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ABSTRACT. In this paper, we study Hom-mock-Lie algebras as
a twisted version of mock-Lie algebras. Also we consider a pair of
Hom-mock-Lie algebras structures satisfying that any linear com-
bination of the two Hom-mock-Lie structures is still a Hom-mock-
Lie structure called compatible Hom-mock-Lie algebras and exhibit
some related results. Next, we introduce the notion of represen-
tation of a compatible Hom-mock-Lie algebra. Finally, we study
linear deformations of a compatible Hom-mock-Lie algebra.

Introduction

Mock-Lie algebras also known as Jacobi-Jordan algebras are commuta-
tive algebras satisfying the jacobi identity. This class of algebras was
firstly introduced by D. Burde and A. Fialowski in 2014 under the name
of Jacobi Jordan algebras [14]. Since then different names are used for
them, reflecting the fact that they were considered from different view
points by different communities. The motivation to study these algeb-
raic structures is related to the fact that they are examples of the well
referenced category of Jordan algebras which were introduced to study
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and explain some aspects of physics [25]. Observe that there is a close
relationship between mock-Lie algebras and associative algebras; they
can be produced from anti-associative algebras the same way as from as-
sociative algebras. By anti-associative algebra we mean algebra subject
to the operation (ab)c+ a(bc) = 0 for all a,b,c. Thanks to the approach
developped by Eilenberg and nicely described in [24], representations of
mock-Lie algebras are introduced in [42] where many results and conjec-
tures are made. The notion of mock-Lie bialgebra was introduced in [11]
as an equivalent to a Manin triple of mock-Lie algebras (see also [10]).

There have been quite much interest in (linearly) compatible pro-
ducts, in the sense that there are two products of a certain kind defined
on the same vector space whose linear combinations are still of the same
kind. For example, compatible associative algebras were studied in con-
nection with Cartan matrices of affine Dynkin diagrams, integrable mat-
rix equations, infinitesimal bialgebras and quiver representations [29-31]
and the corresponding operad and free objects were obtained in [18].
Compatible Lie algebras were studied in [19-21,32,34] in the contexts of
the classical Yang—Baxter equation and principal chiral field, loop algeb-
ras over Lie algebras and elliptic theta functions. In particular, there is
the so-called Lenard-Magri scheme,[27, 33] which gives the construction
of completely integrable Hamiltonian dynamical systems of compatible
Poisson brackets whose Lie brackets are compatible [12,13]. More general
compatible products were defined in [38].

The theory of Hom-algebras was introduced by D. Larsson, S. D. Sil-
vestrov with the introduction of Hom-Lie algebras [23]. They first arose
when studying quasi-deformation of Lie algebras of vector fields. Since
then, other type of Hom-algebras such that Hom-Malcev, Hom-Novikov,
Hom-alternative were defined and discussed. Further development could
be found in [3,4,9].

The famous examples are the Witt and the Virasoro algebras in which
the derivations are replaced by o-derivations, see also [2, 15]. Hom-
algebras are also useful in mathematical physics. For example in [40,41],
we can see applications of the Yang Baxter Equations and in [7, 8, 39]
applications to braid group representations. Hom-associative algebras
were introduced by Makhlouf and Silvestrov to generalize the classical
construction of Lie algebra from an associative algebra by taking com-
mutators to Hom-Lie algebras see for instance [36,37]. Representation
theory of Hom-algebras is a subject that interests many authors because
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of its important role in investigating algebra properties. It was firstly
defined in [28,35]. See also [1,26]. Hom-mock-Lie algebras is a kind of
deformation of mock-Lie algebras via suitable morphisms. Many studies
are done on this subject [5,22].

The main purpose of this paper on the first hand is to develop the
theory of Hom-mock-Lie algebras and their representations. On the other
hand to introduce the notion of compatible Hom-moch-Lie algebras and
their relations with compatible Hom-antiassociative algebras. We also
define infinitesimal deformations of a compatible HM-Lie algebras and
characterize equivalence classes of infinitesimal deformations in terms of
zigzag cohomology.

This paper is organised as follows, in Section 1, we recall some basic
results about Hom-mock-Lie algebras and Hom-anti-associativee algeb-
ras. Section 2 is devoted to introduce the notion of compatible HM-Lie
algebra and study their representations. In Section 3, we study linear
deformations of a compatible HM-Lie algebra and introduce Nijenhuis
operators on compatible HM-Lie algebras that generate trivial linear de-
formations. Throughout this paper, all vector spaces are finite dimen-
sional and over a filed K of characteristic zero.

1. Some basics on Hom-mock-Lie algebras and Hom-anti-
associative algebras

In this section, we recall some basics concerning Hom mock-Lie algebras,
Hom-anti-associative algebras and add some elementary new results. Our
main references are [5,14,22].

Definition 1. A Hom-mock-Lie-algebra (denoted for short HM-Lie al-
gebra) is a Hom-algebra (7, *, @) such that the following conditions are
satisfied

rxy=yx*z, (Commutativity condition), (1)
O afz)* (y*z) =0, (Hom-Jacobi identity) (2)

i8]

for all z,y,2 € J. Let (J,*,«) and (J',*',a’) be two HM-Lie algebras.
A map f:J — J' is said to be a morphism of HM-Lie algebras if it is
linear and satisfies:

fexy) = f(x)« fly), foa=d of.
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Remark 1.

1. A HM-Lie algebra (7, , «) is called a multiplicative (resp. regular)
HM-Lie algebra if « is a morphism (resp. invertible). Throughout
this paper all Hom-algebras are considered multiplicative.

2. A mock-Lie algebra (M-Lie algebra) is a HM-Lie algebra when
a = id.

Example 1. Let (7, *) be a M-Lie algebra and o : J — J a morphism.
Then (J,*q := a0 x, ) is a HM-Lie algebra.

Definition 2. Let (J,*, «) be a HM-Lie algebra.
e A subspace Jj of J is a subalgebra of J if a(J1) C J, JixJh C J1-
e A subalgebra J; of J is an ideal of J if 71 xJ C J1.
e A HM-Lie algebra is said to be simple if it has no non trivial ideals.
The following result is given in [5].

Proposition 1. Any HM-Lie algebra is a Hom-Jordan algebra.

Definition 3. A HM-Lie algebra (J,*, a) is called of mock-Lie type if
there exists a mock-Lie structure ¢ on J such that x = a o ¢. The pair
(J,©) is called the induced M-Lie algebra.

Proposition 2. Suppose (J,*,a) be a reqular HM-Lie algebra. Then
(T, *,«) is a HM-Lie algebra of mock-Lie type. The induced M-Lie al-
gebra is (J,o :=a"tox).

Proof. Straightforward. O

Proposition 3. Let (J1,*1, 1) and (Ja, %2, a2) be two reqular HM-Lie
algebras. Then (J1,*1,a1) and (Ja,*2,2) are isomorphic if and only
if their induced M-Lie algebras (J1,¢1) and (Ja2,02) are isomorphic by a
map ¢ : (J1,01) — (Ja,02) satisfying p o ag = ag o p.

