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ABSTRACT. Tree languages which are sets of terms always play
a prominent role in the first-order languages and theoretical com-
puter science. In this paper, tree languages induced by terms with
fixed variables are considered. Under the applications of an opera-
tion on tree languages, we construct the algebra of such languages
having many properties of abstract clones. A strong connection
with theory of general functions is given through a representation
theorem. Additionally, the semigroup of mappings of which their
images are tree languages with fixed variables is given.

1. Introduction and basic properties

Following the paper [15], a memory to Professor V. A. Artamonov who
is one of the outstanding algebraists was mentioned. Faithful representa-
tions of Hopf algebras originally given by his papers in [1,2] motivate us
to consider some representations by functions of tree languages. Hence,
this paper is dedicated to his scientific works by providing the study of
tree languages in sense of algebra.
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Actually, the wide use of terms or trees as a natural structure in
computer science allows us to consider its theoretical basics [3]. In the
study of logic, terms can be regarded as one of important instruments in
both the first and the second-order languages. Basically, a term of type
7 is a formal expression which combined from the following two compo-
nents: variables and compositions of operation symbols in a sequence 7 of
arities. Let X, = {x1,...,2,}, for n in NT := {1,2,...}, be a set which
elements are called variables and X = {x1,...,Zp,...}. To define terms,
we use a set {f; | ¢ € I} of operation symbols, indexed by the set I. The
type is the sequence 7 = (n;);esr of the natural number arities of each
symbol f;. Formally, an n-ary term of type 7 is inductively defined by
the following: (1) every variable z; € X,, is an n-ary term of type 7 and
(2) if t1,...,t,, are n-ary terms of type 7 and f; has the arity n;, then
the composition fi(t1,...,t,,;) is also an n-ary term of type 7. For the
set X,,, by W-(X,) we mean the set of all n-ary terms of type 7. On the
other hand, W, (X) denotes the set of all terms of type 7. The set of all
variables that appear in ¢ is denoted by wvar(t). More background and
current trends in the investigation of terms may be found in [5,13,18].

We now illustrate some examples of terms. Let us consider the type
7 = (3,2) with one ternary operation symbol g and one binary operation
symbol f. Then we have

r1, T2, (22, 21), g(w1, f(22,21), 21) € W(32)(X2),

r1, T2, T3, §(T3, T3, T2), g(f (T3, 72), 71, 23) € W(39)(X3).

There are many types of specific terms, for examples, linear terms [24],
k terms [7], full terms with restricted range [23], terms induced by order-
decreasing transformations [28]. In this paper, we are interested in a
special class of terms of type 7, called terms of a fized variable, which
was introduced by K. Wattanatripop and T. Changphas in [27]. We now
recall the concept of n-ary terms of a fixed variable of type 7 = (n;)icr
as follows:

(1) every z; € X,, is an n-ary term of a fixed variable of type 7 and

(2) if t1,...,t,, are n-ary terms of a fixed variable of type 7 with
var(t;) = var(ty) for every 1 < 1 < k < n;, then fi(t1,...,ty,) is an
n-ary term of a fixed variable of type 7.

The symbol Wi"(X,,) stands for the set of all n-ary terms of a fixed
variable of type 7 over alphabet X,.

For examples, let us consider type 7 = (2) with one binary operation
symbol f. Then
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w1, 39, f(21,31), F(f(@2,22), f (22, 72)) € WS (X),
f(xs,x3), f(f(x2,x2), x2), f(f(x3,23), f(x3,23)) € W(fgz))(X?»)-
On the other hand,

f@1,2), (2, f@r, 1)), (f (21, 32), 22) & Wy (Xa),
f@r,as), f(f (o, 1), 20), f(f(w3,20), f(w2,22)) & W (X).

One of the outstanding structures that connect with terms and re-
lated concepts is a Menger algebra. In fact, it is a pair of a nonempty
set G and an (n+ 1)-ary operation o on G, where n is a natural number,
which satisfies the following equation, also called the superassociative law

o(o(a,br,...,bp) C1,y...,cn) =
=o(a,0(by,C1y...¢n)y.vy0(bp,Cly. .. cn)).

Theoretical and applicable results of Menger algebras can be found in
[9,10,16].

