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ABSTRACT. The aim of this paper is to introduce and to
develop several methods for constructions of BiHom-X algebras by
extending composition methods, and by using Rota-Baxter opera-
tors and some elements of centroids. The bimodules of BiHom-left
symmetric dialgebras, BiHom-associative dialgebras and BiHom-
tridendriform algebra are defined, and it is shown that a sequence
of this kind of bimodules can be constructed. Their matched pairs
of BiHom-left symmetric, BiHom-associative dialgebras BiHom-
tridendriform algebra are introduced and methods for their con-
structions and properties are investigated.

Introduction

The theory of Hom-algebras has been initiated in 19,27, 28] moti-
vated by quasi-deformations of Lie algebras of vector fields, in particular
g-deformations of Witt and Virasoro algebras. Hom-Lie algebras and more
general quasi-Hom-Lie algebras were introduced first by Hartwig, Larsson
and Silvestrov in [19] where a general approach to discretization of Lie alge-
bras of vector fields using general twisted derivations (o-derivations) and a
general method for construction of deformations of Witt and Virasoro type
algebras based on twisted derivations have been developed. The general
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quasi-Lie algebras, containing the quasi-Hom-Lie algebras and Hom-Lie
algebras as subclasses, as well their graded color generalization, the color
quasi-Lie algebras including color quasi-hom-Lie algebras, color hom-Lie
algebras and their special subclasses the quasi-Hom-Lie superalgebras
and hom-Lie superalgebras, have been first introduced in [19,27-30, 52].
Subsequently, various classes of Hom-Lie admissible algebras have been
considered in [42|. In particular, in [42], the Hom-associative algebras
have been introduced and shown to be Hom-Lie admissible, that is lead-
ing to Hom-Lie algebras using commutator map as new product, and in
this sense constituting a natural generalization of associative algebras as
Lie admissible algebras leading to Lie algebras using commutator map.
Furthermore, in [42], more general G-Hom-associative algebras including
Homv-associative algebras, Hom-Vinberg algebras (Hom-left symmetric al-
gebras), Hom-pre-Lie algebras (Hom-right symmetric algebras), and some
other Hom-algebra structures, generalizing G-associative algebras, Vinberg
and pre-Lie algebras respectively, have been introduced and shown to be
Hom-Lie admissible, meaning that for these classes of Hom-algebras, the
operation of taking commutator leads to Hom-Lie algebras as well. Also,
flexible Hom-algebras have been introduced, connections to Hom-algebra
generalizations of derivations and of adjoint maps have been noticed, and
some low-dimensional Hom-Lie algebras have been described. In Hom-
algebra structures, defining algebra identities are twisted by linear maps.
Since the pioneering works [19,27-30, 42|, Hom-algebra structures have
developed in a popular broad area with increasing number of publica-
tions in various directions. Hom-algebra structures include their classical
counterparts and open new broad possibilities for deformations, exten-
sions to Hom-algebra structures of representations, homology, cohomology
and formal deformations, Hom-modules and hom-bimodules, Hom-Lie
admissible Hom-coalgebras, Hom-coalgebras, Hom-bialgebras, Hom-Hopf
algebras, L-modules, L-comodules and Hom-Lie quasi-bialgebras, n-ary
generalizations of BiHom-Lie algebras and BiHom-associative algebras
and generalized derivations, Rota-Baxter operators, Hom-dendriform color
algebras, Rota-Baxter bisystems and covariant bialgebras, Rota-Baxter
cosystems, coquasitriangular mixed bialgebras, coassociative Yang-Baxter
pairs, coassociative Yang-Baxter equation and generalizations of Rota-
Baxter systems and algebras, curved O-operator systems and their connec-
tions with tridendriform systems and pre-Lie algebras, BiHom-algebras,
BiHom-Frobenius algebras and double constructions, infinitesimal BiHom-
bialgebras and Hom-dendriform D-bialgebras, Hom-algebras have been
considered [1-10,12-17,20-27,30-32,34-41,43-51, 53-62].
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In this paper we introduce and develop methods of constructions of
BiHom-X algebras by extending composition methods, and by using Rota-
Baxter and some elements of centroids. The bimodules of BiHom-left sym-
metric dialgebras, BiHom-associative dialgebras and BiHom-tridendriform
algebra are defined, and it is shown that a sequence of this kind of bi-
modules can be constructed. Their matched pairs are also introduced
and related relevant properties are given. In section 1, we provide some
results on constructions of BiHom-X algebras. Section 2 contains defini-
tions and some key results about bimodules of BiHom-associative algebras
and BiHom-left-symmetric algebras, and matched pairs of BiHom-left
symmetric and BiHom-associative dialgebras. In section 3, devoted to
bimodules of BiHom-tridendriform algebras, definitions and some con-
structions of BiHom-dendriform and BiHom-tridendriform algebras and
the concepts of bimodules and matched pairs of BiHom-tridendriform
algebra are investigated.

1. Constructions of BiHom-X algebras

Throughout this paper, all vector spaces are assumed to be over a field
K of characteristic different from 2.

In this section, we provide some results on constructions of BiHom-X
algebras.

Definition 1.1. A BiHom-algebra is a (n + 3)-tuple (A, p1, ..., tin, &, B)
in which A is a linear space, p; : A® A — A (i = 1,...,n) are bilinear
maps, and «a, 5 : A — A are linear maps, called the twisting maps. If in
addition,

ao#i:HiO(a@)Q)a50,&1‘:%0(5@5)7 (izlv---’n)a
the BiHom-algebra (A, p1, ..., iy, a, ) is said to be multiplicative.

Definition 1.2. Let (A, p1, ..., tn, &, 8) be a BiHom-algebra.

1. BiHom-subalgebra of (A, pi,..., i, @, ) is a linear subspace H
of A, which is closed for the multiplication u; (i = 1,...,n), and
invariant by o and 3, that is, u;(x,y) € H, a(z) € H and B(z) € H
for all z,y € H. If furthermore p;(z,y) € H and p;(y,x) € H for
all (x,y) € A x H, then H is called a two-sided BiHom-ideal of A.

2. (A, .y i, o, B) is said to be regular if o and 8 are algebra
automorphisms.

3. (A, p1y ...y pin, 0, B) is said to be involutive if o and 5 are two
involutions, that is o = 8% = id.
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Definition 1.3. Let (A, u1,. .., ptn,a, ) and (A’ py, ..., pul, o, 38) be
two BiHom-algebras. Then a linear map f : A —» A’ is said to be a BiHom-
algebras morphism if the following conditions hold for all : = 1,... n:

fopi=po(feof), foa=aof, fof=4g0of,

as illustrated, by the following commutative diagrams:

AgpA—" A, A o A, A A
o ] I I
Ae At A Ny VA (R Sy |

Denote by I'y = {z + f(z); = € A} C A® A’ the graph of a linear
map f:A— A

Definition 1.4. A BiHom-algebra (A, p1, .. ., tin, v, B) is called a BiHom-
X algebra if the axioms defining the structure of X are linear combination
of the terms of the form p; o (1; ® B) or pj o (a0 ® ;).

Proposition 1.5. Let (A, ,u,{‘, i o, By) and (B, pB, o nB as, Ba)
be BiHom-X algebras. Then, there is a BiHom-X algebra

(A@BJ Mf®B7 A 7”1136937&7 /6)7

where for all i = 1,...,n, the bilinear maps 1'% : (A® B)*?> — (A®B)
are given by

1198 (a1 +b1, ag+bs) = pit (a1, az)+p (b1,b2),Y a1, a2 € A, V by, by € B,
and the linear maps « and [ are given, for all (a,b) € A x B, by

ala+b) = aj(a) + az(b), Bla+b) = B1(a) + Pa2(b).
Proof. For any ay,b1,c1 € A, as,bs,co € Band 1 <1i,j < n,

PP a1+ 0.+ ), B+ )

= 1P (ui (a1, b1) + 1 (a2, b2), Bi(c1) + Ba(c2))
= pi (1 (ar, 1), Ba(er)) + pi (1f (az, ba), Ba(c2)).

Similarly,

9P (alar + az), 1P (b1 + b, e1 + ¢2))

= 1 (ar(ar), pi (b, e1)) + P (az(az), u? (b2, c2)). O



I. LARAIEDH, S. SILVESTROV 277

Proposition 1.6. Let (A, u4!, ..., ut, a1, 81) and (B, uP, ..., uB, s, B2)
be BiHom-X algebras. Then a linear map ¢ : A — B is a morphism
from the BiHom—X algebra (A, uf, ..., pu2, ay, 1) to the BiHom-X algebra
(B, ul e ,un , a2, o) if and only if its graph T';, is a BiHom-X subalgebra
of (A® B, P, .. %8 oy + 1,00 + Ba).

PT'OOf. Let @ (Awul PRI ,M,rAL,Oél,ﬁl) — (B,,UqB,.“,,UE,OZQ,BQ) be a
morphism of BiHom-X algebras. Then for all u,v € A and 1 <7 < n,
P ((u+ o(u), v+ o(v) = (uf (u,0) + pf (p(w), ¢(v)))
= (1" (u,v) + @(pf (u,))).
Thus the graph I', is closed under the multiplication u?eBB . Further-
more, p o a; = g o ¢ yields (a1 ® ag)(u, p(u)) = (a1 (u),az 0 p(u)) =
(a1 (u), poay(u)). In the same way, (B1@52) (u, p(u)) = (B1(u), f200(u)) =

(B1(u), poBi(u)), which implies that I'y, is closed under a1 @ and 1 @ fBa.
Thus I', is a BiHom-X subalgebra of (A® B, uAEBB, o OB 0 4Byt

Ba).
Conversely, if the graph I', C A ® B is a BiHom-X subalgebra of

(A B, u'®B, . pd®P aq + Br, a0 + Bo),
then for all 1 < i < n,

1P ((u+ p(w), (v +9(0)) = (1 (u,0) + 1 (p(w), 9(v))) € T,

which implies that uZ(¢(u), p(v)) = p(u(u,v)).
Furthermore, (o @ a2)(I'y) C Ty, (51 ® P2)(I'y) C I'y, implies

(1 @ az)(u+ p(u)) = (a1(u) + az o p(u)) € Ty,

(B1 @ B2)(u+ p(u)) = (B1(u) + B2 0 p(u)) € L'y,

equivalent to the conditions apop(u) = poaq(u) and farop(u) = o B (u),
that is @1 0o = o g and B1 0 p = p o By. Therefore, ¢ is a morphism of
BiHom-X algebras. O

)=
)

Theorem 1.7. Let (Aj, ufl, o udag, Br) and (Ag,,u‘{b, T
aw, B2) be some BiHom-X algebras. Then A = A; ® Ay is endowed with
a BiHom-X algebra structure for twising maps o, : A — A and the
product *; : A® A — A defined for any ay,b1,c1 € A1, az, b, co € As and
1<i<nby

ala) ® az) = ar(ar) ® az(az),
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B(a1 ® az) = B1(a1) ® B2(az),
(a1 &® ag) *; (bl (=) bg) = u?l (al, bl) ® M?Q(CLQ, bg).

Proof. For any ay,by,c1 € Ay, ag,ba,co € Ag and 1 < 4,5 < n,

((a1 ® az) *; (b1 ® b)) *j B(c1 @ c2)
= (1" (a1,b1) ® 11 (a2, b2)) *; B1(c1) @ Baca)
= 1 (1 (a1, 1), Ba(en)) @ o2 (2 (az, ba) ), Ba(c2))-

Similarly,

ala1 ® az) x; ((b1 ® b2) *; (c1 ® c2))
= M?l (ar(ay), i (b, c1)) ® ufz(ozg(ag), 1122 (bg, 2)). O

Definition 1.8. Let (A, p1,. .., fin, @, 3) be a BiHom-algebra and k € N*.
1) The kth derived BiHom-algebra of type 1 of A is defined by

Af = (4,1 = pro(ab@ph), ., ull) = pno(aF@p), o+, gEHT).
2) The kth derived BiHom-algebra of type 2 of A is defined by
k_
Ak = (A, ,qu D _ 1 o (aZk*l ® ﬁ2k71), cey

k_ k_ k_ k k
P = o (02 ), 02 6.

3) A(l] :Ag = (Aaulu‘-'vunv()é?ﬂ)?
Al=Al= (A mo(@®pB),..., o (a® B),a?, B?).

Definition 1.9. A BiHom-algebra (A, u1, ..., tin, o, ) endowed with a
linear map R: A — A such that co R=Roa, foR = Ro /3, and for
r,yeAandi=1,...,n,

pi(R(x), R(y)) = R(,U'i(R(x)v y) + piz, R(y)) + Api(z, y)), (1)

is called a Rota-Baxter BiHom-algebra, and R is called a Rota-Baxter
operator of weight A € K on A.

The below result allows to get BiHom-X algebras from either a BiHom-
X algebra or an X-algebra.
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Theorem 1.10. Let (A, p1,..., 1un, @, 3) be a Rota-Baxter BiHom-X
algebra and let o/, 3’ : A — A be two endomorphisms of A such that any
two of the maps a, 3, a’, f’ commute. Then, for any nonnegative integer p,

Aa’,ﬁ’ = (A, ,Ui/“B/ = 1 © (O/p (024 B’p)’ e ,,UJZ/75/
= pn 0 (P ® B7),a? 0 a, BT 0 §)

is a Rota-Baxter BiHom-X algebra. Moreover, let (4’, u}, ..., pu,,7,9) be
another BiHom-X algebra and +/,4" : A — A’ be two endomorphisms
such that any two of the maps v,d,7/,8’ commute. If f : A — A’ is a
morphism of BiHom-X algebras that satisfies foa’ =+'of, fo/ =¥§of,
then f: Ay g — Alv’ﬁ’ is also a morphism of BiHom-X algebras.