Proof. ”=" Let ¢:(J1,*1, 1) — (J2, %2, 2) be an isomorphism HM-Lie
algebras. Since we have ¢ o a3 = ag 0 ¢ and p(z *x1 y) = p(x) *2 ©(y).
Then, for any z,y € J1, we get

p(xory) =poar (xx1y) = (02) " (o(x*1y))
= (a2) (@) %2 p(y)) = () 02 @(y).
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Hence, p(zo1y) = ¢(x) 02 ¢(y) and ¢ is an isomorphism of M-Lie algeb-
ras satisfying ¢ o a1 = ag o .

"< I 0 J1 — J2 an isomorphism of M-Lie algebras satisfying
poa; =azoy and p(r o1 y) = p(x) o2 ¢(y). Then, for any z,y € J1,
we have

p(zx1y) =plar(zor1y)) = azop(zory)
= az(p(x) 02 0(y)) = () %2 (y)-
Hence, ¢ is an isomorphism of HM-Lie algebra. O
Definition 4. A Hom-anti-associative algebra is a triple (A, -, a) consis-

ting of a vector space A, a binary product “-” and a linear map o : A — A
satisfying

(x-y)-alz)+a(z) - (y-2)=0 Vr,y,z€ A

A Hom-anti-associative algebra (A,-, «) is called regular if « is in-
vertible.

Definition 5. A Hom-anti-associative algebra (A, -, «) is called of anti-
associative-type if there exists an anti-associative structure * on A such
that - = awo* and (A, *) is called the induced anti-associative algebra.

Proposition 4. Let (A, -, «) be a reqular Hom-anti-associative algebra.
Then (A, -, «) is of anti-associative-type and the induced anti-associative
algebra is given by (A, *), where,

rxy=o Yz -y) Vr,yeA

Proposition 5. Let (A,-,«a) be a Hom-anti-associative algebra. Then
the triple (A, x,«) is a HM-Lie algebra, where

rxy=z-y+y-xz Vr,yeA

Corollary 1. Let (A,-,«a) be a Hom-anti-associative algebra of anti-
associative-type. Then, (A, *, a) given as above Proposition is a HM-Lie
algebra of mock-Lie-type.

Proof. Since (A, -, «) is of anti-associative-type, then, there is an anti-
associative structure * on A defined by a(x*xy) =z-y, Vz,y € A. Con-
sider (A, , «) the HM-Lie algebra associate to the Hom-anti-associative
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algebra (A, -, «) and (A,¢) the mock-Lie algebra associate to the anti-
associative (A, x) given in Proposition 5. Then we have for any =,y € A,

THkY=T -Yy+y-x
= a(zxy) +aly xz)
=azxy+yxx)

=a(zovy).
Therefore, (A, *,a) is of mock-Lie type. O

Proposition 6. Let (7, *,ay) be a HM-Lie algebra and (A, o, ca) be com-
mutative Hom-associative algebra. Then (J & A,o,a7g4) s a HM-Lie
algebra, where

(r@a)o(y@b)=(rxy)®(ach),
ageA =g ® 4.
Proof. Since (J,*,ay7) a HM-Lie and (A,o0,a4) a commutative Hom-

associative algebra. Then ¢ is commutative. For the Hom-Jacobi identity
we get

agealr®a)o((y®b)o(2®c)) +azealy®@b)o((z®c)o(z®a))
tagea(z@c)o ((z®a)o (y®b))
= (ag(z) ® aa(a)) o ((y*2) ® (boc)) + (g (y) ® aa(b)) o ((zxz) ® (coa))
+(ag(2) ® aalc)) o (zxy) ® (aob))
=ag(@)x(y*xz)@aa(a)o(boc)+as(y)*(zxx) ®as(b)o(coa)
tag(z)* (x*xy) ® aalc)o(aob)
=ag(x)*(y*z)@aa(a)o(boc)+as(y)*(zxz)@aas(a)o (boc)
+ag(z)* (z*y) ® aala)o (boc)
= (ag(@)* (y*2) +ag(y) * (zxx) + ag(2) x (xxy)) ® aala) o (boc) = 0.

*

(e]

Thus, (J ® A,0,a754) is a HM-Lie algebra. O

Definition 6. A representation of a HM-Lie algebra (7, *, ) is a triple
(V,p,¢) where V is a vector space, ¢ € gl(V) and p: J — gl(V) is a
linear map such that the following equalities hold, for all z,y € 7,

¢ op(x) = pla(r)) o ¢, (3)
p(xxy)o¢=—p(a(x))py) — pla(y))p(z). (4)

Remark 2. Note that we recover the class of representation of M-Lie
algebra if we take o = idy and ¢ = idy
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Example 2. Let (J,*,a) be a HM-Lie algebra. Define the map
ad(z)(y) = x xy, then (J,ad, «) is a representation of 7 which is called
the adjoint representation.

Example 3. Let (J1,*1, 1) and (J2,*2,a2) be two HM-Lie algebras
and f: J1 — J> a morphism of HM-Lie algebras. Then (J2, p, a2) is a
representation of [J; where p(z)y = f(x) x2 y, for all (z,y) € J1 X Jo.

Proposition 7. The triple (V,p, ) is a representation of the HM-Lie
algebra (J,x,a) if and only if the direct sum J @V of vector spaces is
equipped with a Hom-mock-Lie structure given by

(z +u)*gov (y +v) =z -y + p(x)v + p(y)u,
(a+¢)(z +u) = a(x) + ¢(u)

forallz,y € J,v € V. We denote such a HM-Lie algebra by J x, V.

Now, we construct the dual representation of an old representation
of a HM-Lie algebra without any additional condition. Let (V,p, ¢) be
a representation of a regular HM-Lie algebra (J,*,a) such that ¢ is
invertible. Define, p* : J — gl(V*) by

(" (2)&;u) = (& p(x)u) Ve J,uecV,EeV™

Observe that in general (V*, p*, ¢*) is not a representation. In [22], the
authors need to add strong conditions to obtain a representation on the
dual space. To get rid of it, define

pr(2)€ = p(al@)((9)72)"(€) VreT. eV

Proposition 8. Under the above notations, p* is a representation of J
on V* with respect to (¢~1)*.

Proposition 9. Let (J,*) be a M-Lie algebra and (V, p) be a represen-
tation. Let a: J — J be a morphism of M-Lie algebras and ¢ € gl(V).
Suppose that ¢ o p(x) = p(a(x)) o ¢, then (V,p,d) is a representation of
(T, *a, ), where

pa) = pla(@)$(v) Vo€ Tve V.

