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Abstract. The main point of our research is to obtain the

estimates for Kloosterman sums K̃(α, β;h, q; k) considered on the

ellipse bound for the case of the integer rational module q and for

some natural number k with conditions (α, q) = (β, q) = 1 on the

integer numbers of imaginary quadratic őeld. These estimates can

be used to construct the asymptotic formulas for the sum of divisors

function τℓ(α) for ℓ = 2, 3, . . . over the ring of integer elements of

imaginary quadratic őeld in arithmetic progression.

The classical Kloosterman sums were being introduced in 1926 by
work of [6] to study the representations of natural numbers by the binary
quadratical forms. The Kloosterman sum is an exponential sum over the
reduced residue system modulo q:

K(a, b ; q) :=

q∑

x=1
(x,q)=1

e
2πiax+bx′

q , a, b ∈ Z, q > 1 ∈ N, (1)

here x′ denotes the multiplicative inverse for x modulo mod q, i.e. xx′ ≡ 1
(mod q).

Over the following years the Kloosterman sums have been found its
application on the different problems of asymptotic number theory and
őrst of all on the distribution problems of the values of divisor functions
τ(n) on arithmetic progressions.
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The most complexity in construction the estimations of Kloosterman
sums is represented by the case q = p, p be a prime number. In 1948 A.
Weill [11] proved the Riemann hypothesis on algebraic curves that leads
to construction the best possible estimation

K(a, b ; q) ≪ p
1
2 . (2)

The Kloosterman sums play the essential role in the spectral theory
of Riemann zeta-function devised by Yu. Motohashi (see [8]).

The renewed impetus of resolving the difficult problems of asymptotic
number theory give the works of N.V. Kuznetsov[7] and R. Bruggeman[3]
devoted to estimates of the sum of Kloosterman sums. Afterwards there
are occured the generalizations of classical Kloosterman sums. For example,
U. Zhanbyrbaeva[12] has studied the Kloosterman sums over the ring of
Gaussian integers Z[θ] and resolved the distribution problem of divisor
function of the Gaussian integers in arithmetic progression. In the work
[4] there have been investigated the Kloosterman sums over the entirely
real number őelds. In 2003 R. Bruggeman and Yu. Motohashi [2] obtained
an analogue of Kuznetsov formula for the sum of Kloosterman sums over
the ring of Gaussian integers. The geometry of Gaussian integers is richer
that the geometry of integer rational numbers. In the work [10] there was
considered the norm Kloosterman sum over the ring Z[θ] that has no
analogous rational case.

We use the following notations:

• α, β, γ, . . . be the integer numbers from Q(
√
−d);

• ℘ ś Gaussian prime number;

• Sp(α) be the trace of α from Q(i) to Q, i.e. Sp(α) = 2Reα;

• N(α) = |α|2 be the norm of α;

• Gγ (respectively, G∗
γ) ś complete (respectively, reduced) residue

system modulo mod γ in Q(
√
−d);

• the notation
∑
S(C)

means that the summation goes over the condition

C, and besides the condition C describing separately;

• eq(z) := e
2πi z

q , exp (x) := ex;

• (a, b, . . . , c) be the greater common divisor of a, b, . . . , c in Z or in
Z[
√
−d] (that is usually follows from context);

• the Vinogradov symbol ” ≪ ” means the same as Landau symbol
”O”;

• φ (respectively, φ̃) be the Euler totient function in N (or, respectively,
in Z[θ], where θ =

√
−d);
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• and further instead
√
−d we will use whenever it is the letter θ.

Now let α, β ∈ Z[θ], h ∈ Z, q ∈ N, q > 1, (h, q) = 1. Let us assume

K̃(α, β;h, q) :=
∑

x,y(mod q)
N(xy)≡h(mod q)

eq

(
1

2
Sp(αx+ βy)

)
(3)

and call it the Kloosterman sum over the ellipse u2 + dv2 ≡ 1 (mod pm).

For q = q1q2, (q1, q2) = 1 we have

K̃(α, β;h, q) = K̃(α, β;hq′2, q1) · K̃(α, β;hq′1, q2) =

= K̃(αq2, βq2;h, q1) · K̃(αq1, βq1;h, q2).

(here q′2 be the inversive to q2 modulo q1 and q′1 be the inversive to q1
modulo q2).

Therefore, we will consider only the case q = pn, p be the prime rational
number, n ∈ N.

Denote mα = max
α≡0(mod pm)

{m : m ⩽ νp(q)} (i.e. mα be the maximal

exponent of p that is not more than νp(q) and such that α ≡ 0 (mod pm)).

Theorem 1. Let (h, p) = 1. Then

K̃(α, β;h, pn) ≪ (pmα , pmβ , pn)
1
2 · p 3n

2

with absolute constant in symbol ” ≪ ”.

