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ABSTRACT. In this paper, we investigate g-Varchenko matri-
ces for some hyperplane arrangements with symmetry in two and
three dimensions, and prove that they have a Smith normal form
over Z[q]. In particular, we examine the hyperplane arrangement for
the regular n-gon in the plane and the dihedral model in the space
and Platonic polyhedra. In each case, we prove that the ¢g-Varchenko
matrix associated with the hyperplane arrangement has a Smith
normal form over Z[q] and realize their congruent transformation
matrices over Z[g| as well.

Introduction

Hyperplane arrangements are present in various problems in geometry,
combinatorics, and algebra [5,7,8,11]. A hyperplane arrangement devides
an affine space to disjoint regions. The set of hyperplanes separating two
regions R; and R; is denoted by sep(R;, R;). In 1993, Varchenko defined
a matrix associated with a hyperplane arrangement in [13| which helps to
reveal the intrinsic combinatorial and algebraic properties of the hyperplane
arrangement. The Varchenko matrix has rows and columns indexed by the
regions of the hyperplane arrangement, where each hyperplane is assigned
an indeterminate ay. Then the (i, j)-entry of the Varchenko matrix is
obtained by taking the product over all ay such that H € sep(R;, R;).
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Gao and Zhang [4] have determined the necessary and sufficient conditions
for the Varchenko matrix associated with a hyperplane arrangement to
have a diagonal form. In [11]|, Stanley noted that Gao and Zhang’s result
also holds for pseudosphere arrangements, which are a generalization of
hyperplane arrangements.

g-Varchenko matrices come from these Varchenko matrices by replacing
the (i, j) entry by ¢#5P(i, ) Tt is known [3] that the number of diagonal
entries of the Smith normal form of the ¢- Varchenko matrix V, exactly
divisible by (¢ — 1)? is equal to the i-th Betti number of the complex
complement of the arrangement. Applications of the invariant factors
in the Smith normal form to combinatorial and discrete mathematics
are discussed in [|9]. Hyperplane arrangements also provide interesting
quantum integrable models [14]. While the Smith normal form of a matrix
is guaranteed to exist over a principal ideal domain such as Qlg], the
algorithm is not always computationally practical [12]. Combinatorially, it
is important to know whether the congruent transformations can be carried
out in Z[q]. In [3], Denham and Hanlon illustrated two problems with
implementation of the algorithm: one is that the size of the ¢-Varchenko
matrix becomes extremely large very quickly in proportion to the number
of hyperplanes in the arrangement; the second is that the degrees of the
polynomial matrix entries “blow up during the intermediate stages in the
computation”.

Little is known about the existence of a Smith normal form of a matrix
over rings that are not principal ideal domains. One of the open problems
is whether the hyperplane arrangement based on the root systems of type
A has an integral Smith normal form [11].

In this paper we consider an easier problem related to root systems.
According to McKay [6], the simply-laced types of root systems are in one-
to-one correspondence to the symmetry groups of Platonic polyhedra [10]
and their degenerates such as the regular polygons and regular polyhedras.
Explicitly, we will study the related hyperplane arrangement models based
on Platonic polyhedra and their degenerations. The cyclic model has
been studied in a recent paper |2] as an example of peelable hyperplane
arrangement. In this paper we will use a different method to approach all
hyperplane arrangement models based on regular polyhedra, and show
that all of the g-Varchenko matrices have the Smith normal forms over
Z[q] and also the congruent transformations can be realized in Z[q] as
well.

Using the symmetry of these arrangements, we give the ¢-Varchenko
matrices, their Smith normal forms over Z[q], and the corresponding tran-
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sition matrices. Then, the methods used in the study of the ¢-Varchenko
matrix for the octahedron arrangement are modified and applied to show
that the g-Varchenko matrix for a hyperplane arrangement corresponding
to a pyramid with a square base also has a Smith normal form over Zl[g].
Lastly, we consider the hyperplane arrangement corresponding to a pyra-
mid with a regular pentagonal base and show that its ¢-Varchenko matrix
has a Smith normal form over Z[q]. In each case, we give the transition
matrices and determine the Smith normal form.

The paper is organized as follows. In Section 1 we discuss some basic
notions and the hyperplane arrangements. Next, in Section 2 we revisit the
hyperplane arrangement of a regular n-gon in R? which we call the cyclic
model; we formulate an algorithm that allows us to use the symmetry
of the arrangement to obtain its ¢g-Varchenko matrix and determine the
Smith normal form over Z[q] for an arbitrary n. Then we move into R?
and define the dihedral model hyperplane arrangement; we obtain its
g-Varchenko matrix using the symmetry of the arrangement, determine
the Smith normal form over Z[qg| for an arbitrary n, and give the transition
matrices. Finally in Section 3, we consider the hyperplane arrangements
in R3 corresponding to a tetrahedron, a cube, and an octahedron.

1. Hyperplane arrangements

We first recall some basic notions about hyperplane arrangements
following [12]. A real hyperplane is an n — 1 dimensional subspace defined
by a linear equation in R™. Let A = {hy, ha,...,hi} be a set of real
hyperplanes. If R™\ A is a disjoint union of open sets, then we call A a
hyperplane arrangement, and the disjoint open subsets are referred as
the regions of A, and their collection is called the the set of regions of A,
denoted by R(A). The set of hyperplanes separating two regions R, R’
is denoted by sep(R, R'), and its cardinality d(R, R') = #sep(R, R')
forms a metric on R(A). If we fix a base region Ry, then the distance
enumerator of A with respect to Ry is

Dapy(t)= 3 .
ReER(A)

Fix a base region Rg. Then the regions of A form a partial order
(weak order) defined by R < R’ if sep(Ro, R) C sep(Ry, R’). This weak
order R 4 is graded by distance. The intersection poset L(A) is the set of
all nonempty intersections of hyperplanes in A, including the underlying
space itself as the intersection over the empty set. We have x < y in the
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intersection poset if y C x. Therefore the underlying space is the minimal
element, 0.

