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ABSTRACT. Let L be an algebra over a field ' with the binary
operations + and [-,-]. Then L is called a left Leibniz algebra if
[[a,b],c] = [a,[b,c]] — [b,]a,c]] for all a,b,c € L. We describe the
inner structure of left Leibniz algebras having dimension 3.

1. Introduction

Let L be an algebra over a field F' with the binary operations + and
[-,-]. Then, L is called a Leibniz algebra (more precisely, a left Leibniz
algebra) if, for all elements a,b,c € L, it satisfies the Leibniz identity:

Ha’v b])c} = [a’ [b’ CH - [b’ [a’ CH
We will also use another form of this identity:
[CL, [bv CH = [[CL, b]’ C] + [ba [aa CH

Leibniz algebras first appeared in the paper of A. Blokh [2| where they
were called D-algebras. However, at that time, these works were not in
demand. Only after two decades was there a real rise in interest towards
Leibniz algebras. It happened thanks to the rediscovery of these algebras
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by J.-L. Loday [9] (see also [8, Section 10.6]), who used the term “Leibniz
algebras” since it was Leibniz who discovered and proved the Leibniz
rule for differentiation of the product of functions. The main motivation
for the introduction of Leibniz algebras was the study of periodicity
phenomena in algebraic K-theory. The Leibniz algebras appeared to be
naturally related to several areas such as differential geometry, homological
algebra, classical algebraic topology, algebraic K-theory, loop spaces, non-
commutative geometry, physics and so on. Nowadays, the theory of Leibniz
algebras is one of actively developing areas of modern algebra.

Note that Lie algebras are a partial case of Leibniz algebras. Conversely,
if L is a Leibniz algebra in which [a, a] = 0 for every element a € L, then it
is a Lie algebra. Thus, Leibniz algebras can be seen as a non-commutative
generalization of Lie algebras.

The theory of Leibniz algebras has been intensely developing in many
different directions. Some results of this theory were presented in the
recent book [1].

One of the first steps in the theory of Leibniz algebras is the description
of algebras with small dimensions. Unlike Lie algebras, the situation
with Leibniz algebras of dimension 3 is very diverse. Leibniz algebras of
dimension 3 are mostly described. The description of Leibniz algebras
of dimensions 4 and 5 is quite complex. The list of papers devoted to
these studies is quite large and we will not give it here in full. We only
note that the Section 3.1 of book [1] is devoted to study of right Leibniz
algebras having dimension 3. The investigation of Leibniz algebras having
dimension 3 was carried out in articles [3-5,10-12|. Some of these papers
use the language of the right Leibniz algebras, whilst others use the
language of left Leibniz algebras. Basically, the description is reduced
to determining the structural constants of these algebras. However, the
structural constants do not always give an idea of the internal structure
of these algebras. Elucidation of the structure requires some additional
analysis. The overall picture seems fragmented. Thus, the articles dealt
with Leibniz algebras over concrete fields of real, complex, p-adic numbers,
etc. Therefore, we cannot decide if the internal structure of these algebras
really contains a complete description. For example, when passing from
the field of rational numbers to the field of real numbers, some types of
algebras disappear altogether. Furthermore, some sections describe right
Leibniz algebras, while others describe left Leibniz algebras. Moreover,
only structural constants were found. None of the articles considered the
internal structure. So, under these circumstances, in order to observe the
entire scope, there are two options that arise: analyze these articles and
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really make sure everything is done there or do it yourself all over again.
The second option is preferable since it is better to complete the list within
your own framework if it turns out that not all types of algebras have
been considered. More importantly, we are interested in the description
of the inner structure, not just structural constants. Of course, you can
extract some information about the structure from structural constants,
but it is more logical to obtain the structural constants in the process of
describing the inner structure.

Therefore, in the current article, we present a description of left Leibniz
algebras having dimension 3, focusing on clarifying their structure and
obtaining structural constants by passing. This consideration of the struc-
ture of Leibniz algebras of dimension 3 is carried out over an arbitrary field
F', and when studying these specific types of algebras, additional natural
restrictions on the field F' appear. These restrictions are very significant
in some cases. Some types of algebras can exist only if sufficiently strict
restrictions are imposed. Our goal was the most detailed description of
these algebras, reflecting all the nuances of their structure.

2. Main results

Let L be a Leibniz algebra over a field F. Then L is called abelian if
[a,b] = 0 for every elements a,b € L. In particular, an abelian Leibniz
algebra is a Lie algebra.

If A, B are subspaces of L, then [A, B] will denote a subspace generated
by all elements [a,b] where a € A, b € B. As usual, a subspace A of L
is called a subalgebra of L, if [a,b] € A for every a,b € A. It follows that
[A, A] < A. A subalgebra A of L is called a left (respectively right) ideal
of L, if [b,a] € A (respectively [a,b] € A) for every a € A, b € L. In other
words, if A is a left (respectively right) ideal, then [L, A] < A (respectively
[A, L] < A). A subalgebra A of L is called an ideal of L (more precisely,
two-sided ideal) if it is both a left ideal and a right ideal.

Every Leibniz algebra L possesses the following specific ideal. Denote
by Leib(L) the subspace generated by the elements [a,a|, a € L. Tt is not
hard to prove that Leib(L) is an ideal of L. The ideal Leib(L) is called
the Leibniz kernel of algebra L.

We note the following important property of the Leibniz kernel:

[la, al, 2] = [a, [a,z]] — [a, [a, 2] = 0.
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The left (respectively right) center (°(L) (respectively ("M (L)) of
a Leibniz algebra L is defined by the rule:

Cleft(L) = {z € L| [z,y] = 0 for each element y € L}
(respectively,
¢reh (1) = {x € L| [y, x] = 0 for each element y € L}).

It is not hard to prove that the left center of L is an ideal, but that is not
true for the right center. Moreover, Leib(L) < ¢'*%(L) so that L/¢'*(L)
is a Lie algebra. The right center is a subalgebra of L and, in general, the
left and right centers are distinct (see, for example, [7]).

The center ((L) of L is defined by the rule:

C(L) ={z € L| [z,y] = 0 = [y, ] for each element y € L}.

The center is an ideal of L.
Now we define the upper central series

(0) =Go(L) < QL) < ... GalL) < Gat1(L) < ... Gy(L)

of a Leibniz algebra L by the following rule: ¢;(L) = ((L) is the center of
L, and recursively, (o41(L)/Ca(L) = ((L/Co(L)) for all ordinals «, and
QL) = U, < Cu(L) for the limit ordinals A. By definition, each term of
this series is an ideal of L.

Define the lower central series of L

L=3(L) 2 %) > . a(L) > a1 (L) > ... 7-(L)

by the rule: v (L) = L, v2(L) = [L, L], Ya+1(L) = [L,va(L)] for all
ordinals o and yA(L) = ()<, (L) for the limit ordinals A.

As usual, we say that a Leibniz algebra L is nilpotent, if there exists
a positive integer k such that (L) = (0). More precisely, L is said to
be nilpotent of nilpotency class ¢ if v.11(L) = (0), but v.(L) # (0). We
denote the nilpotency class of L by ncl(L).

Define the lower derived series of L

L=360(L) 2 61(L) = ...6a(L) Z dat1(L) = ...6,(L)

by the rule: 0o(L) = L, 61(L) = [L, L], and recursively 6,41(L) =
[6a (L), da(L)] for all ordinals a and 6x(L) = (1, 0u(L) for the limit
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ordinals A. If 6,,(L) = (0) for some positive integer n, then we say that L
is a soluble Leibniz algebra.

As usual, we say that a Leibniz algebra L is finite dimensional if the
dimension of L as a vector space over F'is finite.

If dimp(L) = 1, then L is abelian.

If dimp(L) = 2, then we obtain the following types of Leibniz algebras:

Leil (2, F
Leig(2, F

)= Fa® Fb where [a,a] = b,[a,b] = [b,a] = [b,b] = 0;
)= Fc® Fd where [c,c] = [¢,d] =d,[d,c] = [d,d] =0
(see, for example, [6]).

Moving on to Leibniz algebras of dimension 3, we immediately note
that we will consider Leibniz algebras, which are not Lie algebras. This
means that their Leibniz kernel is non-zero. Then, the factor-algebra over
Leibniz kernel has dimension, at most, 2. Note that Lie algebras having
dimension at most 2 are soluble. Thus, we obtain the following

Proposition 1. Let L be a Leibniz algebra over a field F'. Suppose that
L is not a Lie algebra. If L has dimension 3, then L is soluble.

For the Leibniz kernel Leib(L) of a Leibniz but not a Lie algebra, L
having dimension 3 will give us only two possibilities: dimg(Leib(L)) =1
and dimg(Leib(L)) = 2.

First, we will consider the situation when dimg(Leib(L)) = 1. Imme-
diately, we obtain the following two subcases:

(IA) the center of L includes Leib(L);

(IB) the Leibniz kernel of L is not central.

For each of these subcases, we have the following two possibilities:

(IA1) the factor-algebra L/ Leib(L) is abelian;

(IA2) the factor-algebra L/ Leib(L) is not abelian;
and

(IB1) the factor-algebra L/ Leib(L) is abelian;

(IB2) the factor-algebra L/ Leib(L) is not abelian.

Consider these cases.

Theorem 1. Let L be a Leibniz algebra over a field F' having dimension 3.
Suppose that L is not a Lie algebra. If the center of L includes the Leibniz
kernel, dimp(Leib(L)) = 1 and the factor-algebra L/ Leib(L) is abelian,
then L is an algebra of one of the following types.

(i) Lei3(3, F) = Lg is a direct sum of two ideals A = Faj; @ Fas and
B = Fas. Moreover, A is a nilpotent cyclic Leibniz algebra of dimension 2,
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[A, B] = [B, A] = (0), so that L3y = Faj & Fas ® Fasz where |a1,a1] = as,
[a1,a2] = [a1,a3] = [az, a1] = [az,a2] = [az,a3] = [as, 1] = [as,a2] =
[as, as] = 0, Leib(L3) = [L3, L3] = Fag, ¢'*"(L3) = ¢"&"(L3) = ((L3) =
Fay & Fas, Ls is nilpotent and ncl(Lg) = 2.

(ii) Leis(3,F) = Ly is a direct sum of ideal A = Fay & Fas and
subalgebra B = Fas. Moreover, A is a nilpotent cyclic Leibniz algebra of
dimension 2, [A, B] = Fas, [B, A] = (0), so that Ly = Fay @ Fay @ Fas
where [a1,a1] = [a1,a2] = a3, [a1,a3] = [ag,a1] = [ag, as] = [ag,a3] =
las,a1] = [a3,a2] = |az,a3] = 0, Leib(Ly) = [L4, L4] = ¢"8"%(Ly) =
C(L4) = Fag, ("%(Ly4) = Fay @ Fas, Ly is nilpotent and ncl(Ly) = 2.

(ili) Leis(3,F) = Ls is a direct sum of ideal A = Fa; @ Fag and
subalgebra B = Fay. Moreover, A is a nilpotent cyclic Leibniz algebra of
dimension 2, [A, B] = (0), [B, A] = Fas, so that Ls = Fay @ Fay @ Fas
where [a1,a1] = [ag,a1] = a3, [a1,a2] = [a1,a3] = [ag2,as] = [ag,a3] =
las,a1] = [a3,as] = [az,a3] = 0, Leib(Ls) = [Ls, Ls] = ¢*(L5) =
C(Ls) = Fas, ¢"'8"(Ls) = Fas ® Fas, Ls is nilpotent and ncl(Ls) = 2.

(iv) Leis(3, F) = Lg is a direct sum of ideal A = Fay & Fag and
subalgebra B = Fas. Moreover, A is a nilpotent cyclic Leibniz algebra of
dimension 2, [A, B] = [B, A| = Fas, so that L¢ = Fa; ® Fay @ Fag where
[a1,a1] = [az,a1] = a3, [a1,a2] = aas (a # 0), [a1,a3] = [ag,as] =
[ag,ag] == [ag,al] == [CL3,CLQ] == [ag,ag] == O, Leib(Lﬁ) == [L6,L6] ==
¢ight(Le) = (1% (Lg) = ¢(Lg) = Fas, Lg is nilpotent and ncl(Lg) = 2.