Proof. First of all let assume that n = 1. The case mα = mβ = 1 is a
trivial. So we will suppose that mα = 0 or mβ = 0. And further let say
α = a1 + ia2, β = b1 + ib2, and then (a1, a2, b1, b2) = 1.

For the factorable p we have

K̃(α, β;h, p) =
∑

(U)

ep(a1x1 − ε0a2x2 + b1y1 − ε0b2y2), (4)

where

U =

{
x1, x2, y1, y2 ∈ {0, 1, . . . , p− 1},
(x21 + d · x22)(y21 + d · y22) ≡ h (mod p)

}
,

ε20 ≡ −d (mod pm)

We will suppose that (d, p) = 1.
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The sum K̃(α, β;h, p) we call the norm Kloosterman sum over the
ring Z[θ].

Let ε0 be the solution of congruence x2 ≡ −d(mod p). This congruence
has the solution because −d is the quadratic residue modulo p.

Further let assume

u1 = x1 + ε0x2, u2 = x1 − ε0x2, v1 = y1 + ε0y2, v2 = y1 − ε0y2.

Now from (4) we obtain

K̃(α, β;h, p) =
∑

(U)

ep(A1u1 +A2u2 +B1v1 +B2v2),

where U = {u1, u2, v1, v2 ∈ {0, 1, . . . , p− 1}, u1u2v1v2 ≡ h(mod p)}.
E. Bombieri[1] proved that the last sum can be estimated as ≪ p

3
2 .

If p be irreducible then the same estimate be valid for the sum (4)(the
proof is analogous).

Now let n ⩾ 2. It is enough for us to consider only the case
(pmα , pmβ , pn) = 1. In such case just although one of numbers a1, a2, b1,
b2 is not divided by p (here α = a1 + θa2, β = b1 + θb2).

Then we infer

K̃(α, β;h, pn) =

=
∑

x,y∈Gpn

1
pn

pn−1∑
k=0

epn(k(N(x)N(y)− h) + ℜ(αx) + ℜ(βy)) =

= 1
pn

∑
S(C)

epn(k(d · (x21 + x22)(y
2
1 + y22)− h)+

+ a1x1 − a2x2 + db1y1 − db2y2),

(5)

where

C := {k(mod pn);x1, x2(mod pn); y1, y2(mod pn);x1, x2, y1, y2 ∈ Zpn}

Just although the one of sum over x1, x2, y1, y2 is equal to 0, if (k, p) = p

(by rational analogue of the completed exponential sum of linear function).
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Therefore, supposing that (a1, a2, p) = 1 we have

K̃(α, β;h, pn) =

= 1
pn

∑
S(C)

enp (−kh)epn(kdN(x)(y21 + y22) + ℜ(αx) + db1y1 − db2y2) =

= 1
pn

∑
k∈Z∗

pn

epn(−kh)




∑
x∈Gpn

(N(x),p)=1

+
∑

x∈Gpn

x(mod pn)
N(x)≡0 (mod p)




=
∑

1+
∑

2 .

(6)
where C :=

{
k ∈ Z∗

pn , x ∈ Gpn , y1, y2 ∈ Zpn
}
,

Let N(x)′ and k′ be the solutions of congruence

N(x)u ≡ 1(mod pn), ku ≡ 1(mod pn),

respectively.
Then

∣∣∣
∑

1

∣∣∣ =

∣∣∣∣∣∣

∑

k∈Z∗

pn

epn(−kh)×

×
∑

x∈Gpn

epn(4
′N(x)′k′(b21 + b22) + a1x1 − a2x2)

∣∣∣∣∣∣
.

(7)

We assume

x1 = x01 + pmz1, x2 = x02 + pmz2,

0 ⩽ x01, x
0
2 ⩽ pm − 1, 0 ⩽ z1, z2 ⩽ pn−m − 1, m =

[
n+1
2

]
.

It is clear that

N(x)′ = (x01
2
+ d · x02

2
)′(1− 2pm(x01

2
+ d · x02

2
)′(x01z2 + x02z1)).

And hence

|∑1| =
∣∣∣
∑

k∈Z∗

pn
epn(−kh)×

×
∑

x0
1,x

0
2(mod pn)

(x0
1
2
+x0

2
2
,p)=1

epn(4
′k′(x01

2
+ x02

2
)′ · (b21 + b22) + a1x

0
1 − a2x

0
2)×

×∑z1,z2(mod pn−m) epn−m((A1 + a1)z1 + (A2 + a2)z2)
∣∣∣ ,
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where A1 = 2((x01
2
+ x02

2
)′)2x02, A2 = 2((x01

2
+ x02

2
)′)2x01.

