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ABSTRACT. Let D = (V,A) be a finite simple directed graph
(shortly digraph). A function f:V — {—1,1} is called a twin sig-
ned dominating function (TSDF) if f(N~[v]) > 1 and f(NT[v]) > 1
for each vertex v € V. The twin signed domination number of D is
~v¥(D) = min{w(f) | f is a TSDF of D}. In this paper, we initiate
the study of twin signed domination in digraphs and we present
sharp lower bounds for v*(D) in terms of the order, size and maxi-
mum and minimum indegrees and outdegrees. Some of our results
are extensions of well-known lower bounds of the classical signed
domination numbers of graphs.

1. Introduction

Throughout this paper, D is a finite simple directed graph with vertex
set V(D) and arc set A(D) (briefly V and A). A digraph without directed
cycles of length 2 is an oriented graph. We write dg(v) for the outdegree of
a vertex v and d,(v) for its indegree. The minimum and mazimum indegree
and minimum and mazimum outdegree of D are denoted by d~ (D) = 4§,
A=(D)=A",6"(D) = 6" and AT(D) = A™, respectively. A digraph D
is called regular or r-regqular if 6~ (D) = 6t(D) = A~ (D) = AT (D) =r.
If uv is an arc of D, then we also write u — v, and we say that v is an
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out-neighbor of v and u is an in-neighbor of v. For every vertex v, we
denote the set of in-neighbors and out-neighbors of v by N~ (v) = N (v)
and NT(v) = N} (v), respectively. Let Np,[v] = N~ [v] = N~ (v)U{v} and
Np[v] = Nt[v] = Nt (v)u{v}. If X C V(D), then D[X] is the subdigraph
induced by X. If X C V(D) and v € V(D), then A(X,v) is the set of arcs
from X to v. We denote by A(X,Y) the set of arcs from a subset X to a
subset Y. We denote by D~! the digraph obtained from D by reversing
the arcs of D. For a real-valued function f : V(D) — R the weight of
fisw(f) =2 ey f(v), and for S CV, we define f(S) =3 ,cq f(v), so
w(f) = f(V). Consult [8] for the notation and terminology which are not
defined here.

Let D = (V,A) be a finite simple digraph. A signed dominating
function (abbreviated SDF) of D is a function f : V — {—1,1} such
that f(N~[v])] > 1 for every v € V. The signed domination number for a
directed graph (digraph) D is

vs(D) = min{w(f) | f is a SDF of D}.

A ~5(D)-function is a SDF of D of weight v(D). The signed domination
number of a digraph was introduced by by Zelinka in [9] and has been
studied by several authors (see for example [2,6]).

A signed dominating function of D is called a twin signed dominating
function (briefly TSDF) if it also is a signed dominating function of
D71 ie., f(NT[v]) = 1 for every v € V. The twin signed domination
number for a digraph D is v¥(D) = min{w(f) | f is a TSDF of D}. This
definition is analogously to the definition of twin domination number in
digraphs which was introduced by Chartrand et al. [3] and has been studied
by Arumugam et al. [1]. For any function f : V. — {—1,1}, we define
P=P={veV|flv)y=1}and M = My ={ve V| f(v) =—1}.
Since every TSDF of D is a SDF on both D and D~! and since the
constant function 1 is a TSDF of D, we have

max{3(D),7s(D™)} < 73(D) < . 1)

In this paper, we initiate the study of the twin signed domination
number and establish some sharp lower bounds on twin signed domination
number of digraphs.

We make use of the following results and observations in this paper.

Proposition A ([9]). For any digraph D of order n > 2, (D) =
n (mod 2).
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Observation 1. For any digraph D of order n > 2, v¥(D) = n (mod 2).

Proof. Let f be a v} (D)-function . Since n = |P|+|M| and v} (D) = |P|—
| M|, we deduce that n—~%(D) = 2|M| and hence v} (D) = n (mod 2). O

Corollary 2. For any digraph D of ordern > 2, v5(D) = vs(D) (mod 2).

Observation 3. Let D be a digraph of order n. Then vX(D) = n if and
only if every vertex has either an out-neighbor with indegree one or an
in-neighbor with outdegree one.

Proof. One side is clear. For the other side, assume that v:(D) = n.
Suppose to the contrary that there exists a vertex v € V(D) such that
d~(u) > 2 for each uw € N*[v] and d*(w) > 2 for each w € N~ [v]. Define
f: V(D) — {-1,1} by f(v) = —1 and f(z) = 1 for z € V(D) \ {v}.
Obviously, f is a twin signed dominating function of D of weight less
than n, a contradiction. This completes the proof. [

Corollary 4. If C,, and P, are the directed cycle and path on n vertices,
then vX(Cy) = ~vX(P,) = n.

