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Automatic logarithm and associated measures

R. Grigorchuk, R. Kogan, and Y. Vorobets

ABSTRACT. We introduce the notion of the automatic loga-
rithm Log 4(B) of a finite initial Mealy automaton B, with another
automaton A as the base. It allows one to find for any input word
w a power n such that B(w) = A™(w). The purpose is to study the
expanding properties of graphs describing the action of the group
generated by A and B on input words of a fixed length interpreted
as levels of a regular d-ary rooted tree 7. Formally, the automatic
logarithm is a single map Log 4(B) : 9T — Z4 from the boundary
of the tree to the d-adic integers. Under the assumption that the
action of the automaton A on the tree 7 is level-transitive and
of bounded activity, we show that Log 4(B) can be computed by
a Moore machine. The distribution of values of the automatic loga-
rithm yields a probabilistic measure p on 07, which in some cases
can be computed by a Mealy-type machine (we then say that u
is finite-state). We provide a criterion to determine whether p is
finite-state. A number of examples with A being the adding machine
are considered.

1. Introduction

The maps and the measures considered in this paper arise from the
study of properties of Schreier graphs associated with automaton semi-
groups and groups acting on words over a finite alphabet and regular
rooted trees.

The problem of studying the distribution of lengths of chords (to be
defined below) in the graph of action of two initial automata gives rise to
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the automatic logarithm, a map defined by an automaton that outputs
these lengths. The distribution of the lengths of chords is then seen as the
image of the uniform Bernoulli measure by the action of the automatic
logarithm. When the automatic logarithm is invertible, the distribution
is uniform. Otherwise, the resulting distribution is an interesting object
of study. In certain cases, such distributions only have a finite number
of restrictions to cylinders (we call them finite-state or self-similar), and
we provide a sufficient condition for this to happen, as well as examples
when it does not.

Given a finite initial Mealy (or Moore) type automaton A, over a finite
alphabet X, one can define a map flq on the space of sequences (words)
over the alphabet X. Maps of this type usually have a very complicated
dynamical nature and may transform relatively simple measures on the
space X, like for instance Bernoulli or Markov measure, into complicated
ones. The study of such measures were initiated in [12], [15] and [11].

Given a family of finite automata Ay, Bs,...,C;, using the opera-
tion of composition of automata one can generate a semigroup & =
(Ag,Bs, ... ,Ci)sem or even a group G = (Ag, B, ..., Ct)gr if the automata
are invertible. A particularly interesting case is when the group G is
generated by a family which comes from the one non-initial invertible
automaton A by using all its states for generating. Such groups are called
automaton groups (or self-similar groups) and play an important role in
group theory and areas of its applications [3|, [14], [7], [8]. They naturally
act by automorphisms on a d-regular rooted tree 7 (d is the cardinality
of the alphabet X') and on its boundary 0T'. These actions are induced by
the corresponding actions on the set of finite (and, respectively, infinite)
words over the alphabet X. The operation of composition of automata
corresponds to the composition of the associated maps.

Another direction of development is study of the Schreier graphs (also
called orbital graphs) given by the action of a group on levels of the tree
or on its boundary (i.e. on finite or infinite words). These graphs have
self-similarity features and give a good approximation to many important
fractal sets including the Julia sets of the rational mappings of C. There
are examples of the automata given by a small number of states that
are believed to produce families of expander graphs (two of them are
considered in this article). No rigorous proof of this is known, but there
are results showing that at least these families are the so called asymptotic
expanders [6], and that the growth of their diameters is slow [13] (as
should be in the case of expanders).
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Among automorphisms of the rooted trees, the most famous is the
adding machine automorphism defined by the automaton shown in Fig-
ure 2a, which we denote O. The portrait of this automorphism is shown
in Figure 4. It acts on finite strings of symbols as the addition of 1 when
the strings are interpreted as the natural numbers in the d-adic expansion
(the diagram in Figure 2a is for the case of the binary alphabet). The
group G(O) is an infinite cyclic group (one of the states of O corresponds
to the identity map). If o is the nontrivial state of O, and if another initial
automaton A, is given, then one can consider the semigroup (44, Op)sem
(or a group (Ag, Oo)er if A, is invertible), and study its properties as well
as the sequence {I';,}>°; of graphs of the action on levels n = 1,2,...
of the tree (Figure 3 gives an idea of how the graph T',, might look).
The questions about combinatorial and spectral properties of the graphs
{T',,} is the subject of many investigations [2,9, 10|, and in particular,
the question about the growth of the diameters of {I',,} and about the
expansion properties of the family {I',}2°; are among the central.

In this paper we focus on study of the dynamical and combinatorial
properties of the pair (Ag, O,). This unexpectedly leads us to the notion
of the “logarithm” of A, with respect to the adding machine O,, which
we denote £, and which is a specially defined map on the set of finite
and infinite sequences with vales in d-adic numbers, or words over X that
represent them. Then we show that in the case of the binary alphabet, the
logarithm map can be defined by a finite-state automaton (Theorem 6.3)
and provide the construction for it. We then analyze the distribution
of the lengths of the “chords” (again we appeal to Figure 3 which gives
an impression of what we mean by the chord). This leads us to the
considerations started in the [5,11] about the nature of the image of the
Bernoulli (or, more generally, Markov) measure under the automaton
map, in the case the map is given by the “logarithm” automaton £. The
distribution of the chords is given by the image © = L, (v) of the uniform
Bernoulli measure v on XY, which in some important cases (for instance,
given in Example 8.5 and Theorem 8.6) is a Markov measure, but in some
other interesting cases (like Example 8.7) is a more complicated type of
measure.

To study p, we introduce the notion of the automaton associated
with a measure, the notion of a finite state measure, of a self-similar
measure, and show that Markov measure is a finite state measure, but not
every finite state measure is Markov. Multiple examples illustrating the
definitions and results are provided (we mark the ends of examples with
A instead of the traditional OJ).
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2. Preliminaries
2.1. Endomorphisms of rooted trees

By a finite alphabet X of size d, we mean a finite set of cardinality d.
We will usually use the following alphabets: the sets {0,1,...,d — 1}, and
finite subsets X C [0, 1] (in the latter case, the values of the real numbers
constituting X will be important in addition to its cardinality).

For a word w in X, |w| denotes its length, and w; denotes the ith
character for 0 < ¢ < |w| — 1. The numbering of characters starts from 0,
SO W = WoW1 . .. W)y|—1- If v is another word (or a character), wv is the
concatenation of the two.

X* denotes all finite words over X:

X*:={ap...an-1: a0, € X,;n e NU{0}}

Let T be a rooted graph with the vertex set V = X*, edge set ' =
{(w,wa): w € X*,a € X}, and the root being the empty word. This
graph is a d-regular rooted tree.

The nth level X™ of the tree 7T is the set of words of length n.

An endomorphism of the rooted tree T is a map g from X* to itself
that preserves the levels and maps adjacent vertices to adjacent vertices.
An automorphism is an invertible endomorphism.

The boundary of the tree T is the set X" of infinite sequences in X:

OT = {aparaz...: a; € X,i € N}

0T is supplied with the Tychonoff product topology that makes it homeo-
morphic to a Cantor set. Geometrically, the boundary can be viewed as
a set of geodesic paths starting at the root and going to infinity.

Let 0, denote the operation that deletes the last character of a word:
for w € X* and a € X, op(wa) := w. Then 0T can be obtained as
the inverse limit of the directed system of levels {X": n € N} with the
projections ¢, , : X™ — X given by ¢, == o7~ ™ (i.e., discarding the
last n — m characters).

2.2. Mealy and Moore machines

Definition 2.1. A Mealy machine, or a finite initial automaton with
output, is a hextuple A, = (5, ¢, X, Y, m, \), where

e X is a (finite) input alphabet;

e Y is a (finite) output alphabet;
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S is a (finite) set of states;
q € S is the initial state;
m:8 x X — S is the transition map
A: S x X =Y is the output map

When the initial state of the automaton is understood from the context,
we drop the subscript and write A instead of 4, to denote it.

We write 7y, \g for restrictions of these functions to the state s, defining
ms(x) == 7m(s,x) and A\s(z) 1= A(s, ).

The functions 7w and A also act on words in the alphabet X via the
following recursive relations (for x € X, w € X*):

(s, zw) == w(mw(s,x),w) and A(s,zw) := A(s,z)\(7(s,x),w).

In the same way, 5 and Ay, for s € S, act on words w € X*. Additionally,
we may write m(w) for my(w) (and similarly, A(w) for Ay(w)), when the
initial state ¢ is understood from the context.