Proof. The proof of the first part follows from the following facts.
For any z,y,z € A, 1 <14,j <n,

:U*Z/,,B’ (Hé/ﬁ/(% y)7 (ﬁlp © /8)(2)) = fo’,ﬁ’(ﬂi’,ﬁ/ (.SC, y)v B/p(ﬂ(z)))
= pi(0 (0 (@), 87 (). B (B(2)) )
= (s (0 (x), a87(1)), B8 (=)

= wi(k (X, Y), B(2)),

Her g (@ 0 (), 1l 51y, 2)) = iy pr (P (), 1y 5y, 2)
= ui(a* o a(x), B (1 (o (y), B7(2)))
= pi(a(a (@), 87 (u;(a(y), B7(2)))

(ax
= pila(a®(x)), nj (a8 (y), B (2))
—Mz( (X )Nj(YvZ))7

where X = o/?(z), Y = oPB’P(y) and Z = B'*P(z).
The Rota-Baxter identity (1) for pf, g is proved by

phy 5 (R(x), R(y)) = pi(a(R(x)), B (R(y)))
= pi(R(a?(x)), R(B"(y)))
= R(pi(R(a(x)), B (y)+pi(a (), R(BP(y)))+Aui(a? (x), B7(y)))
= R(pty 5 (R(x),y) + pily 5 (2, R(Y)) + Aty g (2, 1))

The second assertion follows from

Flper r(2,9)) = fui(a (@), 87 (y))) = wi(f(a(2))
= wi (v (f(2)), 07 (f () = 1y 5 (f(x

=
—
<
Nt
|
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We have the following series of consequence of Theorem 1.10.

Corollary 1.11. Let (4, p1, ..., tn) be an X-algebraand o, 5: A — A be
two endomorphisms of A. Then A, g = (A, pio(a®p), ..., un(a®p), a, B)
is a multiplicative BiHom-X algebra.

Proof. Take o = 8 =1d and p = 1 in Theorem 1.10. O

Corollary 1.12. Let (A, p1,. .., tn, @, 3) be a BiHom-X algebra. Then
the kth derived BiHom-algebra of type 1 and the kth derived BiHom-
algebra of type 2 are BiHom-X algebras.

Proof. Tt is sufficient to take o/ = o, 8/ =, and p=Fk and p = 2F — 1
respectively in Theorem 1.10. [

Now we introduce the notion of centroids for BiHom-X algebras.

Definition 1.13. A Centroid of a BiHom-algebra (A, p1, ..., fin, a, B) is
a linear map v : A — A such that yoa = ao~, yo = S o~ and for any
1<i<nandxzyeA,

Y(pi(w,y)) = pi(v(@),y) = pi(z, v(y))-

Theorem 1.14. Let (A, pu1, ..., tn, R, a, 5) be a Rota-Baxter BiHom-X
algebra, and 1,79 : A — A be a pair of commuting elements of the centroid
such that v, o R = Ro~;,7 = 1,2. Ifu% cAXA— Ai=1,...,n are
bilinear maps defined for any z,y € A by u%(w, y) = pi(y2v1(x),y), then
Ay~ = (4, u}w -y iy, Ryman 28) is a Rota-Baxter BiHom-X algebra.

Proof. For any z,y € Aand 1 <1i,j < n,
i( 1, (2, 9),728(2)) = 1l (i (172(2), y), 728(2))
pi(n 20 (172(2), 1), 728(2)) = Vi pi(pi(z, ), B(2)),
(%a(ﬂf),m(yw)) s (ma(@), mi(172(), 2))
yoe(), i (1172(y), 2)) = Vi pilale), w;y, 2)),
1 (R(x), R(y)) = pi(my2(R(2)), R(y)) = vy (R(x), R(y))
72R(uz( (z )+ui(w,R(y))+>\m(fmy))

)
<’Yl’Y2ﬂz( (), )+71’72Mz‘(3773(y))+)\V172Mz'($7y))
= R(pi(n R (@), 9) + pin(e), Ry) + Aui(n72(2), 1))

A (R(), ) + ph (. Ry)) + M (,9) ). =
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2. Bimodules and matched pairs of BiHom-left symmetric
and BiHom-associative dialgebras

In this section, we recall definitions and some key results about bi-
modules of BiHom-associative algebras [18] and BiHom-left-symmetric
algebras [11]. Next, we introduce the notions of BiHom-left-symmetric dial-
gebra and BiHom-associative dialgebra and we give some related relevant
properties.

Definition 2.1. A BiHom-module is a triple (V,ay, By ) consisting of
a K-vector space V and two linear maps ay, Sy : V. — V such that
ayPBy = Pyay. A morphism f : (V,ay, fyv) — (W, aw, Bw) of BiHom-
modules is a linear map f : V. — W such that fay = awf and

IBv = Bwlf.

Definition 2.2. A BiHom-associative algebra is a quadruple (A, u, o, 8)
consisting of a vector space A on which the operation y: A® A — A and
a, B : A— A are linear maps satisfying, for any x,y,z € A,

aoff = foq, (2
aop(z,y) = pla(z),aly)), (3
Bop(z,y) = w(B(z),B(y)) (4

pla(z), (y, 2)) = p(p(z,y),B(2)). (5

)

— ~— — ~—

Remarks 2.3. Clearly, there are the following connections between Hom-

associative, BiHom-associative and BiHom-X algebra structures.

1. A Hom-associative algebra (A, u,a) can be regarded as a BiHom-
associative algebra (A, u, a, av).

2. A BiHome-associative algebra is a BiHom-X algebra.

Ezample 2.4. Let {e1,e2} be a basis of a 2-dimensional vector space A
over K. The following multiplication p and maps «a, 5 on A define a
BiHom-associative algebra:

aler) = 2ey, ales) = —2are1 + (1 — a)ey,

Bler) = 2eq, Ble2) = —aer + (1 — a)eq,
uler,er) = 2eq, pler, e9) = —aey + (1 — a)es,
ulea,e1) = —2ae; + (a — 1)eq, p(ea, e2) = 2a°e; + aey

where a € K\{0}.
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Definition 2.5. Let (A4, -, a1, az) be a BiHom-associative algebra, and let
(V, b1, B2) be a BiHom-module. Let I,r : A — gl(V) be two linear maps.
Then (I,r, 31, 82,V) is called a bimodule of A if, for all x,y € A,v € V|

l(z - y)Ba(v) = e (2))l(y)v, (z - y)pr(v) = r(e2(y))r(z)v,

aa(x))r(y)v = r(az(y))l(x)v, Arl(z)v) = l(en(2))Bi(v),

Pi(r(z)v) = r(ar(z))B1(v), Ba(l(z)v) = U(az(2))B2(v),
Ba(r(z)v) = r(az(x))Ba(v).

Proposition 2.6. Let (I,r, 51,82, V) be a bimodule of a BiHom-associa-
tive algebra (A, -, a1, a2). Then, the direct sum A @V of vector spaces is
a BiHom-associative algebra with multiplication in A @ V', defined for all
r1,20 € A,v1,09 €V, by

(x1 4+ v1) * (2 +v2) = 1 - w2 + ({(z1)v2 + 1r(z2)V1),
(o1 @ Br)(z1 + v1) = aa(x1) + Bi(v1),
(a2 ® B2)(z1 + v1) = az(z1) + B2(v1).

We denote such BiHom-associative algebra by (A& V,*, a1 + (1, as +
62)7 or A X1ra,00,81,82 V.
Ezample 2.7. For any BiHom-associative algebra (A4, -, «, ), the quin-
tuples (L,0,«,8,A), (0,R,«,3,A) and (L, R, «, 3, A) are bimodules of
(A,-,a, ), where L(a)b=a-b and R(a)b =b-a for all a,b € A.

Theorem 2.8 ([22]). Let (A, -4, a1, a9) and (B, -p, f1, B2) be two BiHom-
associative algebras. Suppose that there are linear maps (4,74 : A — gl(B)
and lp, g : B — gl(A) such that (4,74, 51,52, B) is a bimodule of A,
(Ip,rp,a1,as, A) is a bimodule of B, and for any z,y € A, a,b € B,

la(ai(z))(a B b) = la(rp(a)z)B2(b) + (la(z)a) -5 B2(D), (6)
ra(az(z))(a-pb) =ra(lp(b)z)Bi(a) + i(a) B (ra(z)b), (7)
la(lp(a)x)Ba2(b) + (ra(x)a) -5 B2(b) (8)
- 7“A(7“B(b)$ Bi(a) — 51( ) B (La(2)b) =0,
lg(Br(a))(z-ay) = lp(ra(z)a)as(y) + (Ip(a)z) -4 az(y), (9)
r(B2(a))(x-ay) =rp(la(y)a)oa(z) + ar(z) -a (re(a)y), (10)
I(la(z)a)az(y) + (re(a)z) -4 az(y) (1)
—rp(ra(y)a)ai(z) — ai(z) -4 (Ip(a)y) = 0.
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Then (A, B,la, 74, 51, 52,lB,7B, 1, q2) is called a matched pair of BiHom-
associative algebras. In this case, there is a BiHom-associative algebra
structure on the direct sum A @ B of the underlying vector spaces of A
and B given by

(x+a)-(y+0b)

=z-4y+ (la(x)b+7ra(y)a) +a-gb+ (Ig(a)y +rp(db)x),
(a1 @ B1)(z +a) = aq(x) + Bi(a),
(a2 @ B2)(x + a) = az(z) + P2(a

)-
Proof. For any z,y,z € A and a,b,c € B

(a1 +B1)(x+a) ((y+0b)-(z+¢))
= (a(z) + B1(a)(y -a 2 +1p(b)z +rp(c)y +b- c +la(y)c+7ra(2)b)
=a1(2) 4 (y-a2)+ai(z) alp)z+ai(z) - arp(c)y
+1B(B1(a))(y -4 2) +15(B1(a))lp(b)z + I5(B1(a))rB(c)y
+rp(b-p c)ar(z) +rplaly)c)on(r) + rp(ra(z)b)on(z)
+P1(a) B (b ¢) + Bila) B la(y)c + Balon(x))la(y)
+la(ar(@))ra(2)b 4+ ra(y -a 2)Bi(a) + ra(la(b)z)fi(a)
+ra(r(c)y)pi(a),
((z+a)-(y+0)-(az+ B2)(z+0)
= (z-ay+ipla)y+rab)z+a - b+la(x)b+ra(y)a) - (a2(z)+pP2(c))
=(z-ay) -az)+ipa)y-aa(z)+rp(b)z -4 az(z)+Ip(a-b)as(z)
+ Ig(la(@)b)az(2) + Ip(ra(y)a)az(z) + re(Ba(c))(z -4 y)
(
)

C

! (
+ra(B2(e)ls(a)y + rp(B2(c))rp(b)x + (a5 b) B P2(c)
+ (la(2)b) - P2(c) + (ra(y)a) -B Pa(c) + ralaz(z))(a -5 b)
+ ralaa(2))(la(2)b) + ralaz(2))(ra(y)ae) +lalz -a y)Pa(c)
+ la(ls(a)y)P2(c) + (rp(b)x)B2(c)-
Then (5) and (6)—(11) yield

(1 +p)(z+a)-((y+b)-(z+¢)) = ((z+a)-(y+b))- (a2 +F2)(z +¢). O

We denote this BiHom-associative algebra by A NﬁA’TA’B LBz
BT B,X1,02

Definition 2.9. A BiHom-left-symmetric algebra is a quadruple (.5, *, «, 3)
consisting of a vector space S on which the operation * : S ® S — .S and
a, B : S — S are linear maps satisfying, for all z,y,z € S,

aof=poa,



284 BIHOM-X ALGEBRAS AND BIMODULES

a(z *y) = a(z) * aly),
Bz xy) = B(x) * B(y),
(B(x) * a(y)) * B(2) — aB(x) * (a(y) * 2)

= (B(y) x a(x)) * B(z) — aB(y) * (a(x) * 2).

Definition 2.10. Let (S, *, a1, a2) be a BiHom-left-symmetric algebra,
and (V, 1, B2) be a BiHom-module. Let [,7 : S — ¢l(V') be two linear
maps. The quintuple (I,7, 51, B2, V) is called a bimodule of S if for all
r,y € S,veV,

laz(x) * a1 (y))Ba(v) — laraz(@))l(aa(y))v
= l(aa(y) * a1 (x))B2(v) — lanaa(y))l (e (x))v,
r(ag(z))r(ai(y))Bz(v) — r(ai(y) * z)aras(v)
= r(az(2))l(az(y))Bi(v) — Haraz(y))r(x)Ai(v),
Sil(z)v) = lea(2))Bi(v),  Bilr(z)v) = r(a(z))Bi(v),
Ba(l(z)v) = l(az(2))B2(v),  Ba(r(z)v) = r(az(z))B2(v).

Proposition 2.11. Let (I,r, 51, 82, V') be a bimodule of a BiHom-left-sym-
metric algebra (S, %, a1, az). Then, the direct sum S @ V' of vector spaces
is turned into a BiHom-left-symmetric algebra by defining multiplication
in S®V forall x1,z9 € S,v1,v0 €V by

(21 +v1) ¥ (w2 +v2) = 21 * 29 + (I(21)v2 + r(22)01),
(a1 @ B1)(z1 + v1) = aa(z1) + Bi(v1),
(a2 @ B2)(z1 + v1) = az(x1) + Pa(v1).

By (S®V,x, a1 + B1,a2 + B2), or S X[ 1.01,00,8,8. V We denote such
a biHom-left-symmetric algebra.

Ezample 2.12. Let (S, *,«, 5) be a BiHom-left-symmetric algebra. Then
(L,0,a,,5),(0,R, v, 3,5) and (L, R, c, 3, S) are bimodules of (5, *, , 3),
where L(a)b =ax*b and R(a)b="bxa for all a,b € S.

Theorem 2.13 (|25]). Let (A, *4,0a1,a2) and (B, *p, 1, S2) be BiHom-
left-symmetric algebras. Suppose that there are linear maps I ,, 7y, : A —
gl(B) and Ly, 7y, : B — gl(A) such that

(Lx 475 45 B1, B2, B) is a bimodule of A,

(ligsTap, 1,2, A) is a bimodule of B
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and, for any z,y € A, a,b € B with

{az(2), 1 (y)ta = az(x) x4 a1(y) — aa(y) *a a1 (z),
(paoaz)Br = (ls, 0az)Br — (14, 0 1),
{B2(a), B1(b)} B = Ba(a) *p F1(b) — Ba(b) *5 P1(a),
(PB o fBa)ar = (I xpg © 52)061 - (T*B o fB1)aa,

the following equalities hold:

rsq(a2(2)){B2(a), B1(b)} B = 7,4 (Lig (B1())2) B182(a)
— Tuy (leg (B1(a)7) B1B2(b) + B1Ba(a) ¥p 14, () B1(D)
— B1B2(b) xp s, () P1(a),

Ly (aras(z))(Bi(a) xp b) = (pa(az(x))Bi(a)) *B B2(D)
— Ly (pB(B2(a))an(2))B2() + B1B2(a) 5 (Is, (a1 (x))d)
+ iy (g (b)ar () B182(a),

rep(B2(a){aa(z), a1(y)}a = g (ley (1 (y))a)aras(z)
— Tip (g (@1 (T)a)araz(y) + araz(x) x4 14y (a)or (y)
—aran(y) *a rig(a)oa(z),

Lig(B1B2(a))(an(z) xa y) = (pB(B2(a))an(x)) x4 aa(y)
—lig(palaz(z))Bi(a))as(y) + aras(z) x4 (Ly (Bi(a))y)
+ 7 (T4 (¥) Br(a) ) araa ().