Here we determine the exact value of the twin signed domination num-
ber for particular types of tournaments. Let n = 2r 4+ 1 for some positive
integer r. We define the circulant tournament CT(n) with n vertices as
follows. The vertex set of CT(n) is V(CT(n)) = {uo, u1,...,up—1} and
for each i, the arcs go from u; to the vertices w;y1, ..., uj+,, where the
indices are taken modulo n. The proof of the next result can be found
in [2].

Proposition B. Let n > 5 and n = 2r + 1, where r is a posilive integer.
Then
3 if riseven

s(CT =
7(CT(m) {5 if 7 is odd.
The next Proposition shows that vX(CT(n)) = v5(CT(n))

Proposition 5. Let n > 5 and n = 2r + 1, where r is a positive integer.
Then v;(CT(n)) = 7s(CT(n)).

Proof. By (1) and Proposition B, we have

3 if riseven

(CT >
7% (CT(n)) {5 if r is odd.
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Assume that s = L%J, V™ ={up, U1y, Usy Upt1y- - Upps) and VT =
V(CT(n)) — V. For any vertex v € V(CT(n)), we have [N~ [v]| =7+ 1,
INTv]|=r+1, [NT[o]NV~ | <s+1and |[N"[v]NV~| < s+ 1. Define
f:V(CT(n)) —» {-1,1} by f(v) =1ifv € V' and f(v) = —1 when
ve V™. Clearly, f(N"[v]) =2r—2s—1>1and f(NT[v]) >r—2s—1>1
for each v € V. Therefore f is a TSDF on CT(n) of weight 3 if r is even
and 5 when r is odd. Thus

3 if riseven

1 (CT() s wif) = {5 if 7 is odd

and the proof is complete. O

As we observed in (1), v*(D) > max{ys(D),vs(D~1)}. Now we show
that the difference (D) — max{ys(D),vs(D~1)} can be arbitrarily large.

Theorem 6. For every positive integer k, there exists a digraph D such
that

YE(D) — max{ys(D),vs(D™")} = 4k — 4.

Proof. Let k > 1 be an integer, and let D be a digraph with vertex set
V(D) ={z,y,u1,ua, ..., U, v1,02,...,0}

and edge set

E<D) = {(JJ, Ui),(?}k+i, Ui), (UkJr’ia y)v (uk+i7 .ZL'), (ukJria Ui)a (y7 Ui) ’ 1<i< k}

Obviously, D = D=1 and so, 75(D) = vs(D™1). It is easy to verify that the
function f : V(D) — {—1,1} defined by f(u;) = f(v;)) = —1for 1 <i <k
and f(u) = 1 otherwise, is a SDF of D and so vs(D) < 2. Now let g be
a v5(D)-function. Since Nt[u] = {u} for each u € {u;,v; | 1 < i < k}
and N~ [u] = {u} for each u € {ug4i, vt | 1 < i < k}, we must have
g(u) =1 for each u € V(D) —{x,y}. It follows that (D) > 4k — 2. Thus
v#(D) — max{vs(D),vs(D™1)} > 4k — 4, and the proof is complete. [

2. Lower bounds on ~} (D)

In this section we establish lower bounds for v} (D) in terms of the
order, size, the maximum and minimum indegree and outdegree of D. We
start with the following lemma.
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Lemma 7. Let D be a digraph of order n and let f be a vi(D)-function.

Then
1) (1+[%+1)| | < [A(P,M)| < L%JIPI-
2) (1+ [ 1IM| <[A(M, P)] < [5-11PI.
3) |A(P, P)| = max{[%]|P|, [ 1|P|}.

Proof (1) Let v € M. Since f(N~[v]) > 1, we deduce that |[A(P,v)| >

1492 > 14 [927. Tt follows that |A(P, M)| > (1+[%-])|M|. Assume

now that v € P. Since f(N*[v]) > 1, we have [A(v, M)| < |2 ] < [Af

and so |A(P,M)| < L%J |P|. Combining the inequalities, we obtain (1).
(2) The proof is similar to the proof of (1).

+ v
(3) Let v € P. Then |A(v, P)| > [“27] > [9] and |A(P,v)|

[900) > [57] because f(NF[v])=1and f(N~[v]) > 1. Thus |A(P, P)|
max{[é2 1P, [ ~1|P|}, and the proof is complete.