The diagram of an automaton A, is a labeled graph with the vertex
set S, edge set E = {(s,7(s,x)): s € S,x € X}, with label z : A(s,x) on
the edge (s,7(s,z)). The initial state ¢ is marked with a special arrow
(which doesn’t start at a state). An example of such diagram for the
Lamplighter automaton is shown in Figure 1b.

0 01 11
’ ‘.“vl (&) ()
a b
(a) Diagram with element of the sym- (b) Diagram with output marked on
metric group on vertices edges

FicurEeE 1. Two ways to draw the Lamplighter automaton

An automaton A is invertible if As is invertible for all s € S (that is, if
As € S(X), where S(X) is the symmetric group on X'). The endomorphism
g given by an invertible automaton A is invertible, and the automaton
for g=! (which we denote as A1) can be constructed from the diagram
of A by flipping the input and output on the edges.

In the case when an automaton is invertible, we can draw the diagram
of the automaton without specifying its output on the arrows. Instead,
the state s is marked by the element of the symmetric group A\s € S(X).
If \s is the trivial permutation, we call the state s passive, and call it
active otherwise.



R. GrIGORCHUK, R. KoGAaN, Y. VOROBETS 27

When X = {0, 1}, we write o for the nontrivial permutation of X (i.e.
0(0) = 1,0(1) = 0). In the diagrams of automata over X = {0,1} we
then mark active states with o, leave the label of passive states blank.
Figure la shows how to draw the Lamplighter automaton of Figure 1b
in this way. A few more examples of such diagrams are in Figure 2, and
further throughout this paper.

0,1
(@——O (@)D
A 1 a b
(a) Adding machine, also featured in Figure 4 (b) automaton F

(c) automaton Z

F1GURE 2. Diagrams of invertible automata.

Unless otherwise specified, we assume X =Y everywhere in this text,
and write an automaton A, = (S, ¢, X, 7, A).

An automaton state ¢ acts on X*, the d-ary tree 7, and its boundary
0T by the action of A,;. We shall use A and ¢ interchangeably for this
action when the context is clear.

Definition 2.2. The graph of the action of an initial automaton A, =
(S,q,X,m,A) on an invariant subset S C V(7)) is the directed graph
with vertex set S and edges w — A\y(w) for w € S. The graph of action
of automata A4, Aag,, ..., Akg, on S is similarly defined as a directed
graph with vertex set S and edges w — i, (w), 1 <i < kandw € S.

In this paper, we consider graphs of action on level n of two automata,
O and A, with O being the adding machine (Figure 2a). Figure 3 shows
examples of such graphs for A being automaton Z (Figure 2¢) and A
being automaton F' (Figure 2b).
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Definition 2.3. A Mealy automaton is said to be a Moore machine
when the output does not depend on the last character of the input. That
is, for all s € S, A\ is constant: for all z,y € X, A(s,z) = A(s,y). In this
case, we simply write A(s) for the value A\ takes.

Remark 2.4. In this definition, the output only depends on the current
state s. Some authors use the definition of a Moore machine with a shift,
where the output is determined by the ending state 7 (s, x), and so does
depend on the input.

Mealy automata A and B are said to be equivalent if A(w) = B(w)
for all w € X™.

Definition 2.5. An initial Mealy automaton A is said to be minimal
if it has the smallest number of states among all the automata in its
equivalence class.

Minimality is a classical notion, as is the algorithm that produces the
minimal automaton in a given class; see 1] for a discussion of this algorithm
(refer to [7] for a discussion of this equivalence and a minimization
algorithm in the more general case of asynchronous Mealy machines).

Given automata A and B such that the output alphabet of A coincides
with the input alphabet of B, one can construct the product automaton,
denoted A - B, which computes the composition A o B. We again refer
to [7] for the construction of the product automaton.

2.3. Sections of tree endomorphisms

Definition 2.6. Let g be an endomorphism of a d-regular rooted tree
T, and let w be a finite word. A section of g by w, denoted g|,, is an
endomorphism h of T such that for any word or sequence v, g(wv) =

g(w)h(v).

Remark 2.7. a finite automaton A has only finitely many sections, which
correspond to states in the connected component of the starting state in
the diagram of the automaton A. More specifically, when ¢ is given by
a Mealy machine Ay, glw = Ag(w)-

With an invertible tree endomorphism g we can associate a portrait
diagram that uniquely determines g. For a finite word w, g|,, acts on
X by a permutation when g is invertible. The portrait consists of the
infinite tree 7 with markings on the nodes: node corresponding to word
w is marked with the permutation of X induced by g¢|,. When | X| = 2,
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0,1

Q0 0
@0

F1GURE 4. The adding machine and its portrait.

we only mark nodes with the nontrivial permutation and leave others
unmarked.

Example 2.8. The portrait of the adding machine of Figure 2a is shown
in Figure 4. A

Every tree automorphism has a portrait, but not all tree automorphisms
are given by finite automata. To any tree endomorphism g we can associate
a (possibly infinite) automaton A = (S, g, X, 7, A\) with the initial state
labeled by g, such that the action of A is identical to the action of g. We
take S = {glw: w € XN} U {g}, and define 7(h, x) := h|,; A(h,z) = h(z).
This automaton of restrictions, in general, need not be finite. When it is
finite, the tree automorphism ¢ is said to be finite-state.

Remark 2.9. An automorphism g of the tree 7 is finite-state if and only
if its portrait contains a finite number of distinct (up to isomorphism
of marked trees) subtrees. The subtrees in the portrait diagram define
sections of g.

We now prove several basic propositions related to sections of auto-
morphisms which we use in subsequent chapters. These statements are
well-known, but we include them for the reader’s convenience.
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Proposition 2.10. If an endomorphism g is invertible, then all of its
sections are invertible, and for w € X*, (glw) "t = g_llg(w)

Proof. Let w € X* and v € X~. Then by definitions,

wv =g~ (g(wv)) = g~ (g(w)glw(v))
=g ' (g(w))g~ |g (w)(glw(v))
= w9~ gw) (glw(v)).

|

Therefore g~ )(glw(v)) = v, and the proposition holds. O

g(w

Proposition 2.11. Let g be a tree endomorphism. Then for all w,v finite
words w,v over X glwy = (glw)|v-

Proof. For any word u,

g(wou) = g(w)glw(vu) = g(w)glw(v)(glw)lo(u) = g(wv)(glw)|o(w).
The proposition holds by definition. O

Proposition 2.12. Let g and h be tree endomorphisms. Then for all
finite words w over X, (gh)|w = gln(w)h|w-

Proof. Let v be a finite word. By the definition of section,
gh(wv) = g(h(w)hlw(v)) = g(h(w))glnw)hw(v),
0 (gh)|w = glhw)hw- O

Corollary 2.13. Let g,h be tree endomorphisms. Then for any finite
words w and v, (gh)|ws = g‘h(wv)h‘wv = gyh(w)hlw(v)(mw”v-

Proposition 2.14. ¢"[y = glgn—1(w)9lgn—2(w) - - - Ilg(w)lw-
Proof. The result holds trivially when n = 1. By Proposition 2.12,
9"lw = (909" Nw = glgn-1(u) (9" Huw)-
The result follows by induction. O

Proposition 2.15. Assume g acts transitively on levels, |lw| = n, and
a € X. Then g*"|,(a) # a.

Proof. If g*"|,(a) = a, then wa, a word of length n + 1, is a fixed point
of ¢?", contrary to the assumption that the length of the orbit of ¢ on
words of length n + 1 is 27+, O



32 AUTOMATIC LOGARITHM AND ASSOCIATED MEASURES

2.4. Automata with bounded activity

Definition 2.16. An automaton A is said to have bounded activity if
the number of nontrivial sections on every level is bounded by a global
constant c:

de:VneN: {Aly: Alpw #Lwe X"} <ec.

Example 2.17. The adding machine in Figure 2a has bounded activity.
This automaton can also be defined by the portrait in Figure 4, in

which case it is clear that there is only one nontrivial section on every
level. A

The following proposition shows that the set of sections of powers of
a bounded-activity automaton is finite if the powers are bounded by the
number of words on the corresponding level. This fact is used to show
Theorem 6.3.

Proposition 2.18. If A is a tree endomorphism given by a finite Mealy
automaton A which is of bounded activity and acts transitively on levels,
then the set

Ta = {A"y: w e X*,n <2}
1s finite.
Proof. by Proposition 2.14,
Ta = { Al an-1() Al an—2u) - - - Al au) Alw: w € X*,m < 21}

For a given w, consider a sequence of words w, A(w), A%(w),...,
A" (w) with n < 2!, By level transitivity of the action of A, all elements
in it are distinct words of length |w|, and thus this sequence is a subset of
vertices on level |w|.

