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Implicit linear difference equation over
residue class rings
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ABSTRACT. We investigate the first order implicit linear dif-
ference equation over residue class rings modulo m. We prove an
existence criterion and establish the number of solutions for this
equation. We obtain analogous results for the initial problem of
the considered equation. The examples which illustrate the develo-
ped theory are given.

1. Introduction

The theory of the linear difference equations is an important branch of
mathematics, having a series of different applications (see, for examp-
le, [1]-[4]). The theory of implicit linear difference equations in vector
spaces was developed in the 80s-90s of the 20 century (see, for example,
[4]-[6]). Unlike the classical theory, the non-invertible operators have an
important role in the new theory. Therefore, it appears to be interes-
ting to investigate the problem of solving an implicit linear difference
equation with non-invertible coefficients from an arbitrary commutative
ring. Recently, implicit difference equations over integral domains were
studied in [7], and more detailed over the ring of integers in [8]-[10].
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In [11] these equations in different classes of topological vector spaces we-
re investigated.

In this paper, the first order implicit linear difference equations over
residue classes rings is investigated. Let Z,, = Z/mZ be the residue
class ring modulo m, where m € N, m > 2. Let A, B,Yy € Z,, and let
{Fn}52, be a sequence of Z,,. Consider the initial problem

BXn+1 = AXn + Fn7 n e Z+, (11)

Xo = Yo, (12)

where Z, denotes the set of non-negative integers. A sequence {X,,}°°
of elements of Z,, is called a solution of the initial problem (1.1), (1.2), if
it satisfies Equation (1.1) and the initial condition (1.2). Equation (1.1)
is called implicit, if B is a non-invertible element of the ring Z,,. If B is
an invertible element of Z,,, then this equation is called explicit. Let a,b
are representatives of classes A, B respectively. In the Section 2 we prove
that if the greatest common divisor of numbers a, b, m is equal to 1, then
Equation (1.1) is decomposed into the explicit equation (2.5) and the
implicit equation (2.6), which has a unique solution (see lemmas 2.1, 2.2
and Theorem 2.1). Theorem 2.1 also gives the general solution for these
equations. The main results of this paper are presented in Section 3 (see
theorems 3.1 and 3.2). Theorem 3.1 describes necessary and sufficient
conditions for the solvability, a number of solutions and the general so-
lution for the initial problem (1.1), (1.2). This theorem gives the full
description of all possible situations for the initial problem (1.1), (1.2).
The analogous results for Equation (1.1) are established in Theorem 3.2.
This theorem leads to the criteria of the existence and uniqueness of a
solution for Equation (1.1) (see Corollaries 3.2, 3.3). As in the Fredholm
theory (see, for example, [12, Chapter 7]), Corollary 3.4 shows that if cor-
responding to (1.1) homogeneous equation has only trivial solution then
for any sequence {F;,} >, of Z,, Equation (1.1) has a unique solution.
Section 4 of the present paper contains the examples, which illustrate
the constructed theory (see Examples 4.1-4.4).

Through this paper [t]s denotes the class of the element ¢ € Z of the
ring Zs, where s € N. The ring Z; denotes the null ring. For the numbers
ni,ng,...,ny € Z such that |ni| + |na2| + ... + [nn| # 0 the symbol
ged (ng,...,ny) denotes their positive greatest common divisor. If T is
a nilpotent element of the ring Zs, then ind(7") denotes the nilpotency
index of T
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2. Preliminary

Throughout this paper m > 2, m € N. Let A, B and F), (n € Z,) be gi-
ven elements of the ring Z,,. For each of elements A, B, Yy, Fy,, X;, € Zp,
(n € Z4) denote, respectively, their representatives a, b, yo, fn, Tn.

By Fundamental Theorem of Arithmetic, there exist pairwise diffe-

T
rent primes p1, ..., p, and numbers ki, ..., k. € N such that m = H p?j.

j=1
Denote i i
mi= [] ', ma= ][ »y,
it pstb J: pjlb
where m; = 1 in the case p; | b (j = 1,...,7) and ma = 1 in the case

pjftb (j=1,...,r). Obviously, mi - mg = m, and ged (m1,ma) = 1.
Let us introduce the natural projections m;: Z,, — Z,,, defined as

follows:
i (T) = [tlm;, VT = [t]m, 1=1,2.

(see [13, p. 381-382)]).

For each i = 1,2, according to the [13, p. 381-382] the natural pro-
jections 7; (i = 1,2) are homomorphisms.