0wV WV

Theorem 8. Let D be a digraph of order n, minimum indegree §,
minimum outdegree 5T, mazimum indegree A~ and mazimum outdegree

AT. Then

ﬁ(DDm&X{m%W— L), 1] - L%Jn}.
2

+ 1+ 5] 1+ I+ L)
Furthermore, this bound is sharp for directed cycles and paths.

Proof. Let f be a minimum TSPF of D. Using Lemma 7 and replacing
|M| and | P| by *= (D) and n+’y§ (D) in (1) and (2), the desired inequality
follows. O

Theorem 8 implies the next result immediately.

Corollary 9. If D is an r-regular digraph with r > 1, then v¥(D) >
n/(r + 1) when r is even and vi(D) = 2n/(r + 1) when r is odd.

Example 1. If K is the complete digraph of order n, then v*(K}) =1
when n is odd and v(K})) = 2 when n is even.

Proof. According to Corollary 9, we have X (K) > 2 when n is even and
vi(K}) > 1 when n is odd. On the other hand if n = 2p is even, then
assign to p + 1 vertices the value 1 and to p — 1 vertices the value -1.
Then f(N~[v]) = f(NT[v]) = 2 for each vertex v. Thus f is a TSDF of
K of weight 2 and so v¥(K}}) = 2 when n is even. If n = 2p + 1 is odd,
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then assign to p + 1 vertices the value 1 and to p vertices the value -1.
Then f(N~[v]) = f(NT[v]) =1 for each vertex v. Thus f is a TSDF of
K of weight 1 and so v} (K}) = 1 when n is odd. O

This is another example that shows the sharpness of Theorem 8. If G is
a graph, then a signed dominating function is defined in [4] as a function
f:V(G) — {—1,1} such that f(N[v]) > 1 for all v € V(G). The
signed domination number vs(G) of G is the minimum weight of a signed
dominating function on G. The associated digraph D(G) of a graph G is
the digraph obtained when each edge e of GG is replaced by two oppositely
oriented arcs with the same ends as e. Since Np, [v] = N;(G) [v] = Ng[v]
for each v € V(G) = V(D(G)), the following useful observation is valid.

Observation 10. If D(G) is the associated digraph of a graph G, then
72 (D(G)) = 75(G).

Theorem 8 and Observation 10 lead immediately to an lower bound
for the signed domination number of graphs.

Corollary 11. Let G be a graph of order n, minimum degree § and
maximum degree A. Then
14+191-14
75(G) > M"'
1+ 31+ 5]
Since 5 N
Lrfal—15) _0+2-A
q A" s 2y A"
1+ 51+ 3] +2+

Corollary 11 implies the following known bound.

Corollary 12 ([10]). If G is a graph of order n, minimum degree § and
maximum degree A, then

(@) 0+2—-A
T 2 S AT

Using Corollary 9 and Observation 10, we obtain the next result.

Corollary 13. If G is an r-reqular graph with r > 1, then v5(G) >
n/(r+ 1) when r is even and vs(G) > 2n/(r + 1) when r is odd.

Corollary 13 can be found in [4] and [5].
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Theorem 14. If D is a digraph of order n and mazimum indegree A~

then
(D) > 2 P

2 —n.
2+ n

Proof. Let w € V(D) be a vertex of maximum indegree d~ (w) = A™, and
let f be a X (D)-function. Assume first that w € M. Since f(N~[w]) > 1,
we deduce that |[A(P,w)| > 1+ [4-]. It follows that

n+v:(D)

2

= 1P| > [A(Pw)| > 1+ PJ ,

and this leads to the desired inequality. If w € P, then f(N~[w]) > 1
implies that |A(P, w)| > (%1 We conclude that
an
2 )

and the proof is complete. O

n+ (D)

5 =|P| > |A(Pw)|+1>1+

The condition f(NT[v]) > 1 for each vertex v, yields analogously the
next result.

Theorem 15. If D is a digraph of order n and mazimum outdegree AT,
then v(D) > 2[%1 +2—n.

Example 1 demonstrates that Theorems 14 and 15 are sharp.

