őnite state wreath power of the
permutation group at states of an automaton over X. In some cases the
order and the degree of such a permutation group can be minimized.

Theorem 2. Let (G,X) and (H,Y) be őnite permutation groups such that

(G,X) is isomorphic as a permutation group to a subgroup of the wreath

product of őnitely many copies of (H,Y). Then every group generated by

a őnite automaton such that the permutation group deőned at its states is

(G,X) can be generated by a őnite automaton with the permutation group

(H,Y ) deőned at its states.
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Proof. Assume that (G,X) is isomorphic as a permutation group to a
subgroup of the wreath product of r copies of (H,Y) for some r ⩾ 1.
Denote by φ an isomorphic embedding of G into ≀ri=1H

(i), H(i) ≃ H,
1 ⩽ i ⩽ r, and by ψ an injection from X to Y

r such that

ψ(xg) = (ψ(x))φ(g), x ∈ X, g ∈ G.

Denote by Y1 the image of X under ψ. Then (G,X) is isomorphic as a
permutation group to (φ(G),Y1). Recall that the wreath product ≀ri=1H

(i)

acts on the union ∪r−1
i=0Y

i. This action is length preserving and preőx
preserving. Hence, φ(G) acts on the set Y2 that consists of all preőxes of
all words from Y1.

Let A = (Q, λ, µ) be a őnite permutational automaton over X such
that the permutation group deőned at its states is (G,X). It is sufficient
to show that the group G(A) of this automaton can be generated by a
őnite automaton over Y such that the permutation group deőned at its
states is (H,Y). We deőne the corresponding automaton B = (Q1, λ1, µ1).

The set of sates Q1 of B is the set of all possible pairs of the form
(q, w), where q is a state of A and w is a word from Y of length not greater
than r − 1. In other words, it is deőned as the Cartesian product

Q1 = Q×
(

∪r−1
i=0Y

i
)

.

The transition function λ1 is deőned by the equality

λ1((q, w), y) =











(q, wy), if |w| < r − 1 and wy ∈ Y2

(λ(q, ψ−1(wy)),Λ), if |w| = r − 1 and wy ∈ Y1

(q, w), otherwise

.

Since ψ is an injection the deőnition is correct.
The output function µ1 is deőned by the equality

µ1((q, w), y) =

{

y1, if wy ∈ Y2 and (wy)φ(µq) = (w)φ(µq)y1

y, otherwise
.

Since φ(µq), q ∈ Q, is length preserving and preőx preserving on Y2 the
deőnition is correct.

It is required to őnd a subset S ⊂ Q1 such that the group G(A) is
isomorphic to the groupGS generated by the set {µ1s, s ∈ S}. We will show
that one can take the subset S = {(q,Λ), q ∈ Q}. It is enough to prove
that the mapping µq 7→ µ1(q,Λ), q ∈ Q, deőnes a required isomorphism
between G(A) and GS .
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Consider the monoid monomorphism Φ : X
∗ → Y

∗ that extends
injection φ. Then the image Φ(X∗) is a free monoid with basis Y1, i.e.
Φ(X∗) = Y

∗
1.

For arbitrary q ∈ Q, x ∈ X and w ∈ X
∗ we have the equalities

Φ(xw)µ1(q,Λ) = (φ(x)Φ(w))µ1(q,Λ) =

(φ(x))µ1(q,Λ)Φ(w)µ1(λ(q,x),Λ) = φ(xµq)Φ(w)µ1(λ(q,x),Λ) .

Since φ(x) ∈ Y1 the last equality follows from the deőnition of the output
function µ1. Therefore, permutations groups (G(A),X∗) and (GS ,Y

∗
1) are

isomorphic as permutation groups.
Consider an arbitrary w ∈ Y

∗. Then there exist unique w1 ∈ Y
∗
1,

w2 ∈ Y2 \ Y1, w3 ∈ Y
∗ such that w = w1w2w3 and the word w2 is the

longest preőx of w2w3 from Y2. Let q ∈ Q. Then

wµ1(q,Λ) = w
µ1(q,Λ)

1 w4w3

for some w4 ∈ Y2 \ Y1 such that for arbitrary w1w2u ∈ Y
∗
1, u ∈ Y

∗, the

word w
µ1(q,Λ)

1 w4 is a preőx of (w1w2u)
µ1(q,Λ) . Hence, the action of the

automaton permutation µ1(q,Λ) on Y
∗ is completely deőned by its action

on Y
∗
1. The proof is complete.

