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Minimal lattice points in the Newton
polyhedron with an application
to normal ideals
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ABSTRACT. Let ay,...,a, be positive integers and let A =
NP(ay,...,a,) be the Newton polyhedron associated to these in-
tegers, that is, the convex hull in R™ of the axial points that have
a; in the z;-axis. We give some characterization of the minimal
elements of A, and then use this characterization to give an al-
ternative simpler proof of a main result of [7] on the normality of
monomial ideals.

Introduction
Let I be an ideal in a Noetherian ring R. The integral closure of [ is the
ideal I that consists of all elements of R that satisfy an equation of the
form

"+ dig" 4t dy i+ d, =0, del(i=1,...,n).

The ideal I is said to be integrally closed if I = I. An ideal is called
normal if all of its powers are integrally closed. It is known that if R
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2 NEWTON POLYHEDRON AND NORMAL IDEALS

is a normal integral domain, then the Rees algebra R[It] = @nenI™t"
is normal if and only if I is a normal ideal of R [4, Proposition 2.1.2].
This brings up the importance of normality of ideals as the Rees algebra
is the algebraic counterpart of blowing up a scheme along a closed sub-
scheme [9]. There is no concise solution to the problem of when a given
ideal is normal, not even in the monomial ideal case.

Let I C K[x1,...,zy] be a monomial ideal with K a field and let I'(I)
denote the set of exponents of all monomials in the ideal I. The Newton
polyhedron of I, denoted NP(I), is the convex hull in R™ of I'(I); see
Definition 1.4.7 in Swanson and Huneke [8]. Similarly, let T'(I) denote
the set of exponents of all monomials in I. Geometrically, finding the
integral closure of the monomial ideal I is the same as finding all the
integer lattice points in NP(I); see Proposition 1.4.6 in [8]. That is,
[(I) = NP(I)NnN". It is a challenging problem to translate the question
of normality of a monomial ideal I into a question about the exponent

sets I'(I) and T'(T).

Given the ideal I = (z{*,...,2%") C R = K|[xz1,...,z,] with a; posi-
tive integers. Let I(ay,...,ay,) denote the integral closure of the ideal I.
The normality of I(aq,...,a,) has been of interest for many authors

[1-3,7,9]. Investigating this normality causes the following natural ques-
tion to arise:
Question: Giving that I(ai,...,a,) C R is normal. What hypothe-
ses does s need to satisfy so that I(ay,...,an,s) C R[x,y1] stays normal?
As partial answers to this question (generalizing the main work of [2])
it is shown in Al-Ayyoub et. al. [1] that if I(aq,...,a,) is normal, then

I(ai,...,an,s) is normal for any s € {aq,...,a,}. Also, it has been pro-
ved in [1] that if I(ay, ..., an,l) is not normal, where [ = lem(ay, ..., ay),
then I(aq,...,an,s) is not normal for any s > [.

Searching for an answer to the above question is reduced to consider
only the values of s that lie in the interval [I, 2] — 1], this is due to the
main result of Reid, Roberts and Vitulli [7, Theorem 5.1] which states
that if | = lem(aq,...,a,) and L := I(a,...,an,an+1 + 1) is normal,
then J :=1I(ai,...,an,ant1) is normal. Conversely, if a,+1 > [ and J is
normal, then L is normal. The method of the proof of [7, Theorem 5.1] is
by comparing the minimal generators of the integral closure of the Rees
algebras R[Lt] and R[Jt]. The goal of this paper is to give an elementary
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and simpler proof of this main result of [7]. Our proof depends on the ele-
mentary definition of convex sets, and in particular, it depends on a
simple characterization of the exponents of the minimal generators of
I(ai,...,ay), see Lemma 1 which constitutes a key lemma of this paper.
This lemma provides a good tool for investigating the normality of the in-
tegral closure of the chief ideals, that is, ideals of the form (z{*, ..., z%").

n

1. Characterizing the minimal elements

Throughout this paper, let a; < --- < a, < an41 With a; positive integers
and let R = K[z1,...,2,) and S = R[z,4+1]. Before we proceed, we start
with the following definition and emphasize the following notation.

Notation 1. Given the ideal I = (z{*,...,2%) C R. Let I(ai,...,a,) =
T denote the integral closure of I. Let I'(ay,...,a,) denote the set of

exponents of all monomials in I. Also, let I'(a1,...,a,) denote the
set of the minimal elements of I'(ai,...,a,), that is, the elements in
I(ai,...,a,) are in a one-to-one correspondence with the minimal gene-
rators of 1.

Definition 1. The tuple (ci,...,cn) € I'(ai,...,a,) is called minimal
if whenever ¢; > 0, then (c1,...,¢; —1,...,¢,) ¢ T(ay,...,ay), where
ie{l,...,n}.