Theorem 16. For any digraph D of ordern, size m, minimum indegree 6
and minimum outdegree 6,

n(2+20% ] + [%]) —2m

V5(D) = > ]

This bound is sharp for directed cycles.
Proof. Let f be a v¥(D)-function. By Lemma 7, we have

m = |A(M, P)| + |A(P, M)| + [A(P, P)]

0~ ot ot
> @+ 1M+ 1 T+ 1P
LAt P [T L20)

This leads to the desired inequality. O
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Theorem 17. Let D be a digraph of order n, maximum indegree A~ and
4157 )- 147

4+L%J+L%Jn' This bound is

mazimum outdegree A*. Then v¥(D) >

sharp for directed cycles and paths.

Proof. Let f be a v(D)-function and let v € M. Since f(NT[v]) > 1 and
f(N~[v]) = 1, we conclude that |A(v, P)| > 2 and |A(P,v)| > 2 and thus
|A(M, P)| + |A(P,M)| > 4/M]|. Using Lemma 7 (Parts 1, 2), it follows
that

A~ AT
PSS+ 15 1) > 4l 2)
Replacing |M| and |P| by n_g(D) and n+7§(D) in (2), we obtain the
desired bound. O

Theorem 18. For any digraph D of order n and size m,

V(D) 20—

Furthermore, the bound is sharp.

Proof. Let f be a ~v}(D)-function. In view of the proof of Theorem 17,
|A(P,M)| > 2|M| and |A(M, P)| > 2|M|. If x € P, then it follows from
f(NT[z]) > 1 that |A(z, P)| > |A(x, M)|. This implies that |A(P, P)| >
|A(P,M)| > 2|M|. Hence m > |A(M, P)|+|A(P, M)|+|A(P, P)| = 6|M]|.
Since n = |P| + |M|, we deduce that v}(D) = |P| — |M| =n—2|M| >
n— 4.

T?) prove the sharpness, let G be a graph of order n(G) and size m(G).
Assume that D is a digraph obtained from G by replacing every edge
zy € E(G), by three new vertices zgy, Ugy, Ugy and arcs (x, 2uy), (Y, Zzy),
(@, Usy), (Y, Vay); (Zay, Ugy) and (2zy, Vazy). Then n(D) = n(G)+3m(G) and
m(D) = 6m(G). It is easy to see that the function f: V(D) — {-1,1}
that assigns —1 to 2, for each edge zy € F(G) and +1 otherwise, is a
TSDF of D with w(f) = n(D) — ™) as desired. O

Using an idea in [10], we prove the next sharp lower bound.

Theorem 19. Let D be a digraph of order n. Then

—1+\/8n+1—‘
—— | —n
2

9

s (D) = 2{

and this bound is sharp.
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Proof. Let f be a vX(D)-function. In view of the proof of Theorem 17,
|A(M, P)| > 2|M]|. Hence ther exists a vertex v € P such that |A(M,v)| >
2|M|/|P|. Since f(N~[v]) > 1, we have |A(P,v)| = |A(M,v)|. Therefore
it follows that

2| M|

|P| > [A(P,v)| +1 > |A(M’U)|+1>W+1

and so |P|? + |P| — 2n > 0. This implies that

-1+ /8 1
1P| > %’

and thus we obtain

—1 1
V(D) =2|P| —n > 2 [* f”ﬂ —n

We now show that for any positive integer n, there exists a digraph
H of order n with equality in the bound above. For n = 1,2 let H = K.
Assume next that n > 3, and let ¢t = [(—1 + /8n + 1)/2]. Let H be the
associated digraph of the following graph G. Let G be the graph obtained
from K; U K,_; by joining each vertex of K,,_; to a pair of vertices of
K such that each pair of vertices in K; is joined to at most on vertex
in K,,_;. Note that this is possible since n — t < (é) Define the function
f:V(H) — {-1,1} by f(v) =1 for v € K and f(v) = —1 otherwise.
Then f is a TSDF of H, and thus v(H) < 2t — n. Applying the bound
above, we obtain v (H) = 2t — n. O

Following a procedure in [7], we improve Theorem 19 for bipartite
digraphs.

Theorem 20. Let D be a bipartite digraph of order n. Then
vi(D) =z 4vn+1—n—4,
and this bound is sharp.

Proof. Let f be a v¥(D)-function, and let X and Y be the partite sets of
D. In addition, let X* and X~ (Y and Y ) be the sets of vertices in
X (in Y) assigning the values 1 and -1, respectively.