Then for (A, B,li,, 7«4, 51,02, lsg, Txp, @1, 2), called a matched pair of
BiHom-left-symmetric algebras, there exists a BiHom-left-symmetric alge-

bra structure on the vector space A @ B of the underlying vector spaces
of A and B given by

(z+a)*(y+b) =zxay+ (L, (2)b+ 1 (y)a)

(lig (@)y 4 1ipy (D)),
(1 @ B1)(z + a) = ar(z) + Bi(a),
(a2 ® B2) (2 + a) = aa(x) + Pa(a).

Proof. The proof is obtained in a similar way as for Theorem 2.8. O

We denote this BiHom-left-symmetric algebra by

ANl A?T*A761162 B.

L 5T g 001,02
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2.1. BiHom-left-symmetric dialgebra

Definition 2.14. A BiHom-left-symmetric dialgebra is a linear space S
equipped with two bilinear products -,: S x S — S and two linear maps
a, B S — S satisfying, for all x,y,z € S,

aofl=LfFoa,

(12)

a(z 4y) = a(z) 4 aly), alz - (13)
pBx) 4 B(y), bz F ) M@Fﬂwh (14)
(15)

(16)

Bz Hy) =
a(@) 4 (yHz)=alz) 4 (yF2), 15
(xFy) FB(2) = (x Hy) - B(2), 16
aB(x) - (a(y) 4 2) — (B(x) 4 aly)) 1 B(2) (17)
=af(y) - (a(z) 42) = (By) F a(z)) 4 (),
af(z) F (a(y) F 2) = (B(x) F a(y) F B(2) (1)

=aB(y) - (a(z) F2) = (By) F alz)) - B(2).

FEzample 2.15. Any BiHom-associative algebra (A, i, «, ) is a BiHom-
left-symmetric dialgebra with 4=F= pu.

Remark 2.16. Relation (18) means that (S,F, «, 8) is a BiHom-left-sym-
metric algebra. So, any BiHom-left-symmetric dialgebra is a BiHom-left-
symmetric algebra.

Theorem 2.17. Given two BiHom-left-symmetric dialgebras (S1, 1,1
, a1, 41) and (Se, 2, Fa, aa, B2), there is a BiHom-left-symmetric dialgebra
(S1®S2, 4=1 + o, F=F1 + 2, a1 + 9, f1+ F2), where the bilinear maps
A, (S1 @ S2)*? — (S1 @ S) are given for all a,as € S, by, ba € Sz by

(a1 + bl) = (CLQ + bg) = aj -1 as + by g bs,
(a1 + bl) F (CLQ + bQ) =aj k1 as + by k3 bs,

and the linear maps ag + e, B+ B2 : (S1 ® S2) — (S1 @ S3) are given
for all (a,b) € S; x Sp by

(a1 + a2)(a +b) = ai(a) + az(b),
(B1+ B2)(a+b) = Bi(a) + B2(b).

Proof. We prove only the axiom (15), as others are proved similarly. For
any al,bl,cl S Sl and ag,bQ,Cg S 52,

(a1 4+ az)(ar +agz) 4 ((by + b2) F (c1 + ¢2))



I. LARAIEDH, S. SILVESTROV 287

= (o (a1) + az(az)) 4 (b1 + b2) F (c1 + c2)
=aq(ar) 41 (b1 F1 c1) + az(ag) 2 (b2 F2 2
=aq(ar) 71 (b1 71 1) + aa(ag) Ha (ba 2 2
= (a1(a1) + az(a2)) 4 (b1 + b2) = (c1 + ¢2)
= (a1 + a2)(a; +az) 4 ((by +b2) 4 (c1 +¢2)). O

Proposition 2.18. If (S,H,F, a, ) is a BiHom-left-symmetric dialgebra,
and a® = 3?2 = ao 8 = Boa =id, then (S, a,3) = (S,4,F, 53, a).

)
)
)
)

Proof. We prove only one axiom, as others are proved similarly. For any
x,y,z €5,

az)d(ydz) = alz)dykz) <
a(af(@) A(yHz) = alaB(x)) 1(ytF2) <
B(x)4(yH2) = o®Bl@)4(yk2) e
Ba)A(ydz) = Blx)A(yF 2).
Then (S,4,F, «, 8) = (S,4,F, 5, ). O

Theorem 2.19. Let (S,,F, «, 8) be a BiHom-left-symmetric dialgebra
and o/’ : S — S be two endomorphisms of S such that any two of the
maps «, 3, a/, f’ commute. Then, Sy g = (S, 4o =" 0o(¢/ @), For pr=F
o/ ® f'),a o, ' 0 ) is a BiHom-left-symmetric dialgebra.

Moreover, suppose that (S’, -+, ~,d) is another BiHom-left-symmet-
ric dialgebra and +/,¢" : S’ — S’ be two endomorphisms of S’ such that
any two of the maps v, d,7/,d commute. If f: S — S’ is a morphism of
BiHom-left-symmetric dialgebras such that foa’ =+"o f, fo' =dof,
then f: Sy g — S,’% s is a morphism of BiHom-left-symmetric dialgebras.
Proof. We only prove (15) in Sy g, since the other axioms are proved
analogously. For any x,y,z € S,

ad/(x) Hpr (y dar g 2) = aa(z) Ju g (@ (y) 4 6'(2))
= aa(x) 4 (o'F'(y) 4 87%(2))
= aa”(x) 4 (&'F'(y) - B%(2))  (by (15) in S)
= aa/(z) 4o g (d(y) - B'(2))
= ad(z) dw g (yForp 2).

For the second assertion, for any x,y € S,
fladapy) = fld(@)48(y) = flo(z)+ f(B ()
= Y (f(@) 4 &(f(y) = flx) s fy).
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Similarly, f(z Fo g y) = f(2) H/y fy). =

Definition 2.20. Let (S,-,F, a1,a2) be a BiHom-left-symmetric di-
algebra, and V' be a vector space. Let ly,rq,l, 7 : S — gl(V), and
B1,B2:V — V. Then, (I4,r4,l-,r-, 1, P2, V) is called a bimodule of S if
the following equations hold for any x,y € S and v € V:

L (@) a(y)v = Lo ()1 (),
ry(ar(x) 4y)B1(v) =r = (zF y)B1(v),
I4(aa(x))r4(y)v = la(ar(@))r-(y)v,

1(v) = r4(ae (@)l (a2(y)) B (v),
— i (a2(x) F ai(y))Bz(v)
(1 (x))v — l-(az2(y) F a1(z))B2(v),

= - (araz(z))r-( y))B1(v),
Bi(lr-(z)v) = I-(a1(2))B1(v), B1(r-(z)v) = r-(aa(x))B1(v),
Bo(l-(z)v) = l-(az(x)) B2(v), B2(r-(2)v) = r-(az(x)) B2(v),
Bi(l4(z)v) = ly(a1(z))B1(v), Br(ra(2)v) = r4(ea(2))Bi(v),
Ba(l4(z)v) = l4(az(x))B2(v), Ba2(r+(x)v) = r4(az(x))B2(v).

Proposition 2.21. If (I4,r4, I, r, f1, B2, V) is a bimodule of a BiHom-
left-symmetric dialgebra (S, -, F, a1, ), then there exists a BiHom-left-
symmetric dialgebra structure on the direct sum S @ V' of the underlying
vector spaces of S and V given for all x,y € S,u,v € V by

(x+u) 4 (y+v) = x-y+I4x)v+ryy)u,
(x+u)H (y+v) = aFy+Ii-(2)v+r-(y)u,
(1 +B1)(x+u) = ai(x)+ Bi(u),
(g + B2)(x+u) = as(z)+ P2(u).

We denote this structure by S X » 1 a1,00,81,8, V-
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Proof. We prove only the axiom (15), as the others are proved similarly.
For any x1, 29,23 € S and vy, v,v3 € V|

(a1 + B1)(x1 +v1) ' (w2 +ve) ' (23 + v3))
= (a1 (z1) + B1(v1)) ' (21 A 23 + I5(w2)vs + 74(23)v2)
=aq(z1) (22 H23) + I4(aq(z1))l4(z2)vs
+ I4(aq (z1))ro(2z3)ve + ro(xe 4 x3)F1(v1)
=ai(x1) 1 (x2 b a3) + Iy(a1 (1))l (z2)vs
+ (e (w1))r (w:s)vz +r4(w2 - 23)B1(v)
)

= (a1 + B1)(z1 +v1) 4 (w2 + v2) F' (23 + v3)). O

Ezamples 2.22. 1. Let (S,,F, a, 8) be a BiHom-left-symmetric dialgebra.
Then (L4, R4, LF, RF, «, 5, S) and (L4, 0, O, RF, «, ﬂ, S) are a bimod-
ules of (S,,F, a, 8) where Ly(a)b=a b, Ry(a)b=0>0-a, Li(a)b=
atband Ry(a)b=0bF a for all (a,b) € S%. More generally, if B is a
two-sided BiHom-ideal of (S, -, F, a, ), then (L4, R4, L, R, «, 3, B)
is a bimodule of S, where for all z € B and (a,b) € S?,

Lia)r=a-4z=2-4a= Ry(a)x,
Li(a)r=akFz=2Fa= R-(a)x.

2. If (S,4,F) is a left-symmetric dialgebra and (l4,74,l-,r-, V) are a
bimodules of S in the usual sense, then (14, r4, I, 7, [dy, Idy,V) is a
bimodule of S, where S = (S, ,F, Idg, Idg) is a BiHom-left-symmetric
dialgebra.

PI‘OpOSitiOIl 2.23. If f : (S, 1, F1, a1, Ozg) — (S/, —o, "2,,81,52) is
a morphism of BiHom-left-symmetric dialgebras, then (14,74, -, 7,
B1,B2,5") becomes a bimodule of S via f, that is, I4,(a)b = f(a) -
b, r4,(a)b =b 2 f(a), lIr,(a)b = f(a) F2 b and rr,(a)b = b gy f(a) for
all (a,b) € S xS

Proof. We prove only first axiom, as the other axioms are proved similarly.
For any z,y € S,z € 9,

1, (e1(2)lk ()2 = f(ai(x)) "2 (f(y) F2 2)
= Bif(x) "2 (f(y) k2 2)
= Bif(z) B2 (f(y) 42 2) (by (15))
= flaa(z)) "2 (f(y) *2 2) = 4, (a1 (@), (y)z. O
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Definition 2.24. An abelian extension of BiHom-left-symmetric dialgebra
is a short exact sequence of BiHom-left-symmetric dialgebras

O—>(V7 aVﬂﬁV) % (A7 _|A7}_A704A75A) L (Ba_|B7|_BaaB7/BB)—>O7

where (V, ay, By ) is a trivial BiHom-left-symmetric dialgebra, and ¢ and 7
are morphisms of BiHom-left-symmetric dialgebras. Furthermore, if there
exists a morphism s : (B, p,Fp,ap, 85) — (A, 44,4, a4, 84) such
that m o s = idp then the abelian extension is said to be split and s is
called a section of .

Remark 2.25. Consider the split null extension S @ V determined by the
bimodule (I4, 74, I, 7, ay, Py, V) of the BiHom-left-symmetric dialgebra
(S, 4, F, a, B) in the previous proposition. Write elements a + v of S @&V
as (a,v). Then there is an injective homomorphism of BiHom-modules
i:V — Sa&V given by i(v) = (0,v) and a surjective homomorphism
of BiHom-modules 7 : S® V — S given by 7(a,v) = a. Moreover, (V)
is a two-sided BiHom-ideal of S & V such that S & V/i(V) = S. On
the other hand, there is a morphism of BiHom-left-symmetric dialgebra
o:8 — Sa&V given by o(a) = (a,0) which is clearly a section of 7.
Hence, we obtain the abelian split exact sequence of BiHom-left-symmetric
dialgebra and (I, r4,l-, 7, ay, By, V) is a bimodule for S via 7.

Theorem 2.26. Let (S, ,F, a1, az) be a BiHom-left-symmetric dialge-
bra, and let (I4, 74,1, 7, 51, 52,V) be a bimodule of S. Let o}, o} be
endomorphisms of S such that any two of the maps a1, o), ag, ay com-
mute and £}, 5 be linear self-maps of V' such that any two of the maps
b1, 1, B2, B4 commute. Suppose furthermore that

{ Bloly=(lyoad))B], Bholy=(l40ah)ps,
Brol-=(l-oa))B], Byol = (l-oah)pbs,

{ Brors=(rqyoay)fy, Pyors=(rqoay)ps,

Brore = (rroa})By, Bhorr = (r-oah)p.

For BiHom-left-symmetric dialgebra Sy oy = (5, 7o apsFal g, 2104,
agasy) and Vir g = (14,74, I, T, f181, B2B5, V), where
74 = (l* © all)ﬁé7 T4 = (721 © 0/2)61’ (19)

I = (l-0a})By, 7= (roah)s,

Vi g, 1s a bimodule of Sy o .
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Proof. We prove only one axiom, as others are proved similarly. For any
r,y€e SveV,

(e (@) (y)o = L(ara () By (14 (1)) B (v)

)
y)) B (v) = 1510 (2))i-(y)v. O

Corollary 2.27. Let (S,-,F, a1, az) be a BiHom-left-symmetric dialge-
bra, and let (I4,74,l-, 7, 51, 82, V) be a bimodule of S. Then Vga gg is a
bimodule of Saia? for any nonnegative integers p and q.

Proof. Apply Theorem 2.26 with o) = of, o, = b, 81 = 51, 85 = 5. O

Assume that (l4,74, -, 7, B1, B2, V) be a bimodule of a BiHom-left-
symmetric dialgebra (S, 4,F, a1, an) and let I, 7%, 17, 7+ S — gl(V*). Let
af,as: S* = S* and B7, 85 : V* — V* be the dual maps of respectively
a1, o, f1 and B9 such that

<lf|(x)u*,v> - <U*7l4(‘r)v>7 (T:(‘T)U*’U> - <U*7T*(‘T)U>v
<l|i($)u*av> = <U*al|—($)v>v (rﬁ(w)u*,v = <U*7'm—('r)v>v
aj(z*(y)) = 2" (a1(y)), az(x*(y)) = 2™ (a2(y)),
Bl (v)) = u*(Bi(v)), B5(u (v)) = u*(B2(v))-

The following proposition holds.