Since A is of bounded activity, there is a constant ¢ such that at most
¢ sections on every level are nontrivial. Hence the product

Alan=1 @) Al an—2(w) - - - Al ) Alw

contains at most ¢ nontrivial factor. Since A is finite-state by assumption,
its nontrivial sections are enumerated by the finite set of states S4 of A.
Therefore, |T4| < [Salc. O
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2.5. Measure-theoretic definitions

We now give a few definitions relevant to probability theory and ergodic
theory.
A cylinder set wX is a clopen subset of XN given by

wX" = {wv: we X*,ve XN

A probability vector p is a a vector p: X — [0, 1] with X;cxp(i) = 1.
A stochastic matriz on X is a matrix M : X x X — [0, 1] whose rows are
probability vectors.

Definition 2.19. The Bernoulli measure on X defined by a probability
vector p is given on the cylinders wXY by

wXN H p(w;),

and extended by the additivity properties on all Borel sets. The uniform
; o o - (L 1

Bernoulli measure is given by p = (|X| ey |X\)'

Informally, this measures probability of a sequence of independent
events (e.g. coin flips).
Definition 2.20. The Markov measure defined by a probability vector
[ = (I3) of length | X| and a stochastic matrix L = (L, ) of size | X| x | X|
is given on the cylinder sets wX™N by

w|—1
(wXN wo H sz 1,Ws "

Informally, this measures the probablhty of events where the probability
of an outcome may depend on what the preceding outcome was.

2.6. Sections of a measure

Definition 2.21. The null measure vy (or the trivial measure) vy is the
measure given by vo(E) = 0 for all measurable sets E.

Definition 2.22. Suppose i is a probability measure on XN, If p(wX) #
0, then the section of u by the word w € X*, denoted py,, is the probability
measure on X' uniquely defined by

p(woX™)

,u|w(UXN) = /L(’U)XN)

for all v € X*. In the case pu(wX"Y) = 0, we let j|, be the null measure.
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The section p,, can be seen as the conditional probability given w.

For convenience, we also define sections for null measures: if p is null,
p|w = 0 for all words w.

We say a word w is admissible (with respect to u) if the section of u
by w is nontrivial (i.e. u(wX™) # 0). We say a word w is forbidden if it
is not contained in any admissible word.

Now we describe how to compute sections of measures.

Proposition 2.23. plwy = (]w)]e for all words v,w € X*.

Proof. First, suppose wv is not admissible, i.e. u(wvX"Y) = 0. Then either
w is also not admissible, or w is admissible relative to u, but v is not
admissible relative to ply. Either way, (u|y)|y is the null measure, and
the proposition holds.

Now assume p(wvX"Y) # 0; then p(wvXN) # 0. For any word v € X*
we obtain

uxN) = (1w (vuX™) B p(wouXN)
(/’L|w)"u< X )_ ,Uf|w(vXN) o M(TUXN)Mw(UXN)
wouXN
- MR — (X', g

Corollary 2.24. Let p = 2?21 a; i, where a; = 0 and p; are probability
measures. The for any admissible word w,

k
flw = M(’leN) ;aim (wXN) il
Proof. For any word v € X,
N 1 g N
f|w (UX ) = u(wXN); @il (va >
1 - N N
:,u(wXN)izlaim (wX ),u2-|w (UX ) O

3. Finite-state measures

Definition 3.1. A measure u is finite-state if admits only finitely many
distinct sections.
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Finite-state measures can also be called self-similar (by analogy with
self-similar groups [14]).

Example 3.2. Bernoulli and Markov measures (Definitions 2.19 and 2.20,
respectively) are finite-state:

e any Bernoulli measure p has only one (nontrivial) section: |, = p
whenever w is admissible. Indeed, let p be the defining probability vector,

p(woXxy _ le‘ ! p(w;) H] =0 p(“ﬁ)
plwXH) 125" plw)
|v]—1

H p(vj) UXN)

plho(vX™) =

Note that if p(z) = 0 for some = € X, then words w containing z are
not admissible. Conversely, if p is positive, then all words are admissible.

e a Markov measure p has at most |X| 4+ 1 nontrivial sections: p
(section by the empty word) and p|, for z € X. This is because for all
admissible words w € X* and all € X, p|yz = p|. Indeed, assuming w
is not the empty word, we obtain

pu(wav X™N)
p(waX )

(l(wo) ! L(wz’q,wi)) L(wyy|—1, @) < (a, vo)l_[| o (Ujflvvj)>
((wo)l_[lwl ' (wi_l,wi)) L(wyy| -1, @)

s I(a) L(ayv0) TTAT" L(wyo1, 05
0 Vj-1, ;)
= L(a,vo) ng L(vj-1,v5) = ()
:U’(CWXN) ’ ( XN) A
= — = v .
p(ax™) ~ M
Definition 3.3. A k-step Markov measure is a measure p such that for
all words v € X* of length k& and all words w € X*, p|wy = |y whenever
wv is admissible.

N’wa(UXN) =

Informally, this measures the probability of events where the probability
of an outcome may depend on what the preceding k outcomes was.

Remark 3.4. A Markov measure is a 1-step Markov measure. A k- step

Markov measure on X" with |X| = d is finite-state with at most dt 1

sections.
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Indeed, a finite d-tree of depth k+1 has 1 +d+d?>+...+d" = dk%ll_l
nodes, which encode all words of length not exceeding k. By definition,
every nontrivial section of a k-step Markov measure is a section by one

of these words. O

Definition 3.5. To any finite-state measure u we associate an automaton
A, as follows.

Let p1,..., uy be the distinct sections of . Consider an automaton
A, with input alphabet X, output alphabet Y C [0, 1], state set S =
{p1,-.., 1}, initial state sop = p € S, and transition and output functions
defined by

T(pis @) := pilas (1)
i, a) == pi(aX™).

We say that A, determines the measure pu.

Proposition 3.6. The automaton A, uniquely determines pv as follows:
for any input word w € X*, the output word A, (w) = pop1 - - Pjuw|—1 8
a sequence of real numbers whose product is p(wXN):

w|—-1

pwX™) = [T (Au(w))s. (2)

1=0

Proof. The proposition holds for when |w| = 1 by construction; assume it
holds for all words of length k. Consider an arbitrary word w = wowy . . . wg
of length k. Then applying the inductive hypothesis, and then applying
Proposition 2.23 k times, we obtain:

k
[P = mlwows .. wpr XN - (e (oo aa) - s (w0 X)
1=0

= p(wowy . . 'wkleN):u“wowlmwk—l (kaN)
= p(wowy ... wp X)) = p(wX™),

which completes the inductive step. [

Note that if y; is a section of pu, then the automaton defining y; can be
obtained from A, by changing the initial state to y; and possibly dropping
some states (as some sectinos of p might not be sections of ;).
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Definition 3.7. Suppose p is a finite-state measure that admits a trivial
section. We call the corresponding state of the defining automaton A,
trivial.

Refer to Example 3.14 for an automaton with a trivial state; for
example, the state pf1; in Figure 8a is trivial.

Remark 3.8. Given a finite-state measure p, the automaton defined
in (1) is minimal and contains at most one trivial state.

Example 3.9. The automaton computing a Bernoulli measure on {0, 1}
defined by a positive probability vector p = (p(0),p(1)) is depicted in
Figure 5a. A

Example 3.10. The automaton computing a Markov measure on {0, 1}
defined by a positive probability vector I = (1(0),(1)) and a positive
probability matrix L = (L;;) is depicted in Figure 5b. A

Example 3.11. Figure 6 shows a general 2-step Markov measure on
{0, 1}, Such a measure is determined by a probability vector p, a stochas-
tic matrix ¢ and a probability tensor M (M;j;, gives the probability of k
given ij). A

Similarly to tree automorphisms, we define the portrait of the measure
i to be the diagram consisting of the marked tree 7, where the node
corresponding to a word w is marked with the values pl,, takes on cylinders
x XN, 2 € X. A portrait defines a measure uniquely.

When dealing with probability measures, it is often convenient to con-
sider the vector py, := (u|w(x0XN), .. ,mw(wd,lXN) up to scaling. Since
Z?:_ol w(z; XN) = 1, the proportion puy : puwy © -« : Pu,_, € RPY! deter-
mines the values of © on X unambiguously. We then use the proportion
as the corresponding label in the portrait.