Denote

Ai=mi(A), Bi=m(B), Yio=mY0), Fin=m(Fn), i=12.
Let my # 1, mg # 1. Let us introduce the isomorphism
w: Zml @ng — Zm7

defined as follows (see, for example, [13, Section 7.6 and Exercise 5 to
the Section 7.6]):

Y (T1,T2) = [tieima + taeamilm,  VT1 = [ti]m,, VT2 = [to]m,, (2.1)

where
Er = [e1]m, = [mal;), Bz = [ea]m, = [ma] - (2.2)

We see that since ged (my,m2) = 1, the inverse elements F; and FEy
are defined.
ItT € Zp,,T> € Zp,, then the definition of ¢ implies

m (Y (1, T2)) =T;, i=1,2. (2.3)
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Also, 7yt (Th) Ny ! (Th) is a one-element set, ¢ (T1, Ty) is an element
of this set. This means that

v (M, )}y =m (1) Ny (1) (2.4)

Consider the following equations over rings Z,,, and Z,,, respectively:
Bi X141 =X+ Fin, neZy, (2.5)

By Xoni1 = A2 Xopn +Foy, neEZy. (2.6)

The following lemma describes the connection between solutions of
Equation (1.1) and equations (2.5), (2.6).

Lemma 2.1. Let my # 1,me # 1. The sequence
Xn =% Xin, Xon), neiy, (2.7)

is a solution of Equation (1.1) if and only if the sequences { X1}, and
{Xon}02, are solutions of equations (2.5), (2.6), respectively. Moreover,
Xi,n = (Xn), 1=1,2, neZy.

Proof. The equalities (2.7) and (2.3) yield together the equality for X ,:
i (Xp) = Xip, 1 =1,2.
Since 7; (¢ = 1,2) are homomorphisms, by the equality (2.7),
T (BXn+1 - AX,, — Fn) = BiXi,nJrl_AiXi,n_Fi,na 1=1,2, neZ,.
By the equality (2.4), we obtain:
BXp1 — AXp — Fy =

=9 (BiXipn+1 — A1 Xin — Fip, BoXony1 — A Xo, — Fay), neZg.
(2.8)

We note that
71 (0) =0 and m (0) = 0. (2.9)
Since (2.9), (2.8) hold, we obtain that the equality (1.1) is satisfied if
and only if equalities (2.5), (2.6) are satisfied. This ends the proof of the
lemma. O

Let us introduce the notation:
d = ged (a,b,m) .

Consider the equations (2.5) and (2.6). The following lemma estab-
lishes important properties for coefficients of these equations.
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Lemma 2.2. The following statements hold.
1. If m1 # 1, then By is invertible.

2. If mg # 1, then By is nilpotent. If additionally d = 1, then As is
wnvertible.

3. B is nilpotent if and only if mp = 1.

Proof. Proof the statement 1. The definition of m; and B implies the
equality ged (b, m1) = 1. Hence, the element B is an invertible element
of Zp, .

Proof the statement 2. Firstly let us prove that By is nilpotent. It is
evident from the definition of mg: if k = j{r%axr{kj}, then B = [b¥],,, = 0.

Let d = 1. We will prove that ged (a,mg) = 1. Assuming the con-
trary, we obtain that there exists j € {1,...,r} such that p; | a. This
condition yields p; | a,p; | b,p; | m. Hence p; | d. But it contradicts
d = 1. Therefore ged (a,mg) = 1. This means that Ay is an invertible
element of Z,,.

Proof the statement 3. The condition mq = 1 is equivalent to the
assertion

Vj=1,...,r:p;|b.

The last condition is equivalent to the nilpotency of the element B
in Zy,. ]

Remark 2.1. Lemma 2.2 is an analogue of the spectral decomposition
of a regular operator pencil in Banach spaces (see [14, Lemma 2.1]). The
analogous to (2.5), (2.6) decomposition of an implicit difference equa-
tion in Banach spaces into two equations with regarded properties was
obtained in [6, 15].

The following theorem is a solvability theorem for Equation (2.5) and,
in the case d = 1, for Equation (2.6).

Theorem 2.1. The following statements hold.
1. Let my # 1. The general solution of Equation (2.5) is defined by
the following formula:

n—1
Xin =B A1 X190+ Y AiBr ' P, neN,  (210)
s=0

where X1 g is an arbitrary element of Zyy,, .
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2. Letd =1 and mg # 1. Then Equation (2.6) has a unique solution,
defined by the following formula:

ind(B2)—1

Xom=— > Ay 'BiFynis, nely. (2.11)
s=0

Remark 2.2. The corresponding inverse elements exist by Lemma 2.2.

Proof. Let us prove firstly the statement 1. By the statement 1 of
Lemma 2.2, Bp is invertible. The equality (2.5) is equivalent to the
equality

Xins1 =B " A1 X1, + B 'F,,, ncZ,. (2.12)

According to [3, p. 4], the general solution of Equation (2.12) has the
form (2.10).

Let us prove now the statement 2. Since d = 1 and mo # 1, by
the statement 2 of Lemma 2.2, Ay is an invertible element and By is
nilpotent.