The summation over z1, z2 gives zero if the congruence

A1 + a1 ≡ 0(mod pn−m), A2 − a2 ≡ 0(mod pn−m)

or the equivalent congruence

a2x
0
1 + a1x

0
2 ≡ 0(mod pn−m), 2x02 ≡ −a1(x

0
1
2
+ x02

2
)2(mod pn−m)

are violated.
This congruence system has at most three solutions modulo pn−m, and

so at most 3pm−(n−m) solutions modulo pm.
Hence,

∣∣∣
∑

1

∣∣∣ =

∣∣∣∣∣∣
p2(n−m)

∑

S(C)

epn(a1x
0
1 − a2x

0
1)
∑

k∈G∗

pn

(kh+ k′B)

∣∣∣∣∣∣
⩽ 8p

3
2
n, (8)

where

C =



x01, x

0
2(mod pm)

∣∣∣∣∣∣

a2x
0
1 ≡ −a1x

0
2(mod pn−m),

2x01 ≡ −a1(x
0
1
2
+ x02

2
)2(mod pn−m)



 .

Finally, if N(x) ≡ 0(mod p) then
∑

2 = 0 by the rational analogue of
completed esponential sum of lenear function.

For natural k > 1 we assume

K̃(α, β;h, q; k) :=
∑

x,y∈Gq

N(xy)≡h(mod q)

eq(
1

2
Sp(αxk + βyk)). (9)

It is clear that K̃(α, β;h, q; 1) = K̃(α, β;h, q).
The method of investigation the sum K̃(α, β;h, q; k) shows that it is

enough to consider the case q = pn, p be a prime. First of all, we will
assume that p be irreducible.

Theorem 2. Let p be irreducible, h ∈ Z, (h, p) = 1, k ∈ N, t = (k, p− 1).
Then for any of integer numbers α, β, (α, β, p) = 1 over the ring Z[θ] the

following estimate

∣∣∣K̃(α, β;h, p; k)
∣∣∣≪





t2p
3
2 , if t− 1 ⩽ 4

√
p,

dp2, if t ⩾ 4
√
p+ 1.

holds.
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Proof. Let k = dk1, (k1,
p−1
t
) = 1. We have

∑
x,y∈Gp

N(xy)≡h(mod p)

ep(
1
2Sp(α(x

k1)t + β(yk1)t)) =

=
∑

x,y∈Gp

N(xk1yk1 )≡hk1 (mod p)

ep(
1
2Sp(α(x

k1)t + β(yk1)t)) =

=
∑

x,y∈Gp

N(xy)≡hk1 (mod p)

ep(
1
2Sp(αx

t + βyt)) = K̃(α, β;hk1 , p; t).

By virtue of the fact that for any multiplicative character χ over the
őeld Fp2 we have

∑
h∈F∗

p2

χ(h)K̃(α, β;h, p; t) =

=
∑

x,y∈F∗

p2

χ(N(x)N(y))ep(
1
2Sp(αx

t))ep(
1
2Sp(βy

t)) =

= (
∑

x∈F∗

p2

χ(N(x)ep(
1
2Sp(αx

t))))(
∑

y∈F∗

p2

χ(N(y))ep(
1
2Sp(βy

t))),

(10)

The sums in righthand of (10) can be estimated as (t− 1)N(p)
1
2 (because

of this is generalized Gaussian sums).
So we obtain

∣∣∣∣∣∣∣

∑

h∈F∗

p2

χ(h)K̃(α, β;h, p; t)

∣∣∣∣∣∣∣
⩽ (t− 1)2p2.

The application of Plancherel theorem gives

∑

h∈F∗

p2

|K(α, β;h, p; t)|2 ⩽ (t− 1)4p4.

Now, similar to the work of Bombieri[1], we infer that the weight of
characteristic roots associating with K̃(α, β;h, p; t) be no more than 3 if
(t− 1)4 < p. Then using the results of Bombieri[1] and Deligne[5] we őnd

K̃(α, β;h, p; t) ≪ (t− 1)2p2 ≪ t2p2 if t− 1 < 4
√
p.
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Further, for x = x1 + θx2, x1, x2 ∈ Z, we have x1 − iθx2 ≡ (x1 +
θx2)

p(mod p) and then N(x) ≡ xp+1(mod p).

Hence,

∑
x,y∈Gp

N(xy)≡h(mod p)

ep(
1
2Sp(αx

t + βyt)) =

=
∑

x,y∈Gp

(xy)p+1≡h(mod p)

ep(
1
2Sp(αx

t + βyt)) =

=
∑

ε∈Gp

εp+1≡h(mod p)

∑
x(mod p)

ep(
1
2Sp(αx

t + βyt)).

(11)

The congruence zp+1 ≡ h(mod p) has the exactly 2 solutions mod p
if h be the quadratic residue. The inner sum at the righthand of (11)
estimates as ⩽ 2dp. This őnalize the proof of theorem.