Proposition 2.28. If (Iy,r4,l-, 7, 51, B2, V) is a bimodule of a BiHom-
left-symmetric dialgebra (S, -, F, a1, aq), then (1%, 7%, 15, r*, B8], B5, V™) is
a bimodule of (S, ,F, a1, ag) provided that for all z,y € S and u € V,

L(y)l(aa(z))u = I-(y)l4(ea (z))u,
Bi(ra(ea(z) Ay)(v))u = Bi(r 7 (z F y))u,
ra(y)la(ar(z))u = re(y)l4(a1(z))u,
Bo(lr-(z = y))u = Ba(l-(z 4 y))u,
)
)

(a1 (y)l(araz(z))u — Ba(l4(az(z) i (y)
= l4(on(2))l-(raz(y))u — B2(l+4(az2(y) F ar()))u,
BaBi(r+(ar(z) 4 y))u — Bar+(ar(x))r4(az(y))u
= r4(y) Brl-(araz(z))u — Bil-(a2(y))r+(a
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(o1 (y)lk-(araa(z))u — Bo(lr-(ae(x) - ai(y)))u
= l-(a1 (@)l (raz(y))u — Ba(l-(a2(y) F aa(2)))u,
Ba(r-(aa(x) = y)B1)u — Barr(a1(z))re(az(y))u
= Bire-(y)l-(ara2(z))u — Bil-(a2(y))r-(az(y))u.

The following theorem is proved in a similar way as for Theorem 2.8.

Theorem 2.29. Let (A, 4,4, a1,2), (B,p,FpB, 51, 52) be BiHom-
left-symmetric dialgebras. If there are linear maps

l—|AaT—¢Avl|—AaT}—A :A — gl(B)a l—|BaT—¢Bvl|—B)T|—B B — gl(A)
such that

(l4,s 74,5l 45745 B1, B2, B) is a bimodule of A,

(Iigs Tg e s T > 11, 2, A) is a bimodule of B,
and for all z,y € A, a,b € B, the following equalities hold:

4 (a1(z))(aAp b) =14, (a1 (z))(a Fp b),
T4, (45 (D)) B1(a) + Bi(a) Ap (14, ()b)
=14, (r-5(b)x)B1(a) + Bi(a) 4B (I, (2)b),
4, (45 (0)2)B1(a) + Bi(a) Ap (r,(2)b)
=14, (-5 (b)7)B1(a) + Bi(a) Hp (1, (2)D),
4 (B(x))(a Fp b) = r,(a2(z))(a 4B b),
Uy (rr5 (a)z) B2(b) + (I, (2)a) F5 Ba(b)
=l (145 (a)z)B2(b) + (14, (2)a) Fi B2(D),
Uy (L (a)z)Ba(b) + (r, (z)a) B B2(b) =
Iy (145 (a)7)Ba(b) + (14, ()a) 5 Ba(b),
I, (aran(z)) (e
—(l4y (o (2))B
B1B2(a) Fp (4, (a
—(rey (e (2))B
g (L, (

x

a) "p b) — I, (r4,(B1(a))az(x))B2(b)
1(a)) 4B B2(b) =

())b) + 71, (r5 (b)ar (z ))5152( )
2(a)) A Ba(b) — 14, (I 5 (B2(a))an (x)) B2(D),

1
(
B1B2(a) Ap (I, (1 (x))b) + 14, (r45 (b)) (2)) 5152(a)
—(rq,(c1(z))B2(a)) 4B Ba2(b) =
I, (c1az(x))(B2(a) 4 b) — (I, (a2(x))B2(a)) "B B2(b)
L, (I (@2(2)) B2(a)) Ba(b),
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B1B2(a) Ap (r4,(2)B2(b)) + 74, (I45(B2(b))x) B152(a)
—VHA(OQ(HT)) Ba(a) 4 B1(b)) =
B1Ba(b) Fp (r4,(x)B1(a)) + -, (l4p (Bi(a))z) B1B2(b)
—7"4A(042(l’))(52( ) B Bi(a)),
Iy (c102(2))(Bi(a) Fp b) — U, (15 (B1(a))az(x)) B2(b)
(I 4 (2(x))B1(a)) FB Ba(b) =
B1Ba(a) Fp (I, (@1 (2))b) + 71, (15 (D) () B1.82(a)
— (14 (a1(2))B2(a)) Fp B2(b) = Uk, (I (B2(a))ar (x)) B2(b),
( )
( )

1(
(a
B1f2(a) Fp lm(az( )b) + 1, (15 (b)aa () B1.82(a)

2

Qm

)
—(re, (1 ())B2(a)) Fp Ba(b) =
Uy (anaz(x))(B2(a) F b) — (I, (a2(x))B2(a)) B B2(b)
(I (2()) B2(a)) B2(D),
B1Ba(a) Fp (1, (2)B2(b)) + iy (Ik 5 (B2(D)) ) B152(a)
—TFA(Oéz(ﬂ?)) Ba(a) Fp B1(b)) =
B1B2(b) FB (r-,(x)B1(a)) + 1, (I (Br(a))x) B152(D)
—TFA(O@(JJ)) B2(b) kB Bi(a)),
4 (B1(a))(z Ha y) = 145 (B1(a))(z Fa
T (T4, (Y)a)ar (z) + ar(z) Ha (145 (a)
T4p (n—A (y)a)al( + al( ) —a (l'_B(
g (L4, (W) a)an () + a1 (z) Ha (rq,(a)
g (b4 (y)a)ar () + a1 (x) Ha (rr5(
g (a(a))(z a 45
Iy (T’—A (z)a)a
l"B(T—‘A(x)a
by (L, (z)a)as
l’—B(l—u(m)a)O‘ y)a
i (B182(a)) (a1 (x) Ha y) — lg (1, (e (2)) B2(a))aa(y)
—(lp(Bi(a))ar(z)) Ha az(y) =
arag(w) Fa (1 )Y) + 7p (14, (y) B1(a))araa(z)
_(TFB(Bl(a )

4
)
alag(a:) _|A (l_4
)
(

a

A1
)
+ «
)

);

)

)
) ):
(x )
Ba(a )

)x) Fa as(y) =
(a)a) Fa az(y),
a)z) Fa as(y)
(a)z) Fa as(

a
B
B

NY) + 145 (14, (y)B1(a))aras(x)
A aa(y) =
y) — (I (Ba(a))az(z)) 44 a2(y)
Jaz(x))az(y),
araz(z) Ha (r4g(a)az(y)) + ra, (1, (a2(y))a)araz(v)
— 4, (Ba(a))(az(x) 44 a1(y))

—(r45(B1(a
b (B1f2(za))

=

\_/\_/

lp (I, (a2()) B1(a))aa(y),
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= araz(y) Fa (rag(a)ar(z)) + rep (14, (a(2))a)araz(y)
— 145 (B2(a))(a2(y) Fa ar(x)),

by (B1B2(a)) (a1 (2) Fa y) — g (1, (1 (2)) B2(a))aa(y)
— (b5 (B2(a))ar(z)) Fa az(y) =

araz(z) Fa (5 (B1(a)y) + 15 (1, (y) Bi(a))arae(x)
—(rep (Bi(a))az(2)) Fa az(y) — Iy (I, (a2(2)) B1(a))aa(y),

araz(z) Fa (b (B1(a)y) + rep (1, (y) B1(a)) araz(z)
—(rrp(B1(a))az(x)) Fa az(y) =

Uy (B182(a))(a2(2) Fa y) — (I (B2(a))az(z)) Fa az(y)
5 (I, (B2(a))az(x))az(y),

araz(z) Fa (-5 (a)az(y)) + rep (-4 (2(y))a)oaraz(z)
—1r5(B2(a))(az(x) Fa a1(y)) =

aaz(y) Fa (reg(@)ar () + 1 g (4, (aa(2))a)aras(y)
=115 (B2(a))(az2(y) Fa c1(z)),

then tuple (A, B, Uiy maa, ey T4 B, B2y Lgs Mg, Uegs g, O, ag)
is called a matched pair of BiHom-left-symmetric dialgebras. In this case,
there exists a BiHom-left-symmetric dialgebra structure on the direct sum
A & B of the underlying vector spaces of A and B given by

(x+a)d(y+b)=xday+ (I, (x)b+7ry,(y)a)+a-p b

+ (L4 (a)y + 145 (b)),
(z+a)F(y+b)=azFay+ (-, ()b+7-,(y)a)

+atpb+ (I-z(a)y +r,(b)x),
(a1 ® B1)(z+a) =ar(z) + Bi(a), (az® B2)(x+a) = as(x) + B2(a).

We denote this BiHom-left-symmetric dialgebra

A Ly yorat g ol 4o 481,82
lig o rapglegore 4 01,02

2.2. BiHom-associative dialgebra

Definition 2.30. A BiHom-associative dialgebra (D, ,F, «, ) is a quin-
tuple consisting of a vector space D on which the operations 4,F: D® D —
D and a, 3 : D — D are linear maps satisfying, for z,y,2z € D,

aofi=pfoa, (20)
alry) =a@) Jaly), alzky)=al@)taly), (21)
BlxAy)=B(x)48(y),  Blxrky) =p=)F L), (22)



I. LARAIEDH, S. SILVESTROV 295

(zFy)48(z) = alz) - (y 4 2), (23)
a(z) 4 (y =2) = (z4y) 46(2), (24)
(z4y) 48(z) = alz) 4 (y F 2), (25)
(zhy) bk B(z) = alz) - (yF 2), (26)
a(z) F(yFz) = (z4y) - B(2). (27)

Remark 2.31. The considered structures are related in the following ways.
1. If (D,4,F, a, B) is a BiHom-associative dialgebra and 4=F=: p, then
(D, p, a, B) is a BiHom-associative algebra. Any BiHom-associative
algebra (A, u, o, B) is a BiHom-associative dialgebra with 4= pu =:.

2. A BiHom-associative dialgebra is a BiHom-X algebra.

Proposition 2.32. All BiHom-associative dialgebras are BiHom-left
symmetric dialgebras.

Proof. Let (D,,F, «, 5) be a BiHom-associative dialgebra, then (15) and
(16) are satisfied. Since the products - and - are associative with the
condition (23), the equalities (17) and (18) are established. O

Remark 2.33. Any BiHom-left symmetric algebra is a BiHom-left sym-
metric dialgebra in which 4=F. A nonassociative BiHom-left symmetric
algebra is not a BiHom-left symmetric dialgebra.

Proposition 2.34. A BiHom-left-symmetric dialgebra S is a BiHom-asso-
ciative dialgebra if and only if both products of S are BiHom-associative.

Proof. 1f a BiHom-left-symmetric dialgebra S is a BiHom-associative
dialgebra, then both products = and - defined over S are BiHom-associative
according to Definition 2.30. Conversely, if each product of a BiHom-left-
symmetric dialgebra is BiHom-associative, then by Definition 2.14, S is a
BiHom-associative dialgebra. O

Definition 2.35. An averaging operator over a BiHom-associative algebra
(A, p, a, ) is alinear map v : A — A such that aoy = yoa and oy = vof3,
and for all z,y € A,

V(v (2),y) = p(y(@),7(y) = v(ulz,v(y)))- (28)

Theorem 2.36. Let (A, ) be an associative algebra and a, f : A — A two
averaging operators such that (A, -, «, §) be a BiHom-associative algebra.
For any z,y € A, define new operations on A by

rhy=a(@) Ay and z-y=p)-ay).
Then (A, -, F, a, 8) is a BiHom-associative dialgebra.
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Proof. We prove only one axiom, as others are proved similarly. For any
x,y,z € A,

a(@) 4 (yHz) = (z1y) 18(2)

=af(z) - a(B(y) - a(z)) — B(B(z) - aly)) - af(2)

=af(z) - (aB(y) - a(z)) — (B(z) - aB(y)) - aB(z)  (by (28))

=af(z) - (af(y) - a(z)) —ab(z) - (aB(y) - a(z)) = 0. (by (5))
This proves the second axiom in Definition 2.30. ]

Definition 2.37. Let (D, -, a1, as) be a BiHom-associative dialgebra,
and V' be a vector space. Let Iy, 74, -, 7 : D — gl(V),and B1,02 : V = V
be six linear maps. Then, (4,74, -, 7, 81, B2, V) is called a bimodule of
D if for any x,y € D and v € V:

= Ni4(y)v
Jre(y)(v) =re(y H o

Iy(z = y)B2(v) = (o (z ; )

(a2 () )B1(v), Lz Hy)B2(v) = (a1 (z))l4(y)v,
r(ea(2)l4(y)v = l4(a1(y))r+4(x)v,  r4(az(x))r4(y)(v) = r4(y = z)B1(v),
I4(z A y)B2(v) = l4(ca(2))l-(y)v, r(a2(2))l-(y)v = - (a1 (y))r-(z)v,
rr(ao(@)r-(y)(v) = r-(y F 2)B1(v), I-(z k- y)B2(v) = l-(e1(2))lr-(y)v,
(e (@)l (y)v = I-(a1(y))r+(x)v,  r4(az(2))r-(y)(v) = r-(y = 2)B1(v),
I4(x 4 y)B2(v) = l-(a(2)l5(y)v,  r-(a2(@)l5(y)v = I-(a1(y))r-(x)v,
(a2 (2))r4(y)(v) = re(y B 2)B1(v),  Bi(l-(2)v) = b-(a1(z))Bi(v),
Bi(r-(z)v) = r-(eu(x))B1(v), Ba(lr-(7)v) = I-(az(x))Ba(v),
Ba(r-(z)v) = r-(az(x))B2(v), Br(l4(z)v) = l4(ai(z))Br(v),
Bi(ra(z)v) = ry(ea(z))Bi(v), Ba(lo(z)v) = l4(az(z))B2(v),
Ba(r4(z)v) = ry(az(x))Ba(v).