Assume first that Y~ # @. Since f(NT*[y]) > 1, we observe that
|A(y, X1)| > 2 for each vertex y € Y~ and thus |[A(Y~,X1)| > 2|V |.
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Hence there exists a vertex v € X such that |[A(Y ", v)| > 2[Y~|/|XT].
It follows that

2|Y |

[ X

LS (N7 ST+ [YT = [A(Y 7, 0)| < 1+ YT -

and therefore |[Y || XT| > 2|Y ~|. Note that this inequality remains valid
when Y~ = @. Analogously, one can show |Y || XT| > 2|X~|. Adding
the last two inequalities, we obtain

XY =2/ X | +2]Y | =2n—2[XT| - 2]V

Using this inequality and the fact that 4| X ||V ] < (| X | + [V F])?, we
deduce that
(Xt + Yt +2)2>4n+4

and so

XTI+ Y| =2vn+1-2.

This implies
VD) =2(|XT|+|Y))—n=4Vn+1—-n—4.

To prove the sharpness, let ¢ > 1 be an integer, and let H be the
associated digraph of the following bipartite graph G. Let G be the disjoint
union of Ko 9; with the partite sets X and Y, and the vertex sets A and
B with |A| = |B| = 2t by adding edges between A and X and B and
Y such that each vertex in A is joined to exactly 2 vertices in X, each
vertex in X is joined to exactly 2t vertices in A, and each vertex in B is
joined to exactly 2 vertices in Y, and each vertex in Y is joined to exactly
2t vertices in B. Then H has order n(H) = 4t + 4t. Define the function
f:V(H) — {-1,1} by f(v) = 1 for v € K3, 5, and f(v) = —1 otherwise.
Then f is a TSDF of H and thus ~v*(H) < 4t — 4t%. Applying the bound
above, we obtain v*(H) = 4t — 4t> = 4\/n(H) + 1 —n(H) — 4. O

Theorem 21. Let D be a digraph of order n and let dy > do > -+ > dp
be the degree sequence of the underling graph G of D. If s is the smallest
positive integer for which Y7;_d; — Y71 1 d;i = 4(n — s), then

v2(D) = 2s — n.

Furthermore, this bound is sharp.
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Proof. Let f be a v*(D)-function and p = |P|. Since f([Nj[v]) > 1 and
J(Np[v]) > 1 for each v € V(D), we have

n< > f(NS)

veV

= (dp(v (v) = |P| = M|+ Y dh(v) — Y df(v)
veV veP veEM

and
n< ) f(Npl))

veV

=2 _(dp () = [P| = M|+ 3" dp(v) = 3 dp(v)
veV veEP veM

Summing the above inequalities, we deduce that

2P = [M[) + > _(df(v) + dp(v)) = D (dp(v) +dp(v))

veP veM

=22p—n)+ Z degg (v Z degq (v
veP veM

P n
<4p—2n+2di— Z d;.

i=1 i=p+1

Thus 4(n — p) < X0 di — X_i-, 41 di- By the assumption on s, we
must have p > s. This implies that v (D) =2p —n > 2s — n.

To prove the sharpness, let D be the digraph obtained from two
disjoint directed cycles (u1,us,...,u;) and (vi,va,...,vx) by adding k
new vertices wi,wo,...,w, and adding arcs w;w;, v;w;, Wili41, WiVitl
for each i, where n + 1 = 1. Obviously, the order of D is 3k and the
underlying graph of D is 4-regular. Therefore, the smallest positive integer
s satisfying > 771 d; — Y71 1 di = 4(n — s5) is s = 2k. Thus v;(D) > k.
Now define f : V(D) — {—1,1} by f(w;) = —1, f(uw;) = f(v;) = 1 for
each i. Obviously f is a TSDF of D with w(f) = k. This completes the
proof. O

3. Twin Signed Domination in Oriented Graphs

Let G be the complete bipartite graph K44 with bipartite sets V; =
{v1,...,v4} and V5 = {u1,...,us}. Let D; be an orientation of G such
that all arcs go from Vj in to V5 and Ds be an orientation of GG such that
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A(Ds) = {(vi,uj), (uj,vp) | i =1,2,r =3,4and 1 < j < 4}. It is easy
to see that 73 (D) = 8 and v} (D2) = 4. Thus two dlstlnct orientations
of a graph can have distinct twin domination numbers. Motivated by
this observation, we define the lower orientable twin signed domination
number dom}(G) and the upper orientable twin signed domination number
Dom}(G) of a graph G as follows:

dom}(G) = min{v; (D) | D is an orientation of G},

and
Dom}(G) = max{7y:(D) | D is an orientation of G'}.

Proposition 22. For any graph G of order n, v5(G) < dom(G).