(v) Lei7(3,F) = Ly is a sum of two nilpotent cyclic ideals A =
Fay @ Fas and C = Fay @ Fag, [A,C] = [C,A] = (0), so that L7 =
Fay ® Fay ® Fas where [a1,a1] = a3, [a2,a2] = Bas (B # 0), [a1,a2] =
[a1,a3] = [ag, a1] = [ag, a3] = [as,a1] = |as, az] = |as,as] =0, Leib(L7) =
[L7,Ly] = ¢"eht(L;) = ¢ (L;) = ¢(L7) = Faz. Moreover, polynomial
X2 4 B has no root in field F, Ly is nilpotent and ncl(Ly) = 2.

(vi) Leig(3,F) = Lg is a sum of two nilpotent cyclic ideals A =
Fay ® Fag and C = Fag @ Fas, [A,C] = Fas, [C,A] = (0), so that
Ly = Fay ® Fas @ Fas, [al,al] = asg, [al,ag] = «as, [CLQ,CLQ] = fas
(a, 8 #0), |a1, a3] = [az, a1] = [az, ag] = [as, a1] = [as, az] = a3, a3] =0,
Leib(Lg) = [Lg, Lg] = ¢"ieh*(Lg) = (1*®(Lg) = ¢(Lg) = Fas. Moreover,
polynomial X% + aX + B has no root in field F, Lg is nilpotent and
IlCl(Lg) = 2.

(vii) Leig(3, F') = Lg is a sum of two nilpotent cyclic ideals A = Fa; &
Fas and B = Fas®Fag such that [A, B] = (0), [B, A] = Fas, so that Lg =
Fay @ Fas ® Fas where [a1,a1] = as, a2, a1] = as, [az, a2] = a3 (0 #0),
[al,aQ] = [al,ag] - [CLQ,CLg] - [ag,al] - [ag,ag] - [ag,ag] - 0, Lelb(Lg) -
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[Lg, Lo] = ¢"8M(Lg) = ((Lg) = ('*(Lg) = Fas. Moreover, polynomial
X2+ X + 0 has no root in field F', Ly is nilpotent and ncl(Lg) = 2.

(viii) Leijo(3,F) = Lo is a sum of two nilpotent cyclic ideals A =
Fay ® Fas and B = Fay ® Fas such that [A,B] = [B,A] = Fas, so
that L1gp = Fa; & Fag & Fas where [a1,a1] = as, [ag, a1] = as, [a1, a2] =
Taz (1 # 0), [az,a2] = oasz (¢ # 0), [a1,a3] = [az,a3] = [az,a1] =
[as, as] = [a3, a3] = 0, Leib(L1g) = [L1o, L1o] = ("8 (L1g) = (M (Lyg) =
((Lyo) = Fag. Moreover, polynomial X? + (1 + 1)X + o has no root in
field F, Ly is nilpotent and ncl(Lqp) = 2.

Proof. We note that the center (L) has dimension at most 2. Suppose
first that dimp(¢(L)) = 2. Since L is not a Lie algebra, there is an element
ay such that [a;,a1] = a3 # 0. We note that a3 € ((L). It follows that
[a1,a3] = [a3,a1] = [a3, a3] = 0. Being an abelian algebra of dimension 2,
¢(L) has a direct decomposition ((L) = Fas & Fas for some element as.
Put A= Fa; @ Faz and B = Fag, then B < ((L), so that B is an ideal
of L. Clearly, L = Flay ® Fas ® Fas = A® B and A is also an ideal of L.
Moreover, A is a nilpotent cyclic Leibniz algebra of dimension 2. Thus,
we come to the following type of nilpotent Leibniz algebras:

L3 = Fa; ® Fas ® Fas where [a1,a;1] = as,
[(11,(12] — [a17a3] — [(12,(1,1] — [CLQ,GQ]

= lag, a3] = [a3, a1] = [a3, a2] = [a3,a3] = 0.

Note also that Leib(L3) = [Ls3, L3] = Fag, (*%(L3) = ¢8M(13) =
C(L3) = Fas & Fas, IlCl(Lg = 2.

Suppose now that the center of L has dimension 1. In this case,
¢(L) = Leib(L). Since L is not a Lie algebra, there is an element a; such
that [a1,a1] = az # 0. We note that ag € ((L). It follows that [a1,a3] =
[as, a1] = [a3,a3] = 0. Then ((L) = Fas. Since L/ Leib(L) is abelian, for
every element x € L we have [a1,z], [z,a1] € ((L) < (a1) = Fa; & Fag.
It follows that subalgebra (a;) is an ideal of L. Since dimp({a1)) = 2,
(a1) # L.

Suppose first that there exists an element b such that b ¢ (a;) and
[b,b] = 0. We have [b,a1] = ~yas for some v € F. The following two
cases appear here: v = 0 and v # 0. Let v = 0. Then [a;,b] = aag for
some « € F. If we suppose that a = 0, then b € {(L). But in this case,
dimp(¢(L)) = 2, and we obtain a contradiction, which shows that o # 0.
Put as = a~'b, then [az, as] = [a2,a1] = 0, [a1, as] = a3, and we come to
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the following nilpotent Leibniz algebra:

Ly = Fay ® Fay @ Fagz where [a1,a1] = [a1,a2] = a3,

[al,ag] = [ag,al] = [ag,ag] = [az,ag] = [ag,al] = [ag,ag] = [ag,ag] = O.

Note also that Leib(Ly) = [L4,L4] = Fas, (**(Ly) = Fay @ Fas,
¢tieht(1,) = ¢(L4) = Fas, ncl(Ly) = 2.

Let v # 0. Put ag = v~ b, then [ag, az] = 0, [a2,a1] = a3z. We have
[a1, az] = aas for some element o € F. If o = 0, then ap € ¢*'8"(L), and
we come to the following nilpotent Leibniz algebra:

Ls; = Fa; ® Fas ® Fag where [a1, a1] = [ag, a1] = as,

[al,ag] = [al,ag] = [ag,ag] = [az,ag] = [a3,a1] = [ag,ag] = [ag,a3] = O.

Note also that Leib(Ls) = [Ls, Ls] = Fas, ("#"(Ls) = Fas ® Fas,
Cf(Ls) = ¢(Ls) = Fag, ncl(Ls) = 2.

Suppose that a £ 0. Then, we come to the following type of nilpotent
Leibniz algebras:

L¢ = Fa; ® Fas ® Fagz where [a1, a1] = [ag, a1] = as,
[a1, az] = aas (a # 0),
[a1, as] = |az, as] = [a2, a3] = |as, a1] = [as, az] = [as, a3] = 0.
Note also that Leib(Lg) = [Lg, L] = "8 (Lg) = ('f(Lg) = ((Lg) =
Fas, ncl(Lg) = 2.

Suppose now that [b,b] # 0 for every element b ¢ (a1). In particular, it
follows that b ¢ ((L). Put [b, b] = Baz where 8 € F'. We have [b,a;1] = vyas
and [a1,b] = aag for some elements o,y € F. If « = v = 0, then put
as = b and denote by C' the subalgebra generates by as. Then C is

a cyclic nilpotent ideal such that [A, C| = [C, A] = (0). Furthermore, let
u = Aaj + pas + vas be the arbitrary element of L. Then,

[Aa1 + pag + vas, Aay + pag + vas] = 22 [a1,a1] + ,u2 [ag, ag] =
Nag + Bulaz = (N* + Bu?)as.

If u ¢ (ay), then (A, ) # (0,0). It follows that polynomial X2 + 3 has no
root in field F. Thus, we come to the following type of nilpotent Leibniz
algebras:

L7 = Fay ® Fay @ Fag where [a1,a1] = as, [a2, as] = Bas (B # 0),

[al,ag] = [al,ag] = [ag,al] = [az,ag] = [ag,al] = [ag,ag] = [ag,ag] = 0
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Note also that Leib(L7) = [L7, L7] = ("8 (Ly) = ¢(Ly) = ¢(Ly) =
Fag. Moreover, polynomial X2 + 3 has no root in field F, ncl(L7) = 2.

Suppose now that v = 0 and « # 0. Put ag = b. Then, [a3,a;1] = 0,
[a1,a2] = aas, [ag, az] = Bas. Let Aay + pag +vas be an arbitrary element
of L. Then,

[Aa1 + pag + vas, Aay + pas + vas] =
Nlar, a1] + Malar, ag) + Aplag, ar] + pPlaz, ag) =
Nag + Mpaas + p?Baz = (N + \pa + p2B)as.

As above, X\ # 0, u # 0. It follows that polynomial X2 + X + $ has no
root in field F'. Thus, we come to the following type of nilpotent Leibniz
algebras:

Lg = Fa; ® Fas ® Fas where [a1,a1] = as,
a1, a] = aag (o # 0), [az, ag] = Baz (8 # 0),

[al,ag] = [ag,al] = [az,a3] = [ag,al] = [ag,az] = [ag,ag] = 0.

Note also that Leib(Lg) = [Ls, Lg] = ¢"8M(Lg) = ¢('*f(Lg) = ((Lg) =
Fas. Moreover, polynomial X2+ a.X + 3 has no root in field F, ncl(Lg) = 2.

Suppose now that v # 0 and a = 0. Put ay = v~ 'b. Then, [az, a1] = as,
[a1,a2] = 0, [a2, as] = y~2Bas = cas. Let Aay + pas + vas be an arbitrary
element of L. Then,

[Aa1 + pag + vas, Aay + pag + vas] =
Nar, a1] + Aplag, a1] + p*lag, as) =
Nag 4+ Mpas + ploaz = (N2 + M\ + p2o)as.

As above, A # 0, i # 0. It follows that polynomial X2 4+ X + o has no
root in field F. Thus, we come to the following type of nilpotent Leibniz
algebras:

L9 = Fay; ® Fay @ Fas where [a1,a1] = a3, [a2,a1] = as,
laz, as] = cag (o # 0),

[al,ag] = [al,ag] = [CLQ,CLg] = [ag,al] = [ag,ag] = [ag,ag] = O

Note also that Leib(Lg) = [Lg, Lo] = ¢"8M(Lg) = ('*®(Lg) = ((Lg)

Fas. Moreover, polynomial X2+ X +¢ has no root in field F', ncl(Lg) = 2.
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Suppose now that v # 0 and a # 0. Put ag =y~ 1b. Then, [a2, a1] = as,
[a1,a2] = v laas = Tas, [az,as] = v 2Bas = casz. Let \ay + pas + vas
be an arbitrary element of L. Then,

[Aa1 + pag + vas, Aay + pag + vas] =
MNa1, a1] + Aplay, as] + Mufag, ai] + p*[az, as] =
Nag + Aurasz + paz + ploaz = (A2 + Mu(r + 1) + p?0)as.

As above, A # 0, i1 # 0. It follows that polynomial X2 + (7 4+ 1)X 4+ o
has no root in field F'. Thus, we come to the following type of nilpotent
Leibniz algebras:

Lig = Fay; ® Fay @ Fag where [a1,a1] = as, [a2,a1] = ag,
la1,az] = Ta3 (1 #0), [az, a2] = caz (o # 0),
[a17a3] = [az,as] = [a37a1] = [a3,a2] = [a37a3] =0.

Note also that Leib(Llo) = [L10;L10] = Cright(Llo) = Cleft(Ll[)) =
¢(L10) = Fas. Moreover, polynomial X2 + (7 + 1)X + ¢ has no root
in field F, ncl(Lyg) = 2. O

Theorem 2. Let L be a Leibniz algebra of dimension 3 over a field F'.
Suppose that L is not a Lie algebra. If the center of L includes the Leibniz
kernel, dimp(Leib(L)) = 1 and factor-algebra L/ Leib(L) is non-abelian,
then L 1is an algebra of one of the following types.

(i) Lei11(3, F) = L1y is a direct sum of ideal A = Fa; & Fas and
subalgebra B = Fas. Moreover, A is a nilpotent cyclic Leibniz algebra of
dimension 2, [A, Bl = [B, A] = Fay, so that L1; = Fay® Fay® Fas where
[al,al] = as, [al,ag] = —ai, [ag,al] = ai, [al,ag] = [ag,ag] = [ag,ag] =
[ag,al] - [ag,ag] - [ag,ag] - 0, Lelb(Ln) - Cleft(LH) - Cright(Ln) -
¢(L11) = Fas, [L11, L11] = Fa1 ® Fas, L1 is non-nilpotent.