Actually, the power set of all terms of type 7 is naturally denoted by
P(W.(X)). Every element of P(W, (X)) is a set of terms, always called
tree languages. For example, we provide some subsets of W(g)(X )

0, {z1}, {z3, x5}, {h(@1, 27, 22) }, {x4, h(z10, M3, T3, 26), T25) }-

These sets are examples of tree languages over the terms from W3 (X).
In 2021, tree languages with fixed variables which can be considered as
one of particular classes of tree languages were presented in [17]. We
mentioned that tree languages generalize formal languages, i.e., sets of
words over a given alphabet. Normally, tree languages and tree auto-
mata were widely studied in various areas, for example, see [11,12,19].
In particular, the variety theorems of binary tree languages and finite
tree algebras were proved in the paper [25]. Another important deve-
lopment in tree languages is the state complexity problem of regular tree
languages for tree matching problem which is the problem of finding
subtree occurrences of a tree in L from a set of trees T'. For more details,
see [14].

In views of the algebraic construction of operation for tree languages,
the superposition operation on P(W (X)) was first presented in [6]. Let
n be a natural number, B, By, ..., B, are arbitrary subsets of W, (X).
Then an (n + 1)-ary generalized superposition operation

5" P(Wo(X))"*! — P(W.(X))

is defined inductively by
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(1) 8B, By,...,By) = B; if B={z;} and 1 < j < n.

~

(2) S™(B,Bu,...,By) ={z;} if B={z;} and n < j.

(3) If B={fi(t1,...,tn;)}, and suppose that S"({tx}, By,..., By) for
all k=1,...,n; are already defined, then

S"({fi(t1, ... tn)}, By, ..., By)
= {filr1,...,mn,) | 76 € S"({tx}, B1, ..., Bn),1 < k < n;}.

(4) If |B| > 1, then S"(B, By,...,B,) := |J S"({b}, By, ..., By).
beB

(5) If B=0 or Bj = () for some 1 < j < n, then

~

S"(B,By,...,By) = 0.

Applying this operation, the algebra (P(W.(X)), §”) of type (n+1)
forms a Menger algebra and called a power Menger algebra with infinitely
many nullary operations. Other development in tree languages were
appeared in [8,22,20].

In this paper, we further develop the investigation of tree languages,
in particular, tree languages generated by terms of fixed variables and
their corresponding operations. The paper is organized as follows: the
first result of our study in Section 2 consists of proposing a novel con-
cept of tree languages which are induced by terms of a fixed variable
and presenting a generalized operation for them. Applying these two
preparations, some structures are constructed and their properties are
provided. We also prove a representation theorem of such structure by
giving a class of functions that generated by each element of our obtained
structures. We continue in Section 3 with giving an idea of mappings
which takes from the set of operation symbols to the set of tree languages
which are induced by terms of a fixed variable. Due to the importance
of the original idea of this mapping related in different areas, especially
hyperidentities, a binary composition of such mappings is defined.

2. The generalized power clone of tree languages with
fixed variables

On the set W Y(X) of all terms of a fixed variable of type 7, the power
set P(W{"(X)) can be described in a natural way. Each element of
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P(WiY(X)) is called generalized tree languages of terms with fized vari-
ables. To see some concrete examples of them, let us consider the type
(2) with one binary operation symbol g. Then the following sets are

subsets of W(J;g(X), i.e., some elements of P(W(J;I)’(X)):

0, {z1},{zs}, {z4, 9(w3,23)}, {77, 9(9(21, 1), 9(21,71)) }.

The following theorem shows that the power set PWLY(X)) is closed
under the generalized superposition operation S™ for every n > 1.

Theorem 1. For any natural numbern > 1 and A, By, ..., B, C wiv (X),
we have

~

S™(A,By,...,B,) € P(W/U(X)).

Proof. Let A, By,...,B, C WTfU(X). If one of sets A, By,..., B, that
contain in the domain of the generalized superposition operation Sn s
empty, then we have an empty set and thus the proof is finished. Suppose
now that all of sets A, By, ..., B, are non-empty. We give a proof on the
characteristic of a set A. If A is a singleton set of the term of a fixed
variable s, then we consider in the following three cases: s is a variable
x; € Xy, s is a variable z; € X \ X, and s = fi(s1,...,8n,;) € WTf”(X).
In the first case, we get §”(A, Bi,...,B,) = §”({xi},Bl,...,Bn) =
B; € P(W{(X)). In the second case, we have S"(A, By,...,By) =
S5"({z;},Bi,..., Bn) = {x;} € P(W"(X)). In the third case, we prove
that the set 57 ({fi(s1,...,5n,)}, B, ., Bn) belong to P(W{¥(X)). Fol-
lowing the definition of §”, §”({fi(sl, .oy Sn;)}, Bi, ..., By) equals to the
set {fi(r1,...,mn,) | 7k € 5"({si},B1,...,Bn),1 < k < n;}. Thus, for
every 1 < k < n;, we have to show that §"({sk},Bl, ..., By) are genera-
lized tree languages of terms of fixed variables. From the assumption,
we get {fi(s1,-..,8n,)} € WE"(X). This means var({fi(s1,...,5n,)}) =
{21} for some k > 1, which implies var(5™({ts}, Bi, ..., By)) = {x}} for
some k£ > 1. That means, this language contains only one variable from
X. It follows directly that