Definition 7. Let (J,*,«) be a HM-Lie algebra of mock-Lie-type with
(J, ) the induced M-Lie algebra. A representation (V, p, ¢) of J is called
of mock-Lie-type if there exists p’ a representation of the induced M-Lie
algebra (7, ¢) such that p = ¢op'.
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Proposition 10. Let J = (J,*,«) be a HM-Lie algebra of mock-Lie
type and (V,p, ) be a representation such that ¢ is invertible. Then,
(V,p' := ¢~ tp) is a representation of mock-Lie type.

Proof. By definition of representation of HM-Lie algebra we have
ple(z)) o ¢ = dop(x)

which is equivalent to
pla(x)) = ¢p(z)o™",

then for z,y € J, we get

plxoy)+p'(x)p (y) + o' (y )p’(x)

= ¢ 'p(zoy)+ o p@)d  p(y) + ¢ p(y)e p(x)
= ¢ 2pp(zoy) + ¢ Ppla)p” 1p(y) + <z5 2¢p(y)¢> 'p(z)
=672 (p(z *y)d + p(a(x))p(y) + p(z)) = 0.
Hence, p’ is a representation of M-Lie algebra (J,9). O

Definition 8. Two representations (Vi,p1,¢1) and (Va, p2, d2) of a
HM-Lie algebra are said to be equivalent if there exists an isomorphism
f: Vi — V5 satisfying;

fogr=¢a0f, (5)
fopi(x) =pa(x)of VreJ. (6)

Proposition 11. Let J, = (J,*, «) be a reqular HM-Lie algebra of
mock-Lie-type with the induced M-Lie algebra (J,¢). Two representation
(Vi,p1,01) and (Va, pa, p2) of Jo are isomorphic if and only if the in-
duced representations (V1, py) and (Va, py) are isomorphic by f such that
fodr=d20f.

Proof. 7 = 7 Let (Vi,p1,¢1) and (Va, p2, ¢2) be two isomorphic repre-
sentations of a HM-Lie algebra J, = (J,*a,«). Then, there exists an
isomorphism f : V) — V5 such that pa(z) o f = fopi(z) VreJ and
fopr=¢z0f.

Since p1 and pg are of mock-Lie-type, then p} = ¢1 p1, and ph = ¢2 02
are the induced representations of p; and po.

We have ¢ 0ph(z)of = fodiop)(x), so ph(a(z))of = fop}(a(x)). Since

« is invertible, then pf o f = f o p|. Hence the induced representations
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are isomorphic.

7 «< 7 Suppose that the induced representations are isomorphic by an
isomorphism f that satisfies ¢o 0 f = f o ¢;.

We have p(z)o f = fop(z). Then, g3 opa(z)of = fodi op(x). Ap-
plying ¢o we get pso f = ¢o0 fogpiopi, use the fact that gbz_lof = fogbl_l.
Then, pa o f = f o p1. Hence, p1 and p2 are isomorphic. O

Definition 9. Let (4, -, «) be a Hom-anti-associative algebra and (V, ¢)
be a Hom-module. Consider two linear maps I,r : A — End(V). The
quadruple (V,l,r, ¢) is called a bimodule of A if

-

X

¢l(z) = l(a(x))g,  ¢r

(z) = r(a(x))9,
Iz - y)¢ + U(a(x))l(y)

()

()

~—~~
© 0o
— — ~— ~—

r(z-y)¢ +r(ay))r(z

0,
0,
Ha(x))r(y)v +r((ay)i(z) =0,

for all z,y € A.

Proposition 12. The tuple (V,l,r,¢) is a bimodule of a Hom-anti-
associative algebra (A, -, «) if and only if the direct sum A@V of vectors
spaces s turned into a Hom-anti-associative algebra by

(z+u)o(y+v)=z-y+l(x)v+r(y)u,
(a+)(z+u) = alz) + d(u),

forall x,y € A,v € V. We denote such a Hom-anti-associative algebra

A X V.

Example 4. Let (A, -, a) be a Hom-anti-associative algebra. Let L. and
R. denote the left and right multiplication operators, respectively, that
is, L.(z)(y) = R.(y)(z) = =y, for any z,y € A. Then, (L.,0,a), (0, R., )
and (L., R.,«) are bimodules of (4, -, a).

The following result is straightforward.
Proposition 13. Let (V,l,r,¢) be a bimodule of a Hom-anti-associative

algebra (A, -, a). Then, (V,l+71,¢) is a representation of the subadjacent
HM-Lie algebra (A, *, a).
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2. Compatible Hom-mock-Lie algebras

In this section, we introduce compatible HM-Lie algebras analogously to
compatible Hom-associative algebras and compatible Hom-Lie algebras
introduced in [16,17]. We end this section by defining representations of
compatible HM-Lie algebras.

2.1. Compatible Hom-anti-associative algebras

In this section, we first introduce compatible Hom-anti-associative algeb-
ras and then define compatible bimodules over them.

Definition 10. A compatible Hom-anti-associative algebra is a tuple
(A, p1, p2, ) in which (A, p1,«) and (A, p2,a) are both Hom-anti-
associative algebras satisfying the following compatibility

(a-1b)2a(c)+ (a2b)1alc)+ala) 1 (b2c)+ala)2(b1c)=0,

for a,b,c € A. Here -1 and -9 are used for the multiplications uq and o,
respectively.

We may denote a compatible Hom-anti-associative algebra as above
by (A, p1, p2, ) or simply by A, and say that (u1,ue) is a compatible
Hom-anti-associative algebra structure on A.

Remark 3. It follows from the above definition that (A, u + pe, @) is a
Hom-anti-associative algebra. In fact, one can show that (A, kuq+1lus, o)
is a Hom-anti-associative algebra, for any k,l € K.

Let A = (A, 1, po, ) and A" = (A, ul, ph,a’) be two compatible
Hom-anti-associative algebras. A morphism of compatible Hom-anti-
associative algebras from A to A’ is a linear map ¢ : A — A’ satisfying

goa=a0¢, pou =pho(d®¢) and dopus=uho (¢ e).

Definition 11. A compatible Hom-anti-associative algebra (A, p1, p2, o)
is called of compatible anti-associative type if (A, u1, ) and (A, g, a)
are both Hom-anti-associative algebras of anti-associative type with in-
duced anti-associative algebras (A, *1), (A, *2) and (A, 1, *2) is called the
induced compatible anti-associative-algebra.

Proposition 14. Any reqular compatible Hom-anti-associative algebra
18 of compatible anti-associative type.
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Example 5. Let (A4,-1,2) be a compatible anti-associative algebra and
a : A — A be a compatible Hom-anti-associative algebra morphism.
Then (A, 01,0 -9,a) is a compatible Hom-anti-associative algebra.

Example 6. Let (A, 1,2, a) be a compatible Hom-anti-associative al-
gebra. Then, for each n > 0, the quadruple (4,a" o -;,a" o -o,a" 1)
is a compatible Hom-anti-associative algebra. This is the n-th derived
compatible Hom-anti-associative algebra.