(ii) Lei12(3,F) = L2 is a direct sum of ideal A = Fa; @ Fas and
subalgebra B = Fay. Moreover, A is a nilpotent cyclic Leibniz algebra
of dimension 2, [A,B] = [B,A] = Fa; ® Fas, so that L1 = Fa; ®
Fay & Faz where [a1,a1] = a3, [a1,a2] = —a1 — aas, [az,a1] = a1 +
aas (a 75 0), [al,ag] = [ag,ag] = [CLQ,CLg] = [ag,al] = [ag,ag] = [ag,ag] =
0, Leib(L12) = (°M(Lyo) = ¢M8M(L19) = ((L12) = Fag, [Li2, L12] =
Fay & Fas, Lo is non-nilpotent.

(iii) Leiy3(3, F)) = L13 is a sum of ideal A = Fa; & Fas and subalgebra
B = Fas @ Fasg. Moreover, A, B are nilpotent cyclic Leibniz algebras
of dimension 2, [A, B] = [B, A] = Fay, so that L1g = Fa; ® Fas ® Fas
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where [a1,a1] = as, [a1,a2] = —ay, [az,a1] = a1, [ag,as] = yas (v # 0),
[al,ag] = [ag,ag] = [ag,al] == [ag,ag] = [ag,ag] == 0, Leib(ng) ==
Mt (L13) = ¢"eM(Ly3) = ((L13) = Fas, [L13, L13] = Fa; & Fag. More-
over, polynomial X? 4~ has no root in field F, Ly3 is non-nilpotent.

(iv) Leiys(3, F) = L4 is a sum of ideal A = Fay ® Fas and subalgebra
B = Fas & Fas. Moreover, A, B are nilpotent cyclic Leibniz algebras of
dimension 2, [A, B] = [B, A] = Fa; ® Fas, so that L1y = Fa1®Fas® Fas
where [a1,a1] = as, [a1,a2] = —a1 — aag, [az,a1] = a1 + aas (a # 0),
[ag, az] = yas (v # 0), [a1, as] = [az, as] = |a3, a1] = [as, ag] = [as, a3] =
0, Leib(L1g) = ¢**(L1y) = ¢"8"%(Lyy) = ¢(L14) = Fag, [L1a, L14] =
Fay ® Faz. Moreover, polynomial X2 4+~ has no root in field F, L4 is
non-nilpotent.

(v) Lei1s(3, F') = Lis is a direct sum of ideal B = Fag and a subalgebra
A = Fay ® Fas. Moreover, A is a nilpotent cyclic Leibniz algebra of
dimension 2, [A,B] = [B,A] = Fag, so that L15 = Fa; ® Fay ® Fas
where [a1,a1] = as, [a1,a2] = ag, [ag,a1] = —ag, [a1,a3] = |ag,a2] =
[ag,a3] = [a3,a1] = [a3,a2] = [a3,a3] = 0, Leib(L15) = (*(L15) =
Qright(lqg,) = C(L15) = Fag, [L15, L15] = Faz Q) Fag, L15 18 non—m'lpotent,

(vi) Leii6(3, F)) = Lig is a sum of abelian ideal B = Fay & Fag and
a subalgebra A = Fay & Fas. Moreover, A is a nilpotent cyclic Leibniz
algebra of dimension 2, [A,B] = [B,A] = Fas @ Fas, so that Lig =
Fay ® Fay @ Fag where [a1,a1] = as, [a1,a2] = az + aas, [az,a1] = —ag —
aaz (a #0), [a1,a3] = [az, a2] = [az,a3] = [a3, a1] = [as, az] = [as,a3] =
0, Leib(L1s) = (*M(Lig) = ¢"8M(Lig) = ((L16) = Fas, [Lig, L1g] =
Fas @ Fas, Lig ts non-nilpotent.

Proof. We note that the center ((L) has dimension at most 2. Suppose
first that dimp(¢(L)) = 2. Since L is a not Lie algebra, there is an element
ay such that [a1,a1] = a3 # 0. We note that a3 € ((L). It follows that
[a1,a3] = |as,a1] = [a3,a3] = 0. Being an abelian algebra of dimension
2, ((L) has a direct decomposition ((L) = Fas ® Fag for some element
az. We have [a1, as] = [a2,a1] = 0. But, in this case, the factor-algebra
L/ Leib(L) is abelian, and we obtain a contradiction. This contradiction
shows that ((L) has dimension 1 and hence, (L) = Leib(L).

As noted above, L/ Leib(L) has an ideal C'/ Leib(L) of dimension 1
(i.e., C = Fc @ Leib(L) for some element c). If [c, ¢] # 0 without loss of
generality, we can put ¢ = a1. The ideal (a;) = Fla; @ Fas = A is nilpotent
and has codimension 1. Let b be an element such that L = A @ Fb. We
have [b,b] = yas for some element v € F. As noted above, in this case,
[b,a1] € a1 + Fag so that [b,a1] = a; + aas for some element o € F'. We
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have also [a1,b] = —a1 + Pag for some element § € F. Using the equality
[b’ [alv b]] = [[bv al]’ b] + [a’lv [b’ bH = Hb7 al]’ b]?

we obtain [b, —a; + Bas] = [a1 + aas, b]. It follows that —[b, a;] = [a1,b],
so that [a1,b] = —a; — aas.

Suppose that v = a = 0. Put ag = b. Then, [az, a2] = 0, [a1, a2] = —ay,
[a2,a1] = a;. Thus, we come to the following type of Leibniz algebras:
Ly = Fa; ® Faz ® Fag where [a1,a1] = a3, [a1, as] = —a1,[az, ;1] = a1,

[a1, a3] = [az2, az] = [az, a3] = [a3,a1] = [a3, az] = [as,a3] = 0.
Note also that Leib(L11) = ¢®(Ly;) = ¢"8"(Ly;) = ((L11) = Fas,
[L11, L11] = Fay @ Fas, Li; is non-nilpotent.
Suppose now that v = 0 and « # 0. Put again ag = b. Then, [az, as] =

0, [a1, a2] = —a1 —aas, [a2, a1] = a1 +aasz. Then, we come to the following
type of Leibniz algebras:

Ly = Fay; ® Fay @ Fag where [a1,a1] = as,
[a1,as] = —a1 — aas, [az,a1] = a1 + aag (a #0),
la1, as] = [az, az] = [az, a3] = [a3,a1] = [a3, a2] = [a3,a3] = 0.
Note also that Leib(ng) = Cleft (ng) = Cright (ng) = C(ng) = Fag,
[L12, L12] = Fay ® Fas, L1 is non-nilpotent.

Suppose that v # 0 and o = 0. Put again as = b. Then, [as, a2] = yas,
[a1,a2] = —aq, [az,a1] = a1. Let Aay + pag + vas be an arbitrary element
of L. Then,

[Aa1 + paz + vas, Aai + pas + vaz) =
Nar, 1] + Aplar, az) + Aplag, ar] + p[az, az) =
Mag — Apay + Apay + pyag = (A2 + p?7y)as.

As above, A # 0, u # 0. It follows that polynomial X? 4 ~ has no root in
field F'. Then, we come to the following type of Leibniz algebras:

Li3 = Fa; & Fay ® Faz where [a1, a1] = a3, [a1,a2] = —aq, a2, a1] = a1,
laz, az] = vaz (v # 0),
[a1,a3] = [az, a3] = [a3, a1] = [a3, az] = [a3,a3] = 0.

Note also that Leib(ng) == Cleft (ng) = Cright (ng) = C(ng) == Fag,
[L13, L13) = Fa; ® Fas. Moreover, polynomial X2+ has no root in field
F', Ly3 is non-nilpotent.
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Suppose now that v # 0 and a # 0. Put again as = b. Then, [ag, as] =
vas, la1,as] = —ay — aas, [az, a1] = a1 + aas. Let Aay + pas + vas be an
arbitrary element of L. Then,

[Aa1 + pag + vas, Aay + pag + vas] =
MNay, a1] + Mplay, as] + Aplag, a1] + p?las, as) =
Mag — M\u(—a1 — aas) + Mp(ar + aaz) + p?yaz = (A + p?v)as.

As above, A # 0, 1 # 0. It follows that polynomial X? 4+ has no root in
field F'. Then, we come to the following type of Leibniz algebras:

Ly = Fay ® Fay ® Fag where [a1,a;1] = a3,

[a1,a2) = —a1 — aas, [az,a1] = a1 + aag (o #0),
[az, az] = vag (v # 0),
[al,ag] = [a27a3] = [a3,a1] = [ag,ag] = [a3,a3] = 0.

Note also that Leib(L1y) = (L) = ¢M8"(Lyy) = ((L14) = Fas,
[L14, L14] = Fa; ® Fag. Moreover, polynomial X2+ has no root in field
F', Ly, is non-nilpotent.

Suppose now that [c, ¢] = 0. Put again Leib(L) = Fas. Since Leib(L) =
¢(L), the ideal C' = Fc @ Leib(L) is abelian. Suppose that there exists an
element b ¢ C such that [b,b] = 0. Using the above arguments without
loss of generality, we can assume that [b, c|] € ¢+ Fas, [¢,b] € —c+ Fas, so
that [b, c] = ¢+ aas, [c,b] = —c + Bas for some elements «, 5 € F. Using
the equality

[[b’ C]v b] = [b7 [C’ bH - [Cv [b’ bH = [bv [C, b]]7

we obtain [c + aas, b] = [b, —c + Bag]. It follows that [c,b] = —[b,c], so
that [c,b] = —c — aag. Let uw = Ac + pub + vaz be an arbitrary element of
L. Then,

[Ac + pb + vas, Ac + pb + vag) =
N2e, ] + Aule, b] + Aulb, ] + 12 (b, 0] = Aple, b] + Aplb, ] = 0.

Thus, we obtain a contradiction with the fact that L is not a Lie algebra.
This contradiction shows that [b, b] # 0 for every element b ¢ C. Hence,
[b,b] = yas where v is a non-zero element of field F'. Without loss of
generality, we can assume that [b,b] = as. Since [b,b] € Leib(L) = ((L),
we obtain that [c,b] = —[b, ], so that [¢,b] = —¢ — aas.
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If « =0, then [b,c] = ¢, [¢,b] = —c. Put b = a1, ¢ = ag, then Fay is
an ideal of L, and we come to the following type of Leibniz algebras:

L5 = Fay ® Fay ® Faz where [a1, a1] = a3, [a1, a2] = a2, [a2, a1] = —as,

[a1,as3] = [az, az] = [ag, a3] = [as, a1] = |as, az] = [as, a3] = 0.

Note also that Leib(Lis) = ¢(Li5) = ¢"8"(L15) = ¢(L15) = Fas,
[L15, L15] = Fay & Fas, Ly5 is non-nilpotent.

If o # 0, then [b, ] = ¢+ aas, [c,b] = —c — aas, and we come to the
following type of Leibniz algebras:

Lis = Fa; @ Fas ® Fag where [a1,a1] = as,
a1, az] = az + aaz, [ag, a1] = —az — aaz (a # 0),

[al,ag] = [ag,az] = [CLQ,CLg] = [ag,al] = [a3,a2] = [ag,ag] = 0.

Note also that Leib(ng) = Cleft(Llﬁ) = Cright(Llﬁ) = C(Llﬁ) = Fag,
[L16, L1g] = Fag ® Fas, Lig is non-nilpotent. O

Theorem 3. Let L be a Leibniz algebra of dimension 3 over a field F'.
Suppose that L is not a Lie algebra. If the center of L does not include
the Leibniz kernel, dimp(Leib(L)) = 1 and the factor-algebra L/ Leib(L)
1s abelian, then L is an algebra of one of the following types.

(i) Leiy7(3, F) = Li7 is a direct sum of two ideals A = Fa; @ Fag
and B = Fas. Moreover, A is a non-nilpotent cyclic Leibniz algebra of
dimension 2 and B = ((L), [A,B] = [B,A] = (0), so that L17 = Fa; &
Fay ® Fag where [a1,a1] = [a1,a3] = a3, [a1,a2] = [az,a1] = [a2,a2] =
[ag,ag] == [ag,al] == [ag,az] == [ag,ag] == O, Leib(L17) == [L17,L17] == Fag,
C*(Ly7) = Fay @ Fas, ("™ (L17) = ((L17) = Fag, Li7 is non-nilpotent.