The equality (2.6) is equivalent to the following:
Xop=—A"Fop+ A3 BoXo i1, n€Zy. (2.13)

Applying (2.13) recurrently few times, obtain the equality (2.11).
Now let {X,,}7°, be defined by the formula (2.11). Denote k =
ind (Bzg). Substituting (2.11) to the left part of Equation (2.6), we obtain:

k-1 k-1
1 - —s—1pstl
By X, 11 = —BoA, E AP BSFo pyiqs = — g AT BT Py s =
s=0 s=0

k k
==Y Ay'BiFapi=—) Ay'BiFoni+ Fon =

= =0
k—1

= —Ay- AN A BiFoni + Fan = AsXop + Fop.
t=0

Therefore { X5, }7°, defined by the formula (2.11), is the unique solution
of Equation (2.6). O

Corollary 2.1. The following statements hold.
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1. Let d = 1 and my = 1. Equation (1.1) has a unique solution
{Xn}02, defined by the following formula:

ind(B)—1
Xop=— Y A'BF,, necl (2.14)
s=0

2. Let mg = 1. The general solution of Equation (1.1) is defined by
the following formula:

n—1
X, =B "A"Xo+ Y A*B'F, 4, neN, (2.15)
s=0

where Xg is an arbitrary element of Zy,.

3. Main results

Here we obtain the solvability theorems over Z,, for Equation (1.1) and
for the initial problem (1.1), (1.2).
Let us introduce the following notations:

m' =" Y = ol & = lafd}us, B = [b/d}u

Also, when d | f,, for all n € Z, denote
F7/z = [fo/dlp, nEZLy.

Each a prime divisor of the number m/’ is also a divisor of m. Then by
Fundamental Theorem of Arithmetic, there exist non-negative integers

T
l; <kj (j=1,...,r) such that m’:Hpé-j.
j=1

/ L / L
my= H Py My = H Py

j: dpjtb j: dpjlb

Denote also

As in the definition of mi,mg, we assume m} = 1, in the case dp; | b
(j=1,...,r) and mj = 1, in the case dpj 1 b (j = 1,...,r). Note that if
d=1, then m}, =m,;, i =1,2.
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Let d | fy, for all n € Z,. Denote
Fi/,n = [fn/d]m;
and consider the initial problem
B'X| . =AX, +F,, necZ,, (3.1)
Xy =V (32)

over Ly, .
The following statement is a helpful lemma, which shows a connection
between the equations (1.1) and (3.1).

Lemma 3.1. Let d # 1, d | f, (n € Zy). The sequence {X,}22,
is a solution of Equation (1.1) if and only if it admits the following
representation

X = [z, + |, n € Zy, (3.3)

where X, = [z),] (n € Z4) is a solution of Equation (3.1), and {a, 152,
is a sequence of {0,1,...,d —1}. Moreover, the sequence {an}22, and
the solution {X]}>2 of Equation (3.1) with x], € {0,...,m' — 1} are

n=

uniquely determined by the solution {X,}°°, of Equation (1.1).
Proof. Obviously, Equation (1.1) is equivalent to the congruence
brni1 = axy + fr (mod m), ne€Z;. (3.4)

The congruence (3.4) is equivalent to the following condition.

b a fn
JTn+l = Jn + i (mod m'), n€Z. (3.5)

The congruence (3.5) means that there exists a solution X = [/ ],/

(n € Z4) of Equation (3.1) such that z, = ], (mod m’). Therefore
{Xn}52, is asolution of (1.1) if and only if X,, = [z}, +a,-m/];, (n € Z4),
where {a;,}7°, is an arbitrary sequence of {0,...,d —1}.

Suppose that the two following representatives for the solution of
Equation (1.1) hold:

X = 2], + anm/]m = [mﬁl + @m'] , née€Zly,
m

where X! = [2)]m, )/(\;L = Fﬂ (n € Z) are solutions of Equa-

tion (3.1), ap, ap (n € Z4) are numbers from {0,...,d — 1} and ad-

ditionally z/ , x/

sk €40,...,m' —1}. It implies the following congruence

T, + apm’ = ;;Z +apm’ (mod m), ne€Z,. (3.6)
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o~ o~

Then z, = z!, (mod m'). By the assumption z/,,z! € {0,...,m' — 1},
; B

we have =), = z/,, n € Zy. Now the congruence (3.6) means «, = oy,
(mod d). Since ay,, oy, € {0,...,d — 1}, we have a, = &y, n € Zy. 0

The following theorem is a solvability theorem for the initial prob-
lem (1.1), (1.2). This theorem also establishes the explicit form for the
general solution of the considered initial problem, when a solution exists.

Theorem 3.1. The following statements hold.

1. The initial problem (1.1), (1.2) has a unique solution if and only
if d =1 and one of the following conditions holds:

(a) mg =1;
(b) ma # 1 and the equality

ind(B2)—1

Yoo=— Y A T'BiF, (3.7)
s=0

1s satisfied.