Example 7. Let (A, u, @) be an Hom-anti-associative algebra. A Nijen-
huis operator on A is a linear map N : A — A satisfying
Noa=aoN,
N(a)-N(b)=N(N(a)-b+a-N(b)— N(a-b)), for a,be A.
A Nijenhuis operator N induces a new Hom-anti-associative multiplica-

tion on A, denoted by uy : A® A — A, (a,b) — a -y b and it is defined
by

a-yb:=N(a)-b+a-N(b)— N(a-b), fora,be A.

Then it is easy to see that (A, u, un, ) is a compatible Hom-anti-associa-
tive algebra. Indeed, for a,b,c € A, we have,

(a-b) N a(c)+ (a-nb) alc)+a(a)-(
=N(a-b)-(alc) + (a-b)- (N(C)
+ (N(a)-b)-ale) +
+afa) - (N(b) - ¢) +
+a(N(a))-(b-c)+
=(N(a-b)-(afc)) - N(a'b) “(a(c)))
—afa)-N(b-c)) + ((a b) - (N (c))
— (N((a-b) - alc)) +
+a(N(a)) - (b-c)

=0.

b- Nc)—i—a(a) N (b-c)
) —

)
+((a N(b)) - alc

The next class of examples comes from compatible Rota-Baxter ope-
rators on Hom-anti-associative algebras.

Definition 12. Let (A, u, @) be a Hom-anti-associative algebra. A Rota-
Baxter operator on A is a linear map R : A — A satisfying
Roa=aoR,
R(a) - R(b) = R(R(a)-b+a- R(b)) Va,be A.
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A Rota-Baxter operator R induces a new Hom-anti-associative mul-
tiplication ug : A® A — A, (a,b) — a-r b on the underlying vector
space A with respect « and it is given by

a-pb=R(a)-b+a-R(b) Va,be A

Definition 13. Two Rota-Baxter operators R,S : A — A on a Hom-
anti-associative algebra A are said to be compatible if for any k,l € K,
the sum kR +1S : A — A is a Rota-Baxter operator on A. Equivalently,

R(a)-S(b) + S(a) - R(b)
=R(S(a)-b+a-S(b)+S(R(a)-b+a-R(b)) Va,be A

Then, we can easily check

Proposition 15. Let R, S : A — A be two compatible Rota-Bazter ope-

rators on A. Then (A, g, s,a) is a compatible Hom-anti-associative
algebra.

Definition 14. Let (A, p1, p2, &) be a compatible Hom-anti-associative
algebra. A compatible A-bimodule consists of a tuple (V, 11,711,132, 72, d)
in which V' is a vector space, ¢ € End(V) and

L:ARV =V, (a,v) —a-1v,
r:VeA-=V, (v,a) »v-a,

lo : ARV =V, (a,v) — a-2v,
ro: VA=V, (v,a) » v-2a,
are linear maps such that
1. (V,ly,7r1,¢) is a bimodule over (A, p, a).
2. (V,lg,12,¢) is a bimodule over (A, uga, ).
3. The following compatibilities hold: for any a,b € A and v € V,
(a1b)20(v)+ (a-20) 1) +ala)1(b2v)+afa)2(b1v)=0, (11)

(a-1v)2ad)+ (a-2v)1ad)+ala)q (vad)+ala)o(wb)=0, (12)
(vera)2ald)+(vea)1ald)+eéw) 1(a2b)+¢()2(a1b)=0. (13)

A compatible A-bimodule as above may be simply denoted by V
when no confusion arises.
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Example 8. Any compatible Hom-anti-associative algebra A= (A4, p1, p2, o)
is a compatible A-bimodule in which Iy = r1 = pq, ls = 79 = g and

¢ = a.

Example 9. Let (A, p1, p2, @) be a compatible Hom-anti-associative al-
gebra and let (A, L1,0,a),(A,0, Ri,a) be bimodules of (A, pui,a) and
(A, Ls,0,), (A,0, Re, «) be modules of (A, po, ). Then (A, L1, 0, Lo, 0, @)
and (A,0, R;,0, Ry, ) are bimodules of (A, uy, pg, a).

Remark 4. Let A = (A, u1, p2, @) be a compatible Hom-anti-associative
algebra and (V,l1,71,l2,72,¢) be a compatible A-bimodule. Then it is
easy to see that (V,l; + la,r1 + r2, ¢) is a bimodule over the Hom-anti-
associative algebra (A, pu1 + pg, ).

The following result generalizes the semidirect product for Hom-anti-
associative algebras.

Proposition 16. Let (A, -1,-2,a) be a compatible Hom-anti-associative
algebra and V' be a compatible A-bimodule. Then the direct sum A ®V
carries a compatible Hom-anti-associative algebra structure given by

(a,u) -1 (byv) =(a-1b, a-1v+u-1b),
(a,u) 2 (byv) =(a-2b, a2v+u-2b),
(@ ¢)(a+u) =ala)+ d(u),

for (a,u), (b,v) € A® V. This is called the semidirect product.

2.2. Definitions and constructions

Definition 15. Two HM-Lie algebras (7, *1, ) and (J,*2, ) are said
to be compatible if for all ki, ko € K, the tuple (7, k1 x1 +koxo, ) is a
HM-Lie algebra.

The compatibility condition can be rewritten as

(xKx1y) *2 a(2) + (y *1 2) *2 a(x) + (2 %1 T) *2 a(y)

+H(x*oy) *x1 a(z) + (y*2 2) %1 a(x) + (2 x2 ) x1 a(y) =0, (14)

for any x,y,z € J. The tuple (7, *1, *2, ) is called a compatible HM-Lie
algebra.
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Remark 5.
1. If a = id 7, we recover the classic compatible M-Lie algebras.

2. A compatible HM-Lie algera (J,*1, %2, @) is said to be regular if o
is invertible.

Let (J,*1,%2, ) and (J',*1’,%2’,&’) be two compatible HM-Lie al-
gebras. A morphism between them is a linear map f : J — J’ which is
a HM-Lie algebra morphism from (J, 1, @) to (J',*},a/), and a HM-Lie
algebra morphism from (7, *2, @) to (J', %5, /).

Example 10. Let (J,%1,*2) be a compatible M-Lie algebra and
a:J — J be a compatible M-Lie algebra morphism. Then the quadru-
ple (J, a0 *1,a 0%y, ) is a compatible HM-Lie algebra.

Example 11. Consider a 3-dimensional vector space J generated by
the basis {ej1, e2,e3} and define the following multiplications:

€1 €] = €9, €1 X €] = €2,€3 x €3 = €.

By a straightforward computation, we check that (7, e, x) is a compatible
M-Lie algebra. Define the linear map « : J — J with respect to the
basis {e1, e2,e3} by

06(61) = aeq, a(62) == a2€2, Oé(@g) = —aes

where a # 0 is a parameter. It is easy to show that « is a morphism of
compatible M-Lie algebras. According to the twist method we can show
that (7, @4, *q, @) is a compatible HM-Lie algebra where the multiplica-
tions e, and %, are defined as follows

e1 8, €1 = a’ey,

€1 X €1 = a262, €3 kxo €3 = a2€2.