Now, let q = pn, p be irreducible, n ⩾ 2. We will use the description
of elements with norm 1 of reduced residue system mod pn. They form a
group that we describe through Em.
Further we will need to use the following statement.

Lemma. Let n, k ∈ N, p ⩾ 3 be a prime, u ∈ Z, (p, u) = 1. Then for any

natural t we have

(1 + pku)t ≡ 1 + pka1t+ p2ka2t
2 + pλ3a3t

3 + · · ·+ pλnant
n(mod pn),

more over, (ai, p) = 1, i = 1, . . . , n;λj > 2k, j = 3, . . . , n.

Proof. From the relation

(
t

m

)
=

1

m!
(tm − m(m− 1)

2
tm−1 + · · ·+ (−1)m−1(m− 1)! · t)

and the upper bound of exponent with that the number p falls into m!,
we obtain

(1 + pku)t ≡ 1 + pka1t+ p2ka2t
2 + pλ3a3t

3 + · · ·+ pλnant
n(mod pn),

where (ai, p) = 1, i = 1, . . . , n; λj > (k− 1
p−1)·j > 2k for j = 3, 4, . . . .
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Therefore, it is obvious that the generating element u+
√
−dv of

the group E1 may be taken as it will be the generating element of group
Eℓ for any őxed ℓ, ℓ = 2, 3, . . . . Let ℓ = max(5, n). We have

N((u+
√
−dv))2 ≡ 1(mod pℓ)

(u+
√
−dv)2(p+1) = 1 + p(x0 +

√
−dy0), (x0 +

√
−dy0, p) = 1.

Then

N(1 + px0 +
√
−dpy0) ≡ 1 + 2px0 + p2x20 + p2dy20 ≡ 1(mod pℓ).

Therefor, 2px0 ≡ 0(mod p2), x0 = px′0, (y0, p) = 1.
Hence,

(u+
√
−dv)2(p+1) ≡ 1 + p2x0 +

√
−dpy0, (x0, p) = (y0, p) = 1.

Now applying previous lemma we easy obtain

ℜ((u+
√
−dv)2(p+1)t) ≡

≡ A0 +A1t+A2t
2 + · · ·+An−1t

n−1(mod pn),

ℑ((u+
√
−dv)2(p+1)t) ≡

≡ B0 +B1t+B2t
2 + · · ·+Bn−1t

n−1(mod pn),

(12)

where

A0 ≡ 1(mod p), B0 ≡ 0(mod p),

A1 ≡ p2x0 + 2′dy20p
2(mod p3), i.e. A1 ≡ 0(mod p3),

A2 ≡ −2′y20p
2(mod p3), i.e. A2 = p2A′

2, (A′
2, p) = 1,

B1 ≡ py0(mod p3), i.e. B1 = pB′
1, (B′

1, p) = 1,

B2 ≡ A3 ≡ B3 ≡ · · · ≡ An−1 ≡ Bn−1 ≡ 0(mod p3).

Let assume

β = 2(p+ 1)t+ z, 0 ⩽ t ⩽ pn−1 − 1, 0 ⩽ z ⩽ 2p+ 1

and deőne

(u+
√
−dv)z = u(z) +

√
−dv(z), z = 0, 1, . . . , 2p+ 1.
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Then

(u+
√
−dv)β = (u+

√
−dv)2(p+1)t · (u(z) +

√
−dv(z)).

And therefore, we have

ℜ
{
(u+

√
−dv)2(p+1)t+z

}
≡

≡ A0(z) +A1(z)t+ · · ·+An−1(z)t
n−1 (mod pn),

(13)

where Ai(z) = Aiu(z)−Biv(z).
Now deőne for which values of z the congruence v(z) ≡ 0(mod p)

holds.
Let v(z) = pv0(z), v0(z) ≡ 0(mod pk), k ⩾ 0.
Then

(u+
√
−dv)z = u(z) +

√
−dpv0(z)

(u+
√
−dv)z(p−1)pn−k ≡ (u(z))(p−1)pn−k

(mod pn).

The sequences {(u+
√
−dv)2β} and {gα} can have two common ele-

ments modulo p: 1 or -1. Then

(u(z))(p−1)pn−k ≡ ±1 (mod pn).

The congruence (u(z))(p−1)pn−k ≡ −1(mod pn) impossible because

otherwise we would be have (−1)p
k−1 ≡ (u(z))(p+1)pn−1 ≡ 1(mod pn), i.e.

−1 ≡ 1(mod p).
Hence,

(u(z))(p−1)pn−k ≡ 1(mod pn)

z(p− 1)pn−k ≡ 0(m0d 2(p+ 1)pn−1).