Moreover, the unique solution of the initial problem (1.1), (1.2) is
defined by the formula

(

n—1
B AYy+ Y 4B,y my =1,
=0
ind(B)-1
X, = Y A B R, m=1, (3.8)
s=0
\ w<7n75n)7 mi 7é 1,m2 7& 17

where the isomorphism 1 is defined by the formula (2.1) and

n—1
=B A0+ > ABrY T R,
s=0
ind(B2)—1
Sn=— > A;'BiFyni..

s=0
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2. The initial problem (1.1), (1.2) has infinitely many solutions if and
only if d # 1, d | fn for all n € Z4 and one of the following
conditions holds:

(a) my =1;
(b) mb # 1 and the equality

ind(B4)—1
Yio=— (A5) 7 (BY)" (3.9)
s=0

1s satisfied.
The general solution of the initial problem (1.1), (1.2) is defined by
X =12, +an-m)m, néeEN, (3.10)

where X = [2)]m (n € Z4) is a solution of the initial prob-
lem (3.1), (3.2) (this solution exists and is unique), and {an}32 4
is an arbitrary sequence of {0,1,...,d—1}. Moreover, the sequence
{an}5° 1 is uniquely determined by the solution {X,}>2 of the ini-
tial problem (1.1), (1.2).

3. The initial problem (1.1), (1.2) has no solutions if and only if one
of the following conditions holds:

(a) dft fn for somen € Z,;
(b) d| fn (n € Zs), mh #1 and the equality (3.9) is not satisfied.

Remark 3.1. In the statement 2 of Theorem 3.1 the sequence {X] }°°,
when m # d, may be defined by the formula, analogous to the for-
mula (3.8), applied to the initial problem (3.1), (3.2). When m = d,
then evidently X, =0 for all n € Z,.

Proof. The sufficient conditions of all three statements of Theorem 3.1
are mutually exclusive and they exhaust all possibilities. Therefore, it is
enough to prove the sufficiency for all of three statements of this theorem.
Let us prove the sufficiency of the statement 1. Let d = 1. If either
m1 = 1, or mgo = 1, then the claimed statement follows from Corol-
lary 2.1. Let us assume now that my # 1 and mo # 1.
Set the initial conditions:

Xl,O = le’o € Zml, (311)
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X27() = Y27() S Zm2 (3.12)

for equations (2.5) and (2.6) respectively.

According to Lemma 2.1, the sequence {X,,}7° is a solution of the
initial problem (1.1), (1.2) if and only if the sequence {X7 ,,}72 is a so-
lution of the initial problem (2.5), (3.11) and the sequence { X2 ,}22 is a
solution of the initial problem (2.6), (3.12). By the statement 1 of Theo-
rem 2.1, the initial problem (2.5), (3.11) has a solution for any Y7 g € Z,, .
According to the statement 2 of Theorem 2.1, the initial problem (2.6),
(3.12) has a solution if and only if Y3y satisfies (3.7). Hence, the initial
problem (1.1), (1.2) has a solution if and only if the condition (3.7) is
satisfied, moreover this solution is unique and has the form (2.7), where
X1, and Xy, are defined by the formulas (2.10) and (2.11) respectively.

Let us prove the sufficiency of the statement 2. Let d # 1, d | f,
for all n € Z4. Additionally, let either m}, = 1, or m}, # 1 and (3.9)
be satisfied. Since ged (a/d,b/d,m’) = 1, we can apply the sufficiency of
the statement 1 (which is already proved) to the initial problem (3.1),
(3.2). Due to that statement, the initial problem (3.1), (3.2) has a unique
solution X, = [z},],y (n € Z4). By Lemma 3.1, for any sequence {o, }72
of {0,...,d— 1} the formula (3.3) defines the solution of Equation (1.1).

We choose ag such that (1.2) is satisfied, i.e., [z, + aom/];m = [Yo]m.
The initial condition (3.2) implies [z{]ny = [yYolm’, and the following
congruence holds z(, = yo (mod m’). Then § = yonzi,% € Z. Divide 8 on
d with remainder. Then there exist ¢ € Z and ag € {0,...,d — 1} such
that 8 = qd 4+ ag. Therefore,

[336 + aoml]m = ['Té) + (B - qd)m/]m = [:EZ) + Yo — xlo - qm]m = [y[)]m

Therefore for the chosen ag and any sequence {a,}5°; of {0,...,d —1}
the formula (3.10) defines a solution of the initial problem (1.1), (1.2).
By Lemma 3.1, the expression (3.10) gives infinitely many solutions of
this initial problem (see also (3.3)).

We prove that the general solution of the initial problem (1.1), (1.2)
is defined by the formula (3.10). Let {X,,}72, be an arbitrary solution of
this initial problem. Then by Lemma 3.1, this solution has the form (3.3),
where { X/ }7° , is a solution of Equation (3.1). Moreover, {X],}°° ; must
satisfy the initial condition (3.2). We have proved that the initial prob-
lem (3.1), (3.2) has a unique solution. Hence, the general solution of the
initial problem (1.1), (1.2) has the form (3.10).