Proof. Let D be an orientation of G such that v(D) = dom?(G), and let
f be a v*(D)-function. Then f(Ng[v]) = f(NA[V]) + f(Np[v]) — f(v) for
each v € V. Since f(Np[v]) = 1 and f(Np[v]) > 1, we have f(Ngv]) =

foreachv € V,and so f is a SDF of G. Therefore 'ys(G) w(f) = dom (G)
as desired. 0

Lemma 23. Let G be a graph of order n and v € V(G). Let D be an
orientation of G and f be a vi(D)-function. If v is a support vertex or
deg(v) < 3, then f(v) =

Proof. If v is a support vertex and u is a leaf adjacent to v, then it
follows from f(NT[u]) > 1 and f(N~[u]) > 1 that f(v) = 1. Assume that
deg(v) < 3. Then deg},(v) < 1 or degp(v) < 1. Since f(N*[v]) > 1 and
f(N~[v]) = 1, we deduce that f(v) = 1. O

Proposition 24. Let G be a graph of order n. Then dom:(G) = n if
and only if every vertex of G either is a support vertex or has degree at
most 3.

Proof. The sufficiency follows from Lemma 23. To prove the necessity,
assume that dom?(G) = n and assume, to the contrary, that there exists
a vertex v € V(G) such that v is not a support vertex and deg(v) > 4. Let
t be the maximum number of disjoint pairs u;, w; in N(v) such that the
subgraph induced by {v,u;, w;} is a triangle. Assume that r = deg(v) — 2t
and N(v) \ {uj,w; : 1 <0 <t} ={z,22,...,2-} if r > 0. Since v is
not a support vertex, N(z;) \ {v} # @ for each 1 < i < r. Suppose that
x; € N(z) \ {v} for 1 <i<r.If t =0, then let D be an orientation of G
such that

{(v,20), (25,0), (x5, 2:), (25, 25) | 1 <i<2and 3 < j <7} C AD).
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If t =1, then let D be an orientation of G such that

{(w,u1),(w1,v), (w1, u1),(v, 21),(25,v),(z1, 21),(25,25) : 2<j<r} CA(D).
Finally, if t > 2, then let D be an orientation of GG such that

{(v,w;), (wi,v), (Wi, u;), (v, 25), (z5,2;) | 1<i<tand 1<j<r} C A(D).

It is easy to verify that the function f : V(D) — {—1,1} that assigns
—1 to v and +1 to the remaining vertices, is a TSDF of D of weight
n — 2 in all cases, and so dom}(G) < n — 2 which is a contradiction. This
completes the proof. O

An immediate consequence of Proposition 24 now follows.
Corollary 25. For n > 3, dom}(FP,) = dom}(C,) = n.

The wheel, W, is a graph with vertex set {vg, v1,...,v,} and edge
set {vov; | 1 < i < n}pU{vive,vavs, ..., Un—10p, vyv1 }. Next we determine
the lower orientable twin signed domination number of wheels.

Proposition 26. Forn > 4, dom’(W,,) =n — 1.

Proof. Let D be an arbitrary orientation of W, and f be a v} (D)-function.
It follows from Lemma 23 that f(v;) = +1 for each ¢ > 1. This implies
that dom}(W,,) = w(f) = n — 1. Now, let D be an orientation of W, in
which (viva...vy) is a directed cycle and {(vo, v1), (vo, v2), (vj,v0) : 3 <
j <n} C A(D). Then the function f: V(D) — {—1,1} that assigns —1
to vg and +1 to the remaining vertices, is a TSDF of D of weight n — 1
implying that dom}(G) < n — 1. Thus dom}(G) =n — 1 as desired. [

We now proceed to determine the lower orientable twin domination
numbers of several classes of graphs include complete graphs and complete
bipartite graphs.

Lemma 27. Forn > 3,

dom; (K,)

WV

{3 if nis odd

4 if n is even.

Proof. If n = 3,4, then the result follows from Lemma 23. Let n > 5.
By Proposition 24 and Observation 1, we have dom}(K,) < n — 2. Let
D be an orientation of K, such that (D) = dom}(K,,) and let f be a
~v¥(D)-function. Assume that v € M. We consider two cases.
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Case 1: n is odd. Since f(NT[v]) > 1 and f(N~[v]) > 1 and since
Nt (v)UN~(v) is a partition of V(K,)\{v}, we deduce that dom}(K,,) =
w(f) = f(NTR]) + fF(N"[v]) = f(v) = 3.