As we have (p− 1, p+ 1) = 2 then z ≡ 0(mod(p+ 1)pk−1). So, obtain
that from p

∥∥v(z) it follows z = p+ 1, and from p2
∣∣v(z) it follows z = 0.

So, we have

p
∥∥A1(z), Ai(z) ≡ 0(mod p2), i = 2, . . . , n− 1 if z ̸= 0, z ̸= p+ 1;

A1(0) = A1(p+ 1) ≡ 0(mod p2), p2
∥∥A2(0) p

2
∥∥A2(p+ 1),

Aj(0) ≡ Aj(p+ 1) ≡ 0(mod p3), j = 3, 4, . . . , n− 1.

We use below the following lemma.
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Lemma (Generalized Gauss sum). Let p be the prime odd number from

imaginary quadratic őeld, m ⩾ 1 be the natural, α1, α2, . . . , αn ∈ G,

(α2, p) = 1. Then for any natural k ⩾ 2 we have

∣∣∣∣∣∣

∑

ω∈Gpm

exp

(
πiSp

(
α1ω + pα2ω

2 + p3α3ω
3 + · · ·+ pkαkω

k

pm

))∣∣∣∣∣∣
=

=





0, if (α1, p) = 1 (mod p),

(N(p))
m+1

2 , if α1 ≡ 0 (mod p).

Now we can prove the following statement.

Theorem 3. Let p be a prime irreducible number, h ∈ Z, (h, p) = 1,
k > 1 be the natural, a, b are integer numbers in Z[θ], (a, p) = (b, p) = 1.
Then for n ⩾ 2

∣∣∣K̃(a, b;h, pn; k)
∣∣∣ ⩽ 2p

3
2
n+m log pn,

where m such that pm
∥∥k.

Proof. Applying lemma about the structure of group G∗
pn , we can write

a, b in form
a = gα

′

0(u+ θv)β
′

0 , b = gα
′′

0 (u+ θv)β
′′

0 .

where g be the primitive root mod pn in Z, u + θv be the generative
element of group En.

Then we obtain

K̃(a, b;h, pn; k) =

=
∑

x,y∈Gpn

N(x)N(y)≡h(mod pn)

epn(g
α′

0ℜ((u+ θv)β
′

0xk) + gα
′′

0ℜ((u+ θv)β
′′

0 yk)).

(14)
Let h ≡ gα(modpn). Then h ≡ ±g2α0(mod pn), where

2α0 =

{
α0 if αis even,

α+ p−1
2 pn−1 if αis odd.

The sum over x ∈ Gpn in (14) we will split in two parts,
∑

=
∑

1+
∑

2.
In the sum

∑
1 we put such x ∈ Gpn , for which

N(x) ≡ g2α1(mod pn),
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and in the sum
∑

2 will falling such x ∈ Gpn , for which

N(x) ≡ −g2α1(mod pn).

For both cases we have that α1 runs over all values 0, 1, . . . , p−1
2 pn−1 − 1.

Hence,

K̃(a, b;h, pn; k) =
∑

1
+
∑

2
(15)

For x from
∑

1 we have

x ≡ gα1(u+ θv)2β1(mod pn),

α1 = 0, 1, . . . , 12(p− 1)pn−1 − 1; β1 = 0, 1, . . . , (p+ 1)pn−1 − 1.

It means that

ℜ((u+ θv)β
′

0xk) ≡ gkα1ℜ((u+ θv)2kβ1+β′

0)(mod pn).

From condition N(x)N(y) ≡ h(mod pn) it follows that

N(y) ≡ ±g2α2(mod pn),

where α2 = α0 + ((p− 1)pn−1 − 1)α1.
And so we have ∑

1
=
∑

(α1)

∑

(β1)

∑

(β2)

epn(U), (16)

where

(U) = (gα
′

0+α1kℜ((u+ θv)2kβ1+β′

0) + gα
′′

0+α2kℜ((u+ θv)2kβ2+β′′

0+δk))

here (α1) means that α1 runs over all values 0, 1, . . . , 12(p − 1)pn−1 − 1;
(βi) run over all 0, 1, . . . , (p+ 1)pn−1 − 1, (i = 1, 2); and, moreover, δ = 0
if h ≡ g2α0(mod pn) and δ = 1 if h ≡ −g2α0(mod pn).
Similarly, ∑

2
=
∑

(α1)

∑

(β1)

∑

(β2)

epn(V) (17)

where

(V) = (gα
′

0+α1kℜ((u+ iv)2kβ1+β′

0+1) + gα
′′

0+α2kℜ((u+ θv)2kβ2+β′′

0+δk)).

Let assume again

βi = (p+ 1)ti + zi, ti(mod pn−1), zi = 0, 1, . . . , p, (i = 1, 2).
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Then
kβi = 2(p+ 1)kti + kzi, (i = 1, 2).