Proposition 2.38. Let (14,74, -, 7, 81, B2, V) be a bimodule of a BiHom-
associative dialgebra (D, ,F, a1, a2). Then, there exists a BiHom-associa-
tive dialgebra structure on the direct sum D @ V' of the underlying vector
spaces of D and V given for all x,y € D,u,v € V by

(z+u)+ (y+v) = z4y+I4(@)v+ra(y)u,
(x+u)H (y+v) = xky+i-(x)v+r-(y)u,
(a1 +B1)(x+u) = ai(z)+ Bi(u),
(e + Ba)(x+u) = ag(x)+ Ba(u).

We denote such a BiHom-associative dialgebra by D Xy, - 1 r a1,a0,81,8, V-
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Proof. We prove only one axiom, as others are proved similarly. For any
xr1,T9,x3 € D and vy, ve,v3 € V),

((x1 +v1) F (22 +02)) 4 (ag + B2)(x3 + v3)
= (z1 F 2o + I (21)ve + 1 (w2)v1) 7 (an(x3) + B2(vs))
= (z1 b x2) H aa(x3) + I4(z1 F x2)B2(v3)
+ ro(oan(x3))l-(21)v1 + r4(az(z3))r(22)v1.
(a1 + B1)(z1 +v1) H (22 4+ v2) ' (23 + v3))
= (a1 (z1) + B1(v1)) H (22 423 + I5(w2)v3 + 74(23)v2)
=ai(z1) F (x2 x3) + I (a1 (z1))l4(z2)vs
+ l-(o (1)) r4(23)v2 + 1 (22 4 23) B1(v1),

which implies that

((x1 +v1) - (x2 + v2)) —|/(012 + B2)(x3 + v3) =
(a1 + B1)(x1 + v1) H ((x2 + v2) - (x3 +wv3)).0

Ezxamples 2.39. Some examples can be obtained as follows.
1) Let (D,,, a, 5) be a BiHom-associative dialgebra. Then the tuple
(L4, R4, L, R, o, B, D) is a bimodule of D, where

Li(a)b=a-b, Ry(a)b=>b-a, Li(a)b=al bR (a)b=0bFa

for all (a,b) € D?. More generally, if B is a two-sided BiHom-ideal of
(D,4,F,a, ), then (Ly, R4, L, R, , 3, B) is a bimodule of D, where
the structure maps are L4(a)r =a 4z =2 4a = R4(a)x and Ly (a)x =
atz=xFa= R-(a)r for all z € B and (a,b) € D%

2) If (D,H,F) is an associative dialgebra and (I4,r4,l-, 7, «, 5,V) is a
bimodule of D, then (I4,r4,l-, 7, Idp,Idp,V) is a bimodule of D where
D = (D,H,k, Idp,Idp) is a BiHom-associative dialgebra.

PI’OpOSitiOIl 2.40. If f : (Dl, —|1, l—l, aq, 012) — (DQ, —|2, "2,51, Bg) is a
morphism of BiHom-associative dialgebra, then (l4,r, -, rr, 1, B2, D2)
is a bimodule of D; via f, that is, the structure maps are defined as

l—h (CL) f(a) _|2 b7 T4 (a’>b =b _|2 f(a),
Iy (a)b = f(a) 2 b, T (a)b =0b2 f(a)

for all (a,b) € Dy x Ds.

b:
b:

Proof. The proof is obtained in a similar way as for Proposition 2.23. [J
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Theorem 2.41. Let (A, H4,F 4, a1, a2) and (B, g, 5, A1, f2) be BiHom-
associative dialgebras. Suppose that there are linear maps

lﬂAur—(Ayll—Aur)—A tA _>gl(B)7 l—|Bar—137l|_B7T|_B : B _>gl<A)
such that

(l4,, 74,504,704, B1, B2, B) is a bimodule of A,

(l4g, 745, k5, THp, 01, 02, A) is a bimodule of B,
and for any z,y € A, a,b € B,

r4,(e2(2))(a g b) =1, (14, (b)x)B1(a) + Bi(a) Fp (14, (2)D),
L1, (I (a)z) B2 (b) + (re, (z)a) HB B2(b) =
Bi(a) Fp (L, (2)b) + 11y (14 (b)) Br(a),
i, (ea(2))(a g b) = (I, (¥)a) A B2(b) + 14, (r5 (a)z) B2(D),
r,(a2(z))(a A b) = 14, (I (b)x)B1(a) + Bi(a) "B (r,(z)
U, (L (@)2) Ba(b) + (14, (2)a) 1B B2(b) =
Bi(a) Ap (14, (2)b) + 14, (r4, (b)z)B1(a),
1, (ea(2))(a g b) = (I4,(2)a) A B2(b) + 14, (r;(a)z)B2(D),
r,(a2(z))(a A b) = 14, (I (b)x) B1(a) + Bi(a) Hp (1, (2)b),
L1,y (L (a)z)Ba(b) + (14, (z)a) "B B2(b) =
Bi(a) Ap (I, (@)b) + 14, (r-5 (0)z) B1(a),
liy(ea(@))(akp b) = (I4,(x)a) 4 B2(b) + 14, (r5 (a)z)B2(D),
14 (a2(z))(a b b) = 1, (I (b)x) B1(a) + Bi(a) B (1, (2)b),
Uy (I (a)z)B2(b) + (1, (z)a) FB B2(b) =
Bi(a) Fp (I, (2)b) + 1, (r5 (D)) B1(a),
Ik qy(ea(@))(abp b) = (-, (v)a) b B2(0) + I, (rr-5 (a)z) B2(D),
1, (a2(z))(a Hp b) = r, (I, (b)2)B1(a) + Bi(a) Fp (1, (2)b),
Uy (Lig (a)z)Ba(b) + (ra, (z)a) B B2(b) =
Bi(a) b (I, (@)b) + 71, (15 (0)2) Br (@),
Ik (e (2))(abp b) = (I4,()a) b B2(0) + I, (r5(a)z) B2(D),
5 (B2(a)(x Fay) = rep (L4, (y)a)ar(z) + a1 (x) Fa (r,(a)y),
g (4 (R)a)az(y) + (rep(a)r) Ha 2(y) =
a1(w) Fp (lag(@)y) + ey (ra, (y)a)oa (z),
lip(Bi(a))(z Ha y) = (h-5(a)x) Ha a2(y) + lig (1, (2)a)az(y),
45 (B2(a))(x Ha y) = 145 (14, (y)a)ar () + ar(x) Ha (rp(a)y),
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g (I, (@)a)az(y) + (raz(a)x) Ha a2(y) =
ar(z) B (g (a)y) + rp (ra, (y)a)on (@),
lip(Br(a))(z Hay) = (lip(a)x) Ha aa(y) + Ly (r4, (x)a)az(y),
g (B2(a))(x Hay) = rp (I, (y)a)ou (z) + ar(z) Ha (rr4(a)y),
Lo (14, (1) )2 (y) + (45 (@)) a1 () =
a1(z) g (I (@)y) + rp (e, (y)a)ar (z),
lip(Br(a))(z Fay) = (lig(a)x) Ha aa(y) + 1y (r4, (2)a)az(y),
rp(B2(a)) (@ Fay) = rep (I, (y)a)on(z) + ar(z) Fa (rr4(a)y),
I (k4 (w)a)an(y) + (rep(a)r) Fa co(y) =
a1(z) b (I (@)y) + rep (e, (y)a)ar (z),
Iy (Br(a))(z Fay) = (g (a)x) Fa aa(y) + -5 (1, (2)a)az(y),
rip(B2(a))(x Ha y) = rep (I, (y)a)on(x) + ar(z) Fa (rr4(a)y),
I (I, () a)az(y) + (r+p(a)z) Fa az(y) =
a1(z) b (I (@)y) + rep (e, (y)a)ar (z),
lep(BL(a))(@ Fay) = (g (a)z) Fa aa(y) + Ik (r, () a)az(y).
Then, there is a BiHom-associative dialgebra structure on the direct sum
A @ B of the underlying vector spaces of A and B given by

(x+a) A (y+0b)=(z A2y +714500)7 + l45(a)y)

+ (4, (x)b+714,(y)a+a-p b),
(x+a)F(y+b)=(@Fay+ryz0)r+i,(a)y)

+ (I, ()b + 1+, (y)a +a g b),
(1 + Bi)(z +a) = au(z) + Bi(a), (a2 + B2)(x +a) = az(z) + P2(a).

By A [><]l%A Tyl 407 481,81

; . B we denote this BiHom-associative dialgebra.
—1Bzr—137 )_B,T’)_B,al,QQ

Proof. The proof is obtained in a similar way as for Theorem 2.8. O

3. Bimodules and matched pairs of BiHom-tridendriform
algebras

In this section, we recall definitions of BiHom-dendriform and BiHom
tridendriform algebras given in [33]. Next we study the concept of bimod-
ules and matched pairs of BiHom-tridendriform alge- bra and we give
some related properties.

Definition 3.1. A BiHom-dendriform algebra is a quintuple (A, -, F, «, 3)
consisting of a vector space A on which the operations 4, A® A — A
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and «, 8 : A — A are linear maps satisfying a o f§ = o « and

a(r Hy) = a(z) 4a(y),a(z - y) = a(z) - aly),
Bz Ay) = B(x) 4 B(y), Bz Fy) = B(x) - B(y),

(zHy) 4B(z) =a(z) 4 (y 1z +yk 2),
(zFy) H4B(2) =alz)F (y12),
afr)F(yFz)=(rdy+xky) k- B(2).

Remark 3.2. BiHom-dendriform algebras are BiHom-X algebras.

Proposition 3.3. If (A, ,F, a, 8) is a BiHom-dendriform algebra, and
xxy=xdy+axtyforall z,y € A, then (A, *,«a, ) is a multiplicative
BiHom-associative algebra.

Proof. For all x,y,z € A,

(*y)xB(2) = (v Hy) 4B(2) + (z Hy) - B(2)
+(zty)A8(2) + (xky) - B(2)
= (zdy) 48(2) + (z - y) 4 B(2)
+(@Hy)FB(z) + (xky) k- B(2)
= (z4y) 4B8(2) + (zFy) 4 B(2) + (z*y) F B(2)
=az)d(yx2)+alz)-(ydz)+alx)F (yF2)
=a(z) 4 (y*x2) +a() - (y*2) =a(@)* (y*2),
a(zxy) =a(rky) +alzHy) =alr) Fay) + a(z) 4 a(y)
= a(z) * a(y),
B(xxy) =Bzt y)+ Bz Hy) = B(x) F Bly) + B(x) 1 B(y)
= B(x) * B(y). O

Definition 3.4 ([22]). If (A, H,F, a1, a2) is a BiHom-dendriform algebra,
V is a vector space, and l4, 74, I, : A — gl(V), p1,52 : V — V are six
linear maps, then (I4, 74, -, r, 81, B2, V) is called a bimodule of A if for
any r,y € A,veVandexy=xdy+aty, s =I5+ 1, re =r4+r,
the following equalities hold

I4(z A y)Ba(v) = I4(ar(z))l(y)v,  ra(az(@))l4(y)v = l4(a1(y))r(z)v
ra(aa(y))r4(y)v = rq(z xy)B1(v), Lz Fy)Ba(v) = l-(a1(x))l4(y)v,

r4(a2(2)h-(y)v = (1 (y))r4(z)v,  r4(az(@))r-(y)v = re(y = )1 (v),
(7 xy)B2(v) = I-(ar(2))l-(y)v,  re(ae(@)l(y)v = l-(a1(y))r-(2)v,
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re(az(@))re(y)o = re(y F2)B1(v),  Bi(l-(z)v) = l-(a1(x))B1(v),
Bi(re(z)v) = re(aa(z))Bi(v), Ba(l-(z)v) = l-(az(x)) B2(v),
Ba(rr(z)v) = ri-(aa(z))Ba2(v), Bi(l4(z)v) = l4(a(x))B1(v),
Bi(r4(z)v) = ro(ai(z))pBi(v), Ba(l4(x)v) = l4(az(x))Ba2(v),
Ba(r4(z)v) = ro(az(z))B2(v).

Proposition 3.5 ([22]). Let (I4,74,l-,7, f1, 52, V) be a bimodule of
a BiHom-dendriform algebra (A, -, F, a1, as). Then, on the direct sum
A @V of the underlying vector spaces of A and V', there exists a BiHom-
dendriform algebra structure given for all x,y € A,u,v € V by

(x+u)~ (y+v)=z4y+14x)v+r5y)u
(z4+u) F (y+v) =z y+i(x)v+r-(y)u,
(1 + B1)(x +a) = a1(z) + Bi(a), (a2 + B2)(z + a) = az(z) + B2(a).

We denote it by A XLyrde e an,00,8,8: V-

Theorem 3.6 ([22]). Let (A, H4,Fa,a1,a2) and (B, -, Fp, b1, S2) be
two BiHom-dendriform algebras. Suppose that there are linear maps

l—|A7T—|A;l'—A7T|—A A_>gl(B)7 l—¢377ﬂ—|3,l|—3ar}—3 : B _>gl(A)
such that for all x,y € A, a,b € B and for

rxpy=cdayt+abay, la=l,+b,, ra=rq +r,,
axpb=a-dpb4+abtpb, 1,=14,+l,, rp=ri,+r,,

the following equalities hold:

ra(e2(z))(a -p b) = fi(a) Ap (ra(x)b) + 74, (s(x)A1(a)),

4, (lap (7)) B2(b)  +  (rq,(x)a) HAp B2(b) =
Bi(a) Ap (14, (2)b) + 14, (r45 (b)z)B1(a),

iy (ea(z))(axp b) = (I4,(x)a) *p B2(b) + 14, (r4, (a)z)B2(D),
r,(a2(z))(a bp b) = 1, (I (b)x)Bi(a) + Bi(a) Fp (r,(z)b),
Lig(lep(a)z)Ba(b) +  (re,(2)a) B B2(b) =
Bi(a) Fp (L4, (2)b) + 11y (14 (0)2) Br (),
I (1 (x))(a g b) = (I, (x)a) 4B B2(b) + 1, (1 (a)z) B2(b),
14 (a2(z))(a*p b) = Bi(a) Fp (1, (2)b) + 1, (I 5 (b)x) B1 (),
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Bi(a) FB (b, (@)b) + 1, (15 (0)7)B1(a) =
I, (Ip(@)x)B2(b) + (ra(x)a) Fp B2(b),

Iy (c1(z))(atp b) = (la(z)a) Fg Ba(b) + -, (rB(a)z)B2(b),
5 (B2(a))(x Ha y) = a1 (x) Ha (re(@)y) + 45 (la(y)a)ar
lg (4, (x)a)az(y) + (rag(a)r) Ha aoly) =

&

ar(z) Ha (Is(a)y) + 745 (raly)a)a (2),
L (Bi(a)(z x4 y) = (lip(@)x) Ha az(y) + 14, (4, (2)a)az(y),
45 (B2(@)) (@ Fa y) = 15 (L (Y)a)en (z) + an(z) Fa (r45(a)y),

g (@)a)az(y) + (reg(a)r) Ha a2(y) =
) Fa (l—|B( )y) + kg (r“A (y)a)al ($)7
g (Bi(a))(z Ha y) = (I-5(a)x) Ha a2(y) + lg (1, (2)a)az(y),
5 (B2(a)) (@ x4 y) = ar(z) ba (reg(a)y) + 1oy (I, (y)a)ar (),
a1(z) Fa (lkp(a)y) + regp(re,(y)a)oaa(z) =
Ik (la(x)a)az(y) + (re(a)r) Fa aa(y),
lep(Bi(a))(z Fay) = (Ip(a)z) Fa az(y) + l-5(ra(z)a)as(y).