Example 12. Let (J,*,«) be a HM-Lie algebra. A Nijenhuis operator
on J is a linear map N : J — J satisfying

Noa=aoN,
N(x)*N(y) = N(N(z)xy + xx N(y) — N(x xy)) Vz,y,€ J. (15)

It is easy to see that the deformed product

xxnyy=N(z)*xy+x*N(y) — N(zxy)
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defines a HM-Lie algebra structure on J with respect to a. Then the tup-
le (J,*,*nN, ) is a compatible HM-Lie algebra. In fact, let z,y,z € J,
we have

(zxy) %N a(2) + (Y * 2) *n () + (2 % 2) *xN a(y) + (2 *xn y) * (2)
+ (y*n 2) x a(z) + (2 %N ) * a(y)

= N(zxy)xa(z) + (2 xy) * N(a(2)) = N((z x y) x (2))
+ N(y*z2)*xa(z)+ (y*2)* N(a(x)) = N((y * 2) x a(x)
+ N(zxx)*a(y) + (z*xz) * N(a(y)) — N((z % z) * a(y)

(

+ (N(z) x y) * o
+ (N(y) *2) *xalz
af

)

)

— N(zxy)*a(z)

()

+ (N(2) * z) x )
)

[(zxy) x (N (2)) + (y * N(2)) x az) + (N(2) * ) * a(y)]

+[(y*2) x a(N(2)) + (2% N(2)) x aly) + (N(z) % y) x a(z)]

+[(zxa) xa(N(y)) + (x+ N(y)) x a(z) + (N(y) x 2) x ()]
(zx )

— N[(z*y) *a(z) + (yx 2) * a(x) + (z % ) x a(y)]
—0.

The next class of examples come from compatible Rota-Baxter opera-
tors on HM-Lie algebras.

Definition 16. Let (J, *, @) be a HM-Lie algebra. A Rota-Baxter opera-
tor on J is a linear map R : J — J satisfying

Roa=aoR,
R(z)* R(y) = R(R(z) xy + * R(y)), forz,y € J.

A Rota-Baxter operator R induces a new HM-Lie multiplication xp :
JRT =T, (z,y) — x*gy on the underlying vector space J and it is
given by

x*xpy = R(x)*y+xxR(y), forx,yeJ.

Definition 17. Two Rota-Baxter operators R,S:.J —J on a HM-Lie
algebra J are said to be compatible if for any k,[ € K, the sum kR+1S :
J — J is a Rota-Baxter operator on J. Equivalently,

R(z) » S(y) + S(z) x R(y)
=R(S(z)*xy+z*xS(y)) + S(R(z) xy+ z+ R(y)), forz,yeJ.
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+ (y*s 2) *p a(x) + (2 %5 ) *g o

The following result is straightforward.
(zxrY) x5 (2) + (y xR 2) x5 a(x) + (2 4r ) x5 a(y) + (%5 y) xr @(2)

Proposition 17. Let R, S : J — J be two compatible Rota-Bazter

operators on J. Then (J,*r,*s,a) is a compatible HM-Lie algebra.

Proof. Let z,y,z € J, then we have

—~
B
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R***yzxyzs+((((a X X
*zyx++++++)mmaa*WD»DD
8 ATITIT NR D W x)(x\\))\%/\ﬁx\l//(\(&/%\(x\/ﬁ\
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cSlERREEE 2582382288082
SH++ A +++++S3+++++E+ + + 4+ +

Then,

(x*l y) ®(a0b),

be a commutative Hom-associative algebra.

(zr®a)or(y©b)

Hence, the proof is finished.
Proposition 18. Let (J,*1,%2,7) be a compatible HM-Lie algebra

and (A, o,ay)
(T @ A, 01,00, 0754) i a compatible HM-Lie algebra, where
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(z®a)or (y®@b) = (x42y) @ (aoh),
ageA =g ® o4.

Proof. By Proposition 6, we have (J ® A, ¢;, «7g4) is a HM-Lie algebra
for i=1, 2. Applying the compatibility condition, for z,y,z€ 7, a,b,c€ A,
we have

®a)o1 (y®b)) oz aggalz®c)+ (y®@b) o1 (2 ®¢)) 02 aggalz ®a)
(z@c)o1 (r®a)) o2 azea(y®@b) + ((z®@a) o2 (y ®D)) 01 agga(z @ c)
(y@b) o2 (2®c)) o1 aggalr®a)+ ((z®c) o (z ®@a)) o1 aggaly @ D)
Jozaggalz@c)+ (y*12) @ (boc)) o aggalz ®a)

(z+1y) @ (ao
(zx12)® (co
(yx2z) @ (boc)) o1 agepalr®

((z

+(

+(

= ( b)
( a)
(
((x*1y)*x2az(2)@(aob)oaa
(

(

(

(

(

[

02 a7A(Y @ D) + (T x2 ) (aob)oraggalz®c)
a)+ ((z*z) ® (coa)) o1 agga(y ®b)
(€)+((y*1 2) *x2 ag(z
N+ ((z*2y) %1 ag(z
(boc)oaa(a))+((zx2 ) *1 az(y
(aob)oaa(c))+((y*12)*x2 ag(z)
( (y))®((coa)oaa(b))+( ) (
(y*x2 2) *x1 ag7(x))@((boc)oaa(a))+( ) (
(zH1y) k2 ag(2)+(y*1 2) *2 ag(x)+(2 %1 2) *x2 ag(y)+(z*2y) %1 ag(z
+ (Y x2 2) x1 ag (z)+(2 %2 ) x1 a7 (y)]((@ 0 b) 0 awa(c)) = 0.