Now from (13)-(14) and Lemma 1.1 it follows that the sums over ti are
equal to zero if the congruences

β′
0 + 2kz1 ≡ 0(mod(p+ 1)),

β′′
0 + 2kz2 + kδ ≡ 0(mod(p+ 1)) for the sum

∑
1,

β′
0 + 2kz1 + 1 ≡ 0(mod(p+ 1)),

β′′
0 + 2kz2 + kδ ≡ 0(mod(p+ 1)) for the sum

∑
2,

(18)

are violated.
Therefore, the one from sums

∑
1 or

∑
2 is always equal to zero.

The relations (18) can be hold only for (k, p+ 1)2 pairs of values (z1, z2).
Let B be the set of such values (z1, z2).

From (13)-(14) we obtain

K̃(a, b;h, pn; k) =
∑
(α1)

epn(N0g
α1 +M0g

α2)×

×
∑

(z1,z2)∈B

∑
t1,t2(mod pn−1)

epn−2(F1(kt1)g
α1 + F2(kt2)g

α2),

where Fi(t) = c
(i)
1 t+ c

(i)
2 t2+ pλ3c

(i)
3 t3+ · · ·+ pλℓc

(i)
ℓ tℓ, (c

(i)
2 , p) = (c

(i)
3 , p) =

· · · = 1, λj > 0 for j ⩾ 3, (N0, p) = (M0, p) = 1.
The sums over t1, t2 are calculated similarly. Let k = pmk1, (k1, p) = 1.

Let split the sum over ti by the blocks with length of pn−2−2m(if 2m <

n− 2). Then, applying the lemma above, we obtain

K̃(a, b;h, pn; k) = pn+2m
∑

(α1)

epn(N1g
α1 +N2g

α2), (19)

where (N1, p) = (N2, p) = 1.
From deőnition of α2 it follows that gα2 ≡ gα0(g′)α1(mod pn).
The sum in righthand of (19) is an incomplete Kloosterman sum. By

selection of primitive root g we have

gp−1 = 1 + pu, (u, p) = 1.

Then g′
p−1

= 1− pu1 , (u1, p) = 1 , u ≡ u1(mod p).
Let assume

α1 = (p− 1)t+ z,

t = 0, 1, . . . , 12(p
n−1 − 1), z = 0, 1, . . . , p− 2.
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Then

gα1 = gz(1 + a1pt+ a2p
2t2 + a3p

λ3t3 + · · · ) (mod pn),

a1 ≡ −u1, a2 ≡ −2′u2(mod p), λj ⩾ 3.

Similarly, we have

gλ2 ≡ gα0g′
α1 ≡ gα0g′

z(1 + b1pt+ b2p
2t2 + b3p

µ3t3 + · · · ) (mod pn)

b1 ≡ −u1, b2 ≡ −2′u2(mod p), µj ⩾ 3.

Therefore,

N1g
α1 +N2g

α2 ≡ c0 + c1pt+ c2p
2t2 + c3p

ν3t3 + · · · (mod pn),

where ci = gzaiN1 + gα0g′
z
biN2, (i = 1, 2).

By virtue of (N1, p) = (N2, p) = 1 it easy to see that two congruences

c1 ≡ 0(mod p), c2 ≡ 0(mod p)

can not be hold at once.
But from c1 ≡ 0(mod p) it follows that g2z ≡ gα0N2N

′
1(mod p). It is

possible only for single value of z. Denote this value as z0.
Then from (19) we get

K̃(a, b;h, pn; k) = pn+2m×

×
(

p−2∑
z=0
z ̸=z0

1
2
(pn−1−1)∑

t=0
e
2πi

c0
pn · en−1

p

(
c1t+ c2pt

2 + c3p
ν3−1t3 + · · ·

)
+

+

1
2
(pn−1−1)∑

t=0
e
2πi

c′0
pn · epn−2

(
c′1t+ c′2t

2 + c′3p
ν3−2t3 + · · ·

)
)
,

(20)

where (c1, p) = (c′2, p) = 1.
The sums over t are incomplete rational sums, which estimates we

obtaining in help with the estimates of complete exponential sums.
For arbitrary polynomial Φ(t) ∈ Z[t] we have

∣∣∣∣∣

T∑

t=0

e
2πi

Φ(t)
q − T

q

q−1∑

t=0

e
2πi

Φ(t)
q

∣∣∣∣∣ ⩽

⩽

q∑

r=1

1

min(r, q − r + 1)

∣∣∣∣∣

q−1∑

t=0

e
2πi

Φ(t)−t

q

∣∣∣∣∣ .