(i1) Leiig(3, F) = Lig is a direct sum of ideal A = Fa; ® Fas and
a subalgebra B = Fas. Moreover, A is a non-nilpotent cyclic Leibniz
algebra of dimension 2, [A, B] = Fag, [B, A] = (0), so that Lig = Fa; &
Fas & Fas where [a1,a1] = [a1,a2] = [a1,a3] = a3, a2, a1] = [ag,a2] =
lag, as] = [as, a1] = [as, as] = [as, a3] = 0, Leib(L1g) = [L1s, L1s] = Fas,
¢ L1g) = Fag @ Fag, ¢"#"(L1g) = ((L1g) = (0), L1s is non-nilpotent.

(iii) Leiyg(3,F) = Lig is a direct sum of ideal A = Fay & Fas and
a subalgebra B = Fas. Moreover, A is a non-nilpotent cyclic Leibniz algebra
of dimension 2, [A, B] = (0), [B, A] = Fas, so that Lig = Fa;®Fas® Fag
where [al,al] = [al,ag] = [(lg,al] = [(12,(13] = as, [al,ag] - [ag,az] -
a3, a1] = [as,as] = [as,a3] = 0, Leib(L1g) = [Lig, L1g] = ("™ (L19) =
Fag, (8" (L1g) = Fay, ((L1g) = (0), L1g is non-nilpotent.
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(iv) Leig(3, F) = Log is a sum of two ideals A = Fa; ® Fas and
B = Fas @ Fas. Furthermore, A is a non-nilpotent cyclic Leibniz algebra
of dimension 2, B is a nilpotent cyclic Leibniz algebra of dimension 2,
[A, B] = Fas, [B, A] = (0), so that Lay = Fa1®Fas® Fas where [a1,a1] =
[a1,a3] = a3, lag,a2] = casz (o # 0), [a1,a2] = [a2,a1] = [ag,a3] =
a3, a1] = las, as] = [a3,a3] = 0, Leib(Lag) = [Lao, Lao] = ¢'**(La) =
Fag, ¢"8"(Lyg) = ((Lag) = (0). Moreover, if aay + PBas + vaz & A, then
a® 4+ ay + %20 # 0, Log is non-nilpotent.

(v) Leigi (3, F) = Loy is a sum of two ideals A = Fay; @ Fas and
B = Fas @ Fas. Furthermore, A is a non-nilpotent cyclic Leibniz algebra
of dimension 2, B is a nilpotent cyclic Leibniz algebra of dimension 2,
[A, B] = Fas, [B, A] = (0), so that Ly; = Fa1®Fas® Fas where [a1,a1] =
[a1,a2] = [a1,a3] = a3, [az,a2] = Tasz (7 # 0), [a2,a1] = [az2,a3] =
[ag,al] = [ag,ag] = [ag,ag] = 0, Leib(Lgl) = [Lgl,Lgl] = Cleft(Lgl) =
Fag, ("8"(Ly)) = ((Lay) = (0). Moreover, if aay + fas + vaz & A, then
a® 4+ aB + ay + B21 # 0, Loy is non-nilpotent.

(vi) Leiga(3, F') = Laa is a sum of two ideals A = Fa; ® Fas and B =
Fas & Fag. Furthermore, A, B are non-nilpotent cyclic Leibniz algebras
of dimension 2, [A, B] = [B, A] = Fag, so that Lag = Fa; & Fay @ Fas
where [a1,a1] = [a1, a3] = [az, a1] = a2, a3] = a3, [az,a2] = Taz (7 # 0),
[al,ag] == [ag, al] = [ag, ag] = [(Ig, ag] = 0, Leib(LQQ) = [LQQ, LQQ] =
(e (Log) = Fag, ¢M18"(Lag) = ((Laa) = (0). Moreover, if aay + Bag +
vas ¢ A, then o® + ay + o + 827 + By # 0, Loy is non-nilpotent.

(vii) Leigs(3, F') = Log is a sum of two ideals A = Fay ® Fas and B =
Fas & Fas. Furthermore, A, B are non-nilpotent cyclic Leibniz algebras
of dimension 2, [A, B] = [B, A] = Fag, so that Leg = Fa; @ Fay ® Fas
where [a1,a1] = |a1,a3] = |a2, a1] = |ag, as] = as, [a1,a2] = dag (§ # 0),
[ag,ag] = Tas (7’ 75 0), [ag,al] = [ag,ag] = [ag,ag] = 0, Leib(ng) =
[Las, Loz] = ¢'"(Laz) = Fas, ¢"&"(Lgz) = ((L23) = (0). Moreover, if
aay + Bag + a3z ¢ A, then o + afd + ay + af + 827+ By # 0, Log is
non-nilpotent.

Proof. Since dimp(Leib(L)) = 1, Leib(L) N ¢(L) = (0). If we suppose
that the center (L) has dimension 2, then L = Leib(L) & ((L). But, in
this case, L is abelian and we obtain a contradiction. Suppose now that
dimp(C(L)) = 1.

Since L is not a Lie algebra, there is an element a; such that [a;, a;] =
a3 # 0. Then, Leib(L) = Fag. Then, A = (a1) = Fa1® Fag is a subalgebra
of L. It is obvious that AN (L) = (0), so that L = A® ((L), A is an
ideal of L and B = ((L) = Fay. If we suppose that A is nilpotent (that
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is, [a1,a3] = 0), then Leib(L) = Leib(A) = ((A) < ¢(L), and we obtain
a contradiction. Thus, A is not nilpotent. As we have seen above, we
can choose an element a; such that [a;, as] = as. Thus, we come to the
following type of Leibniz algebras:

Li7 = Fa; ® Fas @ Fag where [a1,a1] = [a1, a3] = as,

[al,ag] = [ag,al] = [CLQ,CLQ] = [ag,ag] = [a3,a1] = [ag,ag] = [ag,ag] = 0.

Note also that Leib(Li7) = [Li7, L17] = Fas, (*(L17) = Fay @ Fas,
Cright(Ln) = C(L17) = Fag, L17 is non-nilpotent.

Suppose now that ((L) is zero. Since L is not a Lie algebra, there is
an element a; such that [a1,a;] = as # 0. Then, Leib(L) = Fas. Since
L/ Leib(L) is abelian, a subalgebra A = (a1) = Fa; ® Fas is an ideal of
L. Suppose that A is nilpotent (that is, [a1,ag] = 0). Let b be an element
of L such that b ¢ A. We have:

[b,as] = [b, a1, a1]] = [[b, a1], a1] + [a1, [b, a1]] = [Aas,a1] + [a1, Aas] = 0.

Since [ag,b] = 0, we obtain that a3 € (L), and we obtain a contradiction.
This contradiction shows that subalgebra A = (a;) = Fa; @ Fag is not
nilpotent. As we have seen above, we can choose an element a; such that
[a1,as] = as.

Suppose that L contains an element b such that b ¢ A and [b, b] = 0.
Since L/ Leib(L) is abelian, [b, a1] = Aas, [a1,b] = pas for some elements
A i€ F.As above,

[b, ag] = [al, [b, al]] = [al, )\ag} = )\[al,ag] = )\ag.

If A\=p =0, then b € (L), and we obtain a contradiction with our
assumption concerning the inclusion of ((L).

Suppose, now, that A = 0, u # 0. Put as = p~1b, then [az,a1] = 0,
la1,a2] = as, [az,a2] = 0. As seen above, we can observe that [ag, as] = 0,
and we obtain that [ag, A] = (0). It follows that ap € ¢*®*(L). Thus, we
come to the following type of Leibniz algebras:

Lis = Fay ® Fag ® Fag where [a1,a1] = [a1,a2] = [a1,a3] = as,

[ag,al] = [CLQ,CLQ] = [ag,ag] = [ag,al] = [ag,ag] = [ag,ag] = 0.

Note also that Leib(Lig) = [Lig, L1g] = Fas, ("*(Lig) = Fas @ Fas,
¢80 (L1g) = ((L14) = (0), Lyg is non-nilpotent.
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Suppose now that A # 0, p = 0. Put ay = A7'b, then [a2,a1] = a3,
[a1,a2] = 0, [ag,az2] = 0. Since [a3, as] = 0, [A, az] = (0). It follows that
as € ¢M8"(L). Thus, we come to the following type of Leibniz algebras:

Lig = Fay ® Fas ® Fas where
la1,a1] = [a1,a3] = [az, a1] = [az, a3] = as,
la1, az] = [az, az] = [a3,a1] = [a3, az] = [a3,a3] = 0.
Note also that Leib(Lig) = [L1g, L1g] = (*"(L1g) = Fas, ("8 (Lyg) =

Fay, ((Lig) = (0), L1g is non-nilpotent.
Suppose now that p # 0, A # 0. We have:

0 = [a1,0] = [a1, [b,b] = [[a1, 0], 0] + [b, [a1,b]] =
[b7 [ala bH - [ba Ma?)] = M[ba a3] = pAas.
It follows that uA = 0, and we obtain a contradiction.
Suppose that [b,b] # 0 for every element b such that b ¢ A. Since
L/ Leib(L) is abelian, [b,a1] = Aas, a1, b] = pas for some elements A, u €

F, and [b, b] = oag for some non-zero element o € F.
As above,

[b, a3] = [a1, [b, a1]] = [a1, Aas] = Aa1, a3] = Aas.

If X\ = p =0, then [b,a1] = [a1,b] = [b,a3] = 0. Put aa = b. Let
u = aay + Pas + yaz be an arbitrary element of L. Then,

[u,u] = [aas + Bag + yas, aay + Bag + vyas] =
o?lar, a1] + avylar, ag) + B*[as, as) =
a?as + ayas + fas = (a2 + ay+ BQU)ag.

If u ¢ A, then [u,u] # 0. It follows that a? + ay + B%0 # 0. Thus, we
come to the following type of Leibniz algebras:

Loy = Fay ® Fas ® Fag where [a1,a1] = [a1, a3] = as,
[CLQ,CLQ] = oas (O’ 75 0),
a1, az] = [az, a1] = [az, as] = [as, a1] = [as, az] = [a3, as] = 0.
Note also that Leib(Lgo) = [Lgo,LQQ] == Cleft(Lgo) == F(Ig, Cright(Lgo) ==

¢(Lag) = (0). Moreover, if ca; + Bag +vaz ¢ A, then o? + ary + %0 # 0,
Log is non-nilpotent.
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Suppose now that A = 0, u # 0. Put ag = p~'b. Then [az,a1] =
[ag,ag] = 0, [al,ag] = ag, [ag,ag] = M_Z[b, b] = ,u_2aa3 = Taz. Let
aal + Bas + yas be an arbitrary element of L. Then,

[aa1 + Bag + yas, cai + Bas + ’)/ag] =
o?lay, a1] + aBlar, az] + avlay, as] + B?[az, as] =
a?as + afas + ayas + fraz = (oz2 + af + ay + ,6’27)@3.

As above, o + a8 + a7y + B°1 # 0. Thus, we come to the following type
of Leibniz algebras:

Loy = Fay ® Fas ® Fag where [a1,a1] = [a1,a2] = [a1,a3] = as,
[CLQ,CLQ] = Tas (T 7é 0),

[ag,al] = [a2,a3] = [ag,al] = [a3,a2] = [ag,ag] = 0.

Note also that Leib(Lzl) = [Lgl,Lgl] = Cleft(Lgl) = Fas, Cright(Lgl) =
¢(La1) = {0). Moreover, if aa; +Bas+yas ¢ A, then a®+af+ay+B821 # 0,
L1 is non-nilpotent.

Suppose now that A # 0, u = 0. Put az = A~'b. Then [a2,a1] =
[ag,as] = a3, [a1,a2] = 0, [az,a2] = A72[b,b] = A 20a3 = Tas. Let
aay + Bas + yas be an arbitrary element of L. Then,

[aay + Bag + vasz, aar + Paz + yaz] =
o?lay, a1] + avylay, as] + aBlaz, ar] + B*laz, as] + Blaz, as) =
o?as + aryas + afaz + B2ras + fyaz =
(@® + ay + af + B°7 + B7)as.

As above, a? 4+ ay + aff + 827 + By # 0. Thus, we come to the following
type of Leibniz algebras:

Loy = Fay @ Fay ® Fas where
la1,a1] = [a1,a3] = [az,a1] = [a2, a3] = a3,
[ag, as] = Tas (T #0),

la1, as] = [a3, a1] = [as, az] = [as, as] = 0.