For instance, the black disks in the figure below give the elements of
I'(6,8,10), that is, the black disks represent the minimal set of generators
of 1(6,8,10) = (x6,y8, 210).

Consider an n-tuple ¢ =(ci, ..., c,) € QY. Ifc € T'(ay, ..., a,), then

n
there are nonnegative rational numbers Ai,..., A, with )  A; = 1 such
j=1
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n

i
that ¢; > ajA; for j = 1,...,n; that is, ) —L > 1. Conversely, if

j=144
>> -2 > 1, then c € T'(ay,...,a,). To prove this, first note that if
j=1 05
n o 1 . L
> — — — >1 for some i with ¢; > 0, then there must be some positive
j=1aj ai
. noocj k n k 1 .
mtegerk:suchthatZ———>1adz Y < 1. Tt this
j=14j G j=14; Qi Gy

case we show that (¢1,...,¢; — k,...,¢y) € I'(ay,...,a,) which in turn
implies that ¢ € TI'(ay,...,ay,). Therefore, without loss of generality, we
may assume that > -2 — — < 1 for any i with ¢; > 0. Fix i with ¢; > 0.

j=14; @

¢ Cj . ~
Let \; =1—- > —andlet \; = = (j =1,...,4,...,n). Then

j=1,j#i @j a;

n ~ n .
Y. Aj=1land ¢; = aj\; for j =1,...,i,...,n. Also, since ) G >
Jj=1 j=1a;

then — > 1 — > L. thus ¢; > M\;a;. This proves the following basic
@i j=1,j#i 4
lemma, yet a key lemma of this paper.

Lemma 1. Let (c1,...,c,) € QL. Then

(c1,...,¢n) €T(ar,...,a,) = 1< 5 L.
=144
. nocy 1
In particular, (c1,...,¢,) €T (a1,...,a,) <= 1< > = <14 — for
j=1 @j a;
any i with ¢; > 0.
Remark 1. Let (c1,...,¢n,¢n41) € TV(a1,...,an,an41) and let | =

lem(ay, ..., ap).
(1) If ¢py1 > 0, then

nooc
Cnt+1 = ’Van—i—l <1 - Z >-‘ .
i=1 Qi

()IfZ—>1 thenzlgzlJrjandan:O.

n+1l ».
Proof. (1) Assume ¢p4q > 0. Then 1 < ) Sy
j=14aj An+1

by Lemma 1.
Thus
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n C’L

i (1- 2

i=1

> < g1 < Gpy <1 > Z) +1,
hence done as ¢, is an integer.

n e Iy 4+ - l
(2) Note > % _ant l tah > 1, where l; = [/a;. Since all parame-
i=1 G

ters are integers, then we must have cil1+- - -+c1ly > [+1, hence done. [

2. An application to normal monomial ideals

In this section, we give an alternative shorter and elementary proof of a
main result of [7], see Corollaries 1 and 2.

Notation 2. Let [, = <xlf“1,..., 7’2@"> C Klzi,...,xy] and Fj, =

U(kax, . .., kap). Let J =11 = (x5' - a2t | (e1,...,en) € F1) and Jj, =
To= (2828 | (e1reenrcn) € Fi).

Remark 2. With notation as before, we have J* C .J.

Proof. To prove the remark we need to show that M; 4+ --- + M €
'(kay, ..., ka,) whenever M; € Fy. Write M (€i1,...,€in) € Fy and
let My +---+ My, = (c1,...,¢p) With ¢; = E e;j. Since M; € Fi, then

n

> Gij > 1 and hence

=1 @
>
¢ L — 12 e j 1
—J — — _ ) 2 N 1;
j; kaj j; kaj z; k ];1 a; z; k
which finishes the proof. O

We adopt the following notation as given in [6].

Definition 2. Define the k-fold Minkowski sum of Fy to be as follows
kx Fq :{M1++Mk ’ M; EFl}
with componentwise addition.

Theorem 1 ([5, Theorem 1.4.2]). Let I be a monomial ideal in a poly-
nomial ring R. Then I is the monomial ideal generated by all monomials
uw € R for which there exists an integer | such that u* € I'.
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Remark 3. With notation as before, we have Jk = J.