Let z € L(A). The subarrangement A, is defined as {h € A : x C h}.
The arrangement A” is defined by A* ={aNh# 2 : he A—A,}. If
A ={hy,ha,...,hy} is a hyperplane arrangement, then take z = hy and
Al is an arrangement in the affine subspace hy:

Al = {hnhi #@:hi e A—{h}}. (1.1)

Let hx be a hyperplane in A = {hy,ha, ..., hp}. A = A — {hy}
is called the deleted arrangement. The arrangement in hj defined by
A" ={h; N hy : h; € A’} is called the restricted arrangement. Then the
triple (A, A’, A”) can be used to recursively solve the problem of counting
the number of regions of A: the number of regions of A equals the number
of regions of A’ plus the number of regions of A” [7]. The following result
is easy to see.

Proposition 1.1.
sep (R, R') = (sep (Ro, R) Usep (RO, R/)) - (sep (Ro, R’) Nsep (Ro, R)) )

The hyperplane arrangement of a regular n-gon is the hyperplane
arrangement given by taking the edges of a regular n-gon and extending
them to lines in R?. Similarly, the hyperplane arrangement of a regular
polytope is the hyperplane arrangement given by taking the sides of a
regular polytope and extending them to planes in R3.

2. Symmetry models

In this section we develop a simple method to compute the ¢g-Varchenko
matrix of a hyperplane arrangement and show that the g-Varchenko matrix
has an integral Smith normal form for the simple example of the cyclic
model. In particular, we consider the hyperplane arrangement of the affine
span of the facets of special polytopes.

2.1. The cyclic model

The Smith normal form for the ¢g-Varchenko matrix associated with
the hyperplane arrangement of a regular n-gon, A = {hy, ha, ..., h,}, was
presented in [2|. Here the hyperplanes consists of all facets of the regular
n-polygons. Our approach to finding the g-Varchenko matrix V; is different
and meant to introduce a method to treat other models. We refer to the
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method of arranging hyperplane arrangements of regular n-gons as the
cyclic model C),, using the same symbol for the cyclic group of order n.

Take the base region Ry to be the center n-gon region, so # sep (Ro, Ro)
= 0. The distance enumerator for A (with respect to Rp) is

P
n+1
DA,RO(t):1+Zntk, where p=| i | (2.1)
k=1
For positive integer r, the n-dimensional vector q" = (¢",¢",...,q"),

is sometimes denoted by q;, to indicate its size if needed. We also use the
following notations for the i-dimensional vectors:

(@)= (" a2 d " g, (2:2)
(qr)z _ (qr7 qr+2’ q7"+4’ o ’qr+2z—2). (23)
For i < j, we also define the (n — j 4+ i 4+ 1)-dimensional vector:
[qi_j]n*j+i+l = (qi_ja qi_j+2a s 7qi+j_27 qi+j’ s 7qi+ja qi+j_2’ s ?qi_j)
—_——
ntl-i—j
(2.4)

We will denote the transpose of a matrix M by M.
Recall that the circulant matrix C' = C(ay, aa,. .., ay) is defined by:

al as ag --- (079

an a1 az -+ Qp-—1
Clay,az,....an) = | ap_1 an a1 -+ apno |- (2.5)

a9 az a4 --- aq

The reverse circulant matrix RC' = RC(ay,az,...,ay) is defined by:

ay a2 az --- (079
as a3z a4 --- al

RC(al, az, ..., an) — az a4 a5 --- a9 . (26)
an a1 G2 -+ 4p-—1

So for any integer 1 < a < n, the (2, x)-entry of RCj; is equal to the
(z' 4+ a,z — a)-entry. The overline refers to modulo n.
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Theorem 2.1. For a natural integer n, let p be as in (2.1). The (14+np) X
(1 4+ np) q-Varchenko matrixz for the C, arrangement has the following
block form:

I Q1 Q2 ... @
Qﬁ Cn Cio ... Cyp

V= | @ Cn Cwm ... O (2.7)
Q) Cn Cp ... Gy

where Q. is the row vector q;, and Ci; (1 < i < j < p) is the circulant
matrix given by

Cij = C((qj_i)ia qz—:j1fifja <qj—i+2(i—1)>i_1’ q;:z) (2~8)

Proof. By definition the Varchenko matrix encodes the intersection num-
bers among separable regions in the model: V,, = (¢* sep(Ri, 7)) where
#sep(R;, Rj) is the number of hyperplanes separating region R; from
region ;.

Now let’s carefully count the separating numbers # sep(R;, R;). For
1 < k < p, there are n regions R such that # sep (Ro, R) = k. For 1 < x <
n: Ry < Ry < Rpya < ... < Rjp_1)nqe in the weak order of containment.
Label the 1+ np regions of the arrangement iteratively as follows. First of
all, the n hyperplanes hy, ... h, are named so that each h, forms an edge of
the n-gon that shares vertices with the edges formed by hz+1, and so that
ho follows hi moving along the edges in a counter-clockwise direction; the
central region is labeled by Ry; label the remaining regions in the following
iterative process: for each ¥ < n and m < p — 1, choose R’ and name
it by R(m+1)n+k such that Sep(Ro,Rm+((k+1)m0d(n))) = Sep(Rmn—i-kaR/Z'
Repeat this process till k reaches n. Here and throughout this section ¢
denotes (i modn).

For 1 <x <nand 1<7<p, #sep(Ro, Ryp_1)n4a) =7, 50 Qr = qp,.
Also for any @ = b+ 1 we have that

#sep (R(ifl)nJrl: R(jfl)nJr:r) = #sep (R(ifl)nJrEm R(jfl)nJrI;)

For any integer 1 < a < n, the (2/,z)-entry of Cj; is equal to the
(' 4+ a, x + a)-entry, where the overline refers to modulo n. Therefore, Cj;
is a circulant matrix.
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h; \ Rz hz| Ry
R28
hy
R29
hs
RS() h6 Rj,] h7

F1GUuRE 1. The labelled Cg hyperplane arrangement.