lwar(S™ ({fi(s1, - sn)} Br, ..., By))| = 1.

This case is completed. If A is an arbitrary non-singleton set, i.e., |[A| > 1,

we have S™(A,Bi,...,By) = U S"({s},B1,...,Bn) . As we known
se€A

from the previous case, then the arbitrary union of them so is. O
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Applying Theorem 1, we have an (n + 1)-ary operation on the set of
tree languages of fixed variables

S POWL (X)) = POW (X))
for n > 1. Furthermore, the algebra
P — clonely (1) = (P(W(X)), 5™),

which is called the generalized power clone of tree languages with fized
variables, is obtained.

The next theorem follows in a straightforward way from Theorem 1
and the fact that P(WJU(X)) is a subset of P(W,(X)).

Theorem 2. The many-sort algebra P — cloneév(T) satisfies (C1)-(C4),
i.e., for every natural number n > 1 :

(C1) S*(S™(A,By,...,By,),C1,...,Cp)

A~

= S"(A,S"(B1,Ch,...,Cp), ..., S™(Bp,C1,...,Cp))
whenever A, B1,...,B,,C1,...,C, C WTfU(X).

(C2) §”({xi},Bl,...,Bn) = B; whenever By,...,B, C WTfU(X) and
1< <n.

(C3) S"({z;}, By,...,Bn) = {x;} whenever By,..., B, C Wi%(X) and
1> n.
(C4) S™(A, {z1}, ... {xn)}) = A.

Proof. Applying the result of Theorem 1, the proof of this theorem is
obtained. 0

We now illustrate the algebra P — cloneg}(T) in a specific type.

Example 1. Consider type 7 = (2) with one binary operation symbol f
and a subset

B = {{z1}, {zo, x7}, {f (s, 25) }, { [ (f (w4, w4), 24) } }

of P(W(J;q)] (X)) with respect to a binary operation S* which is defined by
the following table.

St ‘ {z1} {z2, 27} {f(xs,25)} {f(f(z4,24),24)}
{z1} {a1} {wa, 27} {f(zs,25)} {f(f(za,24), 4) }
{22, 27} {w2, 27} {22, 27} {w2, 27} {22, 27}
{f(@s,25)} {f(@s,25)} {f(@s,25)} {f(@s,25)} {f(@s, w5)}

{f(f(@a,2a), w)} | {f(f(@awa)s20)}  {f(f(@a,2a),20)} {F(f(ma,a),20)}  {F(fz4,24),24)}
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It is not difficult to show that the operation S defined on P(Wg))(X )

is associative. Consequently, (B ,§ 1) forms a semigroup. Furthermore,

it is also a subsemigroup of (P(W(J;)}(X)), §1)

Our next aim is to propose a representation theorem of the genera-
lized power clone P — cloneg”(T). Representation in other structures
can be found, for instance, in [29-32]. Let us start with recalling some
elementary tools which were collected from [9,18]. On the set A™ of n-th
Cartesian product of a nonempty set A, a full n-ary function or an n-ary
operation is a mapping from A" to A. The symbol T'(A™, A) stands for
the set of all such mappings. On the set T'(A™, A), one can define the
Menger’s composition O : T(A™, A)"*1 — T(A", A) by

O(fvgl,'"7gn)(a17"‘7an) = f(gl(ala" 'aan)7' . 'agn(ala-” 7an))?

where f,g1,...,9n € T(A", A),a1,...,a, € A. The set together with the
Menger’s composition is said to be an algebra of full functions or algebra
of operations. If the composition of (n + 1) functions from T'(A", A)
is also in this set, then this pair is called algebra of full functions. In
general, the Menger’s composition generalizes the usual composition of
functions.