Proof. Note (z{*,...,z%") C J; thus, <xlf“17...,9:’;;a"> c J* and hence

Jp = I, = <x’f“1,...,$ﬁ“”> C Jk. On the other hand, assume that

o € Jk. Then by Theorem 1, there is an integer ! such that of € (Jk)l.
This implies that of = mimg - --my with m; € J for all . This means

that m; € (z{*,...,25") for each i; hence, by Theorem 1, there exists
. ; ti1a1 tioa tina
an integer s; such that m" = z"'"'z,*" .- 2" where the t;; are
integers with ¢;1 + -+ +t;, = s; for all ¢ = 1,...,kl. Now let s =
lem(sy,...,sg) and ¢; = s/s;. Then
! AW
ot = (a) :m‘imgmzl
— $141 52Q2 Skiqkl
= ml m2 ... mk-l
ki o
_ tijia1 _ti2a2 tinan \ 1"
=L (ateatn)
i=1

n
H x(tl,jq1+t2,j‘12+“‘+tkl,ijl)aj
J

j=1
ls
€ (x’lml, . ,xfﬂ") ,
) n kl
since ) (t1q1 +t2,5q2 + - +trggu) = Yo (tin +tig+ - +tin)a =
j=1 i=1
kl kl
= >8;q; = Y. s = kls; therefore, Theorem 1 implies that
i=1 i=1
a€<x’f“1,...,xf§“">:<]k. O

Recall that an ideal is called normal if all of its powers are integrally
closed. The ideal J as given in the above notation, is normal if J* is
integrally closed for all powers k, that is, Jk = Jk. By Remark 3, we
have Jk = Ji.. Therefore, J is normal if and only if J*¥ = J, for all k. But
Remark 2 gives that J*¥ C Jy; therefore, we conclude that J is normal if
and only if J, € J* for all k. But J, C J* is equivalent to Fj, C k * F}.
Therefore, to prove J is normal, it suffices to show that Fj C k x F; for
all k € N.
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Remark 4. Let [ = lem(ay,...,a,) with a1 < -+ < ap, < ap41 are

positive integers.
n

(1) Let (c1,...,¢nyCny1) € (a1, ... an,ant1) and let § =1 — > % or
i=1 Qi

n . n .
0 = 0 according as ) G <lor ), S > 1. Then (c1,... Cn,Ccnp1+16) €

i=1 i=1 G
M(at,...,an,ant1 +1).
n .
2) Let (eq,...,epn, € e (a1,...,an, anp1+1) andlet 6 = 1-3 & or
( ) (17 s En,y n—i—l) 1, s Uny Un4-1 @
i=1 Qi
0 = 0 according as Zla— <1lor zjla— > 1. Then (ey,...,en,ent1—100) €
1= 1 (]
r (alv"',anaan+1)'
LS )
Proof. (1) By Lemma 1, it suffices to show that ) Gy Cnt1 110 <

Z1a;  apg1 +1

1
1+ ———. By Remark 1, we have ¢, 11 = [an4+10] < an+10 + 1; thus,
ant1 +1
Cnt+1 +10 < (ap+1 + 1) 0 + 1. Therefore, Gy + < Z L5+
=Z1ai  app1+l [ Zia;

1 .
_ = ———— as required.
ant1 +1 apy1 +1
noe; —16 1
(2) By Lemma 1, it suffices to show that ) S Lt :
i=1 Qi an+1 an+1
By Remark 1, we have e,+1 = [(ap+1 +1)d] < (an+1 + l) 0 + 1; thus,
n . n
ent+1—10 < apy10+1. Therefore, > ﬂ—i-enL Z R
i=1 @i An+1 =1 @ an+1
1+ , as required. O
An+1
Lemma 2. Let Fy =T'(a1,...,an,ant1) and let

(bl,.. bnabn—I—l Z k 017],...,cn7j,cn+17j) Ek*Fl, (1)

where (C1j,...,Cnj,Cnt1,5) € F1 and k = Z k; with k; > 0. Let 6; =
n .
1—261—’]0r5—0accordzngasz ’]<10r2 G5, Also, let

i=1 ¥ i=1 041 i=1 ¥
0=1-— ' or§ =0 according as > 1. Then
zz:l kal g 7,21 k‘Oé i=1 RO
ko < Zj k;0;.

In particular,
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ké =32, ki6; = > Gij <1 for every j.

i=1 %

Proof. By (1) note b; =, kjc; j for i =1,...,n. Consider

k6:k<1 2 kjc”)_k >, <ka":ca]) > ki ( ZZ%). (2)

i=1

n

But the definition of ¢; implies that 1 — 3 Gig < §; for all j, therefore
i=1 %

kd < Zj k;é;. To prove the second conclusion, note that if k§ < Zj k;d;,

n ..
then (2) implies that 1 — " Cgr < 0j, for some j;, which in turn implies
i=1 4

that > —2£ > 1. Conversely, if 1 < > —* for some j;, then 1 —
i=1 & i=1

n n ..
> S 2§, = 0; hence, k8 = 30, k ( > C”) <3, kid;. O
i=1 % =1 &

Now, using the above two lemmas and remark, we give a direct and
simpler proof for Theorem 5.1 of [7]. Let L = I(ay,...,an, ans1 +1) and
J=1I(ay,...,an,ant+1), where | =lem(aq,...,an,).