Note also that Leib(Lag) = [Lag, Laa] = (% (Lag) = Fag, ¢M8M(Lyy) =
¢(La2g) = (0). Moreover, if aay + Bas + vaz AnA, then a® + ay + af +
B%1 4 By # 0, Lo is non-nilpotent.
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Suppose now that A # 0, u # 0. Put ag = A7!b. Then [az,a1] =
[az, a3] = as, a1, a2] = A" tay, b] = N pag = das, [ag, as] = A72[b,b] =
A\ 20a3 = Tas. Let aay + Bas + vaz be an arbitrary element of L. Then,

[vay + Bag + vasz, aar + Baz + yaz] =
o?lay, a1] + aflai, as] + avylay, az]+
aBlag, ar] + B*[az, az] + Blaz, as] =

o?as + afdas + ayas + afas + B*ras + Byag =
(0® + afé + ay + af + B°7 + By)as.

As above, o? 4+ af36 + ary + af + B?7 + v # 0. Thus, we come to the
following type of Leibniz algebras:

Log = Fay ® Fas ® Fas where

la1,a1] = [a1, a3] = [a2, a1] = [a2, a3] = a3,
[a1,as] = dag (6 #0), [az, as] = Taz (7 # 0),
[ag,al] = [ag,ag] - [ag,ag] =0.

Note also that Leib(ng) - [L23,L23] == Cleft(ng) == Fag, Cright(ng) ==
((La3) = {(0). Moreover, if aa; + Bas + vaz ¢ A, then o? + aB6 + ay +
af3 + 327 + By # 0, Loz is non-nilpotent. n

Let L be a Leibniz algebra over a field F', M be non-empty subset of
L and H be a subalgebra of L. Put

Annlflft(M) ={a € H| [a,M] = (0)},
Anngght(M) ={ac H| [M,a] = (0)}.

The subset Annﬂ?ft(M ) is called the left annihilator of M in subalgebra H.
The subset Anng,ght (M) is called the right annihilator of M in subalgebra
H. The intersection

Anng (M) = Annl$* (M) N Ann%ght(M)

is called the annihilator of M in subalgebra H.

It is not hard to see that all of these subsets are subalgebras of L.
Moreover, if M is an ideal of L, then Anng (M) is an ideal of L (see, for
example, [7]).
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Theorem 4. Let L be a Leibniz algebra over a field F' having dimension
3. Suppose that L is not a Lie algebra. Suppose that the center of L does
not include the Leibniz kernel, dimp(Leib(L)) = 1, and the factor-algebra
L/ Leib(L) is non-abelian. Then, L is an algebra of one of the following
types.

(1) Leiga(3, F) = Loy is a direct sum of ideal A = Fa; ® Fag and
subalgebra B = Fas. Moreover, A is a nilpotent cyclic Leibniz algebra of
dimension 2, char(F') # 2, [A,B] = Fa1, [B,A] = Fai ® Fas, so that
Loy = Fay @ Fay @ Fag where [a1,a1] = a3, [a1,a2] = —aq, |a2,a1] = ay,
[ag,ag] = 2a3, [al,ag] = [ag,ag] = [ag,al] = [a3,a2] = [ag,ag] = 0,
Leib(Las) = ("f(Las) = Fagz, ("18%(Las) = ((Las) = (0), [Loa, Los] =
Fay @ Fas, Loy 1s non-nilpotent.

(ii) Leigs(3, F) = Las is a direct sum of ideal A = Fa; & Fas and
subalgebra B = Fay. Moreover, A is a nilpotent cyclic Leibniz algebra
of dimension 2, char(F) # 2, [A,B] = [B,A] = Fay @ Fas, so that
Los = Fay®Fas® Fag where a1, a1] = as, a1, as] = —a1+aas, [az, a1] =
a1 + aas (a #0), [ag, a3] = 2as, [a1,a3] = [a2, a2] = [as,a1] = [as,a2] =
a3, a3] = 0, Leib(Las) = ¢*%(Lys) = Fag, ("8 (Las) = ((Las) = (0),
[Los, Los| = Fay @ Fas, Los is non-nilpotent.

(iii) Leigg(3, F') = Log is a direct sum of ideal A = Fay & Fas and
subalgebra B = Fao. Furthermore, A is a non-nilpotent cyclic Leibniz
algebra of dimension 2, [A, B] = Fay, [B, A] = Fa; @ Fas, so that Lyg =
Fay ® Fay ® Fas where [a1,a1] = |a1, a3] = a3, [a1,a2] = —a1, a2, a1] =
ai, [ag,ag] = 2(13, [ag,ag] = [a3,a1] = [ag,ag] = [ag,ag] = O, Leib(LQG) =
(M (Ly) = Fas, [Las, Log) = Fay & Fag, ("8"(Layg) = ((Las) = (0).
Moreover, char(F') # 2, Log is non-nilpotent.

(iv) Leio7(3, F) = Loy is a direct sum of ideal A = Fay ® Fas and
subalgebra B = Fas. Moreover, A is a non-nilpotent cyclic Leibniz algebra
of dimension 2, [A, B] = [B, A] = Faj; & Fas, so that Ley = Fay ® Fay ®
Fagz where [a1,a1] = [a1,a3] = a3, [a1,a2] = —a1 + Baz (8 = a(1+a)71),
[a2,a1] = a1 + aas, [az,a3] = (2 + a)ag (@ # 0,0 # —1,a # —2),
[CLQ,CLQ] = [a3,a1] = [ag,a,g] = [CL3,G3] = 0, Leib(L27) = Cleft(L27) = Fa3,
[L27,L27] = Fa, ® Fas, Cright(L27) = C(L27) = <0>, Lo7 is non-nilpotent.

(v) Leiog(3, F') = Log is a sum of ideal A = Fay & Fag and subalgebra
B = Fay ® Fas. Furthermore, A is a nilpotent cyclic Leibniz algebra of
dimension 2, B is a non-nilpotent cyclic Leibniz algebra of dimension 2,
char(F) # 2, [A,B] = Fay, [B,A] = Fa; ® Fas, so that Lyg = Fa; @
Fay ® Fas where [a1,a1] = a3, [a1,a2] = —aq, [az,a1] = a1, [ag, as] = yas
(v # 0), [az,a3] = 2as, [a1,a3] = [ag,a1] = [a3,a2] = [as,a3] = O,
Leib(Log) = ("*(Log) = Fag, [Los, Log) = Fay & Fag, ("8 (Log) =
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((Lag) = (0). Moreover, if Aaj + pas +vag ¢ A, then N2 + %y +2uv # 0,
Log is non-nilpotent.

(vi) Leiag(3, F') = Lag is a sum of ideal A = Fay ® Fasz and subalgebra
B = Fay @ Fag. Furthermore, A is a nilpotent cyclic Leibniz algebra of
dimension 2, B is a non-nilpotent cyclic Leibniz algebra of dimension 2,
char(F) # 2, [A, B] = [B, A] = Fa;®Fas, so that Lag = Fa;® Fas® Fag
where [a1,a1] = as, [a1,a2] = —a1 + aas, [az,a1] = a1 + aas (o # 0),
ag, a2] = ~yas (v # 0), [az,a3] = 2as, [a1,a3] = [a3,a1] = [a3,a2] =
[as,a3] = 0, Leib(Lag) = ('*(Lag) = Fas, [Lag, Log] = Fa; @ Fas,
CM18M (Log) = ((Lag) = (0). Moreover, if Aay + pas + vag ¢ A, then
A2 4 2 \pev + py + 2uv # 0, Log is non-nilpotent.

(vii) Leiso(3, F') = Lsg is a sum of ideal A = Fay ® Fas and subalgebra
B = Fas ® Fas. Moreover, A, B are non-nilpotent cyclic Leibniz algebras
of dimension 2, char(F') # 2, [A,B] = [B,A] = Fai & Fas, so that
L3y = Fay @ Fay® Fag where [a1,a1] = [a1,a3] = as, [a1,a2] = —a1+as
(v # 0), [az, a1] = a1, [az, a2] = vas, [az, a3] = 2a3, [a3,a1] = a3, az] =
[a3,a3] = 0, Leib(L30) = Cleft(Lg)o) = Fas, [Lgo,Lgo] = Fa; @& Fas,
¢t (L30) = ((L3o) = (0). Moreover, if Aay + pag + vag ¢ A, then
A2 Ay + Av + p?y 4+ 2uv # 0, Lsg is non-nilpotent.

(viii) Leisy (3, F)) = Lsj is a sum of ideal A = Fa1 ® Fas and subalgebra
B = Fas®Fas. Moreover, A, B are non-nilpotent cyclic Leibniz algebras of
dimension 2, [A, B] = [B, A] = Fa, ® Fag, so that L3; = Fay;® Fay® Fas
where a1, a1] = [a1,a3] = [ag, as] = [ag2, as] = as, [a1,a2] = —aq, [az,a1] =
a; — ag, [ag,al] = [CLg,CLQ] = [a3,a3] = 0, Leib(Lgl) == Cleft(L;ﬂ) = Fag,
[Ls1, L] = Fay @ Fag, ¢"8"(L31) = ((L31) = (0). Moreover, if Aay +
pas +vas ¢ A, then A2 + v — A+ p? + pv # 0, Lay is non-nilpotent.

(ix) Leiga(3, F') = L3y is a sum of ideal A = Fay & Fasz and subalgebra
B = Fas & Fas. Moreover, A, B are non-nilpotent cyclic Leibniz algebras
of dimension 2, [A,B] = [B,A] = Fai; ® Fas, so that Lss = Faj; &
Fay @ Fas where [a1,a1] = [a1,a3] = [ag, as] = [a2,a3] = a3, [a1,a2] =
—a1 + Baz (B #0), [az,a1] = a1 — a3, [a3,a1] = [a3,a2] = [a3,a3] = 0,
Leib(ng) - Cleft(ng) == Fag, [L32,L32] - Fa1 D Fag, Cright(ng) -
((L32) = (0). Moreover, if Aaj + pag + vag ¢ A, then \2 + A\uf + v —
Mt A4 p? 4 pv # 0, L3o is non-nilpotent.

(x) Leis3(3, F)) = L3y is a sum of ideal A = Fay & Fas and subalgebra
B = Fas & Fas. Moreover, A, B are non-nilpotent cyclic Leibniz algebras
of dimension 2, [A,B] = [B,A] = Fai ® Fas, L33 = Fa; ® Fas ® Fag
where [a1,a1] = [a1,a3] = as, [a1,a2] = —aq, [a2,a1] = a1 — vag (v #
0,7 # 1,7 #2), [ag, as] = vas, [az,a3] = (2 —7)as, [a3, a1] = [as, a2] =
[ag,ag] - 0, Lelb(ng) - Cleft(ng) - FCL3, [L33,L33] = Fa1 D FCL3,
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¢Meht([33) = ((L33) = (0). Moreover, if Aaj + pas + vaz ¢ A, then
A2+ A\ — Ay + p?y + pv(2 — ) # 0, Lag is non-nilpotent.

(xi) Leisq(3, F') = L3y is a sum of ideal A = Fa; & Fas and subalgebra
B = Fas & Fas. Moreover, A, B are non-nilpotent cyclic Leibniz algebras
of dimension 2, [A,B] = [B,A] = Fay ® Fas, L3y = Fa; ® Fas ® Fas
where [ay,a1] = [a1,a3] = a3, [a1,a2] = —a1 + Baz (B = (a+7v)(1+a)7 1),
[a2,a1] = a1 + aaz (@ # 0,a # —1l,a # —2), ag,a2] = 7vaz (v #
0), [ag,ag] = (2 —+ a)ag, [ag,al] = [Cbg,ag] = [ag,ag] =0, Leib(L34) =
(*M(L3y) = Fas, [L34, L34) = Fay & Fag, ("8"(Lsy) = ((Ls4) = (0).
Moreover, if Aa1 + pas +vag ¢ A, then N2 4+ A\uB + A\ + Apa + p2y +
puv(2 + a) # 0, Lsy is non-nilpotent.

(xii) Leiss(3, F') = Lss is a direct sum of ideal B = Fay and a cyclic
non-nilpotent subalgebra A = Fay® Fag of dimension 2, [A, B] = [B, A] =
Fag, so that L35 = Fai®Fas®Fas where [a1,a1] = vas (v # 0), [a1,a2] =
as, [al,ag] = as, [ag,al] = —ay, [GQ,GQ] = [ag,ag] = [a3,a1] = [ag,ag] =
[as,a3] = 0, Leib(Lss) = ('*(L3s) = Fas, [L3s, L3s] = Fay @ Fas,
¢rieht([ax) = ((Lss) = (0), L3s is non-nilpotent.