We construct a mapping generated by each element of P(Wf Y(X)).
For each set A of the algebra (P(WZ"(X)), 8"), the full n-ary function
Mg PWEY (X)) — P(W{Y(X)) can be defined by

Au(Bi,...,By) = 8"(A,By,...,By)

for all By, ..., B, € P(W{(X)), where S" is an (n + 1)-ary generalized
superposition operation defined on P( Jv (X)).
It is clear that the full n-ary function A4 is an element of the set

TP = T(P(WIY(X))", P(WIY(X)))

which is called an inner left translation of P (WTf (X)) which corresponds
to a tree language A of P(W}"(X)).

The following lemmas are essential tools for proving the main theo-
rem.

Lemma 1. On the algebra (P(W;”(X)),gn), the equation

A=

So( 81y = O AB e Am,)
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is satisfied for every A, Bi,...,B, € P(W}"(X)) where 5" and O is a
generalized superposition operation of tree languages with fired variables
and Menger’s composition, respectively.

Proof. Let A, By, ..., By, D1,...,D, be arbitrary subsets of W{"(X).
Then we have

/\§n(ABl, \B )(Dl,...,Dn)
= (S (A, Bi1,...,Byn),D1,...,Dy)
= S”(é "(By, D1, ... ,Dn), S’ (Bpn,D1,...,Dy))
= M (S™(B1,D1,...,Dy),.. S (B n,Dl,...,Dn))
= Aa(Ag,(D1,...,Dy),...,AB,(D1,...,Dy))
= O(Aa, A\Byy---,AB,)(D1,...,Dy).
The proof is finished. O

By A’, we denote the set of all A4 where A € P(W}"(X)), i.e.,
A= D] A e POVI(X))).

Lemma 2. The set A’ forms a subalgebra of (TT1?,O) and thus (A, O)
1s a Menger algebra of full n-ary functions.

Proof. Obviously, §) # A’ C TP/, Let Aa, Ap,,...,Ap, be arbitrary full
n-ary functions in 7%, It follows immediately from Lemma 1 that the
composition of such mappings again a full n-ary function. O

We now state and prove a representation theorem for the generalized
power clone of tree languages with fixed variables as follows:

Theorem 3. Let (P(W{'(X)),5") be an algebra of type (n+1). Define
a mapping 1 : P(WI'(X)) = N by (A) = Ag for all A € P(WI'(X)).
Then v is an isomorphism and so P(WTf”(X)) =~ AL

Proof. Clearly, ¢ is surjective. By Lemma 1, we have

W(S™(A, By,...,By)) = A (451 B

= O()‘A7 )‘B17 L) >\Bn) = O(w(A)vw(Bl)v s 7¢(Bn))

and thus 9 is a homomorphism. Suppose that A4, = Aa,. Then we ob-
tain Aa,(B1,...,Bn) = Aa,(Bi,...,By). By the definition of a genera-
lized superposition §”, we conclude that Ay and Ay coincide. Hence v
is injective. Therefore, 1 is an isomorphism from P (WTf Y(X))to A O
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3. Non-deterministic generalized
hypersubstitutions with fixed variables

One of the concepts which are closely related to tree homomorphism is
a non-deterministic generalized hypersubstitution. It was mentioned in
[3,11] that for a tree homomorhosim h and a recognizable tree language L
the image of L under h is also recognizable. For this reason, we begin this
section with collecting some elementary concepts of non-deterministic
generalized hypersubstitutions of type 7 which were extensively applied
in the theory of hyperidentity [4,20,21,23]. A mapping

Ond: {fili€l} - P(W.(X))

is called a non-deterministic generalized hypersubstitution of type 7. The
set of all such mappings is denoted by H ypgd(T). It is well-known that
every o,q generates a mapping o,q : P(W;(X)) — P(W,(X)) which is
defined by the following inductive way:

(1) Tnall] :=0,
(2) onal{zi}] :== {x;} where x; is a variable from X,

(3) and[{fi(slv'”asm)}] = §ni(0nd(fi)7and[{sl}]v"‘7and[{5m}]) if

ondl{sk}],1 < k < n,; are already defined,
(4) 0nalB] := U na[{b}] if B is an arbitrary non-singleton subset of
beB
W-(X).

Under a binary operation ogd on H ypTGLd(T) given by 0,4 ogd Ond =
Ond © Qg Where o is a usual composition, it was proved that the triple
(HypP(7), 0P, 0;q) forms a monoid where o4 was defined to be an iden-
tity element where o;4(fi) := {fi(x1,...,zp,)} for all i € I.