Corollary 1. If L is normal, then J is so.

Proof. Let Fy, = T'(kay,...,kan,kapy1) and Hp = TV(kaq,..., kan,
k(ans+1 +1)). Our goal is to show that Fj, C k* Fy. Let v = (b1,...,bn,
bn+1) € Fx. We may assume b, > 0. By Remark 4, (by,..., by, bpy1 +

kld) € Hy, where 6 = 1 — ) e 0. Since L is normal, then
i=1 K@i

Hi C k x Hy; thus, we get

(bl, ceey by, bn+1 + /{l5) = Zj kj(eljj, <y Engy en—&—l,j),

with (e1j,...,€enj,ent1,j) € Hy and k = Z k;. Note byy1 + kld =
>_jkjen+1,;. By the first conclusion of Lemma 2 we have kd < 3. k;é;,

n e n
where 0; =1— ) ’]<1orz W,
i=1 @i i=1 %% i=1 Q%
thus, byy1 = Zj kjent1,; — kld > Ej kj (ent1,5 —19;). Now, Remark 4
gives that (eqj,...,enj,ent1,; — ;) € Iy for every j; thus,

Y= (bl, - 7bmbn+1) Zlex Ej kj(el,j, <o Cnjsngl — l5j) € kx Iy,

where >, is the lexicographical order, which gives that J is normal. [
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The proof of the converse direction of the above corollary is analogue
to the proof of the corollary itself but with interchanging addition and
subtraction of the last coordinates of the (n + 1)-tuples. But in order to
prove this converse direction, we need the following lemma.

Lemma 3. Let | = lem(aq,...,an) and let apy1 > 1. Let E =
IV(kay, ..., ko, kapg1). Assume that I, . .., ap, apt1) 48 normal, that
18, By, CkxEy. Let v € Ey, and write

Y= b1y oy bnybny1) = 325 k(€1 - - njy €ntr,j) € kx B,

where (€1j,...,€nj,ent1,) € E1 and k = Zj k; with k; > 0. Then

n ..
bopr >0 = S <1 forall j.
=1 Q4

Proof. Since v = (b1,...,bn,bpt1) € Ek, then by Remark 1 we have

bni1 = | kan 1-— .
o= foen (£

e —1
Assume Z > 1 for some j;; then 1 — > Zhjt < — and ep41,5, =0
i=1 &% i=1 Q4 l
according to Remark 1. Therefore, and since a1 > [, we have

an+1<1—2?>§l<1—2?>§—1. (3)

i=1 i=1

n

For any j let 6; = 1 — Zez— or §; = 0 according as Z Gig <1or

i=1 & i=1 &
> f > 1. This implies that §; > 1 — > f Note d;, = 0 and
=1 1 1=1 3
consider
doikienyig =22k lomyid;] = [Ej k‘jan+15j1 = {; kﬂml%}
J7It

noe;
by (3) > ’Vk'thén_i_l <1 — Z 7J) + Z k]‘OLn+1 <1 —

i=1 % J#dt

— [Zj kjoun 41 (1 - Zz::l e;:)-‘ = "kanJrl <1 -
= [kanﬂ (1 - Zn: b )-‘ = b1,

o | D
@AL
o N—
_

<
<

Q]
N
<

i It
X
S

)

giving a contradiction to the hypothesis that b,41 =) j kjenti,j- O

Corollary 2. If J is normal and an+1 > 1, then L is so.
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Proof. Let Hy =T"(kay,...,kap, k(ap+1 +1)) and F, =T (kaq, . .., kay,

kant1). Our goal is to show that Hy C kxHy. Let v = (by,...,bn,bpt1) €

Hj,. We may assume b,4+1 > 0. By Remark 4, (b1,...,bn, b1 — kld) €
n .

b
Fy, where § =1—>_ kl > (. Since J is normal, then F}, C k= F7; thus,
i=1 Ry

we have

(bl, .. .,bn,bn+1 — /615) = Zj k‘j(CLj, PN ,CnJ,CnJrl,j),
with (CLj,...,CnJ,CnJrLj) € F; and k£ = Zj kj. Note that b,4+1 =

n ..
Z]- kjcny1,; + kl6. By Lemma 3, we have ) Gj < 1 for all j. Hence
i=1 @
by the last conclusion of Lemma 2, we get ké = Zj k;o; where ¢; =
n ..
1-> G > 0; thus, bpt1 = >, kj (ent1,5 +16;). Now, Remark 4 gives
i=1 &
that (c1,j,...,¢nj,Cnt1,5 +165) € Hy for every j; thus,

Y= (b1, by bpga) = 32 k(e s enggs ey +105) € kx Ha,

which gives that L is normal. O
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