Suppose n > 3 and 7 < j. For 1 < x < n, note that Cy; is given by
# sep (R17R((j,1)n+x), Cy; is given by # sep (RnHR(j—l)ner)a and Cj;
is given by # sep (R2n+1, R(j_l)nﬂg) etc.

Now consider C;; where 7 < j. Specifically for 7 < j <pand 1 <z < n,

# sep (R(i—l)n—i-la R(j—l)n,+a;)
j - i) S€p (R07 R(ifl)nJrl) - S€p (R07 R(j,l)n+1-) ’

j—1i+4 2k, k elements from sep (Ro, R(i—l)n+1)
do not belong to sep (Ro, R(j—l)n+f£) ,

J+i, sep (Ro, R(i—1)n+1) Nsep (Ro, R(j—1yn+a) = @
By analyzing three cases we have that for 1 < k <7 and 7 < 7,

# S€ep (R(i—1)7L+17 R(j—1)7L+ZE) = (29)
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Jj—1, ze{l,nn—1,....n—(j—i1—1)},

7 — 1+ 1 terms in set

j—i+2k zel{k+ln—(j—i—1)—k}

j+i, zef{i+1,i+2,....n—(G -1}

n+1—17— 7 terms in set

\

Therefore Cj; is indeed as given in (2.8), and the theorem is proved. O

Theorem 2.2. For any n > 3, the Smith normal form of the q-Varchenko
matrix for the cyclic model arrangement is

1 0 0
0 (1-¢*I, 0 : (2.10)
0 0 (1 - q2)2In(p—1)

The corresponding left and right transition matrices are (respectively)

SP and (SP)* where

1 0 0 0 0 10 0 ... 0
—qlnxy In 0 0 0 0L, 0 ...0
pP= 0 —ql,I, 0 0|, S=]0-¢JL, ... 0|, (211)
0 cer 0 —ql, I, 0... 0 —qJI,
. 0 In—l
where J is the n X n permutation matriz
1 0

Proof. Note that the first row and column of the ¢-Varchenko matrix Vj
(see (2.7)) for C), can be transformed into its Smith normal form over
Z|q) in two actions: congruent action by P (i.e. V. — PV P?) followed by
congruent action by S. After left multiplication by P, the @}, blocks in V,
become zeros since for 1 < k < p, Q% — qQ}_; = 0. Also the (i, j)-entry
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C;j in V; becomes
Cij —qCi-n, j

( j—i i—1
71— ¢ (Z (J +Zq2me>, for 1 <i < j,
k=0 m=1

i—1
DTS IR, for i > j.

(2.12)

Then after right multiplication by P!, the @} blocks become zeros
since for 1 < k < p, Qi — ¢Qx—1 = 0. Furthermore, the (i, j)-entry Cj;
block matrices in V; become

(Cij = qCiz13) — q(Cijo1 — qCim1jm1) = (1 — ¢A)g"1 777, (2.13)
which can be verified case by case by using (2.12).

Therefore, after congruent action of P the ¢-Varchenko matrix is
transformed to the (1 4 np) x (1 + np) matrix:

PV, P!
1 0 0 0
0 (1—¢*)I, q1-g»)Jt . P (A-P) (P!
=0  q-¢*)J (=) ... 2= ()2
0 ¢ 1(1-¢g*)Jr 1 ¢ 2(1-¢*)Jr 2 ... (1-¢*)1,

(2.14)

Then, left multiplication by S to PV, P! leaves the first row unchanged.
The block matrix entries below the diagonal become zero, the block matrix
entries along the diagonal become (1 — ¢?)2I and the block matrix entries
above the diagonal become ¢/~*(1 — ¢?)2(J)I 2.

Multiplication on the right by S? to the resulting matrix leaves the
entries on and below the diagonal unchanged, and the entries above the
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diagonal become zeros. Indeed for 1 < i < j,

Cij —qCi—15 —q(Cij—1 —qCi—15-1)
- qJ<Ci—1,j —qCi—2; —q(Ci—1j-1 —qCi—2-1) ) -

(Ci,j—l —qCi—15-1—q(Cij—2—qCi_1j-2)

- qJ<Ci71,j71 —qCi—2-1—q(Ci—1j—2 —qCi_2j2) )) (¢J")
T e P e (2.15

Thus the congruent action by S to the matrix in (2.14) transforms the
g-Varchenko matrix V; to its Smith normal form in (2.10) O

2.2. The dihedral model D,,

Now we take the hyperplanes from the cyclic model and move them
into R? so that the lines forming edges of the regular n-gon become planes
forming a regular n-gon shaped cylinder. Then we add one hyperplane h
that is perpendicular to h1, ho, ..., h,. This doubles the number of regions.
The distance enumerator for A (with respect to Ry ) is

n—+1
2 .

p
DA,Rg(t) =1+t+ Zn(tk + "), where p=|
k=1

We will refer to the regions above h as R} and the regions below h as
R_,. The R} regions are labelled according to the cyclic model. Effectively,
we label the R regions by taking a reflection of the cyclic model regions
along the axis of symmetry between Rf and R

Theorem 2.3. The q-Varchenko matriz for the dihedral model arrange-
ment is a 2(np + 1) x 2(np + 1) matriz with the following block form:

1L Qp Q ... Q,
@i 611 612 Elp

Vg = Qg Ciz Coo ... Coyp |, (2.16)
Q, Cip Oz ... Cpy
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where for 1 <1i < j < p, the blocks are defined by

_ 4 4 _ Cz JiilKCZ"
- Qi qQ 0<i<p: Cij _ - J q J
qQi Qi qJ' T KCyj Cij

Here Qo =1,Q, = qj,, Cjj is defined in (2.8), K is the nxn skew diagonal
matriz or RC(0,-+ ,1)pxpn and J = C(0,1,0,-+ ,0)pnxn-