Example 3.12. The uniform Bernoulli measure on a binary alphabet has
one section whose proportion is 1 : 1. Its portrait is shown in Figure 7. A

Remark 3.13. As with automorphisms, one can draw the portrait of any
probability measure on the space XY, but not all probability measures
are finite-state.

Again, as with automorphisms, even small automata define interesting
finite-state measures.
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(a) Diagram of the automaton com-  (b) Diagram of the automaton computing
puting a Bernoulli measure a Markov measure

FIGURE 5. Automata determining a Bernoulli and a Markov measure
on {0, 1}

FIGURE 6. Automaton defining a general 2-step Markov measure on {0, 1}".

0 il 0 1
0 1 0 1 0 \1 0 1
(U] 0 \1 (U] 0 1 0 [ 0 1 0 1 0 1

FI1GuRrE 7. Portrait of the uniform Bernoulli measure up to level 5.
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It should be noted that even small automata define interesting finite-
state measures.

Example 3.14. The measure p defined by the automaton in Figure 8a
is a 2-step Markov measure on Q = {0, 1}" that is not a 1-step Markov
measure on 2. It is supported on the Fibonacci subshift, which is the
(shift-invariant) subset of €2 consisting of all sequences that do not contain
consecutive 1’s. The number of nontrivial sections of 1 by words of length
n—1 is the nth Fibonacci number as can be seen in the portrait of y shown
in Figure 8b (to simplify the figure, we omitted the subtrees corresponding
to the null measure). A

.1
1:1

1:0
os3( T W A )i
0:1

(a) 2-step Markov measure p on {0, 1}"

(b) Portrait of 1 up to level 5

F1GURE 8. A finite-state measure supported on the Fibonacci subshift.
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4. Images of finite-state measures under tree
automorphisms

Given a finite-state measure p and a tree automorphism g, we consider
the pushforward measure g,y defined by g.u(E) = u(g~'(E)) for all
measurable sets E. We say that g, is the image of p under (the map) g.

The following proposition is useful for constructing the automata of
finite-state measures which are images under automaton automorphisms.

Proposition 4.1. Let A = (X, S, sg,m,\) be a Mealy automaton with
initial state so = g acting on T, and let v be a probability measure on OT .
Then for x € X,

(ge)(@X) = > w(yX"),

ver; ' (2)
Zye,\g—l(gﬂ) V(yXN)Wg(y)*(V|y)
Dyertw XY

(91| =

where my(x) :=m(g,x) and A\g(z) := (g, x).

Proof. Note that for a word w € X*,

g awx™) = || ym(y) (X ).
yeXs (@)

By definition,

(gs1)(zwX™  v(g~ (zwX")

(ge)(@XN) (g~ (z X))

B 2 yers () v(yXMwly (mg(y)~H(w X))

et VWXV (me(y) LX)
Zye/\g_l(m) v(yX ) me(y)« (vy) (wX™)

_ . 0
2 yerytm YUXY)

(g:) | (wX™) =

Corollary 4.2. When g is as in Proposition 4.1, and v is a Bernoulli
measure given by probability vector p, then its image under g satisfies

2 yen; (@) PW)Tg(y)«(v)
ZyeA;l(I) p(y) '

(ge)|e =
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In particular, when v is uniform Bernoulli, (g.v)(zX"Y) = A, ()] /1X],
and

Y )W)

(Q*V)|x = )\T 8
yEAg (z)

When v is uniform Bernoulli, its pushforwards by invertible endomor-
phisms are also uniform Bernoulli:

Proposition 4.3. When v is uniform Bernoulli and g is invertible,
gV = V.

Proof. For w € X*,

gur(wX") = (g™ (wX™) = (g~ () X") = [X] 7 = p(wx™). O

5. Log map

Let A be an automorphism of the d-regular rooted tree 7 that acts
transitively on each level. Recall that level n of the tree consists of d"
words of length n. Hence for any pair of words w1, wo of length n, there is
a unique integer k, 0 < k < d” — 1 such that A*(w1) = wo. Furthermore,
if A¥(wy) = A¥ (w,) for some integers k and &/, then k = k' mod d".

Definition 5.1. For any n > 1, the displacement function d 4, : X" X
X™ — Z/d"Z is defined on pairs of words wy, wsy of length n by

dan(wi,ws) = [K]gn,

where A¥(w;) = wy and [k]gn € Z/d"Z is the equivalence class mod d".
We write [k] when n is understood from the context.

Definition 5.2. For any integers m and n, 1 < m < n, the natural
projection ¢pmy @ L/d"Z — Z/d"Z is defined by ¢, ([klan) = [k]gm.

These functions are homomorphisms of rings.

The functions d 4, for different values of n are compatible with each
other with respect to the natural projections.

Proposition 5.3. Suppose |w;| = |w2| =n and a,b € X. Then

Gnn+1(danr1(wia, wad)) = dapn(wy, ws).
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Proof. Let da (w1, w2) = [k] so that AF(wy) = wo, with 0 < k < d™ — 1.
Let a’ = A¥|,, (a). Then A¥(wia) = woa’. Note that

AT (wia) = AT (wad) = AT (w2) AT | (d)).
By Proposition 2.15,
Adn‘w(a,)v Aan’w(a/>7 B A(k_l)dn|w(a/)a

are all distinct. Since | X| = d, this implies A*" |, (a’) = b for some ¢, 0 <
t <d—1. Thus A" **(wia) = wyb, whence dant1(wia, web) = [k +td"].
Since ¢p pn+1([k + td"]) = [k], the proposition holds. O

In addition to the tree endomorphism A, let us consider a tree endo-
morphism B.

Definition 5.4. For any n > 1, Logy ,,(B) : X" — Z/d"Z is a function
which calculates the displacement of a word w of length n along the orbit
of A under the action of B:

Log ;. (B)(w) := dan(w, B(w)).

Note that for any word w of length n, A“84.2(B) (w) = B(w), which
motivates the name “logarithm” for this function.

Corollary 5.5. For any word w of length n and character x € X,

Pnnt1(L0g 4 ni1(B)(wa)) = Logy , (B)(w).

In other words, the displacement of wa by B along the orbit of A is
either the same as displacement of w or differs from it by a multiple of d".

Corollary 5.6. For any integers m and n, 1 < m < n, the following
diagram commutes:

n—m
0-7’

X — s X™
LOgA,n(B)\L \LLOgA,m (B)
Z.)d"7. _ fmn Z)d"™7Z.

Here, o, s the operator that trims the word, deleting the least letter:
o(wa) = w for any word w and a character a € X.
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Proof. This follows from Corollary 5.5 by induction on n — m. [

Let Z4 be the inverse limit of the directed system

Z)d"7Z M Z/d"Z

(for m,n € N). Zy comes with a natural structure of a ring, and is known
as the ring of the d-adic integers (note that d need not be prime).

Since the boundary of the tree 97 can also be seen as the inverse limit
of the directed system

n—m

(o
X L= X",

Corollary 5.6 implies that there exists a unique function Log,(B) : 9T —
Z4, which restricts to Log, ,,(B) on level n for all n.

Definition 5.7. The logarithm Log 4(B) is the inverse limit
Log4(B) = lim Log 4 ,(B).
n

That is, it is the unique function Log,(B) : T — Zg that makes the
following diagram commute:

aT — " s xn
LOgA(B)\L \LLOgA,n(B)
Zg— "> 7/d"7
(7, are the natural projections of the corresponding inverse limits).

Any positive integer N admits a unique d-ary expansion

k
N = Z aidi,
1=0

where each 0 < a; < d— 1. This way, the set Z/d"Z can be identified with
the set of words of length n over the alphabet X. Consequently, the set
Zq4 can be identified with infinite words in alphabet X, which, in term, are
identified with the boundary of the tree 7. Therefore, Logy ,,(B) can be
seen as a transformation of the nth level, and Log 4(B) can be regarded
as a transformation of 97 .
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Proposition 5.8. There exists an endomorphism of the tree T such that
Logy ,,(B) is the restriction of the endomorphism to level n, and Log 4(B)
is the action of the endomorphism on the boundary OT .

Proof. Let L : X* — X* be the transformation that coincides with
Logy ,,(B) on level n for all n. By construction, L preserves the levels.
Corollary 5.5 implies that L maps adjacent vertices of T to adjacent
vertices. Therefore, L is an endomorphism. By Definition 5.7, the action
of L on the boundary 97 is exactly Log 4 (B). O

In the rest of the paper, we deal with d = 2, and so identify (and
use interchangeably) the dyadic numbers and infinite binary sequences
(elements of 7).

Remark 5.9. The construction of the logarithm map Log4(B) (includ-
ing Proposition 5.8) can be extended from d-regular trees to spherically
homogeneous trees (defined in, e.g., [4]).