+ +

(z %1 2) *2 a7

+ +

xT

)
(y))@((coa)oaa(b
(y*xe 2) x1 a7(2))®
)
) T koY) K1 xg(2
)

(
(
(%1 y) %2 a7 (2))®(
(
(

(
(2 %2 ) *1 a7

+ o+

Z %1 T) ko g (y
)

Hence, we get the desired result. O

Proposition 19. Let (A,-1,-2,a) be a compatible Hom-anti-associative
algebra. Then (A, *1,%2,a) is a compatible HM-Lie algebra, where

Txy=xzTy+yiz, i=12 Vr,yecA. (16)

Proof. Let (A,-1,-2,a) be a compatible Hom-anti-associative algebra.
Then (A, 1,a) and (A, -9, «) are Hom-anti-associative algebras. Hence,
by Proposition 5, (A,*1,a) and (A, *2, ) are HM-Lie algebras. It re-
mains to prove the compatibility condition (14). For any z,y,z € A, we
have

(x*1y) *2 a(2) + (Y *1 2) k2 x) + (2 %1 @) *2 a(y) + (T *2 y) *1 o(z)

+ (2 %2 2) %1 a(z) + (2 %2 ) *1 a(y)

=(@1y)tyaz)2a(z)+ai) 2 (@ryt+yaz)+(y1z+z1y)2 o)

+a@) 2 (y1ztzay)+(zrz+a1z)2ay)+aly)2(z1a+392)

t(roytyaz)1alz)+al) 1 (z2y+y2z)+(y22+z22y)1al@)

+a@) 1 (yeztzay)+(zezt+zaz)1aly)+ay)1(z20+z22)
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=@ay)2az)+(@2y)10(z) +a@)2(y12)ta@) 1 (y22
+Waz)2a(z)+(y2z)1a(z)+aly) 2 (x12)+aly)1(z22)
+(12)2a(z)+(y2z)1a@)+aly) 2(z12)+a(y)1(z27)
+(z1y) 20(x) + (2 2y) 1a(z) +afz) 2 (Y1 2) +alz) 1 (Y 22)
+(za2)2a)+(z22)1a(y) +az) 2 (@ 1y +a(z)1(z2y)
+ (@1 2)2ay) +(x22)1a(y) +a(z) 2 (21y) +a(@)1(229)

=0,

and the proof is achieved. O

Definition 18. The compatible HM-Lie algebra (7, 1, x2, c) is called of
compatible mock-Lie type if (J,*1,a) and (J,*2,a) are both of mock-
Lie type with induced M-Lie algebras (J,¢1) and (J,©2). In this case,
(J,01,02) is called the induced compatible mock-Lie algebra.

According to Proposition 1 we have the following result.

Proposition 20. Let (A, 1,2, a) be a compatible Hom-anti-associative
algebra of compatible anti-associative type. Then (A,*1,%2, ) given in
Proposition 19 is a compatible HM-Lie algebra of compatible mock-Lie
type.

2.3. Representations of compatible Hom-mock-Lie
algebras

In this section, we introduce the notion of a representation of a com-
patible HM-Lie algebra and provide some construction results about the
dual representation.

Definition 19. A representation of a compatible HM-Lie algebra
(J,e,%,a) on a vector space V is a triple of linear maps p1, p2: J — gl(V)
and ¢ : V — V such that for any k1, ke € K, (V, k1p1 + k2p2, @) is a rep-
resentation of the HM-Lie algebra (7, k; e +kox, ). We denote it by

(V,p1, p2, 9).

It follows that any compatible HM-Lie algebra (7, e, %, a) is a rep-
resentation on itself, via the following action: ad;y(z)y = = e y and
ads7(x)y = x xy. This is called the adjoint representation.

Proposition 21. Let (J,e,x,a) be a compatible HM-Lie algebra. Let V
be a vector space and p1,p2: T — gl(V), ¢: V =V be a triple of linear
maps. Then the following conditions are equivalent:
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1. (V, p1,p2, ®) is a representation of (T, e, *, ).

2. (V,p1,¢) is a representation of the HM-Lie algebra (J,e, ),
(V, p2, @) is a representation of the HM-Lie algebra (J,*, ) and for any
x,y € J we have the following compatibility condition:

p1(x*xy)p(v) + pa2(z 0 y)d(v)
= — p1(a(z))p2(y) — p2(a(y))p1(z) — p2(a(x))p1(y) — p1(a(y))p2(x).

Define two symmetric bilinear operations e 7o, *x 7y : @%(J®V) — (T&V)
by

(17)

v+ pi(y)u,
v+ pa(y)u,

(x+u)ogav (y+v) =z 0y+pi(z)

(@ +u) xgev (y +v) =z xy + pa2(x)

(@@ )(z +u) = afz) + ¢(u),

for any z,y € J and u,v € V. Then (J & V,e 70y, x7qv,a ® ¢) is a
compatible HM-Lie algebra called the semidirect product of a compatible

HM-Lie algebra (g,e,*,a) and a representation (V, p, i, ), and denote
it by g X, 0, V , or simply g x V.

Define pj : J — gl(V*) and p5 : J — gl(V*) as in Proposition 8,
we get the following result for compatible HM-Lie algebras.

Proposition 22. Let (V, p1, p2, ¢) be a representation of the compatible
HM-Lie algebra (T, e,%,a). Then, (V*, p}, p5, (¢71)*) is a representation
of (T, e, x,a) on V* with respect to (¢p~1)*.

Proof. Let (V, p1, p2, @) be a representation of (7, e, x,a). Then, (V* pt,(¢=1)*)

and (V*, p5, (¢~1)*) are respectively representations of (7,e,a) and (7, *, a)
on V* with respect to (¢~1)*. It remains to prove that

pi(z e y) (o) + pi(zxy) (o)
= —pi(a())pi(y) — pila(y))pi(z) — pala(@))pa(y) — palaly))pa(e).

In fact, we have

(pi(zey)(¢7") €+ pa(axy)(67) " u)
= (pi(a(z) e a(y)((9)7*)" (&) + pi(a(z) * a(y)((#)~*)" (), w)
= (&))", (=p1(a®(@)p (a(y)) p1(e*(y)p1(a(@) — pa(a () pa(aly))
—pa(a®(y)p2(a()))((9)71)")
= ()7, 07 (=pr(a®(@)p1(e®(y) = p1(a®(y)p1(a® (@) — p2(e’ () p2(0*(y))
—pa(a’(y)p2(®())))
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= (((0)™)*, (=pr(a®(@)p1(a®(y)) — pr(a®(y)p1(®(x)) — pa(a®(x)pa(® (1))
—p2(a®(y)p2(a® ()
= ((=pi (@’ (W)pi(a®(z)) — pi (e ( )pi(a?

= (—pi(a(y))pi(x) —p

which achieve the proof. O

Using Proposition 9 and Proposition 10 we get the following result

Proposition 23. Let (V, p1,p2) be a representation of the compatible
M-Lie algebra (J,e,*,«). Suppose there exists a morphism o : J — 7T
and € gl(V') such that

pi(a(z)) o p=pBopi(x), for i=1,2. (18)

Then, (V,p1 := B o p1,p2 := B o ps,B) is a representation of the
compatible HM-Lie algebra (J,a 0 e, aox, ).

3. Deformations of compatible Hom-mock-Lie algebras

In this section, we follow the cohomology theory for M-Lie algebras intro-
duced in [6] called zigzag cohomology to define the second zigzag coho-
mology of compatible HM-Lie algebras. Next, we study linear deforma-
tions of a compatible HM-Lie algebra and introduce Nijenhuis operators
on compatible HM-Lie algebras that generate trivial linear deformations.
We also define infinitesimal deformations of a compatible HM-Lie algeb-
ras and characterize equivalence classes of infinitesimal deformations in
terms of zigzag cohomology.