Proof. For 1 < k < p, there are n regions R* such that # sep (R(jf, Ri) =
k.Forl <z <n: R§ SR;& SRf_HC <. <Ra_1)n+x
of containment.
Label the 2 + 2np regions of the arrangement in the following way:
1) h is the hyperplane perpendicular to the hyperplanes hq, ..., hy;
2) For 1 < z < n, the hyperplane h, forms an edge of the n-gon that
shares vertices with the edges formed by h,1; (;mod n) SO that ha
follows hy moving along the edges in a counter-clockwise direction;
3) the central regions above h is labeled as Rj and below h is labeled
as Ry';
4) for 1 < x < n, label the region R as R, if sep (RO ,R) = h, and as
R, ., if sep (Ro ,R) = hg;
5) For 1 < k,m <n, m+1<p— 1, label the region R as R

in the weak order

(m+1)n+k
i sep (RS RE (1) o) = 5P (R B *) and label it

Ry 1yn if s€P (Ro B (k1) mod(n ))) =sep (R 7).
Now for 1<ax<n and 1 <r<p, it is easy to see that # Sep(RO ,R(r 1)n+z)

= r and #sep(Rg ,R(r Dnta ) = r+1. Therefore Q,=(¢",...,q¢" )ixn=9),.
Note that though the process is identical for the RT and R~ regions,
the hyperplane involved in each step is not. For example,

SeP(R1 ,R:H) = {h2}, sep(Ry n+1) {hn-1};
Sep(Rn+17R2n+1) = {hs}, sep( n+17R2n+1) = {hn—2}.

However, sep (Rﬁ, Rli) C sep (R(j)t’ R2in+1) c...C Sep(RO ’R?; 1)n+1)
FOI' 1 < Za] < D,

sep (Ro ,Rz; 1)n+x> = {hz, het1, hata, - hog 1)} (2.17)

sep (RO R 1)n+$)

= { g1z, M1 (e 41)> Pnti—(42)s - - > Pl —(e+(=1)) > (2:18)
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R15+ h
R14- \ h5

FicurE 2. The labelled D5 arrangement, where k¥ = 5 and m = 2. The
hyperplane h is this page. The 4 regions are on the front side of the page; the
— regions are on the back side of the page.

where the index ¢ in h; is modulo n. Hence the 2(np + 1) x 2(np + 1)
g-Varchenko matrix V, for D,, is:

1 q Q1 Q2 |...| Qr Qry1|.-.] Qp Qpt1
q 1 Qs Q1 || Qry1 Qr || Qpr1 @y

Qﬁ Qg Cl+1+ Cl+1f C1+r+ Cl“rrf Cl+p+ Cler,
Q; Qtl Cl*l“r Cl*l* C17T+ Cl*r* leer lepf

Vo= t Nt ’

Qr 1 Cr+1+ Cr+1* Cr+r+ C,,,Jrrf C’r+p+ C,,,erf
f"Jrl an Cf’/‘*hL C’/‘*I* C'r*rJr CT*T* Cr—er Crfp*
Q; ;H—l Cp+1+ Cp+1— Cp+r+ Cpﬂﬁ Cp+p+ Cp+p*
b QY [Cpre Oy || Gt Coee || O O

(2:19)
where Qr - qg, Ci:l:j:l: == C@?]i, Cj:l:i:t = Cl‘tijfm Ci:l:jJF == Ci¥j:l: and

Cizix = Cfiﬁ. As immediate consequences of the indexing method of
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the regions, Cj+;+ are circulant matrices, and Cjx ;= = Cj; as stated in
Theorem 2.1.
Forl<z<nand0<a<n

#Sep( (i— 1)n+1+a’R?; Dntaz— a) #Sep< (i— 1)n+1’ (j— 1)n+x>

(2.20)
which is a consequence of the fact that when x+k = n for some 1 < k < n,
+ +
Bli—vnt etk modey) = Hig-nyn

For 1 < ', 2 < n, the (2, x)-entry of C;+ ;- in V is equal to the number

of the hyperplanes separating the regions RZ Dnta’ and R(] Dnta’ Now

let’s compute it as in the proof of Theorem 2.1 starting with
#sep(Ri—1yntars B(j—1)n+e) With 2’ =n — (i — 1). This will give us the
n — (i — 1) row of C;+ ;- instead of the first row. However, as a result of
the indexing convention, we see that that the C;+ ¥ blocks are reverse-
circulant matrices. Therefore they are determined entirely by the first row,
or equivalently, any particular row. For 1 < x < n, we have the following
observations:

sop (RS RS yyin 1)) = (st b, b}, (221)

sep (RO ,R(J 1)n+z) =

{ha hpt1—a, hn—i—l—(a:—l—l)a hn+1—(:ﬁ+2)a R hn—l—l—(z—i—(j—l))}' (222)
Therefore by Proposition 1.1,

+ — _
Sep (R(zel)nJrn—(zel)7 R(jfl)n+ac> =
{hTU hp-1,..., hn—(i—l)} U {h’ hpy1-zs- -, hn-i—l—(a:-i—(j—l))}_
({hru hp—1,..., hn—(i—l)} N {h, hn+1—x’ R hn+1—(a¢+(j—1))})‘ (223)

Then we have for 1 <k <17 < j,

#Sep( (i—1)n+n—(i—1)’ R(j—l)n+x>

j+1—1, ze{l,n,n—1,....,n—(j—i—1)}.
j—i+1 terms in set
—dj+1—i+2k ze{k+ln—(j—i—1)—k}. (2.24)
j+144, ze{itl,i+2,...,n— (-1}

n+1—1— 7 terms in set
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Comparing it to (2.9), we see that this is precisely 1 + # sep(R
R?}fl)ner)'
first row of Cj; as defined in Theorem 2.1. Left multiplication by J K
acting on the circulant matrix Cj; takes the first row to the nth row,
and then takes the nth row to the n — (i — 1) row. Since both Cj+ -
and ¢J 'K C;j are reverse circulant matrices, the equality of one row of
each matrix is sufficient to determine the equality of the two matrices.