Let us prove now the sufficiency of the statement 3. Assume d 1 f,
for some n € Z,. The equality (1.1) for this n is equivalent to the
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congruence bzy+1 — ax, = f, (mod m). Hence,

fan=d- <Zajn+1 - Zmn> (mod m). (3.13)
Since d | m, the condition (3.13) means that d | f,,, which contradicts the
assumption. Therefore, if d 1 f,, for some n € Z,, then Equation (1.1) has
no solutions. Now suppose that d | f,, n € Z;, mb, # 1 and the equali-
ty (3.9) is not satisfied. Assume the contrary, that the initial problem
(1.1), (1.2) has a solution X,, = [zp]m (n € Z4). Then the congruence
(3.13) is satisfied for all n € Z, and the sequence X/, = [zp] (n € Z4) is
a solution of the initial problem (3.1), (3.2). Since ged (a/d,b/d,m’) =1,
we can apply Lemma 2.1 and the statement 2 of Theorem 2.1 to this
initial problem. Therefore, if mf # 1 and {X] }°2 is a solution of the
initial problem (3.1), (3.2), then Y5 = [yo],,y, must satisfy (3.9). This
contradicts the assumption. O

The following theorem is a solvability theorem for Equation (1.1).
This theorem also yields an explicit form for the general solution of Equa-
tion (1.1).

Theorem 3.2. The following statements hold.
1. Equation (1.1) has a finite number of solutions if and only if d = 1.
Moreover, the number of these solutions is equal to m1 and in this

case

(a) If mg =1, then the general solution of Equation (1.1) has the

form
n—1
X, =B "A"Xg+ Y A*BT'F,_,1, neN, (3.14)
s=0

where Xg is an arbitrary element of Zy,.

(b) If my =1, then the unique solution of Equation (1.1) has the
form

ind(B)—1
Xn _ Z A_S_lBSFn+S, = Z+. (315)
s=0
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(c) If m1 # 1 and mg # 1, then the general solution of Equa-
tion (1.1) has the form

ind(Ba)—1
Xo=1v [ X10,— Z A;STIBs Py, |
s=0
Xn = w(’}/’m 671)7 ne N, (316)

where X1, is an arbitrary element of Zy,,, the isomorphism
Y is defined by the formula (2.1) and

n—1
Yn = B;HA?XLO + Z AiB;371F17n,S,1,
s=0
ind(B2)—1
Sn=— > A'BSFyni..

s=0

2. Equation (1.1) has infinitely many solutions if and only if d # 1
and d | fp for alln € Z,. The general solution in this case has the
form (3.3), where X, =[x} ] (n € Z4) is the general solution of
Equation (3.1), and {an}52 is an arbitrary sequence of {0, ...,d—
1}. Moreover, the sequence {a,}22y and the solution {X]}22 of

Fquation (3.1) with x|, € {0,...,m’ — 1} are uniquely determined
by the solution {X,}>2, of Equation (1.1).

3. Equation (1.1) has no solutions if and only if d 1 f, for some
n e Z+.

Remark 3.2. Since ged (a/d,b/d, m’) = 1, in the statement 2 of Theo-
rem 3.2 the general solution of Equation { X/ }2° ; may be defined by the
formula, analogous to formulas (3.14)—(3.16), applied to Equation (3.1).

Proof. The sufficient conditions of all three statements of Theorem 3.2
are mutually exclusive and they exhaust all possibilities. Therefore, it is
enough to prove the sufficiency for all of three statements of this theorem.

We prove the sufficiency of the statement 1 of Theorem 3.2. Let
d = 1. If either mq = 1 or mgy = 1, then the claimed statement follows
from Corollary 2.1. Let m; # 1 and mo # 1. The statement 1 of Theo-
rem 3.1 implies that if there exists a solution of the initial problem (1.1),
(1.2), then it is defined uniquely by the given Yj o, where Y7 is an ar-
bitrary element of the ring Z,,,. Therefore, the number of solutions of
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Equation (1.1) is equal to m;. The form (3.16) of the general solution
of Equation (1.1) is obtained by using the general solution (3.8) of the
initial problem (1.1), (1.2).

Let us prove the sufficiency of the statement 2 of Theorem 3.2. Let
d# 1and d | f, for all n € Z,. Since ged (%,g,m’) = 1, we can
apply the sufficiency of the statement 1 (which is already proved) to
Equation (3.1). Due to that statement, Equation (3.1) has m/ solutions.
Let X| = [2)],v (n € Z4) be the general solution of this equation. By
Lemma 3.1, the general solution of Equation (1.1) has the form (3.3),
where {a,}72 is an arbitrary sequence of {0,...,d — 1}. Moreover, by
Lemma 3.1, Equation (1.1) has infinitely many solutions.

Let us prove the sufficiency of the statement 3 of Theorem 3.2. Let
d # 1 and d 1 f, for some n € Z,. By the statement 3 of Theorem 3.1,
for any Yy € Z,, the initial problem (1.1), (1.2) has no solutions. Hence,
Equation (1.1) has no solutions. O

The following corollary of Theorem 3.2 yields the solvability of Equa-
tion (1.1) in the case of an invertible element A.

Corollary 3.1. If A is an invertible element of Z,, then Equation (1.1)
always has a solution. Moreover, the number of solutions for Equa-
tion (1.1) is equal to m;.

Theorem 3.2 also implies the following criteria of the existence and
uniqueness of a solution for Equation (1.1).

Corollary 3.2. Equation (1.1) has a unique solution if and only if d = 1
and m1 = 1. In particular, the homogeneous equation

BX,.1=AX,, ne€Z, (3.17)
has only trivial solution if and only if d =1 and m; = 1.