(xiii) Leisg(3,F) = Lsg is a sum of abelian ideal B = Fas @ Fag
and a cyclic non-nilpotent subalgebra A = Fay @© Fas of dimension 2,
[A,B] = [B,A] = Fay @ Fas, so that Lss = Fay © Fay @ Fas where
[a1,a1] = vag (v # 0), [a1,a2] = ag, [a1,a3] = a3, [ag, 1] = —az +
Basz (B # 0), [az,a2] = [az,a3] = az,a1] = laz,a2] = [as,a3] = 0,
Leib(L36) = Cleft(Lg,G) - Fag, [L36,L36] - FQQ SY Fa3, Cright(L36) =
((Lsg) = (0), Lsg is non-nilpotent.

Proof. As in the previous theorem, we can see that dimp({(L)) < 1.
Suppose that dimp({(L)) = 1. Since L is not a Lie algebra, there is
an element a; such that [a;,a1] = a3 # 0. Then, Leib(L) = Fas. Let
A = (a1) = Fa; ® Fas. An equality Leib(L) N {(L) = (0) implies that
ANC(L) = (0),so that L = A®((L) and A is an ideal of L. But, in this case,
the factor-algebra L/ Leib(L) is abelian, and we obtain a contradiction.
This contradiction shows that (L) = (0).

By what is noted above, L/ Leib(L) has an ideal C'/ Leib(L) of dimen-
sion 1 (i.e., C' = Fe®Leib(L) for some element c). If [¢, ¢] # 0 without loss
of generality, we can put ¢ = a;. Then, subalgebra (a;) = Fa; ® Faz = A
is an ideal which has codimension 1. Then, for every element b such
that b ¢ A, we have L = A @ Fb. By what is noted above, in this case,
[b,a1] € a1 + Fas, so that [b,a1] = a1 + cag for some element o € F. We
have also [a1, b] = —a1+Bas for some element § € F. Since [b, b] € Leib(L),
[b, b] = yas for some element v € F.
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Suppose first that v = 0. In other words, we suppose that there exists
an element b such that b ¢ A and [b,b] = 0. Consider first the case when
A is nilpotent. We have:

b, az] = [b,[a1, a1]] = [[b, a1], a1] + [a1, [b, an]] =
la1 + aas, a1] + [a1, a1 + aaz] = [a1, a1] + [a1, a1] = 2a3.
In particular, if we suppose that char(F) = 2, then [b,a3] = 0. Since
[a1,a3] = [as,a1] = [az,b] = 0, Leib(L) = Faz < ((L), and we obtain
a contradiction. This contradiction shows that char(F') # 2. Further,
[b, [a1,0]] = [[b, a1], 0] + [a1, [, b]] = [a1 + aas, b] = [a1,b] = —a1 + Bas.
On the other hand,

[ba [alv b]] = [b7 —ay + Bai’)] = _[ba (11] + ﬁ[ba (13] =
—(a1 + aas) + 2Basz = —a; + (26 — a)as.
It follows that 28 —a = or = « and [a1,b] = —ay + «aas.

Suppose that « = 0. Put ag = b. Then [a1, as] = —aq, [a2,a1] = ay,
[ag, az] = 0, [ag, a3] = 2a3. Thus, we come to the following type of Leibniz
algebras:

Loy = Fa; ® Fas ® Fas where [a1,a1] = as,
[ala GQ] = —ary, [GQ, al] = ary, [a27a3] = 20/37
[a1, az] = [a2, az] = [a3, a1] = [a3, az] = [a3,a3] = 0.
Note also that Leib(L24) = Cleft(L24) = Fag, Cright(L24) = C(L24> = <0>,
[Log, Log] = Fay @ Fas, char(F) # 2, Loy is non-nilpotent.

Suppose now that a # 0. Put again as = b. Thus, we come to the
following type of Leibniz algebras:

Los = Fay @ Fag @ Fag where [a1,a;1] = a3,
[a1,a2] = —a1 + aas, [az, a1] = a1 + aag (a # 0),

a2, as] = 2a3, (a1, as] = [a2, az] = [a3, a1] = [a3, a2] = [a3,a3] = 0.
Note also that Leib(Las) = ¢'*f(Los) = Fag, ("8"(Las) = ((Las) = (0),
[Los, Los] = Fay @ Fas, char(F') # 2, Los is non-nilpotent.

Consider now the case when A is not nilpotent. As we have seen above,
we can choose an element a; such that [a1,a3] = a3. Then,

[bv a3] = [b’ [alv al“ = [[bval]v al] + [ab [b7 al]] =
la1 + aaz, a1] + [a1, a1 + aas] =

[a1,a1] + [a1,a1] + afar, a3] = (2 + a)as.
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Further,

[b7 [ah b“ = Hb7a1]7 b] + [ah [b7 b]] =
la1 + aas, b] = [a1,b] = —a1 + Bas.
On the other hand,

[ba [a17 bH = [bv —ai + 60’3] = _[b7a1] + ﬂ[bv (13] =
—(a1 + aa3) + B2+ a)ag = —a1 + (28 + Ba — a)as.

It follows that 28 + Ba — a = 8 or 4+ fa — a = 0. It follows that
B(1 + a) = . We consider separately the case when o = 0. Then,
B = 0. If we suppose that char(F') = 2, then [b, a3] = 0. Since [ag, b] = 0,
b € Annz(Fas) = Annp(Leib(L)). But, Anny(Leib(L)) is an ideal of
L. Then, [b,a1] = a; € Fb® Fas, and we obtain a contradiction. This
contradiction shows that char(F') # 2. Put ag = b. We come to the
following type of Leibniz algebras:

Log = Fay @ Fas @ Fag where [a1,a1] = [a1,a3] = as, [a1,a2] = —ay,
lag, a1] = a1, [az, a3] = 2as, [az, az] = [a3,a1] = [a3, az] = [a3,a3] = 0.

Note also that Leib(Lgﬁ) = Cleft(Lgﬁ) = Fas, [LQG,L%] = Fa; & Fas,
¢M8h(Log) = ((Lag) = (0), char(F) # 2, Log is non-nilpotent.

Suppose that a # 0. The equality f(1 + «) = « shows that a # —1.
In this case, B = a(1 + )L If we suppose that a = —2, then [b,a3] = 0.
Using the above arguments, we obtain a contradiction. This contradiction
shows that a # —2. Put as = b. We come to the following type of Leibniz
algebras:

Lo7 = Fay; ® Fay @ Fag where [a1,a1] = [a1,a3] = a3,
[a1,as] = —ay + Baz (B = a(1 +a)™1),[az, a1] = a1 + aas,
[ag, as] = (2+ a)as (a # 0,00 # =1, # =2),
[az, ag] = [ag, a1] = [a3, as] = [a3, as] = 0.
Note also that Leib(Lo7) = (!*®(Lay) = Fag, [Lay, Lay] = Fay @ Fas,
¢80 (Lo7) = ((La7) = (0), Loz is non-nilpotent.

Suppose now that [b, b] # 0 for every element b such that b ¢ A, so
that [b,b] = vas and ~ # 0. Consider first the case when A is nilpotent.
We have:

[b7 a3] = [b? [al, al]] = [[bv a1]7 al] + [alv [b7 al]] =
[a1 + aas, a1] + [a1, a1 + aas] = [a1, a1] + [a1, a1] = 2as.
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Again, we obtain that char(F') # 2. Using the arguments above, we can
get that [a1,b] = —a; + cas again. We consider separately the case when
a = 0 (that is, [a1,b] = —aq, [b,a1] = a1). Let Aa; + pub + vas be the
arbitrary element of L. We have:

[Aa1 + ub + vas, Aay + pb + vas] =
)\2[CL1, al] + Au[al’ b} + )‘H[b) al] + :U’2 [bv b] + :U’V[b> a3] =
Nag — A\pay + pay + p?vyas + 2uvas =
(A2 + 12y + 2uv)as.
Then, a condition [b,b] # 0 for every element b ¢ A yields that A2 + u?y +

2uv # 0. Put as = b. Thus, we come to the following type of Leibniz
algebras:

Log = Fay; ® Fas ® Fag where [a1,a1] = as, [a1,a2] = —ay, [az,a1] = a1,
a2, as] = yaz (v # 0), [az, a3] = 2as,
la1, a3] = [as, a1] = [a3, az] = [a3,a3] = 0.

Note also that Leib(Log) = (*®(Log) = Fas, [Log, Los] = Fa; ® Fas,
¢reht(Log) = ((Lag) = (0), char(F) # 2. Moreover, if Aaj + pag +vag ¢ A,
then \? 4 p?y 4 2uv # 0, Lag is non-nilpotent.

Suppose that a # 0. Let Aa; + ub + vas be the arbitrary element of L.
We have:

[Aa1 + pb + vas, Aay + pb + vas] =
Na1, a1 + Aplar, 0] + Aulb, ar] + p®[0, 8] + pv[b, az) =
Naz + Mu(—a1 + aas) + Mu(ay + aaz) + pyas + 2uvas =
Nag — Apay + Apaas + Apap + Apoas + ,u2'ya3 + 2uras =
(A2 + 22 par + g%y + 2uv)as.

As above, A2 + 2 \pa + p?y + 2uv # 0. Put again ag = b. Then, we come
to the following type of Leibniz algebras:

Log = Fa; ® Fas ® Fas where [a1,a1] = as,
[a1,a2] = —a1 + aas, [az,a1] = a1 + aaz (o # 0),
[az, az] = vas (v # 0), [az, ag] = 2as,
[a1,as3] = [as, a1] = [as, as] = [as,a3] = 0.
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Note also that Leib(Lag) = ((Lag) = Fas, [Lag, Lag] = Fa; & Fas,
¢80 (Log) = ((Lag) = (0), char(F) # 2. Moreover, if Aaj + paz +vag ¢ A,
then A% + 2\pa + py + 2uv # 0, Log is non-nilpotent.

Suppose, now, that [b,b] # 0 for every element b such that b ¢ A and
a subalgebra A is not nilpotent. As we have seen above, we can choose an
element a; such that [a;, as] = as. Then,

[b,a3] = [b,[a1,a1]] = [[b, a1], a1] + [a1, [b,a1]] =
[a1 + aas, al] + [al, a1 + Oéag] =
a1, a1] + [a1, a1] + afar, a3] = (2 + a)as.
If we suppose that & = —2, then [b,as3] = 0. Since [a3,b] = 0, b €
Anny (Fas) = Annpg,(Leib(L)). But, Anny,(Leib(L)) is an ideal of L. Then,

[b,a1] € Fb® Fas, and we obtain a contradiction. This contradiction
shows that a £ —2. Further,

[b7 [alv bH = [[ba al]: b] + [alv [b7 bH = [al + aas, b] + [ala’7a3] =
[a1,b] + y[ay, as] = —a1 + Bas + yas = —ar + (B + 7)as.

On the other hand,

[bv [alv bH = [b’ —a1 + ﬁa3] = *[bﬂzl] + ﬂ[b, a3] =
—(a1 + aa3) + (24 a)az = —a1 + (26 + fa — a)as.

It follows that 28 + fa —a = S+ v or B(1 + a) = a + . We consider

separately the case when o = 0 and oo = —1.
Let o = 0, then 5 = v and [b, as] = 2a3. Using the arguments given
above, we can obtain that char(F') # 2. In this case, [b,a1] = a1 and

[a1,b] = —a1 + vas. Let Aay + ub+ vas be the arbitrary element of L. We
have:

[Aa1 + pb + vas, Aay + pb + vag] =
Nay, a1] + Apfar, b] + A\vfar, az] + Aulb, a1] + p?[b,b] + pvb, as) =
Nag 4+ Mu(—ay +vaz) + A\pas + pay + pyas + 2uvas =
Nag — Apar + M\pyaz + Avaz + Apar + p?yag + 2uvaz =
(N2 Ay + M+ pPy + 2uv)as.