Therefore, ¢.J'" 1 KCyj = Citj-. 0

+
(i—1)n41°
Therefore, the n — (i — 1) row of Cj+;- equals ¢ times the

Proposition 2.4. Fori < j, ij = JI7iCy;.

Proof. Note that for 1 <r,¢ <n we have Jrc = 0,41 (mod n),c, and hence
(Jj_l)rc = 5r+j—i,c~ So

n

(J7 Cighre = 3 (k€ Zm) it (Ciplke = (Cig)rsjmic
k=1

Since it is a circulant matrix, J7~'Cj; can be written using the (1+j — i)th
row of C;;. Therefore, we have

JJ_ZC@] = C(q]_za ey qj_ia qj_i+27 teey qj_i+2(i_1)a
—————
j—i1+1
qj+i7 L 7qj+i’ qu’i+2(ifl)7 o 7qui+2) _ Ct 0
—_——

n+l—i—j

Theorem 2.5. For n > 3, the Smith normal form of the q-Varchenko
matriz Vy given in Theorem 2.3 for the dihedral model arrangement is

1 0 0 0
0 (1—-¢)I, 0 0

=) (2.25)
0 0 (1—¢%)32I,, 0
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This is obtained by the congruent action of RT'SP, where

1 0 0 0 0 0 |0 0
—q 1 0 0 0 0 0 0
—q1 0| I, 0O 0O 0 ]0 0
0 —ql| 0 I, 0O 0 [0 0
P = 0 0 |—ql, O 0 0 0 0
0 0 0 —ql,|’ 0 0 0 0
=ql, 0 |I, O
0 0 —ql,|0 I,

1 0l O 0 0 0O [0 O

01] 0 0 0 0 |0 O

00| I, 0 0 0O [0 O

0o 0 I, 0 0 |0 O
S=100—¢qJ O 0 0O [0 O ,

00 0 —qJ 0 0 |0 O

00 d=q7 0o |1, 0

0 0 —qJ|0 I,
10 O 0 0 0 0 0
01 O 0 0 0 0 0
00| I, O 0 0 0 0
00 —¢K I,|] 0 0 0 0
T=100] 0 0 I, 0 0 0
00 0 0|-qJK I, ... 0 0
0 1, 0
N—q 'K I,
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A 0 0 0 0
0 A 0
0 O 0
R= ;
0 0 A; 0
0 0 Ap
where
1 0 0 O
01 0 O I, 0 ... 0 )
A = , Aj = for2 <j<p.
0 o0 I, O 0 0 I
2nXxXnp
0O 0 o0 I,

Proof. We will index the first row (resp. column) of the Varchenko matrix
V, with entries Qj (resp. Q%) as row ¢ = 0 (resp. column j = 0). The
entry C11 will be indexed by row ¢ = 1 and column j = 1. The Varchenko
matrix V; for D,, can be transformed into its Smith normal form over Z[q]
in successive congruent actions of P, .S, T and R.

After left multiplication by P, the Q% blocks become zeros since for
1<k <p, Q) —qQ%_; =0. Furthermore, the original Cj; block matrices
have the form given in (2.12) and the original ¢.J*"* K C;; block matrices
have the form

( ]_]_
¢ (1—-q% (ZJk> K, fori =1,

k=0
(2.26)
N i i—1
¢ - ¢}t <Z(Jt)k +> qu’”) K, fori>1.
k=0 m=1

After right multiplication by P?, the Q. blocks become zeros since for
1<k <p, Qr —qQr_1 = 0 and the first column remains unchanged. The
block matrices with the original entry Cj; become

(1= ¢¥)ql=Ilg=3. (2.27)
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Furthermore, the original ¢J' 'K Cjj block entries become

1—2

71— ) ((1 - (Z q%ﬂf) + q%‘—“ﬂ—l) K. (229)

k=0

This can be verified by direct computations case by case, depending on
the position of the original ¢.J*"' K C;; blocks.

Then, left multiplication by the matrix S has the effect of beginning
with the last two rows and subtracting ¢J times the previous two rows;
then the same operation is repeated by subtracting ¢J times the third-
to-last two rows from the second-to-last two rows, and so forth. The
qK Cyj-entries remain the same: ¢/ (1 — ¢%)J71K.

For all of the ¢J" ' KC;;-entries that are below the diagonal and for
which i # 7, left multiplication by S carries out the operation of subtracting
qJ times the qJ"_lKC'm,l—entry from the ¢J"" 'K C;j-entry. In this case,
the result equals 0. For all of the ¢J* 1K C;j-entries that are either on or
above the diagonal or for which ¢ = j, left multiplication by S carries out
the operation of subtracting ¢J times the qJ"*QKCZ‘_Lj—entry from the
qu_lKCij—entry.

Right multiplication by S? has the effect of beginning with the last two
columns and subtracting the previous two columns times ¢.J!; then the
same operation is repeated by subtracting the third-to-last two columns
times ¢.J* from the second-to-last two columns, and so forth. The ¢K Cy1-
entries remain the same throughout this step, and the ¢J'~ 'K Cj;-entries
remain ¢(1 — ¢?)2J* 1K, since the corresponding entries to the left of
them are zeros. This operation gives us zeros above the block diagonal
entries for which i # 7, since for i > j, the current ¢.JJ*~* K Cj;-entry minus
the current qu_lKCM,l-entry times ¢J*t is

qj—’H-l(l o q2)2jj—1K o (q(j—l)—i-i-l(l o q2>2Jj—2K)th
=¢ "1 -HITIK - JPKJY) = 0.