Corollary 3.3. Equation (1.1) has a unique solution if and only if A is
invertible and B is nilpotent. Moreover, this solution has the form (3.15).

Proof. According to Corollary 3.2, Equation (1.1) has a unique solution
if and only if d =1 and m; = 1.

Hence, it suffices to prove that the conditions that B is nilpotent and
A is invertible are equivalent to the conditions d = 1 and mq = 1.

At first, let us prove the sufficiency of the mentioned statement. Let
B be nilpotent and A be invertible. We prove that d = 1, m; = 1. By
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the statement 3 of Lemma 2.2, the nilpotency of B implies m; = 1. If A
is invertible, then gcd(a, m) = 1, and hence d = 1.

Let us prove now the converse statement. Let d =1 and m; = 1. By
the statement 3 of Lemma 2.2, the condition m; = 1 yields B is nilpotent.
By Lemma 2.2, if d = 1, then As is an invertible element of Z,,,. Since
mq = 1, this implies that As = A is invertible. The representation (3.15)
for the unique solution of Equation (1.1) follows from Theorem 3.2. [

Corollary 3.4. If the homogeneous equation (3.17) has only trivial so-
lution, then for any sequence {F,}"2, Equation (1.1) has a unique solu-
tion. Moreover, the unique solution of Equation (1.1) has the form (3.15).

Proof. Let Equation (3.17) has only trivial solution. Then Corollary 3.2
implies d = 1, m; = 1 and, therefore, for any sequence {F,,}> , of Z,,
Equation (1.1) has a unique solution. The form (3.15) for the unique
solution of Equation (1.1) follows from Corollary 3.3. O

4. Examples

Example 4.1. Consider the following equation over Zg:
BleXnt+1 = [2l6Xn + Fn, n€EZ;. (4.1)

Here A = [2]¢, B = [3], m = 6. Let b =3, a = 2, hence d = 1. We
have m; = 2 and mg = 3. Therefore Ay = [2]3, By = [3]3, ind(B2) = 1.
Let Yy = [vol6, Frn = [fn]6- By the statement 1 of Theorem 3.1, the initial
problem (4.1), (1.2) has a solution if and only if

ind(B2)—1
wols=— Y. Ay 'B3Fa. = (215" [fols = [fols,
s=0
ie.,
[yols = [fo]s- (4.2)

Further assume that the solution of the initial problem (4.1), (1.2)
exists, i.e., the equality (4.2) is satisfied. This solution is unique.

The representation of this solution may be found by the formula (3.8).
We obtain A1 = [2]2, Bl = [3]2, E1 = [3}271 = [1}2, E2 = [2];1 = [2]3
(see also the formulas (2.2)). Choose e; = 1, ea = 2. According to the
formula (2.1), the isomorphism : Zo @ Zs — Zg is defined as follows:

d}(Tl,TQ) = [3t1 + 4t2]6, VT, = [tl]z, VT, = [tg]g. (4.3)
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Let us evaluate:

n—1
Bi"A X1+ Y AIB T P =
5=0

n—1
= Bl 25X 10+ > 253 Fip—eo1 = Figo1, neN,  (44)
s=0

ind(Ba)—1
— Y Ay 'BiFanis =23 ' Fan =TFon, n€Zi.  (45)
s=0

Substituting (4.3), (4.4) and (4.5) into (3.8), we obtain the following
form for the unique solution of the initial problem (4.1), (1.2):

XO = %a XTL = @Z}([fn—l]% [fn]3) =
= [3fu-1+4fule = 3F1 +4F,, neN. (4.6)

By Theorem 3.2, Equation (4.1) has m; = 2 solutions, and the general
solution of this equation has the form:

Xo = ([8]2, [fol3) = [38 + 4fols,

Xn = w ([fn—l]% [fn]S) = [3fn—1 + 4fn]6 = 3Fn—1 + 4Fn; (S Na

where 8 may be equal to 0 or 1.

Example 4.2. Consider the following equation over Zg:
[3]9Xn+1 = [2]9Xn + Fn, nec Z+. (47)

Here A = [2]g, B = [3]g, m = 9. Let b = 3, a = 2, hence d = 1.
We have my = 1 and mg = 9. Here B is nilpotent and A is invertible
elements of Zg. We obtain ind(B) = 2. Let Yy = [yolo, Fn, = [fn]o- By
Corollary 3.3, Equation (4.2) has a unique solution. This solution has
the form

ind(B)—1
Xp=- [2]97871[3]3Fn+3 = _[5]9Fn - [25]9[3]9Fn+1
s=

=4F, + 6Fn+1, n e Z+. (48)

The initial problem (4.7), (1.2) has a solution if and only if Yy = 4Fyp+
6F. This solution is unique and has the form (4.8).
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Example 4.3. Consider the following equation over Zis:
612 X041 = 212X + Fny, n€Zy. (4.9)

Here A = [2]12, B = [6]12, m = 12, a = 2, b = 6. That implies that
d = 2. Let F,, = [fn]i2. If f, is odd for some n € Z,, then by the
statement 3 of Theorem 3.2 Equation (4.9) has no solutions.