4. HNN extensions and p-automata

4.1. HNN extensions of free abelian groups

Let Ar = ⟨a1, . . . , ar | aiaj = ajai, 1 ⩽ i < j ⩽ r⟩ be a free abelian
group of rank r ⩾ 1. For a non-degenerate integer matrix M = (mij)

r
i,j=1

consider the group

GM = ⟨Ar, t | a
t
i = ami1

1 . . . amir
r , 1 ⩽ i ⩽ r⟩.

Then GM is an ascending HNN extension of Ar.

Proposition 1 ([1]). Let the order of M is inőnite and for positive integer

n ⩾ 2 the determinant of M and n are mutually prime. Then there exist

a őnite permutational automaton AM over X = {0, . . . , n− 1}r such that

the group of AM is isomorphic to GM .

Let us recall the construction of automaton AM = (Q, λ, µ) from [1].
Denote by n(M) the max norm of the matrix M , i.e.

n(M) = max
i

∑

j

|mij |.
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Then the set of states Q is deőned as

Q = {(v1, . . . , vr)
⊤ ∈ Z

r : −n(M) ⩽ vi ⩽ n(M)− 1, 1 ⩽ i ⩽ r}

and for v = (v1, . . . , vr)
⊤ ∈ Q, x = (x1, . . . , xr)

⊤ ∈ X we have

λ(v, x) = Divn(v +Mx), µ(v, x) = Modn(v +Mx),

where Divn and Modn denote operations of taking coordinate-wise quo-
tients and reminders from division by n.

4.2. p-automata deőning HNN extensions

The main result of this section is the following

Theorem 3. Let p be a prime, r = pk for some k ⩾ 1 and let M be an

integer matrix of the form

M = pN + C

for some r×r integer matrix N and permutation matrix C that correspond

to a permutation of order pm for some m ⩾ 0. Then

1) the group GM is generated by a őnite p-automaton;

2) the group GM is residually p-őnite.

Proof. Since | detM | = 1 this determinant is relatively prime to p and
the matrix M satisőes conditions of Proposition 1. Then the group of the
automaton AM is isomorphic to GM . Let us describe the permutation
group (G,X) deőned at states of this automaton.

Denote by X1 the set {1, . . . , r} and by X2 the set {0, . . . , p− 1}. Then
the alphabet X can be identiőed with the set X

X1
2 of all functions from X1

to X2.

Denote by σ the permutation on X1 such that the matrix C corresponds
to σ. Since σ has order pm the lengths of its independent cycles are powers
of p not greater than pm and at least one of them is pm. Denote by G1

the cyclic group generated by σ. Then |G1| = pm.

Let G2 be a cyclic group of order p. It acts on X2 by additions modulo p.

Consider an arbitrary state v = (v1, . . . , vr)
⊤ of AM . Then the vector

Modp(v) can be regarded as a function from X1 to G2. For an arbitrary
vector x = (x1, . . . , xr)

⊤ ∈ X we have

µv(x) = Modp(v +Mx) = Modp(v + (pN + C)x) = Modp(v + Cx)
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and coordinate-wise

µv(x) = ((xσ(i) + vi) mod p, 1 ⩽ i ⩽ r).

It means that the permutation µv acts on X
X1
2 by the rule, that deőnes a

permutation from the exponentiation G2 ↑ G1, i.e. the permutation µv is
deőned by the element [σ,Modp(v)] of the wreath product G1 ≀G2, the
wreath product of cyclic groups of orders pm and p. Since n(M) ⩾ 1 all
vectors

u1 = (−1, 0, . . . , 0), . . . , ur = (0, . . . , 0,−1)

belong to the set Q of states of AM . Hence, the set

{µu1 , . . . µur}

generates the wreath product G1 ≀G2. Therefore, the permutation group
(G,X) is the exponentiation G2 ↑ G1.

Theorem 1 now implies that (G,X) is isomorphic as a permutation
group to the wreath product of pm copies of the regular cyclic group or
order p acting by automorphisms on the set of leaves of the p-regular
rooted tree of depth pm. Then Theorem 2 implies that the group GM

can be generated by a őnite automaton with regular cyclic group as
the permutation group deőned at its states, i.e. by a p-automaton. This
completes the proof of the őrst statement of the theorem.

Since all groups deőned by őnite p-automata are residually p-őnite
(see e.g. [13]) the second statement now immediately follows.
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