Then, the condition [b,b] # 0 for every element b ¢ A yields that A2 +
My + Av + 2y 4 2pv # 0. Put ag = b. Thus, we come to the following
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type of Leibniz algebras:

L3y = Fay ® Fay @ Fag where [a1,a1] = [a1,a3] = a3,
la1, az] = —ay +vag (v # 0), [az, a1] = a1, [ag, az] = vas, [a2, as] = 2as,
a3, a1] = [as, as] = [a3, a3] = 0.
Note also that Leib(Lgo) = Cleft(Lgo) = Fas, [ng,Lgo] = Fay & Fas,
¢M18M (L30) = ¢(L30) = (0), char(F) # 2. Moreover, if Aaj + pas +vaz ¢ A,
then A2 4+ Ay + A\v + p?y + 2uv # 0, Lag is non-nilpotent.

Let now aw = —1. Then vy = 1, [b,b] = [b,a3] = a3, [b,a1] = a1 — as,
[a1,b] = —a1 + Pas. If B =0, then [a1,b] = —a;. Let Aaj + ub + vas be
the arbitrary element of L. We have:

[Aa1 + pb + vas, Aay + pb + vas] =
Nay, a1] + Apfar, b] + Mvar, ag] + Au[b, ar] + p?[b, b] + pvb, as) =
Nas — Apar + Avas + Ap(ar —as) + plas + pras =
Nas — Apar + Avas + Apar — Apas + plas + pras =
(A2 + A — A+ p? + pv)as.

As above, A2 + \v — A\ + p? + pv # 0. Put ag = b. Thus, we come to the
following type of Leibniz algebras:

L31 = Fay ® Fas ® Fas where

la1,a1] = [a1,a3] = [ag, a2] = [a2, a3] = a3,
la1, a2] = —aq, (a2, a1] = a1 — as,
lag, a1] = (a3, az] = [as,a3] = 0.

Note also that Leib(L31) = Cleft(L31) = Fas, [L31,L31] = Fa; & Fas,
¢eht(L31) = ¢(L31) = (0). Moreover, if Xaj + pay + vaz ¢ A, then
A2+ A — A+ p? 4 pv # 0, Lap is non-nilpotent.

Suppose that 3 # 0. Let Aay + pb+ vas be the arbitrary element of L.
We have:

[Aa1 + pub + vas, Aay + pb + vas] =
Na1, a1] + Apla, b] + Mvjay, as] + b, a1] + p2[b, b] + pvlb, as) =
Nag + M\u(—a1 + Bas) + Ivas + Mp(ay — a3) + paz + praz =
Nas — Apar + A\pBas + Avas + A\par — Apas + plas + pras =
(N + A+ A — A+ p? + pv)as.
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As above, A2 + \ufB + v — A\ + p? 4+ pv # 0. Put ag = b. Thus, we come
to the following type of Leibniz algebras:

L3y = Fay ® Fas @ Fas where

lar,a1] = [a1,a3] = [az, az] = [az, a3] = as,
la1, az) = —a1 + Bagz (B # 0), [az, a1] = a1 — a3,
[ag,al] = [ag,ag] = [ag,ag] =0.

Note also that Lelb(ng) = Cleft(ng) = Fas, [L32,L32] = Fai & Fas,
¢Meht([35) = ((L32) = (0). Moreover, if Aa; + pas + vaz ¢ A, then
A2 4 A\uB + Av — A+ p? + pv # 0, L3y is non-nilpotent.

Suppose now that o £ 0 and «« # —1. As we have noted above, o # —2.
We obtain 8 = (a+7)(1 4+ a)7 L. If 3 =0, then a = —, [a1,b] = —ay,
[b,a1] = a1 —~yas, [b,as] = (2 —v)as. Let Aa1 + pb + vag be the arbitrary
element of L. We have:

[Aa1 + pb + vas, Aay + pb + vas] =
May, a1] + Mufar, b] + Avar, az] + Au[b, ar] + p?[b,b] + pvb, as) =
Nas — Apar + Avas + Ap(ar — yas) + 1vyas + uv(2 —y)ag =
Mag — Mpay + Ivag + A\par — Mpyaz + p?vyas + pv(2 — v)az =
(N + Av = Ay + iy + (2 = ) )as.

As above, A2 + Av — Ay + p?y + pv(2 — ) # 0. Put az = b. Thus, we
come to the following type of Leibniz algebras:

L3z = Fa; @ Fas ® Fag where [a1,a1] = [a1, a3] = as,
la1, a2) = —aq, [ag,a1] = a1 —yas (v # 0,7 # 1,7 # 2),
laz, as] = va3, [az, az] = (2 — ¥)as, (a3, a1] = [a3, a2] = [a3, a3] = 0.

Note also that Le1b(L33) = Cleft(ng) = Fas, [L33,L33] = Fai & Fas,
¢M8ht(L33) = ((Ls3) = (0). Moreover, if Aaj; + pas + vaz ¢ A, then
A2+ A\ — Ay + p?y + pv(2 — ) # 0, L3z is non-nilpotent.

Suppose that 8 # 0. Then [a1,b] = —a; + Baz (B = (a+7)(1+a)7 ),
[b,a1] = a1 + aas, [b,as] = (24 a)as. Let Aaj + pb+ vag be the arbitrary
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element of L. We have:

[Aa1 + pub + vas, Aay + pb + vas] =
Na1, a1] + Apla, b] + Mvlay, as] + b, a1] + p2[b, b] + pvlb, as) =
Nag + M\u(—a1 + Bas) + Mvas + Ip(ay + aaz) + pyaz + pr(2 + a)az =
Nag — Mpay + A\pBag + Avaz + Apay + A\paas + p?yaz + pv(2 + a)az =
A2+ M+ M+ Apa + 12y + pv(2 + a))as.

As above, A2 + A\ + v + Ao + iy + pv (2 + @) # 0. Put ag = b. Thus,
we come to the following type of Leibniz algebras:

L3y = Fay & Fas ® Fag where [a1,a1] = [a1, a3] = as,
[a1,a2] = —a1 + Baz (B = (e +7)(1+a)7"),
[ag,a1] = a1 + aag (a #0,a # —1,a # —2),

lag, az] = vaz (v # 0), [az, a3] = (2 + a)as,
las, a1] = [a3, az] = [as,a3] = 0.

Note also that Leib(Lss) = (*®(Lsy) = Fag, [L34, L34] = Fa, ® Fas,
¢M8ht(L34) = (¢(L34) = (0). Moreover, if Xa; + pas + vaz ¢ A, then
A2+ A+ A+ Ao+ iy 4 pr(2 + @) # 0, Lay is non-nilpotent.

Suppose now that [c,c] = 0. Put again Leib(L) = Fas. Let b be an
element such that b ¢ C.

Suppose that a subalgebra C' = Fc @ Leib(L) is not abelian. As we
have seen above, we can choose an element ag such that [c,a3] = as.
Since Leib(L) = Fag is an ideal, [b, ag] = nas for some element n € F'.
Using the above arguments without loss of generality we can assume that
[b,c] € c+ Fas, [c,b] € —c+ Fas, so that [b, ] = ¢+ «aas, [¢,b] = —c+ Pas
for some elements «, § € F. Then

as = [c,a3] = [c+ aas, a3] = [[b, c],a3] = [b, [c, as]] — [¢, [b, as]] =
[b, as] — [¢,nas] = naz — nlc, az] = naz — nag = 0.

This contradiction shows that a subalgebra C' is abelian.

Note that n # 0. In fact, otherwise a3 € (L), and we obtain a contra-
diction. This contradiction shows that [b, ag] # 0 for every element b ¢ C.
As we have seen above, we can choose an element b such that [b, as] = as.

Suppose first that there exists an element b ¢ C' such that [b, b] # 0.
It follows that [b,b] = ~as where ~ is a non-zero element of F'. Then,



L. A. KuRDACHENKO, O. O. PypkA, I. YA. SUBBOTIN 97

subalgebra B = F'b & Fas is non-abelian. We have now

[e, as] = e,y b, b)) = v~ [e, [b, 8] = v ([[e, 8], 0] + b, [e, B]]) =
7 ([=e+ Bag, b] + [b, —c + Bag]) = v (~[e, 0] — [b,c] + Blb, a3)) =
v e = Baz — ¢ — aaz + Baz) = —ay Las.
On the other hand, we proved above that [c, ag] = 0. Since v # 0, it follows
that o = 0. Hence, [b,c] = c.

If 8 =0, then put a; = b, as = ¢. A subalgebra Fc is an ideal of L
and we come to the following type of Leibniz algebras:

Lss = Fay 4 Fay & Fas where [alaal] =as (7 7& O)a
la1, az] = as, a1, a3] = a3, [a2, a1] = —ax,
laz, as] = [az,a3] = [a3, a1] = [a3, a2] = [a3,a3] = 0.
Note also that Leib(Lss) = ¢'*®(Lss) = Fas, [Lss, L3s] = Fas @ Fas,
¢1i8ht([35) = ((L3s) = (0), L3s is non-nilpotent.

If 3 # 0, then put a1 = b, ag = ¢. A subalgebra F'c is not an ideal of
L and we come to the following type of Leibniz algebras:

Lsg = Fay; ® Fay @ Fag where [a1,a1] = yas (v # 0),
la1, az] = ag, [a1, a3] = a3, [az, a1] = —ag + Baz (B # 0),
lag, az] = [a2, a3] = [a3, a1] = [a3, az] = [a3,a3] = 0.
Note also that Leib(Lgﬁ) = Cleft(Lg(;) = Fas, [L36,L36] = Fas & Flas,
¢80t (L36) = ((L3g) = (0), Lsg is non-nilpotent.

Suppose now that [b,b] = 0 for each element b ¢ C. Let u = A\¢ + ub+
vag be an arbitrary element of L. Then,

[Ac + ub + vas, A\c + pub + vas| = Aule, b] + Aulb, ¢] + pv(b, as] =
Ap(—c + Bas) + Au(c + aas) + prag =
(AuB + Apa+ pv)as.
IfugC,then p #0. If A\ =0, p = v =1, then [u,u] = a3 # 0, and we

obtain a contradiction. This contradiction shows that this situation is not
possible. ]

The following natural situation appears when dimg(Leib(L)) = 2.
Immediately, we obtain the following two subcases:

(ITA) the intersection ¢(L) N Leib(L) is not trivial;

(IIB) ¢(L) N Leib(L) = (0).
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Theorem 5. Let L be a nilpotent Leibniz algebra over a field F' having
dimension 3, which is not a Lie algebra. Suppose that dimp(Leib(L)) = 2.
Then, L is an algebra of the following type:
Leis7(3, F') = L3y is a cyclic nilpotent Leibniz algebra, so that Lsy
Fay ® Fay @ Fas where [a1,a1] = a9, [a1,a2] = ag, [a1,as3]
[ag, a1] = a2, a2] = [ag,a3] = lag,a1] = [as,a2] = las,a3] =
Leib(Ls7) = [Ls7,Lsr] = (*(Lsr) = Fay ® Fas, ("8 (Ls7)
C(L37) - Fag, ncl(L37) = 3.

Proof. Since dimp(L) = 3, ncl(L) < 3. Suppose first that ncl(L) = 3.
Then, L has an upper central series of a length 3:

=N

0)=Co<C1 <Cy<C3=L.

Every factor of this series must be non-trivial. Therefore every factor of
this series has dimension 1. Let a; be an element of L such that a; ¢ Cs.
The fact that L/Cy is abelian implies that as = [a1,a1] € C3. Suppose
that ag € Cy. Since dimp(C1) = 1, C1 = Faz. Choose an element b € Cy
such that b ¢ C1. Then, [a1,b], [b,a1],[b,b] € C1, so that [a1,b] = aag,
[b,a1] = Bag, [b,b] = vag for some elements a, 3,7 € F. It is not hard
to see that the elements ai1,b,as generate L. Let Aja; + Aab + Azas,
piay + pob + psas be two arbitrary elements of L. We have:

[Ara1 + Aob 4 Azag, priay + pob + pzaz] =
Mpalar, ar] + Aipefar, b) + Apsfar, az)+
Xopi1[b, ar] + Aapa[b, b] + Aops[b, az] =
Apiag + Apzcas + Aapr Bag + Aapoyaz € Ch.