Then tuple (A, B, L T ey e B, B2y gy T e gy T, 01, CMQ) is
called a matched pair of BiHom-dendriform algebras. In this case, on the
direct sum A @ B of the underlying vector spaces of A and B, there exists
a BiHom-dendriform algebra structure given by

(z+a) A (y+b) =z A4y + (l4,(x)b+7r4,(y)a)
+a-g b+ (Iq,(a)y +r4,(

(z+a)F(y+b)=atay+ (U, (2)b+r,(y)a)
+atpb+ (I-z(a)y +r,(b)x),

(1 ® B1)(z 4+ a) = a1 (z) + Bi(a), (2@ f2)(z+a) = az(z) + fa2(a).

b)x),

We denote this BiHom-dendriform algebra by A Mﬁg’;ﬁ’ﬁﬁ’i@
Definition 3.7. A BiHom-tridendriform algebra is a tuple (7', -, F, -, , 5)
consisting of a linear space T, three bilinear maps 4,F,- : T ® T — T,

and two linear maps «, 8 : T — T satisfying for any x,y,z € T,

aofi=pfoa, (29)

alzdy) =a(z) daly), alzby)=alz)t ay), (30)
Blx4y)=px)46(y),  Blary) =5k L), (31)
Bz y) =px)-Bly),  Blz-y)=PB(x) By), (32)
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(x-y) 48GR)=alz)d(ydz2+yt2+y-2), (33)
(xby)4B(z) =al2) - (y2), (34)
az)F(yk2)=(xdy+zky+z-y)k B(2), (35)
(y)-B(z) =az) - (y+ 2), (36)
(xby)-Bz) =alx) - (y-2) (37)

(x-y) 4B(2) = afz) - (y 1 2), (38)
(@-y)-Bz) =afz) (y-2). (39)

Remark 3.8. BiHom-tridendriform algebras are a BiHom-X algebras. Also,
when the BiHom-associative product ”-” is identically null, we get a BiHom-
dendriform algebra.

Proposition 3.9. Let (T, ,+,-, «, 5) be a BiHom-tridendriform algebra,
and for any v,y € T,z - y =2+ y+ x-y. Then (T,4,H, ) is a
BiHom-dendriform algebra.

Proof. We prove only one axiom, as others are proved similarly. For any
z,y,z €T,

(xHy)4B8(z) = (@Fy+z-y)45(2)

=a(z)F(y4z)+alx) (y1z) (by (34) and (38))
=a(z) H (y - 2). O
Theorem 3.10. Let (A, -, o, 5, R) be some Rota-Baxter BiHom-associa-
tive algebra of weight A\, and three new operations -, and * on A are
defined by x Hy =2 - R(y), =k y=R(x) -y, zxy=Ar-y. Then
(A, 4, %, «, ) is a BiHom-tridendriform algebra.

Proof. We prove only one axiom, as others are proved similarly. For any
T,Yy,z € A,

(zFy) 48(2) = (R(z) -y) 4 B(2)
(R(z) -y) - R(B(2)) = a(R(x)) - (y - R(2))
a(R(z))-(ydz2) =alz)F (y42) =al@) - (y+2).0

In Theorem 3.11, we show how to associate a BiHom-associative algebra
to any BiHom-tridendriform algebra.

Theorem 3.11. Let (T,,F, -, a, 8) be a BiHom-tridendriform algebra,
and xxy=axFy+azdy+xz-y, forall z,y € A Then (T,*,,[) is a
BiHom-associative algebra.
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Proof. For any x,y,z €T,

(z*xy)*B(z) —a(z)* (yx2) = (b y)F B(z) + (z dy) F B(2)

+(z-y)FB()+ (@ky) 48(2) + (zHy) 48(2) + (z-y) 14 B(2)
+(@ky) - Bz)+(@y) - B(z) + (z-y) - B(2)
a@)F(ykz)—al@) k- (ydz) —a@) - (y-2)
afz) A (ykz)—alx) Ay Hz) —a@) 4 (y-2)

—a(@) (yFz)—alz) (ydz)—alz) (y-2).

The left hand side vanishes by axioms in Definition 3.7. This proves that
(T, *,a, B) is a BiHom-associative algebra. O

Now, we introduce the notion of bimodule of BiHom-tridendriform
algebra.

Definition 3.12. Let (T, H,F, -, a1, as) be a BiHom-tridendriform algebra,
and V be a vector space. Let I, r4, I, r, L, r. : T — gl(V), and Sy, P2 :
V — V be eight linear maps. Then, (14,74, -, -, 1., 7., 51, B2, V) is called
a bimodule of T if the following equations hold for any =,y € T and
veV:

I4(z Hy)Ba(v) = I4(ar(z)l(y)v,  rq(az(@))l4(y)v = Ly(aa(y))r(z)v,
ra(aa(y))r4(y)v = rq(z xy)B1(v),  4(zF y)Ba(v) = I-(a1(z))l4(y)v,
r(a2(z)l-(y)v = I-(a1(y))r4(z)v,  r4(a2(@))r-(y)v = r-(y 4 2)B1(v),
(2 x y)Ba(v) = I-(ar1(x))b-(y)v re(a2(2))l(y)v = b-(a1(y))r-(z)v,
r(ae(@))r(y)o = r-(y E2)Bi(v),  1L(z Ay)B2(v) = L (a1(2))l-(y)v,
r.(az(2))l4(y)v = Llaa(y))re(z)v,  r(az(z))r+(y)v =r.(y - z)Bi(v),
L(z Fy)Ba(v) = li-(an(2))l.(y)v r.(a2(2))l-(y)v = I (a1 (y))r.(z)v
r.(az(z))r-(y)v = r-(y - ) B1(v) (2 - y)Ba(v) = L(c1(2))l4(y)
r(az(@)l(y)v = L(ar(y))r+(x)v,  ro(aa(z))r(y)v =r.(y 4 2)B1(v),
L(z - y)B2(v) = (a1 (2))l.(y)v, r.(az(2))l.(y)v = 1.(a1(y))r.(z)v,
r.(aa())r.(y)v =r.(y-z)B1(v), Br(l-(z)v) = I-(ai(z))B1(v),
Bi(re(z)v) = r(a1(z))B1(v), Ba(l-(z)v) = l-(az(x)) B2(v),
Ba(rr-(z)v) = r-(aa(z))B2(v), Bi(l4(z)v) = l4(aa(2))B1(v),
Bi(r+(z)v) = ro(ai1(z))Bi(v), Ba(l4(z)v) = l4(az(2))B2(v),
Ba(r+(z)v) = ro(as(z))Ba2(v),

where zxy=cdy+aoty+ao -yl =4+ +1l,re=rq+r- +r.
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Proposition 3.13. Let (I4,r4,l-,r-,l.,7r.,B1,52,V) be a bimodule of
a BiHom-tridendriform algebra (7',,F, -, a1, a2). Then, on the direct
sum 17" @ V of the underlying vector spaces of T and V', there exists a
BiHom-tridendriform algebra structure given, for all x,y € T, u,v € V, by

(x+u) (y+v)=z"dy+I4x
(x+u)H (y+v)=aFy+I-(2)v+r-(y)u,
(x4+u)-(y+v)=z-y+1L(z)v+r(y)u.

v+ 7r4(y)u,

~— —

We denote it by T" X p i 1.r 01,002,818 V-

Proof. We prove only one axiom, as others are proved similarly. For any
x1,xo,x3 € T and vy, v9,v3 € V,

(1 +v1) F (22 +v2)) 7 (g + B2)(z3 + v3)
= (z1 F 22 + - (21)v2 + r(22)v1) ' (2(x3) + B2(v3))
= (71 b 22) 4 aa(w3) + I4(z1 F 22)B2(v3)
+ ry(aa(xs))l-(z1)v1 + ro(ag(zs))r-(z2)v1.
(a1 + B1)(z1 +v1) H ((m2 +ve) ' (23 + v3))
= (o (1) + B1(v1)) F' (z2 @3 + l4(w2)vs + r4(x3)v2)
=aq(z1) b (22 H23) + I (a1 (21))4(z2)v3
+ (a1 (z))ra(z3)ve + re(x2 + 23) B1(v1).

We deduce that ((z1+v1) H (xa+v2)) ' (ag+F2)(x3+v3) = ((x1+0v1) H
(xg +v2)) ' (ag + B2)(x3 + v3). This ends the proof. O

Ezamples 3.14. Some examples of bimodules of BiHom-tridendriform
algebra can be constructed as follows.
1) Let (T, 4,F, -, a, ) be a BiHom-tridendriform algebra. Then

(L4, R4, L, R-,L.,R.,a,3,T) is a bimodule of T,

where for all (a,b) € T2,

Ly(a)b=a-b, Ry(a)b=bHa
Li(a)b=atb, R-(a)b=>bF a,
L(a)b=a-b, R.(a)b="0"a.

More generally, if B is a two-sided BiHom-ideal of (T, 4, -, a, 8), then

(L4, R4, L, R-,L.,R.,a, 3, B) is a bimodule of T,
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where for all € B and (a,b) € T*2,

Lia)r=a-4z=24a= Rya)
Li(a)r=aFz=2t+a= R (a)

L(a)r=a-v=2-a=R.(a)x.

xz,
xz,

2) If (I4, 7, I, -, L, 7., V) is a bimodule of a BiHom-tridendriform algebra
(T,4,k,-), then (4,74, -, r, L., 7., Idy,Idy,V) is a bimodule of T, where
T = (T,4,F, -, Idp, Idy) is a BiHom-tridendriform algebra.

PI‘OpOSitiOH 3.15. Let f : (T, _|1, |_1, 1,00, 012) — (T/, —|2, "2, ‘9, Bl, 52)
be a morphism of BiHom-tridendriform algebras.

Then (I, 7y, Iy, 7y s Ly 7y B1, B2, T7) s a bimodule of T' via f, that
is, for all (a,b) € T x T",

l4,(a)b= f(a) 42 b, ro, (a)b=b-2 f(a),
I (a)b= f(a) F2 b, r, (a)b=bks f(a),
L@b=f(@) b, ry(@b=b- [(a)

Proof. We prove only one axiom, since other axioms are proved similarly.
For any z,y € T and z € T",

by (7 1 y)Ba(2) = fz 1 y) 2 Ba(2)
= (f(z) %2 f(y)) "2 Ba(2) = Bif(z) f2 (f(y) *2 2)
= flan(x)) 42 Ly (y)z = 15, (1 (2)) iy (y) 2. O

Definition 3.16. An abelian extension of BiHom-tridendriform algebra
is a short exact sequence of BiHom-tridendriform algebra

0—=(V,av, Bv) EN (T, 7, b1, 7, o, Br) S (T, s, b v, e, B ) =0

where (V,ay, fy) is a trivial BiHom-tridendriform algebra, ¢ and 7 are
morphisms of BiHom-algebras. Furthermore, if there is a morphism s :
(T’, e e, e BT’) — (T, A, 7, o, ap, ﬁT) such that mos = idp,
then the abelian extension is said to be split and s is called a section of 7.

Remark 3.17. Consider the split null extension T' @ V determined by
the bimodule (I4, 74, -, 7, L., 7., ay, By, V) for the BiHom-tridendriform
algebra (T, 4p,Fp, -, a, B) in the previous proposition. Write elements
a+vof T@®V as (a,v). Then there is an injective homomorphism of
BiHom-modules ¢ : V. — T & V given by i(v) = (0,v) and a surjective
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homomorphism of BiHom-modules 7 : T'® V — T given by 7(a,v) = a.
Moreover, i(V) is a two-sided BiHom-ideal of T@®V such that T®V/i(V) =
T. On the other hand, there is a morphism of BiHom-algebras o : T" —
T &V given by o(a) = (a,0) which is clearly a section of 7. Hence, we
obtain the abelian split exact sequence of BiHom-tridendriform algebra
and (I4, 74, l-, e, L, ., oy, By, V) is a bimodule for T via .

Proposition 3.18. Let (I4,r4,l-,r, 1,7, 81,52,V) be a bimodule of
a BiHom-tridendriform algebra (7', k-, a1, a2). Let (T, %, a1, a2) be
the associated BiHom-associative algebra. Then, (I4+ - +1.,r4+r- +
., 1, B2, V) is a bimodule of (7', %, a1, a2).

Proof. We prove only one axiom. The other axioms are proved similarly.
For any x,y € A,v € V,

L(z xy)Ba(v) = (14 + Ik + 1)(x x y)B2(v)
=4+l +l)(zHdy+aty+a-y)ba(v)
= l4(z 4y)B2(v) + l4(z F y)B2(v) + l4(z - y)B2(v) + I (z * y) B2(v)
+ 1 (x Hy)B2(v) + 1.(z F y)B2(v) + I.(x - y)B2(v)
= I4(a1(z))l(y)v + - (a1 (2)) 4 (y)v
+ 1 (on (2)l4(y)v + k- (ea (2)) - (y)v
+ L (2)b-(y)v + b-(ar ()l (y)v + L(ea (2))L(y)v
=g+l +1)(aa(z)(lq+ 1+ 1) (y)v = L(ai(x))l(y)v. O

Theorem 3.19. Let (7, -,F, -, a1, ag) be a BiHom-tridendriform algebra,
and V3, g, = (l4,74, I, -, L., 7., B1, B2, V') be a bimodule of T Let o, o,
be two endomorphisms of T" such that any two of the maps aq, o, ag, o,
commute and (3], S5 be linear maps of V' such that any two of the maps
b1, 1, B2, B4 commute. Suppose furthermore that

Broly=(lqyoa))B;, Bholy=(l50a%)b5,
Brol- = (l-oa))B, Bhol- = (I-oab)bh,
Brol.=(l.oay)By, Byol = (l.oay)ss,
Brory=(rqo0a))By, Byory=(ryoay)bs,
Bror = (r-oal)By, Pyore = (r-oay)bs,
Blor. = (r.oah)Bl, Bhor. = (r.oay)bh,

and write Ty o = (T, Jat 0 ol s "o al ,alal,a2a2) for the BiHom-

trldendrlform algebra and Vg 5 = (l_|,7“_|,l;_,r|_, LT P18y, BB, V),
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where
L= (q0a))By,  7a=(ryoab)b],
I =(lroad))Bsy, T = (r-oay)pf,
L=(Loa})By, 7 =(roah)p.