Further let f,, be even for all n € Z.

We obtain m’ = 6, m} =2, mh =3, B' = [3]¢, A’ = [1]¢, F}, = [ "]
Let Yo = [yol12- Also, Yj = [yole, By = [3l2, 4] = [ l2, By = [3]s,
Ay = [2ls, Fl, = [%] ) P =[], Hereind(B)) =1.

By the statement 2 of Theorem 3.1, the initial problem (4.9), (1.2)
has a solution if and only if

ind(B)—1
(B3) fo

wh== Y (B, = —Fo=2 || =k,
s=0

ie.,

[yols = [fols- (4.10)

The corresponding equation (3.1) over Zg has the form
BleX, 1 =X, +F,, neZ;. (4.11)

Further let (4.10) be satisfied.

By the statement 1 of Theorem 3.1, the initial problem (4.11), (3.2)
has a unique solution, which may be obtained by the formula (3.8).

Let us evaluate:

n—1
(Bi)_n (All)n YY,O + Z (A/I)S (Bi)_s_l Fll,n—s—l =
s=0
n—1
= ([3]2)771 Yll,O + Z ([3]2)7871 Fll,n—s—l = YVI/,O + Z Fll,n—s—la (412)
= s=0
ind(Bj)-1
S Y W) B B A
s=0 3



102 IMPLICIT DIFFERENCE EQUATIONS

As in Example 4.1, the isomorphism v : Zo @ Z3 — Zg is defined by the
formula (4.3). Substituting (4.3), (4.12) and (4.13) into (3.8), we obtain
the unique solution of the initial problem (4.11), (3.2):

n—1
Xo=Y{ Xj=uv (Y{,o Y Faen |2 ) -
2

s=0

)] -

6

, neN. (4.14)
6

n—1
B0+3Y 2+ 4/,
s=0

Hence, if f, (n € Z4) is even and (4.10) is satisfied, then by the
statement 2 of Theorem 3.1 the initial problem (4.9), (1.2) has infinitely
many solutions. Moreover, the general solution of this initial problem
has the following form (see formulas (3.10) and (4.14)).

Xo=Yy, X,= , neN, (4.15)

12

n—1
3yo+3§%€s+4fn+6an
Ss=

where {a;,}7° ; is an arbitrary sequence of the elements 0 and 1.

By the statement 2 of Theorem 3.2, Equation (4.9) has infinitely
many solutions. Moreover, the general solution of Equation (4.9) has the
form (see formulas (3.3) and (4.15)):

Xo = [38 +4fo + 60y,

n—1
X, = 35—1—32%—1—4]‘”4—6@” ., neN,
s=0 12
where § and «,, (n € Zy) are arbitrary elements of {0, 1}.

Remark 4.1. We note that the explicit equation (1.1) over the ring Z,,
always has exactly m solutions.

Example 4.4. Consider the following equation over Zis:
[9}12Xn+1 = [6]12Xn + F,, neZ;. (4.16)

Here A = [6]12, B = [9]12, m = 12. Let a = 6, b = 9. This
implies that d = 3. Let Yy = [yol12, Frn = [fn]12- By the statement 2
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of Theorem 3.1, if 3 1 f,, for some n € Z,, then by the statement 3 of
Theorem 3.2 Equation (4.16) has no solutions.

Further let 3 | f,, for all n € Z,. We obtain B’ = [3]4, A" = [2]4,
m’ =4, m| =4, ml, = 1. The corresponding equation (3.1) over Z4 has
the form:

BaXiy = 2X,+F nely, (4.17)

where F! = [%"} .
4
By the first statement of Theorem 3.1, for any Y] € Z4 the initial

problem (4.17), (3.2) has a unique solution and this solution is defined
by the formula:

n—1
Xp=Yy, X,=(B)" ()Y +Y (A (B) T =
s=0
n—1
= Bl "21Yg + ) (2Bl e =
s=0

n—1
= [213Y5 + Y 2Bl Py, nEN (4.18)
s=0

More precise,
X,=Y), X|{=2Yj+3F,, X, =3F _|+2F 5, n=23,....

If 3| fn, n € Z4, then by the second statement of Theorem 3.1,
for any Yy € Zj2 the initial problem (4.16), (1.2) has infinitely many
solutions. Moreover, the general solution of this initial problem has the
following form (see the formula (3.10)):

Xo=Yy, X,=[z),+4oy]12, neN,

ie.,
Xo =Yy, Xi1=1[2y0+ fo+ 412,

fn—2 + 4o, ’
3 12
Here {a,}22 is an arbitrary sequence of {0, 1, 2}.
If 3| fn, n € Z4, then by the statement 2 of Theorem 3.2, Equa-
tion (4.16) has infinitely many solutions. Moreover, the general solution
of this equation has the following form (see the formula (3.3)).