Left multiplication by 7" has the effect of beginning with the last two
rows, subtracting ¢JP~! K times the second to last row from the last row;
then the same operation is repeated by subtracting ¢J? 2K times the
fourth to last row from the third to last row, and so on. The ¢J* 'K Cj;-
entries above the diagonal remain the same, and the ones below the
diagonal become zero since each ¢qJ ' K Cj-entry equals ¢J' 'K times
the corresponding Cy;-entry which is (1 — ¢2)I for C1; and (1 — ¢?)*I for
i>=2.
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Along the diagonal, we get (1 — ¢?)I in the first C1; diagonal position
and (1 — ¢?)?I in its second diagonal position:

(1= —qK (q(1 — ¢*)K) = (1 = ¢*)] — ¢*(1 — ¢*) K?

= (1= -1 - =(1—-¢)1I

For i > 2, we get (1 — ¢%)?I in the first Cj; diagonal position and
1 — ¢?)? in its second diagonal position:
g
(1 ¢ —qJ" 'K (a(1 - ¢*)*J'K)
_ (1 o q2)21 o q2(1 . q2)2JiflKJiflK
= (1= =1 -@)T=(1-¢)L

At this point, we have calculated T'SPV,(SP)" which is:

1 0[O0 0] 0 0 0 0
0t 0 0| 0 0 0 0

tl, qtK | 0 0 0

0 I, 0 0 0
000 0 |1, q*JK 0 0 ;
00/ 0 0 0o I, 0 0

0 0 | 0 0 |...|#I, qt*JP 'K
0 0l0 O 0 0 .| 0 31,

where t = 1 — ¢%.

Right multiplication by 7" has the effect of beginning with the last
column and subtracting the previous column times ¢(JP~'K)! = ¢JP71K;
then the same operation is repeated by subtracting the fourth-to-last
column times ¢JP 'K from the third-to-last column, and so on. The
qJ" 1K Cj;-entries above the diagonal become zero since each ¢J' 'K Cj;-
entry equals ¢.J' "1 K times the corresponding (i, i)-entry which is (1—¢?)I
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for C11 and (1 — )21 for i > 2. Now the matrix is in the diagonal form:

TSPV, (TSP)' =

1 0[O0 0] 0 o0 0 0
0 t{o 0] 0 0 0 0
0 0(tl, O | 0 0 0 0
0 0|0 #,] 0 0 0 0
00/ 0 0 [, O 0 0
0 0[0 0| 0 &I, 0 0
0 0[]0 0 0 0 |[...|t, 0
00[0 O |0 0 |...] 0 &I,

Finally the left and right multiplication by the permutation matrices
R and R! (respectively) moves the (1 — ¢?)3I,, diagonal entries to the last
n(p — 1) block diagonal places which gives the Smith normal form of the
g-Varchenko matrix V; in this case.

O]

Example 2.6. The ¢-Varchenko matrix for Djs is the 32 x 32 matrix

L g | @ q@ Q2 qQ2 Qs qQ3

g 1| q@r @ qQ2 Q2 qQs3 Q3
Q1 qQf| Cu ¢KCn| Ciz  qKCip Ci3 qKCi3
qQ7 Qf |¢KCnn Cn | ¢KCiz  Cho qKCh3 Ci3
Q5 qQ4y| Cly qKCiz| Oy  ¢JKCoy| Ch  qJKCy
qQ5 Q4 |¢KCra Cly |qJKCy Oy | qJKCy  Cos
Q% qQ4| Cly ¢KCiz| Cly  ¢JKCy| Cs3  qJ*KCss
qQ4 Q4 |qKCi3 Ciy |qJKCy  Ciy |qJ?KCsz  Csg
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The circulant matrices Cj;, 1 < j < 3 and the 1 x 5 row vectors
Qr, k=1,2,3, are as defined in Theorem 2.1. Here, RC denotes reverse
circulant matrices.

qKCll = Rc(qdv an q3> q37Q)a QK012 = Rc(q47 q47 q47 q27 q2)7
chl?) — RC(qBa q5a qgv q37 q3)a C_IJKCQZ — Rc(q57 q5)q37q)q3)7
qJKCa3 = RC(¢°, 4%, ¢°, 4%, ¢"), ¢J*KCs3 = RC(¢°,4°,4,4°,4°).

0 0 |—ql; O I, 0 [0 0

0 0| 0 —qs| 0 I, |0 O
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10/, 0 0 0 0 0 0
0 1] 0 0 0 0 0 0
00 Is 0 0 0 0 0
- 0 0| —qK Is] 0 0 0 0 |
00 0 0| Iy 0 0 0
00 0 O0|—-¢JK I 0 0
00/ 0 O 0 0 I 0
00/ 0 O 0 0| —qJ?K I
100 0/0 0 0 0
01 0 0[0 0 0 O
001Is 0[]0 0 0 O
h_ 00 0 I4{0 0 0 O
00 0 0|z 0 0 O
00 0 0|0 0 I5 O
00 0 0|0 Iy 0 O
00 0 0|0 0 0 Ij
10/ 0 0 0 0 0 0
0t 0 0 0 0 0 0
00| tI qK| qtJ* ¢PtJK| ¢PtJ3  FPtJ*’K
SPV, P — 0 0|qtK tI |¢*tJK qtJ* | ¢3tJPK  ¢*tJ3
00 0 0 | 21 qt?JK| qt?J* 2K
00 0 0 |g?JK I |QP*t?J’K qt*J*
00/ 0 0 0 0 21 qt?’J’K
00/ 0 0 0 0 | q?PK 21
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where ¢t = 1 — ¢. The Smith normal form is

RTSPV,(RTSP)! = diag(1, tls, t*I15, t*I1p).

3. Polyhedral models

There are five regular Platonic regular polyhedra whose symmetry
groups are the exceptional Kleinian subgroups [10]. This section treats
the exceptional ones. In each case we give the ¢g-Varchenko matrix V, its
Smith normal form over Z[g| and its transition matrices. It can be checked
by direct calculations that multiplying V, on the left and right by the
given transition matrices we obtain the corresponding Smith normal form.
Further details on these calculations can be seen in [1].