This gives the BiHom-module Vg g the structure of Tty ay-bimodule.

Proof. We prove only one axiom, since other axioms are proved similarly.
For any xz,y €¢ T and v € V,

L4(@ Aoy 9)B285(0) = 140 (@) Fagay o (1)) 5255 (v)

= 14(a/2}x) - o ah(y))B2B'250) = I4(en e (@) (e @b (1)) 87 (v)

= ly(a1a1 (@)l (a1 (y)) Ba(v) = ly(a1a) (z))l (y)o. O

Let (I4,r4,l-,m, L., 7., b1, B2,V) be a bimodule of a BiHom-tridendri-
form algebra (T',H,t, -, a1, 2) and U, r%, [5,rf U rf 2 T — gl(V™). Let

aj,a5 :T* = T* pB7,B5 : V' = V* be the dual maps of respectively
a1, @, f1 and [ such that

<l:(1")U*>U> = <U*al—|(l‘)v>a <T¢($)U*7U> <U*7T|—($)U>v
(I (z)u*,v) = (W, [-(z)v),  (rf(z)u*,v) = (u*, r(z)v),
(IF(z)u*,v) = (u*, L(z)v), (r¥(z)u*,v) = (u,r.(z)v),
aj(z*(y) = 2" (e (y)), a;(z*(y) = 2" (2(y)),
i (u*(v) = u*(P1(v)), B3 (u*(v) = u*(B2(v))-

Proposition 3.20. Let (I4,74,l-,7-,1.,7., (1, 52,V) be a bimodule of a
BiHom-tridendriform algebra (T',,F, -, a1, a2).

Then (%, 7%, L5, rE, U, vk, B, B3, V) is a bimodule of (T, H,F, -, a1, o),
provided that for all z,y € T and u € V/,

Ba(l4(z A y))u = L(y)la(an(@))u, 14(y)r4(ae(@))u = r(@)l4(a1(y))u,
ra(y)ra(az(y))u = Bi(ra(z xy))u,  Bo(ly(z b y))u = l4(y)l-(a1(z))u,
I-(y)r+(az(@))u = ry(z)l-(r (y)u, re-(y)r+(aa(z))u = Bi(r-(y 4 z))u,
Bo(l-(z * y))u =l (y)l-(cr(x))u,  L(y)r-(az(z))u = r(2)l-(a1(y))u,
re(y)re-(az(@))u = Bi(r-(y = 2))u,  Ba(l.(z Fy))u = I-(y)l.(a1(z))u,
I4(y)r-(az(x)u = ()l (1 (y))u, r4(y)r(az(z))u = Bi(r.(y F x))u,
)
)
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L(y)r+(ag(@))u = ra(@)l(aa(y))u,  r.(y)r(ez(z))u = Bi(r-(y 4 2))u,
Pa(l-(z - y))u = L(y)l (e (2))u, L(y)r-(az(z))u = r(z)l.(ar(y))u,
r(y)r-(az(@))u = Bi(r.(y - ))u,

where zxy=ocdy+ory+o -y l=04+1r+l,ro=rq+r-+r. .

Theorem 3.21. Let (A, -4,F4,-4,a1,a2) and (B,-p,Fp, B, f1,P2) be
two BiHom-tridendriform algebras. Suppose that there are linear maps

Loy, ey eyl r, o A— gl(B),
l—|Bar—1BalF37T|—BalBa ‘B B—>gl(A)7

such that

(s by e gy Lys 7y, 1, B2, B) is a bimodule of A,

(g, 45, le g, Ty Ly T g1, a2, A) is a bimodule of B,
and for

rxpay=xday+arbtayt+z-oay, la=Ilq, +i,+1,,
TA=TH4, T, 7,4,
axgpb=a-lpb+atpb+a-pb, lB:l4B+lFB+l~B,

B ="4p + T + 7.
and for any x,y € A, a,b € B,

ra(e2(z))(a Ap b) = 1415 (0)2)B1(a) + fr(a) A (r,(2)b),  (40)

I, (I (@) ) Ba(b) +(HA( x)a) Ap P2(b) = (41)
Bi(a) A (14, (2)b) + -, (145 (b)x) f1(a),

Ly (ea(x))(a xp b) = (I, ()a) xB Ba(b) + 14, (r45 (a)2) 52(D),  (42)

ra(e2(2))(a g b) = 1, (I (0)2) B1(a) + Br(a) Fp (4, (2)b),  (43)

44 (5 (@)2) B2 (b) - +(rr, (z)a) Hp P2(b) = (44)
Bi(a) b (14, (2)b) + e, (145 (b)x) B1(a),

B2(b) + 15, (r5 (@) ) Ba(b),  (45)

) ), (46)

(47)

(48)

(49)

L4, (aa(z))(a A b) = (I, (x)a
)

N
(@)

B (
) )
-, (ao(z))(a*p b) = rr, (I-5(b)x
I (La(a)z)B2(b) +( A(@)a) bp Pa(b) =
(@) FB (k4 (2)b) + 7 (1 (D)) B (),
I 4 (ar(z))(a bp b) (lFA(fU)a) F P2(b) + la(rp(a)z)B2(b),
r.a(a2(z))(a 4 b) = r., (I, (b)x)B1(a) + Bi(a) -B (1, (x)b),

B
z)Bi(a) + Bi(a) Fp (1, (2)b),
B
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Bi(a) B (I,

N(atpb) = (4,(r)a) 5
Jatpb)=r (b)) (a
a)z)B2(b)  +(rr,(x)a) -
Bi(a) Fp (L
lm(oél(fv))(a B b) = (lr,(2)a) B
)

Ly (l4g(a)7)Ba(b) +(7“4A( Ja) B ?(b)
2

Lalan(z
((:v

)
(l'_B(

( 4 a),

ly(a1(2))(a—p b) = (lA(w)a) Ba(b) + 14, (r- ( ) )Ba(b),
r(e2(x))(a-pb) =1.,(L(b)z)Bi(a) + Bi(a) B (1., (2)b),

La(lg(a)z)B2(b) +(r,(z)a) B Pa(b) =

Bi(a) g (L, (@)b) + 7., (r.5(b)2)B1(a),
lLy(a1(z))(a-pb)=(l.,(x)a) B B2(b) +1.,(r z(a)z)B2(b)

745 (B2(a))(z Ha y) = rpa, (Y)a)ar () + ai(z) Ha (145 (a)y)

i (L, (@)a)az(y)  +(rap(a)z) Ha ao(y) =

(
Lip (Bi(a))(z x4 y) = (lhz(a)x) %4 a2(y) + lg (1, (2)a)aa(y),
45 (B2(a))(x Fay) = rep (l4,(
g (-4 (w)a)az(y)  +(rrg(a)z
(l4g(a)y) + rep(r4, (y)a)aa(z),
Lip (B1(a)(z Ha y) = (I (a)x) Ha az(y) + Ly (10, (2)a)aa(y),
5 (B2(a) (@ x4 y) = 1y (I, (V) @) a1 (z) + 1 (2) Fa (145 (a)y),
g (Up(z)a)as(y) +(rpla)z) Fa az(y) =
a1(2) g (b (@)y) + 15 (1, (y)a)ar (z),
J(@Fay) = (lg(a)r) Fa ax(y) + Ip(ra(z)a)as(y),
(z Hay) =rpl,(W)z)aa(z) + ar(z) -4 (14 (a)y),
z)a)az(y) +(rq,(a)z) -4 az(y) =
a1(x) - (b (a)y) + 7.5 (1, (y)a)ou (2),
J(@kay) = (lig(a)r) -4 ax(y) + 1, (rq, (z)a)aa(y),
(tay) =r,,(y)a)ai(z) +ar1(z) Fa (r5(a)y),
Ly, (z)a)aa(y) +(regz(a)r) -4 az(y) =

(a)
ai(z) Fp (Ly(a)y) + 1y (r, (y)a)aa (2),

ZFB (61 (a
r.p(Ba(a
Ly,
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lep(Br(a)(z-ay) = (k5 (a)r) -a aa(y) + 1, (e, (2)a)az(y), (75
g (Ba(@)) (@ -ay) = rp (L, (Y)a)ar (@) + (@) -a (r4(a)y), (76
lg (14 (x)a)az(y) +(7"B(a) ) 4 aa(y) =

5 +r.,(r, (y)a)ar(z),
Lp(Bi(a))(z-ay) = (Lz(a)z) A cx(y) +15(r,(z)z)a(y).
Then, there is a BiHom-tridendriform algebra structure on the direct

sum A & B of the underlying vector spaces of A and B given for any
x,y € A,a,b € B by

(75)

(76)

@
l"B(T'A(‘r)a)QQ(y)7 (78)
)y),  (79)

(80)

(81)

(z+a)4(y+b)=(xHay+raz(b)z+14,(a)y)

+ (44 ()b +714,(y)a +a - b),
(z+a)F(y+b)=(xFay+rgbr+i,(a)y)

+ (-, ()b + 7, (y)a+atpbd),
(x+a) - (y+b)=(x-ay+rybz+ly(a)y)

+ (., (x)b+7r. (y)a+a-pb).

Proof. The proof is obtained in a similar way as for Theorem 2.8. 0J

Ly yor= gl gore pobe 457 458181 I . .
By Apq, A7 "ATmAT AT AT A B we denote this BiHom-tridendri-
ligm-pl-goregil-goT grat,az2

form algebra.

Definition 3.22. Let (A, 4,4, 4,01, a2) and (B, g,k 5, B, 51, 52) be
two BiHom-tridendriform algebras. Suppose there exist linear maps

l—1A>T—|Aal}—A>TI—A71A7 A—>gl( )
l—|Bar—1Bal|—B7T|—BalBa B%gl(A)

such that (I4,,r+,,l-,, 74,0 4,7 4,51, B2) is a bimodule of A, and
(lag, 45, le g, g, Ly, Ty, 1, 2) s @ bimodule of B.
If (40) - (81) are satisfied, then
(A, Byl r s ey Ty L Toas B B2y b Ty e s Ty Ly Ty, V1, 02)

is called a matched pair of BiHom-tridendriform algebras.
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Corollary 3.23. For any matched pair of BiHom-tridendriform algebras

(AaBvlﬁA)T4A7lFA7TFA7l~A)T~AaBl?ﬁ?)l435T457lFB7TF37l~BaT~Baalaa2)v

the tuple

(A,B,l—{A +l|—A +l'A7T_|A +71)—A +7’.A,Bl,ﬂg,

l_|B +l|_B +Z.B,T_|B + reg —i—T’.B,Oq,OéQ)

is a matched pair of associated BiHom-associative algebras (A, x4, a1, ag)

and (B, *g, f1, B2)-
Proof. For a matched pair
(A, Byl ra s ey g LTy B B2y g s T b Ty Ly Ty 1, 22)
of a BiHom-tridendriform algebras
(A, 44,5 4,74, 01,02) and (B, g, 5, B, b1, B2),
in view of Proposition 3.18, the linear maps

lg, 0+, T, +re, +1., : A — gl(B)
lag +lepy+lg, T +rey +1y : B — gl(A)

are bimodules of the underlying BiHom-associative algebras (A, %4, a1, a3)
and (B, *p, 81, f2), respectively. Thus, (6)-(8) are equivalent to (40)-(60),

and (9)—(11) are equivalent to (61)—(81). O
References
[1] Abdaoui, E., Mabrouk, S., Makhlouf, A.: Rota-Baxter Operators on Pre-Lie Su-

peralgebras, Bulletin of the Malaysian Math. Sci. Soc., 1-40 (2017)

[2] Ammar, F., Ejbehi, Z., Makhlouf, A.: Cohomology and deformations of Hom-
algebras, J. Lie Theory 21(4), 813-836 (2011)

Attan, S, Laraiedh, I.: Construtions and bimodules of BiHom-alternative and
BiHom-Jordan algebras, arXiv:2008.07020 [math.RA| (2020)

[3

[4

Bakayoko, I.: Laplacian of Hom-Lie quasi-bialgebras, International Journal of
Algebra, 8(15), 713-727 (2014)

[5

Bakayoko, I.: L-modules, L-comodules and Hom-Lie quasi-bialgebras, African
Diaspora Journal of Mathematics, 17, 49-64 (2014)

[6] Bakayoko, I., Banagoura, M.: Bimodules and Rota-Baxter Relations. J. Appl.
Mech. Eng. 4(5) (2015)



I. LARAIEDH, S. SILVESTROV 313

7]

(8]

9

[10]

[11]

[12]
[13]

[14]

[15]
[16]
[17]

(18]

[19]

[20]

21]

22]

Bakayoko, 1., Silvestrov, S.: Multiplicative n-Hom-Lie color algebras, In: Silvestrov,
S., Malyarenko, A., Ranci¢, M. (Eds.), Algebraic Structures and Applications,
Springer Proceedings in Mathematics and Statistics 317, Ch. 7, 159-187, Springer
(2020). (arXiv:1912.10216[math.QA] (2019))

Bakayoko, 1., Silvestrov, S.: Hom-left-symmetric color dialgebras, Hom-tridendri-
form color algebras and Yau’s twisting generalizations. Afr. Mat. 32, 941-958
(2021). (arXiv:1912.01441[math.RA])

Benayadi, S., Makhlouf, A.: Hom-Lie algebras with symmetric invariant nonde-
generate bilinear forms, J. Geom. Phys. 76, 38-60 (2014)