It is possible to study the situation when the images of 0,4 are sets of
terms with fixed variables and necessarily preserve the arity. This leads
us to introduce the following concept.

A non-deterministic generalized hypersubstitution o,4 of type 7 is
said to be non-deterministic generalized hypersubstitution with fixed vari-
ables of type 7 if on4(fi) € P(WTfU(X)) where a mapping 0,4 does not
necessarily preserve the arity. By H yprZfG(T), we denote the set of all
non-deterministic generalized hypersubstitutions with fixed variables of
type T

Now, more examples of non-deterministic hypersubstitutions with
fixed variables are provided.
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Example 2. Let 7 = (4, 2) be a type with a quaternary operation sym-
bol h and a binary operation symbol g. Let 0,4 be a non-deterministic
hypersubstitution with fixed variables which maps a quaternary opera-
tion symbol h to a set {xs,h(rs,zs,zs,zs)} and g to a tree language

{.’L‘Q,Q(.T;l,1U4),g(171,g($1,$1))}- Then Ond € HypnyZ_G(Zl? 2)

Example 3. Let 7 = (3,2, 1) be a type with a ternary operation symbol
f, a binary operation symbol g, and a unary operation symbol h. Define
the following: a mapping [ takes f to {z1, f(g9(z5,25), x5, 25), h(z9)},
takes g to {f(x1,21,21),9(xs,26)}, and takes h to {h(h(h(h(z2))))}.
Clearly, 8 € H ypﬁZ_G(B,Q, 1). Nevertheless, if a mapping ~ is defined
by ¥(f) = {3, g(x3, 24)},7(9) = {f (21, %4, 27)}, and y(h) = {h(h(z5))},
then v ¢ Hypf;z_G(?), 2,1).

To prove that a binary operation ogd on H ypgd(T) can be applied to

H ypiZ_G(T), the following lemma is needed.

Lemma 3. The extended mapping 0,q of a non-deterministic hypersub-
stitution with fized variables opq is a mapping on P(W1"(X)).

Proof. Our aim is to prove that &, is a mapping from the set P(W{"(X))
to itself, i.e., Gpq : PWL"(X)) — P(W{(X)). To do this, let o,q be
a mapping in H ypfi v c(7) and let A be an arbitrary subset of W}"(X).
If A is empty, the lemma is clear. Suppose now that A is non-empty.
If A= {x;}, z; € X, we have G,q[{z;}] = {x;} € P(W/"(X)). Assume
that A = {fi(s1,...,Sn,)} where fi(s1,...,sp,;) is a term with fixed vari-
able. Furthermore, we inductively assume that onq[{s;}] € P(W{"(X))
for all 1 < k < n;. Because o,q(f;) belongs to the set P(W{'(X)),
it follows immediately from Theorem 1 that o,q[{fi(s1,...,5n,)}] =
5" (0na(fi), Gnal{s1}], - . , Ond[{sn, }]) is a generalized tree language with
fixed variables. Finally, if A is a non-singleton subset of W{"(X), i.e.,
|A| > 1, the proof is obtained from the property of the union of sets in
the natural way. O

We now give the example that describes the fact of Lemma 3.
Example 4. Let 7 = (3) with a ternary operation symbol g and 0,4 €
HypiZ_G(S) which is given by 0,4(9) = {g(x3,x3,z3)}. If a generalized
tree language with fixed variables A = {z5, g(x2, x2,22)} € P(W(J;S(X)),

then we have

GnalA] = {25} U 5*(0na(9), Gnal{w2}], Gnal{w2}], Gnal{w2}]).
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According to the definition of generalized superposition and the defining
of 0,4(g), we have

5% (0na(9), Fnal{w2}], Fnal{w2}], Gnal{wa}]) = {g(w3, w3, 23)}.
As a result, 0,4[A] = {5, (3,23, 73)}.
Consequently, we prove
Theorem 4. (HypiZﬁG(T),ogd) is a subsemigroup of (Hypid(t),opd).

Proof. Let 0,4,apq € H yprZ(T). We have to show that o,4 ogd pg €
HypiZ_G(T). In fact, we have (opq ogd ang)(fi) = Onalana(fi)]. Since
ana(fi) € P(WTf Y(X)) and G,q is an extension of a non-deterministic
hypersubstitution with fixed variables of type 7, then &,qcnq(fi)] is a
tree language with fixed variables by Lemma 3. O

Finally, we provide the following property that gives a close connec-
tion between 7,4 and the generalized power clone P — cloneé”(T).