(21)
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Now if Φ(t) = c1t + c2pt
2 + c3p

ν3−1t3 + · · · , (c1, p) = 1, q = pn−1

then the complete sums in (21) are equal to zero for all r except the case
r ≡ c1(mod p). In this special case we have Ψ(t) = c′1t+ c′2t

2+ c′3p
ν3−1t3+

· · · , (c′2, p) = 1, q = pn−2 and then the complete sum is estimated as

2p
n−2
2 .
Hence,

∣∣∣K̃(a, b;h, pn; k)
∣∣∣ ⩽ pn+m




p−2∑

z=0
z ̸=z0

1

|c1(z)|
+

pn∑

r=1

1

kp
· pn−2

2 + p · pn−2
2


 .

Finally, taking into account that for different values z we have different
values for c1(z)(mod p) and then we obtain

∣∣∣K̃(a, b;h, pn; k)
∣∣∣ ⩽ p

3
2
n+m(log p+

log pn

p
).

If 2m > n− 2 then the assertion of theorem is trivial.

From now we continue with the estimating of Kloosterman sum
K̃(a, b;h, pn; k) on the ellipse bound for the case of factorable p and
for k ⩾ 2, (a, p) = (b, p) = 1.

In this case we have p = pp, where p and p are the complex-conjugate
prime numbers over Z[θ]. Then the reduced residue system mod pn can
be rewrite as

x = gℓ1pn + gℓ2pn, 0 ⩽ ℓ1, ℓ2 ⩽ (p− 1)pn−1 − 1,

where g be the primitive root mod pn such that

gp−1 = 1 + pH, H ∈ Z, (H, p) = 1.

Therefore

N(x) = x · x =

= g2ℓ1pn + gℓ2pn + gℓ1+ℓ2p2n + gℓ1+ℓ2p2n ≡

≡ gℓ1+ℓ2Sp(p2n)(mod pn).

(22)

Moreover, if p = a0 + θb0 then (a0, p) = (b0, p) = 1 and by induction
we easy obtain

p2n ≡ an + θbn, n = 1, 2, . . . ,
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where

an ≡





(−1)n−1 · 2m · a0 · b02(m−1)(mod p) if n = 2m− 1,

(−1)m · 2m+2 · d2m if n = 2m

bn ≡





(−1)2m−1 · 2m · b02m−1(mod p) if n = 2m− 1,

(−1)m−1 · 2m+2 · a0 · b02m−1(mod p) if n = 2m

From here for the factorable p we have

K̃(a, b;h, pn; k) =

=
∑

(U)

epn(A(gℓ
′

1k + gℓ
′

2k) +B(gℓ
′′

1k + gℓ
′′

2k)) =

=
∑

(U ′)

epn(A(xk1 + xk2) +B(yk1 + yk2 )),

(23)

where

U :=
{
ℓ′1, ℓ

′
2, ℓ

′′
1, ℓ

′′
2(mod(p− 1)pn−1)

∣∣gℓ′1+ℓ′2+ℓ′′1+ℓ′′2 ≡ H(mod pn)
}
,

U ′ :=
{
x1, x2, y1, y2(mod pn)

∣∣x1x2y1y2 ≡ H(mod pn)
}
,

A,B,∈ Z, (A, p) = (B, p) = 1.

Theorem 4. Let p be factorable prime number and let a, b ∈ Z[θ], (a, p) =
(b, p) = 1. Then

∣∣∣K̃(a, b;h, p; k)
∣∣∣≪





d2p
3
2 if (d− 1)4 < p,

d4p2 if (d− 1)4 ⩾ p,

where d = (k, p− 1).

Proof. Without loss of generality we can suppose that a, b ∈ Z.
In virtue of (23) and by an analogue of the case of irreducible p we

obtain

K̃(a, b;h, p; k) =
∑

x2,x2,y1,y2∈F
∗

x1,x2,y1,y2≡Hk
1

ep(A(xd1 + xd2) +B(yd1 + yd2)).
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Now, for (d − 1)4 < p we obtain by an analogue of the case with
irreducible p

∑
h∈F∗

p

χ(h)K̃(α, β;h, p; d) =

=

(
∑

x∈F∗

p

χ(x)ep(Ax
d)

)2( ∑
y∈F∗

p

χ(y)ep(Byd)

)2

.

From here,

∑∣∣∣K̃(α, β;h, p; d)
∣∣∣
2
⩽ (d− 1)4p4 if (d− 1)4 < p.

Then

K̃(a, b;h, p; k) ≪ d2p
3
2 if (d− 1)4 < p.

Let (d− 1)4 ⩾ p. Denote through g the primitive element of őeld Fp

and let x = gind x for x ∈ F∗
p.