3.1. The second cohomology group of compatible Hom-
mock-Lie algebras

In this section, we construct a cochain complex that defines a Hom-type
cohomology of a compatible HM-Lie algebra in a suitable representa-
tion in low degree. Let (V, p1, p2, ®) be a representation of a compatible
HM-Lie algebra (7, e,*, ). Define the spaces

rﬁom(jav):{f: anﬁv;gf)of:foaxn}’ n > 1.
and

Tﬁom(j,V):{f:/\nj—>v;gbof:foo/\n}7 n > 1.



56 DEFORMATIONS OF COMPATIBLE HOM-MOCK-LIE ALGEBRAS

Set d?Hom Hom(j V) — Ln+1 (j,V) and 5?H0m AnHom(j7 V) —

Hom
L?fg}n(j V), for n > 1, be the coboundaries operators for the zigzag

cohomology of the HM-Lie algebra (7, e, ) with coefficients in the rep-
resentation (V, p,#). Let us define dy Ly (T, V)— L%, (J,V)
by

atiom (f) (@1, 22) = p(a1) f(w2) + p(a2) f (1) + f (@1 @ x2),

dgHom L%—Iom(jv V) — L?I)-Iom(jv V) by

d%Hom(f)(xlva’ x3) = p(a(z1)) f(w2, 23) + p(a(x2)) f (21, 23)
+ pla(zs)) f(z1,22) + f(21 ® 22, 23))
+ f(z1 @ x3,0(x2)) + f(x2 @ 3, (71))

and 00yt Abpom (T, V) = L3 (T, V) by

5}H0m(f)(x1’x2) = p(x1) f(x2) + p(x2) f(21) — f(21 @ 22).

o4l

Lemma 1. With the above discussion, d2 otiom = 0.

eHom

Proof. Let z1,29,23 € J and f € A}, (J,V), then we have

d%HomoéoHom(f)(xlﬂx%x?))
( (1)) (Fa rom () (@2, 23) + p(c(2)) (a grom (f)) (1, 3)
+ p((23)) O prom (1)) (@1, 22) + daprom () (21 ® 22, (23))

oHom( )(Il.x?v ( ))+50Hom( (l’g.xg, (1))

)
—p( (z1))p(w2) f(23) + pla(z1))p(xs) f(x2) — pla(z1))f (22 @ 23)
+ pla(z2))p(z1) f(x3) + pla(zz))p(zs) f(21) — plalz2)) f(21 @ 23)
+ plafzs))p(x) f(z2) + pla(zs))p(z2) f(21) — plalzs)) f(z1 @ z2)
+ p(z1 @ m2) f(e(x3)) + pla(ws)) f (w1 @ w2) — f((21 @ 2) @ (23))
+ p(x1 @ w3) f(a(@2)) + pla(a2)) f(z1 @ 23) — f((21 @ 23) @ r(2))
+ p(x2 @ 23) f(a(@1)) + pla(a1)) f (22 @ 23) — f((22 @ 3) @ r(1)).
Since ¢ o f = f o a, then by using Eqs. (2) +(4), we get that d2,,,, ©
8 om = 0. O

We denote by Z2,,, (J,V) = Ker(d2,,,) the space of 2-cocycles,
and by

oHom(j V) - ]m((siHom)
= {f € L%Hom(ja V);Elg S AiHom(jv V) : f - 5}Hom( )}7
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the space of 2-coboundaries. Hence, we can define the second zigzag
cohomology space of HM-Lie algebras (7, e, «) with coefficients in the
representation (V, p, ¢) as

oHom (j V)

oHom(j V) (j V)

oHom

We are now in a position to define the second zigzag cohomology
group of a compatible HM-Lie algebra (J,e,*, «) with coefficients in a
representation (V, p1, p2, ¢). For each n > 1, we define the abelian groups

Lo (T, V) and A%y (T, V) as follows:

cHom
cHom(j V) nHom(j’ V) D Hom(j V)
n copies
cHom(j V) Hom(j V) Hom(j V)
n copies

Define déHom : LiHom(j, V) — LgHom(j, V)b
chom(f) (doHom(f)7 d}kHom(f))ﬂ

d(Q:Hom : L(Q:Hom(j’ V) - LiHom(j’ V) by
dzHom(fla f2) = <d2Hom(f1)7d%Hom(f2) + diHom(fl)ﬂ dEHom(f2)>7

and 5cHom cHom(j V) - LzHom(j’ V) b

56Hom(f) = (6}H0m(f)7 6iHom(f))
o6t

Proposition 24. The composite d> 1S zero.

cHom cHom

Proof. Let x1,29,23 € J and f € AcHom(J7V), then we have
dgHom ° 60Hom(f)(x1a T2, l‘3)
_diHom(éiHom(f) 61H0m(f))(x17x27x3) ( oHom(éiHom(f» oHom(éiHom(f))

+ dEHom((;}Hom(f)), dzHom(éiHom(f))>(x1ﬂ T2, $3).

Using Lemma 1, we have d.Hom 6}H0m(f) = dzHom 51H0m(f)

Next, we need to show that d%Hom((ﬁHom(f)) + d*Hom(éiHom(f))

0.
0
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For any x1,29,23 € J and f € ALy (J,V), we have

d%Hom(é Hom(f))(xlvx?vmd) + d*Hom(5 ( ))($17$27x3)
(

= p1(a(x1))p2(22) f(z3) + p1(a(z1))p2(z3) f(z2) — pr(e(z1)) f (2 * 23)
+ p1(a(z2))p2(z1) f(z3) + pr(a(z2))p2(x3) f(z1) — pr(a(z2)) f(21 * 23)
+ p1(a(xs))p2(z1) f(z2) + pr(a(zs))p2(z2) f(z1) — pr(a(zs)) f(21 * 2)
+ pa(z1 @ 22) f(a(3)) + pa(a(xs)) f(z1 @ 22) — f((21 @ 2) * a(x3))
+ po(z1 @ x3) f(a(22)) + p2(a(x2)) f(z1 @ 3) — f((21 @ 3) * u(2))
+ pa(z2 0 23) f(a(21)) + p2(a(z1)) f (22 @ z3) — f((22 @ 3) * (1))
+ p2(a(z1))p1(z2) f(z3) + p2(a(z1))p1(x3) f(22) — pa(a(z1)) f(22 ® 23)
+ p2(a(x2))p1(z1) f(z3) + p2(a(z2))p1(x3) f(21) — pa(a(z2)) f(21 ® 23)
+ p2(a(xs))p1(z1) f(z2) + p2(a(zs))pi(x2) f(21) — pa(a(zs)) f(21 ® 2)
+ p1(z1 * x2) f(a(zs)) + p1(alzs)) f(z1 x 22) — f((21 % 22) @ (3))
+ p1(z1 *x3) f(a(22)) + pr(e(z2)) f(z1 * 23) — f((21 % 73) ® O (22))
+ p1(x2 x x3) f(a(z1)) + pr(afz1)) (w2 * 23) — f((22 * 23) @ 1)).