6. The automaton computing the Log map

Here and onwards we assume that X = {0, 1}, that is, 7 is the binary
rooted tree.

Let A be an automorphism of the tree that acts transitively on each
level, and let B be an endomorphism. In light of Proposition 5.8, the Log
map Log,(B) can be regarded as an endomorphism of 7.

To simplify notation, we will denote by Log both Log,(B) and
Log 4 ,,(B). In this section we construct an automaton which computes
this endomorphism.

We further assume that the automorphism A is of bounded activity
(in the sense of Definition 2.16). An example of such endomorphism is the
adding machine, whose automaton is shown in Figure 2a.

Remark 6.1. Any tree automorphism that acts transitively on levels is
conjugate to the adding machine.

The assumption that A is of bounded activity allows us to prove the fol-
lowing lemma, which is useful in the construction of the automaton for Log.

Lemma 6.2. If A, B are tree endomorphisms given by finite automata,
A is of bounded activity and acts transitively on all levels, then the set
Sa,B consisting of triples of sections:

[w]

Sap = {(Blw, AY)|,, A2 |,,): w e X*}

is finite.
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Proof. By Proposition 2.18, the set
Tp = {A"p: w e X* n <2V}

is finite. Note that A4®)|, A2"™'|, € T4 for all w € X*. Let Sp be the
set of states of the automaton of B. Then

1Sa,8| < |SB| - |Tal*. 0

The set S p is going to be the set of states of our automaton. See
Example 6.5 for an explicit computation of S4 p.

Theorem 6.3. Let A, B be as above. Consider the automaton L = L p
with set of states Sa g, initial state (B, 1, A) (where 1 is the identity
automorphism), transition function m defined by

77((/87 7 5)7 CL) = (/817 7/7 5/)7

where

,8/ _ B|a7 ’Y/ — {’Ya Zf B(a) = W(a)7 5/ — 52|a

(v6)|a  otherwise,

and the output function X given as follows:

0 if B(a) =~(a),

1 otherwise.

A((B,7,0),a) := {

Then the transition function is well-defined, and the automaton L outputs
LogAm(B) as a dyadic integer:

lw|—1

Logan(B)(w) = Y L(w)2', (3)
1=0

where n = |wl, Log, ,,(B) is the displacement function in Definition 5.4,
and L(w); is the ith character of the word L(w).

Proof. We first show that upon reading a word w, the automaton L ends
up in the state

(B|w,Ad<W>|w,A2‘”‘yw) € Sus.

This hypothesis holds for the empty word. We proceed by induction
on |w|.
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Assume the hypothesis holds for all |w| < n.

To prove the inductive hypothesis for words of length n+1, let |w| =n
and a € X, and assume that £ is in the state (3,7, d) after reading w.
We show that

(87,8") 1= 7((8,7,0),0) = (Bluas A" ]a, A7)

Indeed:

1) B/ = B, by definition, and

Blwa = (Blw)|a (by Proposition 2.11)
a — B/-

2) Note that Az‘wl(w) = w by transitivity of A. By definition, §' =
52’(1 = (5’5(@(5‘@. Now

[+1

9lwal 9lw
A |wa =A

[w]
|wa = (A2 )zywa
)AQM lwa (by Proposition 2.12)

A2l (wa,

Jw| [w]
= A2 |A2|w|(w)A2lw‘|w(a)(A2 |w)|a
— A?

[w]
‘wé(a)6|a

(by Proposition 2.11, inductive assumption, and A2 = w)
|w]
= (A%"w)l5(@)0la = Ols(a)0la = &

3) Let d(w) := Logy ,,(B)(w). By definition of Logy ,,(B), B(w) =
A4W) (). Note that

B(wa) = B(w)B|y(a) = A% (w)5(a)

and
A (wa) = AT () AU |y (a) = AN (w)y(a).

If B(a) = v(a), then B(wa) = A%®) (wa), and thus d(wa) = d(wa) = d(w)
by definition of d = Log 4 ,,(B). Otherwise, d(wa) = d(w) + 21wl since this
is the only other possibility. Therefore,

Ad(wa) _ Adw) if B(a) = y(a);
Adw) 421 otherwise.
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Now we compute:
ATy = (A" g = bla,
Ad(w) 421" oo = Ad(w)|A2\w|(wa)(A2‘wl|w)’a _ Ad(w)’m‘“"(w)A2‘w'|w(a)
= AU 5@)0la = (AN 50)0la = Vs(a)0la = (Y0)la

dla

Therefore
Ad(wa)| _ ’7|UL if B(a) = ’Y(Q);
o (v0)|q otherwise.

This matches the definition of 4/, and thus 4/ = AXW®)|,...

In particular, we have verified that the transition function = is well-
defined, since its values are always in the set S p.

This completes the proof of the hypothesis that the automaton is in
state (B|w,Ad(w)\w,A2‘wl|w) after reading w.

Furthermore, we observed that

d(wa) = d(w), if B(a) = y(a);
d(w) + 21! otherwise.

From this observation and the definition of A, equation 3 follows by
induction.
This completes the proof of the theorem. O

Proposition 6.4. When A and B are as in Theorem 6.3 and, additionally,
B is invertible, the automaton La g is a Moore machine (as in Defini-
tion 2.3). Recall that the value of the output function \(s,x) of a Moore
machine only depends on the state s.

Proof. By assumption, A is invertible, and so is A4®) for any w € X*.
B is invertible by assumption. By Proposition 2.10, their sections = Bl,,
and v = A4W)|,, are invertible, and so is Sy~

Now the set of permutations Perm({0,1})={1, 0}, so either By~ (z) =
(2), or By} (x) = o(a).

In the first case, A\(3,7,0)(x) =0 for z € {0, 1}.

Otherwise, since permutation ¢ has no fixed points, 5(z) # v(z) and

A(B,7,0)(x) =1 for z € {0,1}. O

Example 6.5. Let A be the adding machine (see Figure 2a) with states
A and 1 (trivial state). Let automaton F' be given by Figure 2b and have
states {a, b, c}, with initial state a. We consider Log 4 F.
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Note that
A?la = Ala(a)Ala = A,

since Al|gAl1 = A|1Alp = A. Therefore, Azlw‘]w = A for all w € X*
(intuitively, adding 2" to a dyadic number is the same as adding 1 to
(n + 1)st digit).

We thus have Sq p C {a,b,c} x{A, 1} x{A}. Consequently, |Sa | < 6.

Let us compute the transition and the output function for L4 g. By
Proposition 6.4, L4 p is a Moore machine, so we let * stand for either 0
or 1 in what follows:

A(a,1,A),%) =1 A((b,1,A4),%) =1 AM(e, 1, A), %) =
AM(a, Ay A), %) =0 A((b,A,A), %) =0 A((c, A, A),*) =

We can use this to compute the transition function:

7((a,1,4),0) = (¢, 1, A) 7((b,1,A4),0) = (b,1,A)
7((a,1,A),1) = (b, A, A) 7((b,1,A),1) = (¢, A, A)
7((a, A, A),0) = (¢, 1, A) 7((b, A, A),0) = (b1, A)
((a, A, A),1) = (b, A, A) ((b,A,A),1) = (c, A, A)

7((e,1,A),0) = (a,1, A)

m((e,1,A),1) = (a,1, A)

7m((e, A, A),0) = (a, A, A)

m((c, A, A), 1) = (a, A, A)

Since 6 = A for all (8,v,9) € Sa p, we omit it and write (3,7) for
(8,7, A) in L4 p. The automaton L4 p we have computed here is shown
in Figure 9. A

FIGURE 9. Automaton L4 p when A is the adding machine and B is automa-
ton F'. The output from a state is the big number next to it.



R. GrIGORCHUK, R. KoGAaN, Y. VOROBETS 49

Example 6.5 calls for a more efficient notation in the case when A is
the adding machine and B is invertible.

Corollary 6.6. Let A be the adding machine given by automaton of
Figure 2a, and assume B is invertible. Then § = A for all (8,7,0) in the
connected component of (B, 1,A) in La g, and so can be omitted. After
relabeling (B,v,6) — (B,7) in Lap , we obtain the Moore machine [ZA,B
with initial state (B, 1), and transition and output functions m and \ as
specified in Table 1.

Note. £ and £ are equivalent automata: £(w) = £(w) for all words w.