Denote the region R; as i; similarly, let ij (respectively, ijk) denote
the region R separated from Ry by the hyperplanes h; and h; (respectively,
hi, hj and hk)

3.1. Tetrahedron

The distance enumerator with respect to Rg is D g, (t) = 1 + 4t +
6t 4 4t3. Let Rg denote the central region of the hyperplane arrangement.
Label the four regions Ri, Ro, R3, R4 so that h; separates Ry from R; as
shown in Fig. 3.

F1GURE 3. Tetrahedron. Italicized hyperplanes are not visible from this view.

The 15 regions are indexed in the following order, and denoted by the
hyperplanes in sep(R, Rp):

OHl 23 4H12 23 34 14‘13 24H123 234 341 412 (3.1)
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(3.2)

0

a ¢ q ¢

I

Iy
0

1y
—q(I+J)

—q(I2 | I2)
@B PUI+ T+ I || —q(I+ )| —q(Iz | L) |14

9 ¢ q ¢ P PPl
Pl g @ qlld® @ @ Pl 1| g @ g

1l ¢ ¢ qf|¢ ¢ @ P 3¢ & ¢

N. BouLrwaRrg, N. Jing, K. C. Misra
diag (1, (1 —¢*)s, (1 —¢°)°Is, (1—¢*)°Ls).

q2

¢*1
¢*1

The left and right transformation matrices are (respectively) P and

P!, where

The Smith normal form is

and

S o = O
o —H O O
— O O O
oS o O

)|

10/10
01{01

(I2 | I2) = (
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3.2. Cube

Let Ry denote the central region of the hyperplane arrangement A =
{h1, ha, hs, hy, hs, h¢}. The distance enumerator with respect to Ry is
DR, (t) =1+ 6t+ 12t> + 8t3. Define each of the 6 regions R; such that
sep(R;, Ro) = h; for 1 < i < 6 where the hyperplanes h; are as shown in
Fig. 4.

126 123
h1
156 : 135
h2
hé6 : h3
hS :
___________________ 234
246 =
h4 .
456 345

FIGURE 4. Cube with labelled hyperplanes and separating set hyperplanes
for regions corresponding to vertices. Italicized hyperplanes are not visible from
this view.

The 27 regions are indexed in the following order, and denoted by the
hyperplanes in sep(R, Rp):

OHl 2345 6H12 23 34 45 56 61|13 24 35 46 15 26H
(3.3)

123 234 345 456 561 612135 246

11Q Q2 Q2|Q3 Q4

t
Q" |v11 |vi2 vi3|v14 V15

t
Qz V21 | V22 V23 | V24 V25

t
Q5 |31 | V32 V33 | V34 U35

t
Q3 |v41 | V42 V43| Va4 Vss

1t
3 | U51 | V52 U53|Us4 Ush

where vj; = vfj is a row-circulant matrix, Qx = (¢*, ¢, ¢*, ¢*, ¢", ¢*) = qk,

and Qk_(q )q )_qé;

v11 = C(laq2aq23q27q2aq2)6><63 V12 = C(Qaqququ37q3aQ)6X67
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V13 = C(‘L q37 q37 q3a q, q3)6><6>

V14 = C(q21 q47 q47 q47 q2> q2)6><67

V15 = C(q2,q4)6x2, V22 = 0(17q27q4,q4»q4,q2)6x6,

V23 = C(QQ, q27 q47 q47 q27 q2)6><67

vas = C(¢, ¢*)6x2; vs3 = C(1,¢% 4%, ¢* &%, " )oxe,
v3s = C(q, q”)6x2,
vas = C(¢°%, ¢*)6xo,
vs5 = C(1,¢%)2xo,

V34 = C(Q7q3a q37 q5a q37 q3)6><67
V44 = C(]-v q27 q47 q6)q4a (12)6x67

where Cgyo means the 6 x 2 block of the circulant matrix.

The Smith normal form is

diag (1, (1 —¢*)Is, (1 —¢*)*L2, (1 - ¢*)°I5).

The left transition matrix is U and the right transition matrix is U?

V24 = C(q7 q37 q57 q57 q37 q)6><67

where
1 0 0 0 010
—ql I 0 0 010
U— ¢*1 —q(I+J) I 0 0[]0
7’1 —q(I—i—J2) 0 I 0]0
P I+ T+ J?) || —q(I+J) —ql Is| 0
—*1|| ¢* (L | I | I) 0 —q(Ix | Iz | I2)]| 0 |12
010000
001000
(| I | I) = 10{1 010 Cand J— 000100
0 1]0 1]|0 1 000010
0000O0T1

100000

)
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3.3. Octahedron
Let Ry denote the central region of the hyperplane arrangement
A = {h1, ha, h3, ha, hs, he, hz, hs}.
The distance enumerator with respect to Ry is
DRy (t) =148t 4+ 1262 + 2443 + 14t

The hyperplanes in Fig. 5 are labelled according to the order of the regions
R in the cube arrangement such that # sep(Rp, R) = 3 as shown in Fig. 4
and indexed in Eq. 3.3. The last six regions in the octahedron arrangement

are indexed by the order of the hyperplanes in the cube arrangement in
Fig. 4.

FIcurE 5. Octahedron with labelled hyperplanes. Hyperplanes labelled in
italics are not visible from this view.