Let G be the group of multiplicative characters of őeld Fp. For χ ∈ G

we have
χ(x) = ep−1(ν · ind x) with some ν ∈ Fp. Then using the assertion of
theorem about estimate of exponential sum of Gauss type, we obtain the
following relation

K̃(a, b;h, p; d) =

= 1
p−1

∑
χ∈G

χ(H)
d−1∑

s1,...,s4=0
χ(A2B2)×

× ed((s1 + s2)indA+ (s3 + s4)indB)×

×
∑

x1,...,x4∈F∗

p

ed(s1ind x1 + · · ·+ s4ind x4)×

× χ(x1, . . . , x4)ep(x1 + · · ·+ x4) =

= 1
p−1

∑
ν∈Fp

d−1∑
s1,...,s4=0

ep−1(ν · indH)ep−1(F1(ν, s))×

×
∑

x1,...,x4∈F∗

p

ep−1(F2(ν, s, x))ep(x1 + · · ·+ x4).
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where

F1(ν, s) := (2ν + (s1 + s2)
p−1
d

)indA+ (2ν + (s3 + s4)
p−1
d

)indB

F2(ν, s, x) := (s1
p−1
d

+ ν)ind x1 + · · ·+ (s4
p−1
d

+ ν)ind x4.

The last sum over x1, . . . , x4 is the production of Gaussian sums over
the őeld Fp. And hence,

∣∣∣K̃(a, b;h, p; k)
∣∣∣ ⩽ d4p2.

If n ⩾ 2, we can use the description of solutions of the congruence
x1 · x2 · x3 · x4 ≡ H(mod pn):

xi = yi + pmzi,

yi(mod pm),
zi(mod pn−m),
(yi, p) = 1,
i = 1, 2, 3; m =

[
n+1
2

]

x4 = Hy′1y
′
2y

′
3(1− pmy′1z1 − pmy′2z2 − pmy′3z3),

yiy
′
i ≡ 1(mod pm).

(24)

Theorem 5. Let p be the irreducible prime number in the ring Z[θ], n ∈ N,

n ⩾ 2; h ∈ Z, (h, p) = 1; a, b ∈ Z[θ], (a, p) = (b, p) = 1. Then

∣∣∣K̃(a, b;h, pn; k)
∣∣∣≪





d4 · p 3
2
n if (d− 1)4 < p,

d4 · pn+m if (d− 1)4 ⩾ p,

where m =
[
n+1
2

]
.

Proof. From (23)-(24) we have

K̃(a, b;h, pn; k) =

=
∑

y1,y2,y3∈Z
∗

pm

epn(f(y1, y2, y3))×

×
∑

z1,z2,z3(mod pn−m)

epn−m(F (z1, z2, z3)),

(25)
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where

f(y1, y2, y3) = Ayk1 + ayk2 +Byk3 +BHy′1
k
y′2

k
y′3

k
,

F (z1, z2, z3) = k
[
(Ayk−1

1 −By′1
k+1

y′2
k
y′3

k)z1+

+(Ayk−1
2 −B(yk+1

1 yk2y
k
3 )

′)z2 + (Ayk−1
3 −B(yk1y

k
2y

k+1
3 )′)z3

]
.

Let (k, pn−m) = pℓ. Then from (25) we obtain

K̃(a, b;h, pn; k) = p3(n−m)
∑

S(C)

epn(f(y1, y2, y3)), (26)

where

C :=





y1, y2, y3(mod pm)

∣∣∣∣∣∣∣∣∣∣

(yi, p) = 1, i = 1, 2, 3;

yk1 ≡ y2
k ≡ y3

k(mod pn−m−ℓ),

y4k1 ≡ BA′(mod pn−m−ℓ)





.

Now, for n = 2m we estimate the sum
∑
S(U)

by the number of triples

(y1, y2, y3) ∈ C, and for n = 2m− 1 we get

∣∣∣K̃(a, b;h, pn; k)
∣∣∣≪





d4p
3
2
n if (d− 1)4 < p,

d4pn+m if (d− 1)4 ⩾ p.

In case of even n we have the similar estimate.

Collecting previous estimates of theorems 2-5, we obtain

Theorem. Let α, β ∈ Z[θ] and let h, q, k, n ∈ N, k ⩾ 2, (k, q) = (h, q) =
1. Then for (α, q) = (β, q) = 1 we have

K̃(α, β;h, q; k) ≪ D(k, q)q
3
2 ,

where
D(k, q) =

∏

p

∣∣q
p≡1(q)

d6(k, p) ·
∏

pn
∥∥q

p≡3(q)

d3(k, p) log pn,

d(k, p) = (k, p− 1).
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We have to note that the Kloosterman sum on the ellipse K̃(α, β;h, q;k)
has no an analogue in the ring Z.

In help with obtained estimates of Kloosterman sums on the ellipse it
can be constructed the asymptotic formulas for the divisors sum τk(α),
k = 2, 3, . . ., αZ[θ] (see, for example, [9]).
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