Xp = |fa1+2 n=23,.... (4.19)

X, = [IL‘;L + 4an]12, n e Zy, (4.20)
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where {a,}22, is an arbitrary sequence of {0,1,2} and the sequence
X, = [z}]s (n € Z4) is the general solution of Equation (4.17) which is

defined as follows:

X =[apls, X, =2X,+3F), X =3F _|+2F , n=23,....

Now the general solution (4.20) of Equation (4.16) can be written in a
more convenient form, which is similar to (4.19):

Xo = [zol12, X1 = [2x0+ fo+ 4ai]i2,
fn—2
3

+4a,| , n=2,3,...,
12

where zg is an arbitrary integer and {o, }°°; is an arbitrary sequence of
{0,1,2}.

Xn: fn—1+2

References

[1] Halanay, A., Wexler, D.: Teoria calitativa a sistemelor cu impulsuri. Academiei
Republicii Socialiste Romania, Bucuresti (1968).

[2] Kelley, W.G., Peterson, A.C.: Difference equation: an introduction with applica-
tions. Academic Press, New York (2001).

[3] Elaydi, S.: Introduction to difference equations. Springer-Verlag, New York
(2005).

[4] Campbell, S.L.: Singular system of differential equations I. Pitman Publishing.
Research Notes in Mathematics, San Fransisco, London, Mellbourne (1980).

[5] Benabdallakh, M., Rutkas, A.G., Solov’ev, A.A.: Application of asymptotic ex-
pansions to the investigation of an infinite system of equations Ax.,+1+ Bx, = fn
in a Banach Space. J. Soviet Math. 48(3), 124-130 (1990). https://doi.org/
10.1007/BF01095789

[6] Bondarenko, M.F., Rutkas, A.G.: On a class of implicit difference equations.
Dopovidi NANU of Ukraine. 7, 11-15 (1998).

[7] Gefter, S., Goncharuk, A., Piven’, A.: Implicit linear first order difference
equations over commutative rings. In: Elaydi, S., Kulenovié¢, M.R.S., Kalabu-
8i¢, S. (eds.) Advances in Discrete Dynamical Systems. Difference Equations and
Applications, ICDEA 2021. Springer Proceedings in Mathematics & Statistics,
vol. 416, pp. 199-216. Springer, Cham. (2023).

[8] Gerasimov, V.A., Gefter, S.L., Goncharuk, A.B.: Application of the p-adic topo-
logy on Z to the problem of finding solutions in integers of an implicit linear
difference equation. J. Math. Sci. 235(3), 256-261 (2018). https://doi.org/
10.1007/s10958-018-4072-x

[9] Martseniuk, V.V., Gefter S.L., Piven’, A.L.: Uniqueness criterion and Cramer’s
rule for implicit higher order linear difference equations over Z. In: Baigent, S.,
Bohner, M., Elaydi, S. (eds.) Progress on Difference Equations and Discrete Dy-
namical Systems, ICDEA 2019. Springer Proceedings in Mathematics & Statis-
tics, vol. 341, pp. 311-325. Springer, Cham. (2020).


https://doi.org/10.1007/BF01095789
https://doi.org/10.1007/BF01095789
https://doi.org/10.1007/s10958-018-4072-x
https://doi.org/10.1007/s10958-018-4072-x

M. V. HENERALOV, A. L. PIVEN’ 105

[10]

M.

Gefter, S.L., Piven’, A.L.: Implicit linear nonhomogeneous difference equation
over Z with a random right-hand Side. J. Math. Phys. Anal. Geom. 18(1),
105-117 (2022). https://doi.org/10.15407 /mag18.01.105

Gefter, S.L., Piven, A.L.: Implicit linear nonhomogeneous difference equation in
Banach and locally convex spaces. J. Math. Phys. Anal. Geom. 15(3), 336-353
(2019). https://doi.org/10.15407 /magl5.03.336

Dunford, N., Schwartz, J.T.: Linear operators. Part I: General theory. John Wiley
Sons, New York (1988).

Dummit, D.S., Foote, R.M.: Abstract algebra, Wiley Hoboken (2004).

Rutkas, A.G.: Spectral methods for studying degenerate differential-operator
equations. I. J. Math. Sci. 144(4), 4246-4263 (2007). https://doi.org/10.1007/
$10958-007-0267-2

Bondarenko, M.F., Vlasenko, L.A.: A linear quadratic regulator problem for
descriptor lumped and distributed systems with discrete time. J. Autom. Inform.
Sci. 42(1), 32-41 (2010).

CONTACT INFORMATION

V. Heneralov, School of Mathematics and Computer Science,

A. L. Piven’ V. N. Karazin Kharkiv National University,

4 Svobody Sq., Kharkiv, 61022, Ukraine
E-Mail: me2001.com@gmail.com,
aleksei.piven@karazin.ua

Received by the editors: 08.06.2023
and in final form 28.02.2024.


https://doi.org/10.15407/mag18.01.105
https://doi.org/10.15407/mag15.03.336
https://doi.org/10.1007/s10958-007-0267-2
https://doi.org/10.1007/s10958-007-0267-2

	Mykola V. Heneralov and Aleksey L. Piven'