TABLE 1. Transition and output functions of the automaton computing
Log 4 (B) when A is the adding machine and B is invertible

[ and v are both active | Exactly one of 5 and v

or both passive is active
m((8,7),a) (Bla; ¥la) (Bla> (vA)la)
A(B,7)) 0 1

Proof. Observe that
Ao = Ala(a)Ala = A,

since A|pA|; = A|1A|p = A. Since the initial state is (B, 1, A), it follows
that the rest of the states in the connected component of L4 g containing
the initial state are of the form (3,7, A). Similarly, v € {1, A}.

The rest follows from the construction in Theorem 6.3 and Proposi-
tion 6.4. Note that 5(z) = y(z) for z € X = {0, 1} if and only if 3 and ~
are both active or both passive. ]

When A, B are as in the Corollary above, it is easy to construct L4 g,
since once can see [3, v are active or passive by examining the diagram of
the automatons B and A.

Remark 6.7. When B is invertible, and g € S(B) is a state of B, the
transition function A of B at 3, Ag, takes values in Perm(X) = {1,0}.
Table 1 of Proposition 6.6 can be rewritten out explicitly as Table 2.
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TABLE 2. Table 1 with explicit values of 7,

Aoy ow w((By),x) M(B,7y), )
1 1 0 (n(8,0),1) 0
1 1 1 (a(8,1),1) 0
o A 0 (n(8,0),1) 0
o A 1 (n(B,1),A) 0
1 A 0 («x(B,0),A4) 1
1 A 1 (m(B,1),A) 1
c 1 0 (n(8,0),1) 1
o 1 1 (#n(B,1),4) 1

Example 6.8. We compute the distance automaton when A is the adding
machine, and B is the Bellaterra automaton (Figure 10). This automaton
is so called because it was studied during the summer school on Automata
Groups at the Autonomous University of Barcelona in Bellaterra. An
interesting property of it is that the group generated by its states is a free
product of 3 copies of Z/27Z [16].

FI1GURE 10. Bellaterra automaton

Using the new notation:

AM(a,1)) =0 A((b,1)) =0 A(c, 1)) =1

AM(a,A)) =1 A((b,A) =1 A(c,A) =0
7((a,1),0) = (¢, 1) 7((b,1),0) = (b,1) m((¢,1),0) = (a, 1)
m((a,1),1) = (b,1) m((b,1),1) = (¢, 1) m((c,1),1) = (a, A)
m((a, A),0) = (c,A)  =w((b,A),0)=(b,A) 7w((c,A),0)=(a,l)
w((a,A),1) = (b,A)  w((b,A),1)=(c,A) 7((c,A),1) = (a,A)



R. GRIGORCHUK, R. KOGAN, Y. VOROBETS 51

In the above example, we have constructed the automaton L in Fig-
ure 11a. The automaton appearing in Figure 11b will be explained later. A

(b) The delayed automaton oL, p is invertible

F1GURE 11. Construction of £4 p where A is the adding machine and B is
Bellaterra.
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7. Automatic Exp and Logarithm of products

It is worthwhile to consider the operation opposite to constructing
Log 4(B).

Let |X| = 2, and let ¥ : XN — Zy be the function that naturally
identifies words in X with dyadic integers:

Proposition 7.1. Let A, B be tree endomorphisms. Define a function
Exp 4 (B)n on words w of length n by

Exp 4(B)p(w) = AYB@) (1),

Then for all n, Exp 4(B), are endomorphisms of finite trees.
The endomorphisms Exp 4(B)m, Exp 4(B)i agree on the levels 1,2, . . .,
min(m, k) on which they are both defined.

Proof. We need to show that if w € X* and 2,y € X, then Expa(B)(wx)
and Expa(B)(wy) only differ in their last symbol. Let n = |w|. Observe
that ¢ (B(wx)) differs from ¢ (B(w)) by a multiple of 2. Now

Exp4(B)nt1(we) = A% AP (we), (4)

where a € {0,1} is given by a = B|,(z). Note that A?"(v) = v for any
word v of length n because the length of any orbit of A on the level n
is a factor of 2". Therefore the prefix of length n of Exp 4(B)n+1(wz) is
given by A¥(BW) (), i.e., it does not depend on z. Thus Exp 4(B) is an
endomorphism.

The above argument also shows that Exp 4(B)n+1 and Exp 4 (B),, agree
on levels 1,2, ..., n. This completes the proof. ]

Definition 7.2. Let Exp 4(B) denote the extension of the maps Exp 4(B),,
to the boundary of the tree 7. We shall use the same notation for action
on finite words.

Proposition 7.3. Let A be a tree endomorphism, and B be a Moore
machine. Then Exp 4(B) is an automorphism of the tree T .

Proof. 1t suffices to show that Exp 4(B),, is invertible for all n. Consider
an arbitrary word w € X* of length n and a letter x € X. Recall that
B being a Moore machine means that B|,, is constant on X. Therefore
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the value of Exp 4(B),+1(wz) (see equation (4)) is given by a power of A
that does not depend on x. By assumption, A is invertible, so its sections
are invertible as well. Hence Exp 4(B)n+1|w acts as a permutation of X.

The proposition follows by induction on n. ]

Remark: We have constructed the Log automaton Log, B for any
invertible Mealy machine B and any level-transitive automaton A of
bounded activity. By construction, the Log automaton of an invertible
automaton is a Moore machine.

Therefore every invertible automaton B can be written in the form
B = Expy M, where A is the adding machine (or any bounded-activity,
level-transitive automaton), and M is a Moore machine. Note that, in
general, one cannot construct a Moore machine (synchronously) equivalent
to a given Mealy machine. This construction provides an alternative.

7.1. Logarithm of product

Proposition 7.4. Let A and B be finite state automata. Then
Exps(Loga(B)) = B

as endomorphisms of the tree T. In particular, the Automatic Logarithm,
as an inverse of Exp, is unique. That is, if Exp4 B1 = Expy Ba, then
B1 = By as endomorphisms of trees.

Proof. Exp4(Log4(B)) = B by construction. If Exp,y B; = Expy B,
then for any word w we have ¥(B;(w)) = ¥ (Bz(w)) mod 2/*I. This
implies B;(w) = Ba(w). O

We can now argue about Log using Exp. To proceed, we define:

Definition 7.5. Let A = (Sa,ma,A4,54,) and B = (S, 7B, A, SB,)
be finite automata. The sum automaton A @ B is the automaton with the
set of states S = Sy x Sp x {0,1}, and transition map 7 and output map
A given by

w((s,t,¢c),x) = (ma(s,z), 7p(t, x),d),
{1 if A(s,2) + A(t,2) + ¢ > 2,
0 otherwise,
A

A(s,t,¢),z) = A(s,z) + A(t,z) + ¢ mod 2.
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For a finite word w, the sum automaton A & B outputs ¥ (A(w)) +
Y(B(w)) as a dyadic integer. The third component of a state can be
understood as the carry bit.

This definition allows us to compute the Log automaton of a product.

Proposition 7.6. Let B and C' be invertible finite automata and A be
a bounded-activity, level-transitive automaton. Then

Log4(BC) = ((Logy B) C) ® Log 4 C.
Proof. Let Logy B = a and Log 4 C = c. Then
C(w) = A ()
BC(w) = APPCW)(C(w)) = AYPCW)(AVe) () = AVPC(w)He(w) (4
= AVCOB)W) (1) = Exp 4 ((bC) @ ¢)(w).
Therefore, by Proposition 7.4,
Log4(BC) = (bC) & c,
which completes the proof. [

8. Distribution of lengths of chords

We now approach the main goal of our investigation. The measure
we are interested in is p = pa p = Logy(B).v, where v is the uniform
Bernoulli measure on 7.

This measure gives the distribution of the displacement function: d —
a finite integer written in binary as w = wy ... wy,—1 (and thus interpreted
as an element of Z/2"Z),

p(wX™) = [{v € X": Logy,,(B)(v) = w}].

We introduce this measure with the goal of studying the properties
of the graphs of action, such as their diameter. For example, Pak and
Malyshev prove in [13| that the diameter of the graph of action of the
states of automaton F on level n grows at a rate of O(n?). However
computer experiments give hope that this bound can be improved to O(n).
Finding the connections between the measure p and the properties of the
graphs nevertheless remains an open problem.

Figure 3 illustrates the graphs of action with the cycle generated by
the adding machine A put on a circle, and the edges corresponding to the
action of another automaton being chords in that circle, motivating the
title of this section. The graph on the right has a smaller diameter.
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We now proceed to examine interesting properties of u, and answer
questions about it: what kind of measure is p? Is it Markov, for example?

In fact, there is an easy sufficient condition for p to be not only Markov,
but uniform Bernoulli on a cylinder. To state it, we need to make several
definitions:

Definition 8.1. o : XN — XN is the (left) shift, defined by o(aw) = w
for a € X and w € XV. We define the left shift o : X* — X* for finite
words w in the same way.