Case 2: n is even. Since n—1 is odd and since N (v)UN~ (v) is a partition
of V(K,) \ {v}, one of the d* (v) or d~(v) must be odd. Assume, without
loss of generality, that d*(v) is odd. Then we must have f(NT[v]) > 2
and f(N~[v]) > 1. Proceeding as above, we obtain dom}(K,) >4. [O

Theorem 28. Forn > 3,

3 ifnisodd
dom:(Kn):{ ifniso

4 if nis even.

Proof. The result is trivial for n = 3,4, so assume n > 5. Let
V(K,) = {ui,w,wj [1<i< [g] — 2 and 2[%] -3<j< n}

and let D be an orientation of K, such that

n
A(D) - {(Uk,Ul), (ukvvl)a (Ukvvl>7 ('Ur;us) | 1 g k < l < "§‘| -2
n
and 1 <r <s< [51—2}
3 n
U {(Ui7wj)a (vi, wj), (warz-3, us), (worny—3,v;) | 1 < i < fgl -2

n .
and 2[51 —-2<j Sn}
n
U {(wk,wl) | 2[51 —-3<k<i< n}
It is easy to see that the function f : V(D) — {—1,+1} defined by

flu;)) = —1for 1 <i<[5]—2and f(x) = +1 otherwise, is a TSDF of D
of weight 3 when n is odd and weight 4 when n is even. This implies that

3 if nisodd

domg(K,) < w(f) =
4 if n is even.

Now the result follows from Lemma 27. L]

Let m < n and K,,, be the bipartite graph with bipartite sets V1, V>
such that |V1| = m and |Va| = n.
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Lemma 29. Let D be an orientation of Ky, withn >m > 4. If f is a
TSDF of D such that V; N My # @ fori = 1,2, then

8 if n and m are both even
w(f) =49 if nand m have different parity
10 if n and m are both odd .

Proof. Let uw € Vi N My and v € Vo N My. We consider three cases.

Case 1: m and n are both even. Since f(NT[u]) > 1 and f(N™[u]) > 1,
we must have

INT(u) N Py Va| = INT(u) N M0 Va| +2

and
INT(u) " PrNVa| > N~ (u) N My Vol + 2.

Since Vo = NT(u) U N~ (u), we deduce that

|V2mPf‘>"/20Mf|+4. (3)
Similarly, we have

‘Vlﬂpf‘ZlvlﬂMf’-i-ﬁl. (4)
Adding (3) and (4), we obtain |P| > [M|+8 and so w(f) = |P¢|—|Ms| > 8

as desired.

Case 2: m and n have different parity. Assume, without loss of generality,
that m is even and n is odd. Since d*(u) + d~ (u) = n is odd, we may
assume that d*(u) is odd. It follows that f(NT[u]) > 2 and hence

INt(u)N PN Va| = [NF(u) N My Va|+ 3.
Using an argument similar to that described in Case 1, we obtain w(f) =
[Pyl = [My] = 9.
Case 3: m and n are both odd. Since d*(u) + d~(u) = n and d*(v) +
d~ (v) = m are both odd, we may assume, without loss of generality, that
d*(u) and d*(v) are both odd. As Cases 1, 2, we have
N ()N PrN Vel > [N*(u
N~ () Py O Vel > [N (u
INtT()N PN VA = INT(v)N My V| +3
INT(v) N PrOVi| =2 [N“(v) " My Vi| 2.

NMyNVa|+3

)
)N MpNVa| +2

Summing the above inequalities, we deduce that |P| > |M| + 10 and so
w(f) = 10 as desired. O
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Lemma 30. Let D be an orientation of Ky, , and f be a TSDF of D.
IfVin My =@, then

(f) > m if n is even
w =z
m-+1 if nisodd

Proof. Let u € V;. If n is even, then it follows from f(N*[u]) > 1 and
F(N~[u]) > 1that [INT(u)NPrNVa| = [INT(u)N M| and [N~ (u) N Py| >
IN~(u) " My N Va|. This implies that |Vo N Py| > |Vo N My| and hence
w(f) = [Pyl = [My| = Vi| + [Va 0P| = [Vo N My| > [Vi] = m.