Theorem 5. For ecvery non-deterministic hypersubstitution with fixed
variables o,q, its extension Gnq is an endomorphism of the gemeralized
power clone P — cloneév(T).

Proof. To prove that 7,4 is an endomorphism of P — cloneg} (1), we have
to show that the equation

8nd[5n(A7 By,..., Bn)] = Sn(and[A]a 6-\nd[B1]’ s 7and[Bn])
holds for all A4, By,..., B, € PW{'(X)). If A =0 or Bj = () for some
j €{1,...,n}, by the definitions of S and 0pnd then both sides are empty
and the equation is satisfied. Now we give a proof on the characteristic
of a set A. If A = {t} where t is a term with fixed variable, then three
cases are considered. For t = z;, 1 < i < n, we have

~

GualS™(A, By, ..., By)]
= GnalS"({i}, B1, ..., By)]

= OnalBi]
= *S\n({xz}, and[Bl]a cee 7and[Bn])
= S”(End[{gcz}], (/T\nd[Bl], . ,(/T\nd[Bn]).

If t = x;, for j > n, then we have

~

GualS™(A, By, ..., By)]
= GpalS"({z;}, By, ..., By)]
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= ondl{z;}]
= {A Ty}
=5" ({xj}v and[Bl]a s aand[Bn])
= S"(and[{xj}], End[Bl], e ,Gnd[Bn])
Assume now that t = fi(s1,...,sp,) and

GndlS" ({1}, B1,- ... Bn)] = S"(Gnal{sk}], GnalB1, - . . GnalBn))

is sa’E\iSﬁed for all 1 < k < n;. By Theorem 2, we obtain that
Gnd[S"({fi(sl, cee ,Sni)}, Bl, ey B@\)]
= onal{fi(r1, ... ,12%.) | 7 € S™({sk}, B1,...,Bn),1 <k, <n;}]
= U&\nd ifz < S”({sl}, Bi,..., Bn), ey
Tn, € S"({sn; }, B1, ..., Bp)}
= U Snl(dnd(fl) O—nd[{Tl S S”({sl} Bl, ce ,B )}], RN
q\nd[{rn e sn ({SQZ} Bi,...,Bn)})
= Sni(gnd(fi), Ond[S"({s1}, B1,- .-, Bn)]y .-+,
@\nd[sn({sm};\Bla ) Bn)])
= Sni (Und(fi)a S”(End[{sl}], and[Bl]y e ,8nd[Bn]), N
S\n(and[{sm}] OnalB1; -+, 0na[Bnl))
= S"(S™(0n, (fi); Onalsl, - -, Onalsn,]), OnalBil; - - -, 0nalBn])
= S™"(Onal{fi(s15---,5n)}, and[Bl], we vy Ond|Bn))-
Let A be arbitrary non—singleton subset of Wy Y(X). Then
nd[S"(A, By, ..., By)]

= Gl U S"({a} B By)
- U GnalS"({a}, B1,..., By)]

LGJA S (Gnal{a}],Gpa[Bil, - - . GnaBn])

= U( U S5"({s},6ulBil;,50alBn))
a€A s€opql{a}]

= U S"({s},GnalBil,. .. 5na[Bn])
sfa'nd[A]
S" (Und[A] Und[Bl] uand[Bn])
The proof is finished. O

2y

4. Conclusions

This paper is contributed to the investigation of the first and the second-
order languages, especially tree languages generated by terms of a fixed
variable. There are many real-word examples of such lauguages, for
example, the equation of idempotency. Applying the generalized su-
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perposition on tree languages, the generalized algebra consisting of the
set of obtained languages and the operation of type (n + 1) satisfying
the clone axioms were presented. Furthermore, if n = 1, then we re-
stricted our intention to a semigroup. In a connection with the theory
of functions, a representation theorem of this algebra was stated via a
construction of n-ary functions induced by tree languages with fixed vari-
ables. Finally, based on the theory of hypersubstitutions, the semigroup
of mappings which take any operation symbol to the sets of terms with
fixed variables was given under a binary associative operation for these
mappings. The work may be considered as tools for constructing M-solid
non-deterministic varieties with fixed variables. Characterization theo-
rems of bands and other other classes of algebras may be proved by our
results. However, it is possible to extend our study in the near future by
continuing in other kinds of tree languages and examine a lattice of all
languages.
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