Definition 8.2. When £ is a Moore machine, the delayed automaton
oL is the automaton that computes the composition o o L. It has the
same states, initial state and the transition function as £, but the output
function o\ is given by

oA(s,x) = Nm(s,x)),
which is well-defined when £ is a Moore machine.
When L is Moore, for any finite word w € X* and = € X,
L(wz) = L(0)oL(w) = L(1)oL(w).

Proposition 8.3. Let X be a finite alphabet. Let L be a Moore machine
with initial state sg, and let a = \(sg). Let v be the uniform Bernoulli
measure on XN,

Then i = Lyv is supported on the cylinder aXY, and pl, = (0L).v.
If oL is invertible, p|, is uniform Bernoulli (i.e. pl, = v).

Proof. First, note that
p(aX™) = Lov(aX™) = v(L7H (aX ) = v\ (@) XT) = v(XN) = 1.

Now g = (L4v)|q = (0 L)y, since for all v € X*,

(0L)sv(wXY) = v ((aL)—l(vXN)) — v (/:—1(0—1 ((’UXN)))

— <,c—1 <|_| me» = v (£7 (avx™))

reX
=L (avXN) = (L.)|o(vXY)  (since, as noted, Lov(aXN) =1).

Thus (L) = (Liv)]q-
If o £ is invertible, then (0£).v = v by Proposition 4.3. This completes
the proof. O
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Corollary 8.4. Let X, A, B and L = L4 p be as in Prop 6.3 (so B
is invertible, and L = L4 g is Moore). Let v be the uniform Bernoulli
measure on X*.

Then p = Log 4 (B).v is supported on L(0)XN, and tleo =v.

Example 8.5. Let £ = L4 p with A being the adding machine, and B
being the Bellaterra automaton defined in Figure 10. Then £(0) = £(1) =
0. The delayed automaton oL is shown in Figure 11b, and it is invertible
(but not minimal: can be reduced to an automaton with 5 states).

Therefore, 1 = Log 4 (B).v is the uniform Bernoulli measure supported
on 0XN ie. pulo=vand uj; =0. A

Proposition 8.3 demonstrates that when B is invertible, the delayed
automaton 0L 4 g can be useful for examining pa g. We make use of it
again for what follows:

Theorem 8.6. Let v be the uniform Bernoulli measure. In the case
A is the adding machine and B is automaton F (see Figure 2b), the
measure f14, B = Log(B)«v is finite-state. Furthermore, p1a,glo =0, and
automaton in Figure 13 computes pa gl1 (in the sense of Definition 3.5).

Proof. Write u = pa g. By Proposition 8.3 and the already computed
L = L4 p in Figure 9, ulp = 0, and the measure is supported on the
cylinder 1XN, with p|l; = (0£).v. We thus point our attention to oL,
shown in Figure 12a.

First, observe that the automaton ¢ /£ is not minimal. After identifying
states (a, 1) and (a, A) into state a, and identifying states (b, 1) and (b, A)
into state b, we obtain a minimal automaton £ (Figure 12b).

(a) oL, (b) 0L, g minimized.

FIGURE 12. Automatons 0L 4 p and its minimization
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Recall that the states a, b, (¢, 1) and (¢, A) of the automaton oL g
are sections of £4 g, and can be seen as endomorphisms whose automata
coincide with £4 p except for the initial state (see Remark 2.7), i.e.,
Lap=a, Lap|1=0>, etc.

If g is an action on the tree 7, we write p4 for g.v. Thus we are
interested in p, = p = a,v = (0L).v, and we compute it by writing down
its sections in terms of fi4, pp, fte,1 and pic A.

We apply Corollary 4.2 to £ 4 p to obtain the sections of p by x € X =
{0,1}. On the right, we evaluate these measures on the cylindrical sets of
the form zXV, so that we could continue the computation by applying
Proposition 2.24.

+
qu:f@—;@i 1o (0XN) = 1
talt =0 Ma(lXN) =0
tplo =0 1 (0X ™) =0
b+ e, A
udlzfi—gﬁ?— w(1XN) =1
petlo =0 fe1 (0XN) =0
Nc,l‘l = Mq /qu(lXN) =1
#c,A|0 = Ha Nc,A(OXN) =1
fe,alt =0 fie, a(1XN) =0

Having expressed the sections by one character in terms of each other,
we have obtained a set of recursive relations which allows us to compute
sections by arbitrary words. To find the set of all sections, we proceed by
repeatedly computing sections using Proposition 2.24. We find:

_|_
@;#ﬂb:o PR ox™) =0
2
ub+uc,1|1 _ Myt Heat 2Ha Mb+uc,1(1XN) -1
2 4 2
Hb + fhe,A Po + He,A N 1
2o T reAy ——(0X") = =
9 |O Ha 2 ( ) 2
1
Mb+uc,A|1 _ Mot fhea M@XN) -
2 2 2 2
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And again:
b + pe,A + 2pa o= P ot el potpeat 24tq (0xM) = 3
4 0 3 4 4
fib + e A + 24q = Mot He fib + fe,A + 24 (1xY) = 1
4 2 4 4
Finally:
Hat o+ prer)  fot fe Ha iyt Het vy 2
3 2 3 3
Pa + o + fhe1 | o+ e, A + 2Hq Pa + b+ fle1 o ony L
ptel), : prelaxt) - o

Since we have obtained no new sections at this step, the sections so far
are all the sections of y. We have all the data now to build the automaton
in Figure 13 that computes pl;. ]

0:0
1:0

2
01
Pat bt
.2 3
O

Potpie A Potpe, A+20a
2 4

F1GURE 13. Automaton that computes p14, 5|1 for A the adding machine and
B — automaton F, defined in Figure 2b

The preceding example shows that p14 p is finite-state (in the sense
of Definition 3.5) in the case when A is the adding machine and B is
automaton F'. It should be noted that for some choices of automaton B
the measure p4 p is not finite-state.
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Example 8.7. Let A be the adding machine and B be the Lamplighter
automaton; see Figure 14. Then the measure ;14 p is not finite-state as
shown below. A

FIGURE 14. The lamplighter automaton

We compute the automaton £4 p using Theorem 6.3:

A(a, 1)) =1 A((5,1)) = 0
A((a, A)) =0 A(b,4)) =1
7((a,1),0) = (a, 1) 7((6,1),0) = (a,1)
7((a,1),1) = (b, A) 7((6,1),1) = (b,1)
m((a,A),0) = (a,1) m((b,A),0) = (a, A)
w((a, A),1) = (b, A) 7((b, A), 1) = (b, A)

The diagrams of the automata L4 p and 0L4 p are shown in Fig-
ures 15a and 15b, respectively. Since (b, 1) is not reachable from the initial
state (a,1), it is omitted in Figure 15b. The automaton in that figure is
not minimal; states (a,1) and (a, A) can be identified. The minimized
automaton is shown in Figure 15¢; the relabeling is a = (a, 1) = (a, A),
b= (b,A), and (b, 1) is discarded as unreachable from the initial state a.

Noting that p14 p is supported on 1X"N (by Proposition 8.3), we now
point our attention to the measure i = pa pgl1. Using Corollary 4.2 for
the minimized o £ in Figure 15¢ and the notation of Example 8.6, we get:

falo =0 Ha(0X™) =0
1 pa(1XM) =1

pal = 5 (Ha + ) 1
pp(0XY) = 2

Lblo = fla %
b = ity = 1
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(b) oL; states unreachable from the ini-
tial state (a,1) not shown

(¢) oL minimized

FIGURE 15. L= L4 p and oL for A the adding machine, B the Lamplighter.

Now let g := p1q and pi, := pi—1|1. Again we use Corollary 2.24:

_ (,Ua'i'lub)
2
1 L)1 < N\ (Ha+2mp) 4
pr = by = 5 (b + 24 ) o )
_ (,U/a"‘zﬂb)
3
o o (Na+3ﬂb)
3 = H2\1 -4
229 :/Ln71|1 =...

All this leads to the following.
Proposition 8.8. Let jig = pia, and pip, = pin—1|1, for n € N. Then

n—+ 2
2(n+1)

n

_ Ha + Tfdp
2(n+1)’

Hn ntl ,Un(OXN) = Mn(lXN) =
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Proof. By induction on n. The proposition holds for n = 0. Assuming it
holds for n = k, by Corollary 2.24:

1 o +pp 1 k+ 2
pr— p— 7k —

_ Mot (K+1Dm .
k+2 '

Note that measures ., are all distinct.