Since ¢ o f = f o v, then by using Eqgs. (14) +(17), we get that

d%Hom((SiHom(f)) + dzHom((s}Hom(f)) =0.

Then the composite dzH om © ot is zero. ]

cHom

Notation. We denote by Z2%;, (J,V) = Ker(d?y,,,) the space of
2-cocycles, and by

cHom(j V {f S L?Hom(j? V);Elg S A}:Hom(j? V) : f - 5(%Hom( )}’

the space of 2-coboundaries. Since chomoégHom =0, then BCZHom(j, V)
is a subspace of Z2;,, (J,V). Hence, we can define the second zigzag

cohomology space of a compatible HM-Lie algebra (7, e, x, «) as

cHom(j V)

c om \7 Vv
H ( ) cHom(j V)

3.2. Linear deformations and Nijenhuis operators

In this section, we study linear deformations of a compatible HM-Lie
algebra. We introduce Nijenhuis operators that generate trivial linear
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deformations. We also define infinitesimal deformations of a compati-
ble HM-Lie algebra and characterize equivalence classes of infinitesimal
deformations in terms of cohomology.

Let (J,e,%,a) be a compatible HM-Lie and (wy,ws) € L5, (J,J)

cHom
be a 2-cochain. Define two bilinear operations on J depending on the

parameter t as follows:
rely=cey+ttw(z,y), xy=zxy+tw(r,y) Vz,yecJ.

Definition 20. We say that (w1, ws) generates a linear deformation of
the compatible HM-Lie algebra (J,e,*,«) if for all ¢, the quadruple
(J, o, %!, ) is a compatible HM-Lie algebra.

Denote by p1,u2 € L%,,.(J,J), the elements corresponding to the
HM-Lie multiplications e and x, respectively, then the above definition
is equivalent to saying that

Oz,y,z o) o (yeol2) =0, O,z o) *(y«tz) =0,
O {(@ o )+ az) + (@' y) o a(2) } = 0.

In other words, the followings are hold

One {rlal@)n(y, 2)) +wi(a(@),m(y,2) } =0,
One {ala(@),waly, 2)) + wala(@), pa(y, 2)) | =0,
One {2(@1(2,9), a(2) + w2 @), a(2)) + p (wa(w,y), a(2))

(e, ), a(2) | =0,
O,z wi(e(z), wi(y, 2)) =0, Og,y,> woa(z), wa(y, 2)) =0,
Oas {wr(w2(,),0(2)) + wnlen (), 0(2)) } = 0.
The first three condition implies that (wi,ws) € L2y, (J,J) is a

2-cocycle in the zigzag cohomology of the compatible HM-Lie algebra
J with coefficients in the adjoint representation, that is,

dzHom(wth) = <d%Hom(w1)7 d%Hom(‘“uQ) + dzHom<w1)7 dzHom(w2)> =0.

Moreover, the last three conditions implies that (J,w1,ws, ) is a com-
patible HM-Lie algebra.
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Definition 21. Let (w1,ws), (w,wh) € L2y, (J,J) generate linear

cHom
deformations (7, !, +!, @) and (J,e*, x ¢, a) of a compatible HM-Lie al-
gebra J. They are said to be equivalent if there exists a linear map
N : J — J such that

Id+tN: (J, o'+ a) = (T, «t a)
is a morphism of compatible HM-Lie algebras.

One can equivalently write the explicit identities as follows:

aoN =Noaq,
wi(z,y) —wi(x,y) =re Ny+ Nz ey — N(zey),
wa(m,y) —wh(x,y) =2+ Ny + Nrxy — N(zxy),
Nwi(z,y) = wi(z, Ny) + Wy (Nx,y) + Nz e Ny,
Nws(z,y) = wh(z, Ny) + wh(Nx,y) + Nx * Ny,
wWi(Nz,Ny) =0, i=1,2,

for any z,y € J. Note that from the first identity, we get
(w1, w2) = (5, 5) = destom(N) = (84110m (V) Shgzom () ),

where N is considered as an element in A}:Hom(j ,J). Hence, summa-
rizing the above discussions, we get the following.

Theorem 1. Let J be a compatible HM-Lie algebra. Then there is a
map from the set of equivalence classes of linear deformations of J to
the second cohomology group Hzy, (T, J).

Next, we introduce trivial linear deformations of a compatible
HM-Lie algebra and introduce Nijenhuis operators that generate trivi-
al linear deformations.

Definition 22. A linear deformation (! = e + twy, ' = % + tws) of a
compatible HM-Lie algebra with respect to « is said to be trivial if the
deformation is equivalent to the undeformed one (e, x).

Thus, a linear deformation is trivial if and only if there exists a linear
map N : J — J satisfying
aoN =Noaq,
wi(z,y) =reNy+ Nxey— N(zey),
wa(z,y) =2+ Ny+ Nxxy — N(zxy),
Nwi(z,y) = Nz e Ny, Nws(z,y) = Nx * Ny,
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for any z,y € J. This motivates us to introduce Nijenhuis operators on
a compatible HM-Lie algebra

Definition 23. A Nijenhuis operator on a compatible HM-Lie algebra
(J,®,x,«) is a linear map N : J — J which is a Nijenhuis operator for
both the HM-Lie algebras (7, e,«) and (7, *, «), that is, N satisfies

aolN =Noa,
NmoNy:N(moNy—f—N:L‘oy—N(xoy)),

Nx*Ny:N(x*Ny+Nx*y—N(x*y)) Ve, y € J.

It follows that any trivial linear deformation of a compatible HM-Lie
algebra induces a Nijenhuis operator. The converse is given by the next
result whose proof is straightforward.

Proposition 25. Let N : J — J be a Nijenhuis operator on a compa-
tible HM-Lie algebra (J,e,%, ). Then (w1,w2) generates a trivial linear
deformation of the compatible HM-Lie algebra (J,e,*,a), where

wi(z,y) =rze Ny+ Nxey— N(zxey),
wg(.f,y):$*Ny+NLE*y—N($*y), V%yej-

In the following, we introduce infinitesimal deformations of a com-
patible HM-Lie algebra as a generalization of linear deformations.

Definition 24. An infinitesimal deformation of a compatible HM-Lie
algebra (7, e, %, ) is a linear deformation over K[[t]]/(t?).

One can similarly define equivalences between two infinitesimal de-
formations. It is easy to see that any 2-cocycle (w1,ws) € Z2,,.(T,J)
induces an infinitesimal deformation and cohomologous 2-cocycles give
rise to equivalent infinitesimal deformations. Summarizing this fact with
Theorem 1, we get the following.

Theorem 2. Let (J,e,%,a) be a compatible HM-Lie algebra. Then the
equivalence classes of infinitesimal deformations are in one-to-one cor-
respondence with HCQHOm(j, J).
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