Ben Abdeljelil, A., Elhamdadi, M., Kaygorodov, 1., Makhlouf, A.: Generalized
Derivations of n-BiHom-Lie algebras, In: Silvestrov, S., Malyarenko, A., Ranci¢, M.
(Eds.), Algebraic Structures and Applications, Springer Proceedings in Mathematics
and Statistics 317, Ch. 4, 81-97, Springer (2020). (arXiv:1901.09750[math.RA]
(2019))

Ben Hassine, A., Chtioui, T., Mabrouk, S., Ncib, O.: Cohomology and linear
deformation of BiHom-left-symmetric algebras, 19 pp, arXiv:1907.06979 [math.RA]
(2019)

Caenepeel, S., Goyvaerts, I.: Monoidal Hom-Hopf Algebras, Comm. Algebra 39(6),
2216-2240 (2011)

Chtioui, T., Mabrouk, S., Makhlouf, A.: BiHom-alternative, BiHom-Malcev and
BiHom-Jordan algebras. Rocky Mountain J. Math. 50(1), 69-90 (2020)

Chtioui, T., Mabrouk, S., Makhlouf, A.: BiHom-pre-alternative algebras and BiHom-
alternative quadri-algebras, Bull. Math. Soc. Sci. Math. Roumanie. 63 (111)(1),
3-21 (2020)

Dassoundo, M. L., Silvestrov, S.: Nearly associative and nearly Hom-associative
algebras and bialgebras, arXiv:2101.12377 [math.RA| (2021)

Graziani, G., Makhlouf, A., Menini, C., Panaite, F.: BiHom-Associative Algebras,
BiHom-Lie Algebras and BiHom-Bialgebras, SIGMA 11(086), 34 pp (2015)

Ebrahimi-Fard, K., Guo, L.: Rota-Baxter algebras and dendriform algebras, J.
Pure Appl. Algebra, 212(2), 320-339 (2008)

Graziani, G., Makhlouf, A., Menini, C., Panaite, F.: BiHom-Associative Algebras,
BiHom-Lie Algebras and BiHom-Bialgebras, SIGMA Symmetry Integrability Geom.
Methods Appl. 11, 086, 34 pp (2015)

Hartwig, J. T., Larsson, D., Silvestrov, S. D.: Deformations of Lie algebras using
o-derivations, J. Algebra, 295, 314-361 (2006) (Preprint in Mathematical Sciences
2003:32, LUTFMA-5036-2003, Centre for Mathematical Sciences, Department of
Mathematics, Lund Institute of Technology, 52 pp. (2003))

Hassanzadeh, M., Shapiro, I., Siitlii, S.: Cyclic homology for Hom-associative
algebras, J. Geom. Phys. 98, 40-56 (2015)

Hounkonnou, M. N., Dassoundo, M. L.: Center-symmetric Algebras and Bialgebras:
Relevant Properties and Consequences. In: Kielanowski P.; Ali S.,; Bieliavsky P.,
Odzijewicz A., Schlichenmaier M., Voronov T. (eds) Geometric Methods in Physics.
Trends in Mathematics. 2016, pp. 281-293. Birkhauser, Cham (2016)

Hounkonnou, M. N., Houndedji, G. D., Silvestrov, S.: Double constructions of
biHom-Frobenius algebras, 45pp, arXiv:2008.06645 [math.QA] (2020)



314

BIHOM-X ALGEBRAS AND BIMODULES

(23]

[24]

[25]
[26]

[27]

[28]

[29]

[30]

31]

[32]

[33]

[34]
[35]

[36]

[37]

Hounkonnou, M. N., Dassoundo, M. L.: Hom-center-symmetric algebras and
bialgebras. arXiv:1801.06539 (2018)

Kitouni, A.; Makhlouf, A., Silvestrov, S.: On n-ary generalization of BiHom-Lie
algebras and BiHom-associative algebras, In: Silvestrov, S., Malyarenko, A., Ranc-
icRanci¢, M. (Eds.), Algebraic Structures and Applications, Springer Proceedings
in Mathematics and Statistics 317, Springer, Ch. 5, 99-126 (2020)

Laraiedh, I.: Bimodules and matched pairs of noncommutative BiHom-(pre)-
Poisson algebras, arXiv:2102.11364 [math.RA] (2021)

Larsson, D., Sigurdsson, G., Silvestrov, S. D.: Quasi-Lie deformations on the
algebra F[t]/(t"), J. Gen. Lie Theory Appl. 2, 201-205 (2008)

Larsson, D., Silvestrov, S. D.: Quasi-Hom-Lie algebras, central extensions and
2-cocycle-like identities, J. Algebra 288, 321-344 (2005) (Preprints in Mathe-
matical Sciences 2004:3, LUTFMA-5038-2004, Centre for Mathematical Sciences,
Department of Mathematics, Lund Institute of Technology, Lund University (2004))

Larsson, D., Silvestrov, S. D.: Quasi-Lie algebras. In "Noncommutative Geometry
and Representation Theory in Mathematical Physics". Contemp. Math., 391, Amer.
Math. Soc., Providence, RI, 241-248 (2005) (Preprints in Mathematical Sciences
2004:30, LUTFMA-5049-2004, Centre for Mathematical Sciences, Department of
Mathematics, Lund Institute of Technology, Lund University (2004))

Larsson, D., Silvestrov, S. D.: Graded quasi-Lie agebras, Czechoslovak J. Phys.
55, 1473-1478 (2005)

Larsson, D., Silvestrov, S. D.: Quasi-deformations of sl2(F) using twisted deriva-
tions, Comm. Algebra, 35, 4303-4318 (2007) (Preprint in Mathematical Sciences
2004:26, LUTFMA-5047-2004, Centre for Mathematical Sciences, Lund Institute
of Technology, Lund University (2004). arXiv:math/0506172 [math.RA]| (2005))

Larsson, D., Sigurdsson, G., Silvestrov, S. D.: Quasi-Lie deformations on the
algebra F[t]/(t"), J. Gen. Lie Theory Appl. 2(3), 201-205 (2008)

Larsson, D., Silvestrov, S. D.: On generalized N-complexes comming from twisted
derivations, In: Silvestrov, S., Paal, E., Abramov, V., Stolin, A. (Eds.), Generalized
Lie Theory in Mathematics, Physics and Beyond, Springer-Verlag, Ch. 7, 81-88
(2009)

Liu, L., Makhlouf, A., Menini, C., Panaite, F.: Rota-Baxter operators on BiHom-
associative algebras and related structures, 27pp, arXiv:1703.07275 [math.RA]
(2017).

Ma, T., Makhlouf, A., Silvestrov, S.: Curved O-operator systems, 17 pp, arXiv:
1710.05232 [math.RA| (2017)

Ma, T., Makhlouf, A., Silvestrov, S.: Rota-Baxter bisystems and covariant bialge-
bras, 30 pp, arXiv:1710.05161[math.RA] (2017)

Ma, T., Makhlouf, A., Silvestrov, S.: Rota-Baxter Cosystems and Coquasitriangular
Mixed Bialgebras, J. Algebra Appl. Accepted 2019. (Puiblished first online 2020:
doi:10.1142/5021949882150064X)

Ma, T., Zheng, H.: Some results on Rota-Baxter monoidal Hom-algebras, Results
Math. 72 (1-2), 145-170 (2017)



I. LARAIEDH, S. SILVESTROV 315

(38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

Mabrouk, S., Ncib, O., Silvestrov, S.: Generalized Derivations and Rota-Baxter
Operators of n-ary Hom-Nambu Superalgebras, Adv. Appl. Clifford Algebras, 31,
32, (2021). (arXiv:2003.01080[math.QA])

Makhlouf, A.: Hom-dendriform algebras and Rota-Baxter Hom-algebras, In: Bai,
C., Guo, L., Loday, J.-L. (eds.), Nankai Ser. Pure Appl. Math. Theoret. Phys., 9,
World Sci. Publ. 147-171 (2012)

Makhlouf, A.: Hom-alternative algebras and Hom-Jordan algebras, Int. Elect.
Journ. of Alg., 8, 177-190 (2010). (arXiv:0909.0326 (2009))

Makhlouf, A.: Paradigm of nonassociative Hom-algebras and Hom-superalgebras,
Proceedings of Jordan Structures in Algebra and Analysis Meeting, 145-177 (2010).
(arXiv:1001.4240v1)

Makhlouf, A.; Silvestrov, S. D.: Hom-algebra structures. J. Gen. Lie Theory
Appl. 2(2), 51-64 (2008) (Preprints in Mathematical Sciences 2006:10, LUTFMA-
5074-2006, Centre for Mathematical Sciences, Department of Mathematics, Lund
Institute of Technology, Lund University (2006))

Makhlouf, A., Silvestrov, S.: Hom-Lie admissible Hom-coalgebras and Hom-Hopf
algebras, In: Silvestrov, S., Paal, E., Abramov, V., Stolin, A. (Eds.), Generalized Lie
Theory in Mathematics, Physics and Beyond, Springer-Verlag, Berlin, Heidelberg,
Ch. 17, 189-206 (2009) (Preprints in Mathematical Sciences, Lund University, Cen-
tre for Mathematical Sciences, Centrum Scientiarum Mathematicarum (2007:25)
LUTFMA-5091-2007 and in arXiv:0709.2413 [math.RA] (2007))

Makhlouf, A., Silvestrov, S. D.: Hom-algebras and Hom-coalgebras, J. Algebra Appl.
9(4), 553-589 (2010) (Preprints in Mathematical Sciences, Lund University, Centre
for Mathematical Sciences, Centrum Scientiarum Mathematicarum, (2008:19)
LUTFMA-5103-2008. arXiv:0811.0400 [math.RA] (2008))

Makhlouf, A., Silvestrov, S.: Notes on 1-parameter formal deformations of
Hom-associative and Hom-Lie algebras, Forum Math. 22(4), 715-739 (2010)
(Preprints in Mathematical Sciences, Lund University, Centre for Mathematical
Sciences, Centrum Scientiarum Mathematicarum, (2007:31) LUTFMA-5095-2007.
arXiv:0712.3130v1 [math.RA] (2007))

Makhlouf, A., Yau, D.: Rota-Baxter Hom-Lie admissible algebras, Comm. Alg.,
23(3), 1231-1257 (2014)

Richard, L., Silvestrov, S. D.: Quasi-Lie structure of o-derivations of C[t*'], J. Al-
gebra 319(3), 1285-1304 (2008) (arXiv:math/0608196[math.QA] (2006). Preprints
in mathematical sciences (2006:12), LUTFMA-5076-2006, Centre for Mathematical
Sciences, Lund University (2006))

Richard, L., Silvestrov, S. D.: A note on quasi-Lie and Hom-Lie structures of
o-derivations of (C[zfd, ey z,jfl], In: Silvestrov, S., Paal, E.; Abramov, V., Stolin,
A. (Eds.), Generalized Lie Theory in Mathematics, Physics and Beyond, Springer-
Verlag, Ch. 22, 257-262, (2009)

Saadaou, N, Silvestrov, S.: On (A, u,~)-derivations of BiHom-Lie algebras,
arXiv:2010.09148 [math.RA[, (2020)

Sheng, Y.: Representations of Hom-Lie algebras, Algebr. Reprensent. Theory 15,
1081-1098 (2012)



316 BIHOM-X ALGEBRAS AND BIMODULES

[51] Sheng, Y., Bai, C.: A new approach to Hom-Lie bialgebras, J. Algebra, 399, 232-250
(2014)

[52] Sigurdsson, G., Silvestrov, S.: Graded quasi-Lie algebras of Witt type, Czechoslovak
J. Phys. 56, 1287-1291 (2006)

[53] Sigurdsson, G., Silvestrov, S.: Lie color and Hom-Lie algebras of Witt type and
their central extensions, In: Silvestrov, S., Paal, E., Abramov, V., Stolin, A. (Eds.),
Generalized Lie Theory in Mathematics, Physics and Beyond, Springer-Verlag,
Berlin, Heidelberg, Ch. 21, 247-255 (2009)

[54] Silvestrov, S.: Paradigm of quasi-Lie and quasi-Hom-Lie algebras and quasi-defor-
mations, In "New techniques in Hopf algebras and graded ring theory", K. Vlaam.
Acad. Belgie Wet. Kunsten (KVAB), Brussels, 165-177 (2007)

[55] Silvestrov, S., Zargeh, C.: HNN-extension of involutive multiplicative Hom-Lie
algebras, arXiv:2101.01319 [math.RA] (2021)

[56] Sun, Q.: On Hom-Prealternative Bialgebras, Algebr. Represent. Theor. 19, 657-677
(2016)

[57] Yau D.: The Hom-Yang-Baxter equation, Hom-Lie algebras and quasi-triangular
bialgebras, J. Phys. A.: Math. Theor. 42(16), 165202 (2009)

[58] Yau, D.: Enveloping algebras of Hom-Lie algebras, J. Gen. Lie Theory Appl. 2(2),
95-108 (2008). (arXiv:0709.0849 [math.RA| (2007))

[59] Yau, D.: Module Hom-algebras, arXiv:0812.4695[math.RA] (2008)

[60] Yau, D.: Hom-bialgebras and comodule Hom-algebras, Int. Electron. J. Algebra 8,
45-64 (2010). (arXiv:0810.4866|math.RA] (2008))

[61] Yau, D.: Hom-algebras and homology, J. Lie Theory 19(2), 409-421 (2009)

[62] Yau, D.: Hom-Malcev, Hom-alternative, and Hom-Jordan algebras, Int. Electron.
J. Algebra, 11, 177-217 (2012)

CONTACT INFORMATION
Ismail Laraiedh Department of Mathematics, Faculty of
Sciences, Sfax University, Box 1171, 3000 Sfax,
Tunisia; Department of Mathematics, College of
Sciences and Humanities Al Quwaiiyah, Shaqra
University, Kingdom of Saudi Arabia
E-Mail(s): ismail.laraiedh@gmail.com

Sergei Silvestrov Division of Mathematics and Physics, School of

Education, Culture and Communication,

Malardalen University, Box 883, 72123

Visteras, Sweden

E-Mail(s): sergei.silvestrov@mdh.se

Web-page(s): www.mdu.se/en/
malardalen-university/staff?
id=ssv01

Received by the editors: 23.10.2022.


mailto:ismail.laraiedh@gmail.com
mailto:sergei.silvestrov@mdh.se
www.mdu.se/en/malardalen-university/staff?id=ssv01
www.mdu.se/en/malardalen-university/staff?id=ssv01
www.mdu.se/en/malardalen-university/staff?id=ssv01

	I. Laraiedh, S. Silvestrov