Corollary 8.9. p4 p is not finite-state when A is the adding machine
and B is Lamplighter.

Corollary 8.10. puy, forn=0,1,2,... are all the nontrivial sections of [i.
Proof. This immediately follows from observing that p,|o = po for n > 0:

,ua—l-nub’ _ 1 nitg 2(n + 1)
n+1 ° n+1 2 n

The (infinite) automaton that computes [ is shown in Figure 16. [

tnlo = = llg = Mo

FIGURE 16. The infinite automaton computing jia g where A is the adding
machine, and B is the Lamplighter automaton.

Observe that the computations in these examples are almost linear.
The following proposition makes this notion precise.

Proposition 8.11. Let X = {xq,...,xx_1} be a finite alphabet, L be

a Mealy machine with states S = {go,...,gn—1}, and v be a Bernoulli
measure given by a vector p = (p(xo),...,p(xk—1)). For any vector v =
(ag,ai,...,an—1) € R let

n—1
Hy = 5 A;Gis V.
=0
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Then for any x € X there exists an n xn matriz M, and an n-dimensional
vector p, such that

M
Uylz = fhw  with w = oy
Pz -V

The entries of M, and coordinates of p, are given by

n—1
Mw(ivj): Z p(y) and pﬂc(])

y: 7(9i,9)=9j, i=0
Agiy)=x

|
]
=

Proof. From Proposition 4.2 and Corollary 2.24:

n
(Z ;G4 V)
=0

_ E?:O algl*y(xXN)(gl*y)‘

N > im0 @igi v (X N)
2210 i X yens @) PYIT (90 y)wv
Z?:o a; Zyekg_il (z) p(y)
The proposition follows. O
Corollary 8.12. Let

Mv
¢z(v) = PR
Then ., is finite-state if and only if the orbit of v under the action of the

semigroup generated by ¢, x € X is finite. The graph of the action is the
transition diagram of the automaton that computes puip,.

The above corollary can be made simpler once we consider v as an
element of RP". For v = (ap, a1,

ceoyQp1), write [v] =
ap—1] € RP™ and let

[ap : a1 @ ... :
Hv] = i

Ty (X
This is well defined and

(62 (v)] = [Mev].

Corollary 8.13. py, is finite-state if and only if the orbit of [v] under
the action of the semigroup generated by (M, : x € X) is finite.
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In the special case when v is the uniform Bernoulli measure, it is

convenient to use matrices M, with entries
My j)= ), L
y: m(g:,9)=9;,
Mg y)==

Similarly, set f, = | X|p,. By definition, M, = |X|M,, [Mv] = [Mv],
and ¢, (v) = M,v/p, - v. However M, has integer entries: M, (i,j) €
{0,1,...,]|X]}.
Corollary 8.14. In the case v is uniform Bernoulli, the measure py,) is

finite-state if and only if the orbit of [v] under the action of the multiplica-
tive semigroup generated by integer matrices My, x € X is finite.

Example 8.15. When L = L4 g, where A is the adding machine and B
is automaton F' given by Figure 2b, we have

0 00 2

- 100 0 i o

Mo=(1 g ¢ o P=2002),  ¢v)=Muv/po-v,
0 0 0 O
0 0 2 0

~ 01 0 0

Mi=1099 o] P=0220,  ¢()=Mv/p-v
0100

The orbit of (1,0,0,0) under the action of (¢g, ¢1) is

((0,0,0,0), (0,1/2,0,1/2), (0,1/2,1/2,0), (1/3,1/3,1/3,0),
(1/2,1/4,0,1/4), (1,0,0,0)).

These correspond to the states in Figure 13. o
Equivalently, the orbit of [1:0:0: 0] under the action of (M, M) is

([0:0:0:0], [0:1:0:1], [0:1:1:0], 1:1:1:0],
2:1:0:1], [1:0:0:0]). A

Example 8.16. When L = L4 p with A the adding machine and B the
Lamplighter, we have

(01 - (10
o= (o0) wm=(i0)

The orbit of [1 : 0] under the action of M; is {[1 : n]: n € N}, and is not
finite. A
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9. When the measure is Markov

Having obtained the automaton that computes a measure, we can
ask the question of what kind of measure it is. Recall from Definition 3.3
that a k-step Markov measure is a measure whose sections are uniquely
determined by suffizes of length k, regardless of what comes before. The
following theorem provides necessary and sufficient conditions for a finite-
state measure to be k-step Markov.

Theorem 9.1. Let p be a finite-state measure with n nontrivial sections
U1y -y fin. Then p is k-step Markov (for some k € N) if and only if for
any nonempty word w € X*, there is at most one i, 1 <1 < n such that
Wilw = pi. When p is k-step Markov, we can choose k < n(n — 1).

Proof. = Proof by contradiction. Let u be k-step Markov. Assume that
the hypothesis of the theorem does not hold, that is, p has two distinct
nontrivial sections p,, and |, (where u,v € X*) such that (p|y)|w = ttfu
and (ft]y)|w = ply for some nonempty word w € X*. Let W = www ... w
be the word w repeated several times so that |[W| > k. Then

plaw = () lw = (1lu) lww...o = plus
/”L‘UW = (/’L"UNW (N|v)‘ww...w = M|u~

So the nontrivial sections gl and |, are different, but [W| > k. That
is, a suffix of length k does not uniquely determine a nontrivial section
of p. This contradicts the assumption that p is k-Markov.

< Assume now that the hypothesis holds. For u to be k-step Markov,
it suffices to show that for any two nontrivial sections pu|, and p|,, and
any word w with |w| = k, we have p|uy = pt|vw whenever both ww and
vw are admissible words.

Let £ = n(n — 1) and fix w = wwy...wg, w; € X with |w| = k.
Consider Table 3. The columns of this table are the paths from pl, and
(|, obtained by taking sections by the word w character by character.

TABLE 3. Paths of length k starting from p|, and pl,

fhlu v
M|uw1 ,U|vw1

N‘uwlwz N’vwlwz

M|uw ,Uf‘vw
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By assumption, uw and vw are admissible, so Table 3 contains only
nontrivial sections. We claim that one row of the table contains two
identical measures: fi|yw,. w;, = Hlow,.w; for some i, 0 < ¢ < k. Then
each subsequent row also contains two identical measures. In particular,
fluw = pt|ow- To prove the claim (and complete the proof), assume the
contrary. Since p has only n nontrivial sections, there are only n(n — 1)
pairs of distinct nontrivial sections. Table 3 has k + 1 > n(n — 1) rows,
hence a row in the table must repeat, i.e.,

(M|uw1..wi7 ,U/‘vwl..wi) = (N‘uwl..wj s ,U|vw1..wj)

for some 1 <7 < j < k. But that means that the word W := w;11...w;
fixes two sections py 1= flywg.w; and py = flywy. w;; that is, (plo)|lw =
ply and (plyv)w = ply. By our hypothesis, the nontrivial section fixed by
W is unique, so p|y = py. Since UW = uw and VW = vw, this implies
fluw = pt|vw- This completes the proof. O

Remark. The free semigroup F'S(X) generated by X acts on the sections
of p: for w € FS(X), w- p; := p;lw. The condition of Theorem 9.1 can
be re-stated as follows: the action of any nonempty word w € X* on the
sections of 1 has at most one nontrivial fixed point.

Theorem 9.1 is illustrated by the following example.

Example 9.2. When A is the adding machine and B is automaton F', the
measure p14 g is defined by the automaton M in Figure 13. The measure
satisfies the hypothesis of Theorem 9.1. By the theorem, p4 p is k-step
Markov for some k < 20. Direct examination of the automaton M reveals
that the admissible words for ;14 p are all words not containing 000 or
1101, and the measure is, in fact, 3-step Markov (see Table 4). A

TABLE 4. pa,p as a Markov measure when B is automaton F'

w ends in ‘ 1w
00 ﬂ\bJrQMC,l
11 M|b+2u|c,A
01 M|b+#‘c4,A+2Na
110 La
010 datplytiles

Minimal forbidden words: 000, 1101.
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The condition of Theorem 9.1 is not satisfied trivially.

Example 9.3. A finite-state measure p defined by the automaton in
Figure 17 is not a Markov measure. The initial state u (on the top left)
is fixed by the action of the word 01, but so is the top right state, p|oo1:

plor = v and (pfoo1)o1 = loor. Note that p # ploor since p(0XN) = 2

while 11001 (0X") = 2. By Theorem 9.1, y1 cannot be a k-step Markov
measure for any k. A

FIGURE 17. A diagram of the automaton of a finite-state measure that is not
Markov.
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