It follows that [L, L] < C; = ((L) and hence, ncl(L) = 2. This contradic-
tion shows that a9

notinCy. Then, a3 = [a1,a2] # 0. It follows that Cy = Fag ® Fas.
We have [ag,a3] = [as,a2] = 0, so that C is an abelian subalgebra,
[a1,a3] = [a3, a1] = [az,a1] = 0. It follows that
la1 + a2, a1 + az] = [a1, a1] + [a1, az] + [az, a1] + a2, az] =
as +as € Leib(L),

and hence, Leib(L) = Cs. Thus, we come to the following type of Leibniz
algebras:

Ls7 = Fay ® Fay @ Fag where [a1,a1] = a9, [a1, as] = as,

[al,ag] = [ag,al] = [ag,ag] = [ag,ag] = [ag,al] = [ag,ag] = [ag,ag] =0.
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Note also that Leib(L37) = [L37, L37] = Cleft(L37) = Fas ® Fag, C(L37) =
gright(Lgﬁ) = F’Cl,g7 ncl(L37) = 3.
Suppose now that ncl(L) = 2. Then, L has an upper central series of
a length 2:
(0)=Cp<C1 <Cy=1L.

Here, we have two possibilities: dimz(C1) = 1 or dimp(C;) = 2. Since
L/Cj is abelian, Leib(L) < Cy. Then, the fact that dimg(Leib(L)) = 2
implies that dimp(C) = 2.

Since L is a not Lie algebra, there is an element a; such that [a1,a1] =
az # 0. Then, a; ¢ ((L), ag € Leib(L) < ((L). It follows that [a,a3] =
[as,a1] = [a3,a3] = 0. We can see that A = (a1) = Fa; & Fas. In
particular, AN C7; = Fas. We have C1 = Fao @ Fag for some element as.
Then, L = A® Fas. Since ag € ((L), Fas is an ideal of L. The choice
of ag implies that [a1,as] = [ag,a1] = [ag,a3] = [as, az] = [az,a2] = 0.
It follows that factor-algebra L/Fag is abelian. Then, Leib(L) < Fasg,
in particular, dimg(Leib(L)) = 1, and we obtain a contradiction. This
contradiction shows that the case ncl(L) = 2 is not possible. O

Theorem 6. Let L be a non-nilpotent Leibniz algebra over a field F' having
dimension 3, which is not a Lie algebra. Suppose that ((L) # (0) and that
dimp(Leib(L)) = 2. Then, L is an algebra of the following type:
Leisg(3, F') = Lsg is a cyclic Leibniz algebra, Loy = Fa1 ® Fas® Fas
where [al,al] = ag, [(Il,az] = a2 + as, [al,ag] = [az,al] = [CLQ,CLQ] =
[CLQ,CL?,] == [ag,al] = [ag,ag] = [a3,a3] = 0, Leib(ng) = Cleft(ng) =
[Lss, Lss] = Fay & Fag, ("8 (Lgs) = ((Lss) = Fas.

Proof. We note that a Leibniz algebra of dimension 1 is abelian. Then,
by our conditions, we obtain that dimp({(L)) = 1. If we suppose that
¢(L)NLeib(L) = (0), then L = ((L)@Leib(L), so that L is abelian, and we
obtain a contradiction. This contradiction shows that {(L) < Leib(L). Put
C = ((L) and let ¢ be an element such that C' = Fc. Since C' # Leib(L),
the factor-algebra L/C is not a Lie algebra. Using the information above
about the structure of the Leibniz algebras of dimension 2, we obtain that
L/C=F(b+C)®F(d+ C) where

[d+C,d+C]=b+C,[d+C,b+C]=b+C,
b+C.d+C]=[b+C,b+C]=C.

Without loss of generality, we may assume that [d,d] = b. Then, we have
[d,b] = b+ ac, [b,d] = 0 for some element o € F'. The fact that Leib(L)
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is abelian implies that [b,b] = [b, ¢] = [¢,b] = 0. Let A\1d 4+ A2b+ Aszc be an
arbitrary element of L. We have:
[AMd + Aab + Aze, Aid + Aab + Azc] = A3b + M Aa(b + ac) =
(A2 4+ M A2)b + A daac.
Thus, we can see that if &« = 0, then Leib(L) = Fb, in particular,

dimp(Leib(L)) = 1, and we obtain a contradiction. This contradiction
shows that a #£ 0. Put a1 = d, as = b, ag = ac, then

[al—a2,a1—612] = [alaal]—[a%al]_[al,a2]+[a27a2] = G2—az2—asz = —as.

Thus, Leib(L) = Fay @ Fas, and we come to the following type of Leibniz
algebras:

Lss = Fay; ® Fay @ Faz where [a1,a1] = ag, [a1, a2] = ag + a3,

[al,ag] = [a2,a1] = [az,az] = [a2,a3] = [ag,al] = [a3,a2] = [ag,ag] = 0.

Note also that Leib(ng) = Cleft (L38) = [ng, ng] = Fas @ Fas, C(ng) =
(M8t (Lgg) = Fas. O

Theorem 7. Let L be a Leibniz algebra over a field F' having dimen-
sion 3 and L not be a Lie algebra. Suppose that ((L) = (0) and that
dimp(Leib(L)) = 2. Then, L is an algebra of one of the following types.

(i) Leisg(3, F) = Lsg is a direct sum of ideal B = Fag and cyclic
non-nilpotent subalgebra A = Fay @ Fag, [A, B] = Fag, [B, A] = (0), so

that Lzg = Faj ® Fas ® Fas where a1, a1] = [a1,a2] = ag, [a1,a3] =
Bas (B #0), [az, a1] = [az, as] = [a2, as] = [a3, a1] = [as, az] = [as, ag] =
0, Leib(Lsg) = ¢'(Lsg) = [Lsg, L3g] = Fas®Fag, ("#"(Lsg) = ((Lsg) =
(0).

(ii) Leigo(3, F') = Lyo is a cyclic Leibniz algebra, so that Lyy = Faj @
Fay © Faz where [a1,a1] = az, [a1,a2] = a2 +vaz (v # 0), [a1,a3] =

Baz (B #0), laz, a1] = [ag, ag] = [ag, as] = [az, a1] = [a3, az] = [az, a3] =
0, Leib(L40) = Cleft(L40) = [L40, L40] = Fas®Fas, Crlght(L4o) = C(L40) =
(0).

(iii) Leig1(3,F) = L4 is a cyclic Leibniz algebra, so that Ly =
Fa; ® Fag ® Fas where [a1,a1] = az, [a1,a2] = vaz (v # 0), [a1,a3] =
as, [ag,al] = [(Ig,ag] = [ag,ag] = [ag,al] = [ag,CLQ] = [a3,a3] = 0,
Leib(L41) = Cleft(L41) = [L41,L41] = FCLQ D Fag, Cright(L41) = C(L41) =
(0).

(iv) Leiga(3,F) = Lyo is a cyclic Leibniz algebra, so that Lis =
Fay @ Fas ® Fas where [a1,a1] = a9, [a1,a2] = a3, |a1,a3] = Pas +
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vas, laz,a1] = lag, as] = [a, a3] = [a3, a1] = [az,a2] = [a3,a3] = 0,
Leib(Ly2) = ¢'*%(Las) = [Laa, Las] = Fay @ Fag, (M8 (Lyo) = (L) =
(0). Moreover, polynomial X% —vX — j3 is irreducible over field F.

Proof. Suppose first that Leib(L) includes an ideal K of dimension 1.
Let ¢ be an element such that K = Fec. Since K # Leib(L), the factor-
algebra L/K is not a Lie algebra. Using the above information about

the structure of the Leibniz algebras of dimension 2, we obtain that
L/K =F(b+ K)® F(d+ K) where

d+K,d+K|=b+K,[d+ K,b+K|=b+K,
b+Kd+K =b+Kb+K =K

or

d+ K, d+K]=b+K,
d+Kb+K)=b+Kd+ K| =[b+K,b+ K] =K.

Consider the first situation. Without loss of generality, we may assume that
[d,d] = b. Then, we have [b,d] = 0, [d, b] = b+ «ac for some element a € F.
The fact that Leib(L) is abelian implies that [b,b] = [b,¢] = [¢,b] = 0.
Since ((L) = (0), [d,¢] = Be for some non-zero element § € F. Put
ag = e, then K = Fag and [b,a3] = [as3,b] = [as,d] = [a3,a3] = 0,
[d,b] = b+~a3 where v = a1, Let u = A\;d+ Aab+ Azagz be an arbitrary
element of L. We have:

[, u] = [Ad + Xab + Azagz, Aid + Aab + Azas] =
M[d,d] + M\ \a[d, b] + M\ A3]d, a3] =
A2+ Mo (b + yaz) + M A3fag =
(AT + A1d2)b + (A1 A2 + M AspB)as.
If we put Ay =1, Ay = —1, A3 = B 1(1 + ), then we obtain [u,u] = a3.
Put a1 =d, as = 0.

If & = 0 and hence, v = 0, then a subalgebra Fas is an ideal of L
and A = (a1) = Fa; ® Fagy is a cyclic subalgebra. Thus, we come to the
following type of Leibniz algebras:

L3g = Fa; ® Fas @ Fag where [a1,a1] = [a1, az] = ag,
[a17a3] = 6a3 (ﬁ 7é O)a

[ag,al] = [ag,ag] = [ag,ag] = [ag,al] = [ag,ag] = [ag,ag] = 0
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Note also that Leib(ng) = Cleft (L39) = [L3g, ng] = Fas @ Fas, g(ng) =
¢t (Lag) = (0).

If @ # 0, then ag = v~ !([a1,az] — a2). It follows that L is a cyclic
algebra. Thus, we come to the following type of Leibniz algebras:

Ly = Fa; ® Fas ® Fas where [a1,a1] = ag,
[a1, as] = az +vaz (v # 0), [a1, a3] = Baz (B # 0),

[ag,al] = [ag,ag] = [ag,a3] = [ag,al] = [ag,ag] = [ag,ag] = 0.

Note also that Leib(L40) = Cleft (L40) = [L4(], L40] = F(LQ S Fa3, g(L40) =
¢ (Lag) = (0).
Consider now a situation when L/K = F(b+ K) & F(d + K) where

[d+K,d+ K] =b+K,
d+ Kb+ K] =b+Kd+K]=b+K,b+K|]=K.

Without loss of generality we may assume that [d,d] = b. Then we have
[b,d] = 0, [d,b] = ac for some element o € F. The fact that Leib(L) is
abelian implies that [b,b] = [b, ¢] = [¢,b] = 0. Since ((L) = (0), [d, ¢] = B¢
for some non-zero element 8 € F. Put ag = ¢, then K = Fas and
[b, as] = [as,b] = [as,d] = [as,a3] =0, [d,b] = aas.

If @« = 0, then Fb lies in the center of L, and we obtain a contradiction.

Suppose that a # 0. Put a; = $71d, then [a1, ] = c. Further [a1,a;] =
[371d, 37d] = B72b = aa. We have [ag, as] = [ag,a1] = [ag, ] = [¢,a2] =
0, [a1,as] = [371d, B72b] = B 3ac = vye. Thus we come to the following
type of Leibniz algebra:

Ly = Fay; ® Fay @ Fas where [a1,a1] = ag,
[a1, az] = vyaz (v # 0), [a1, a3] = as,

[ag,al] = [ag,az] = [ag,ag] = [ag,al] = [ag,ag] = [a3,a3] = 0.

Note also that Leib(L41) = Cleft(L41) = [L41, L41] = FCLQ D Fag, C(L41) =
¢ (L) = (0)

Suppose now that Leib(L) does not include proper non-zero ideals.
Since L is a non-Lie algebra, there is an element d such that [d,d] = b # 0.
Then, d ¢ Leib(L). Put K = Leib(L). By our assumption, [d,b] = ¢ ¢ Fb.
The fact that dimp(K) = 2 implies that K = Fb @ Fec. Then, [d, ] =
Bb + ~c for some elements 8,y € F. The mapping = — [d,z], z € K is
linear. Our conditions imply that a polynomial X2 —yX — f3 is irreducible
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over a field F. Put a; = d, ao = b, ag = ¢. Thus, we come to the following
type of Leibniz algebras:

Ly = Fay © Faz ® Fag where [a1, a1] = a2, [a1, az] = a3,
a1, a3] = Baz + vas,

[ag,al] = [az,ag] = [ag,ag] = [ag,al] = [a3,a2] = [ag,ag] = 0.

Note also that Leib(Lgs) = ("%(Ly2) = [Lu2, Lao] = Fas ® Fasg, (L) =
¢80 (L) = (0), polynomial X2 —yX — 3 is irreducible over field F. [
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