Assume that n is odd. Since d*(u)+d~ (u) = n is odd, we may assume,
without loss of generality, that d* (u) is odd. This implies that f(N 7T [u]) >2.
As above we have |[NT(u) N Py N Va| > [NT(u) N MyN Vol +1 and
INT(u)NPf| = [N~ (u) "My Va| implying that Vo N Py| > [VoN My|+1.
It follows that w(f) = |Pf| — [My| = [Vi| +|[VaN P| = [VaN My| > m+1
as desired. O

The next result is an immediate consequence of Lemmas 29 and 30.

Corollary 31. For 4 < m < n,

min{m, 8} if n and m are both even
dom* (Komp) > min{m + 1,9}  if n is odd and m is even
min{m, 9} if m is odd and n is even

min{m + 1,10} if n and m are both odd .
Theorem 32. For 4 < m < n,

min{m, 8} if n and m are both even
. min{m + 1,9 if n is odd and m is even
dom(Kp,n) = . ¢ J . . .
min{m, 9} if m is odd and n is even

min{m + 1,10} if n and m are both odd .

Proof. Let Vi = {uy,ua,...,un} and Vo = {v1,va,...,v,} be the partite
sets of K, . We consider four cases.

Case 1: assume that m and n are both even. First let m < 6. Let D be
an orientation of K, , such that

A(D) = {(ui, vj), (vj,us) [ 1 <i <

%, 1<j<n and %—i—lésém}.
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Define f : V(G) — {—1,+1} by f(z) = +1 for z € ViU{vy,..., vz} and
f(xz) = —1 otherwise. It is easy to see that f is an TSDF of D of weight
m and so dom} (K, ) < m. Let now m > 8 and let D be an orientation
of K, such that

A(D) = {(uivvj)a (UMUS)? (Ulaut) | i7j7t g {L 2}7
I1<s<nandrle{l2}}

()

It is easy to verify that the function f : V(G) — {—1,+1} defined
by f(x) = +1 for z € {ul,...,u%w} U {vl,...,U%H} and f(x) = —1
otherwise, is a TSDF of D of weight 8 and so domj (K, ) < 8.

Case 2: assume that m is even and n is odd. If m < 6, then orient the
edges of K, , such that the resulting digraph has the arc set

A(D) = {(irv)), (v, u) | 1< < 5, 1< G <n, 2+ 1< s <mb,

It is easy to see that the function f : V(G) — {—1, +1} defined by f(z) =
+1 for z € ViU {vy, ... ,vnTH} and f(z) = —1 otherwise, is an TSDF of D
of weight m and so dom} (K, ) < m+ 1. Let now m > 8. Assume that D
is an orientation of K, ,, such that (5) holds. Define f : V(G) — {—1,+1}
by f(z) = +1for z € {ur,...,um o} U{v,.. .,vnTHJrQ} and f(z) = -1
otherwise. It is easy to verify that f is a TSDF of D of weight 9 and so
dom} (K, pn) < 9.

Case 3: assume that m is odd and n is even. If m < 7, then let D be an
orientation of K, , such that

1 1
%,1 <j< n,%+1<s<m},

and define f: V(G) — {-1,+1} by f(z) =+1 forz € ViU{vr,... vz}
and f(x) = —1 otherwise. It is easy to see that f is a TSDF of D of weight
m and so dom}(K,, ) < m. Let now m > 9 and let D be an orientation
of K, such that (5) holds. Define f : V(G) — {—1,+1} by f(x) = +1
for z € {u,.. .,UmTH+2} U{vi,...,v249} and f(z) = —1 otherwise.
Obviously, f is a TSDF of D of weight 9 implying that dom} (/) < 9.

A(D) = {(us, ), (vju5) | 1 < i <

Case 4: assume that m and n are both odd. If m < 7, then orient the
edges of K, , such that the resulting digraph has the arc set

1 1
A(D) = {(u, ), (v, us) | 1 < < 20 1<i<n, 2 4 1<s<m).
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It is easy to see that the function f : V(G) — {—1,+1} defined by
flz) = +1 for x € V1 U {vl,...,v%ﬂ} and f(x) = —1 otherwise, is
a TSDF of D of weight m + 1 and so domj (K, ,) < m + 1. Let now
m > 9 and let D be an orientation of K,,, such that

A(D) = {(uj,v5), (vr,us), (v, ue) | 1,7, € {1,2}, 1<s<n, r,le{l,2}}.

Define f : V(G) — {—1,+1} by f(x) = +1 for z € {ul""’umT“H} U

{v1,.. ., vnt1 o} and f(z) = —1 otherwise. It is easy to see that f is a
2
TSDF of D of weight 10 and so dom} (X, ) < 10.
Now the result follows by Corollary 31. L
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