The 59 regions are indexed in the following order, and denoted by the
hyperplanes in sep(R, Ry):
OHl 2345 6‘7 8H16 12 23 34 45 56‘17 28 37 48 57 68H
167 128 237 348 457 568‘157 268 137 248 357 468H
567 168 127 238 347 458‘156 126 123 234 345 456‘
1267 1238 2347 3458 4567 1568‘1357 2468‘

1567 1268 1237 2348 3457 4568



N. BouLrwaRrg, N. Jing, K. C. Misra 213

1@ Q| Q2 Q2Q3 Q3 Q3 Q3|Qs Q) Qu

t
Ql V11 V12 | V13 V14 | V15 Vie V17 V18 | V19 V1,10 V1,11

1t
Ql V21 V22 | V23 WV24 | U25 V26 V27 V28 | U29 V210 U211

t
QQ V31 V32 | V33 U34 | U35 V36 V37 V38 | U3g U310 U311

t
Q5| V41 V42 | V43 Va4 | Va5 V46 V4T V4R | V49 U410 U411

t
Q3| v51 Us2 | Us3 Us4 | Uss Use Us7 Usg | Usg Us o Us 1l
t )
Q3| ve1 V62 | V63 Us4 | V65 Ve V6T Ves | Ue9 U610 U611
¢
Q3| vr1 vr2 | vr3 v7a | V75 V76 V77 V78 | V79 U710 V7,11

t
Qg Vg1 Vg2 | Ug3 U84 | Uss Uge Vg7 Ugg | U9 U810 Ug,11

t
Q4 V91 V92 | V93 Vo4 | V95 Vge V97 V98 | V99 V910 U911

1
4 |V10,1 V10,2|V10,3 V10,4|V10,5 V10,6 V10,7 ¥10,8|V10,9 V10,10 V10,11

¢
Q% |v11,1 V11,2|V11,3 V11,4|V11,5 V11,6 V11,7 V11,8|V11,9 V11,10 V11,11

— ot ; : _(,k kK Sk Sk Lk kN _ Lk
where vj; = v;; Is a row-circulant matrix, Qr=(4",4",¢",4¢",4¢",4") = q¢

and Q) = (¢*,¢") = q’§~

v = C(L,¢% ¢* % ¢, *)éxe, vi2 = C(¢%, q )6><2a
v1s = C(q, 0. 4% 4%, 4%, ¢*)6xe. v14=0(q .00 ¢ ¢*)exe
vis = C(¢°, %, ¢, 4q4q)6x6, 16 =C(¢%q", ¢*, q", ¢", ¢")6xe,
vz =C(¢" % . ¢ q* d"exe,  vis = C(d*, ¢, >, q*, q* ¢*)exs,
v19=C(¢*,¢*,¢°,4°. 4", @*)6x6, V1,10 = C(¢*, 0" )6x2,

v =C@% ¢, ¢ q" ", ¢°)exe,  va2 = C(1, )2x2,
va3 =C(*, ¢, . ¢*, )axe, 21 = C(q, 4% ¢, 4% 4, ¢%)2xs,
vas = C(. ¢ % q* a% d*)axe,  vas = C(d,q*, ¢ ¢, %, q*)axe,
var = C(%. ¢* % q* d% a*)axe, vas = Clah,q*,q* a a* a*)axe,
vag = C(¢*,¢°, %, 4", ¢, ¢°)axe, V2,10 = C(q°, )2x2,

vo1 = O, ¢, % ¢° % ®)axs, w3z =C(1, 6% q" " ¢*, ¢)exs,
vss = C(¢%. ¢*, ¢, q4 " Pexe,  v3s=C(0,¢%¢°, 0,4, ¢>)exe,
vse = C(¢*, 0%, % ¢°, @, *)oxs, vt = C(d0,.6*.¢°, &, 4" )oxs,
vss = C(0.4, 4’0, 4, ¢*)oxe. v39 = C(¢*,¢*, 4% 4%, ¢*, ¢*)6x6:

v310 = C(q 4)6x2, vs1 = C(¢*, 6%, 4" 4% ¢°, ¢*)6xe,
v =C(L,¢" % q", " ¢")exe,  vas =C(q, q3,q3,q5,q3,q5)6x6,
vas = C(¢,4°, 44", 4%, 4° )66 vir = C(¢*, %, 4,4, ¢, 4" )sxs,
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V48
V4,10
Us55
Us7
V59
V5,11
Ve
V69
6,11
78
V7,10
vgs
V8,10
V99
V9,11

010,11

QQQQQQQQQQQQQQQQ

(>, ¢ ¢*.¢°.¢°,a°)6xe.
(¢ q )ze,

(Lq" q",d% ", ¢")6xe,
(@ a* a*, 4" q" . a®)6xe,
(g, 5, 5, 7,4, 4" )6xe;
(0.4°,4°,4", 4", 4" )66,
(¢ 4", q ,q67q4,q4)axﬁ,
(@*.¢°, 0", 4. 4% ¢*)6xe,
(.4°. ¢ 4", ¢, 4" )sxs
(*.q" 4" ¢® q", a*)6xe.
(q3 >6><27

(L,¢% 4" 4% ¢*, ¢*)6xe,
(¢°.q )6x2,

(La" q" d% ", q")6xe,
(>, ¢* % ¢° 4% ¢®)6xe.
(>4 % ¢° 4%, ¢%)axe,

vie = C(q*,q*, ¢ ¢% a*, ¢*)6xs,
v = C(¢% q* 4%, 4%, 4", 46,
m—CfquQQ%m
vss = C(q°, 4%, q* 4%, ¢°, ¢*)6xs,

vs,10=C

3 )6><27

UGG—Clq 7>, 4% a*,d%)xe.

6,10

U811 =

V9,10 =

010,10 =

U11,11 =

(

(

(

(

(a

(
=C(¢*.q" q". ¢® ¢*, 4" )6xe:
= C(q,9 )62,

(

(¢°

(

(¢*

(

(q"

(1

c(1

where Cgyo means the 6 x 2 block of the circulant matrix.
The Smith normal form is

diag

(1, (1= ¢)Is, (1—¢*2La, (1 ¢TI, (1—¢*)2(I -

=C(1,q% 4" 4% q*, ¢")6xe,
=C(¢* 4" 4" 4", 4.4 )sxs,
= Clq, q5 4", 4, ¢ )sxs,
=C(¢*, ¢ d" . ¢°, ¢°, Dexs,
Cla,4%.4°. 4", 4", ¢*)6xe:

C(q*, q")6x2,

= C(1,¢%)ax2,
La"q", % q" q")exe,
¢*)Is) -

The left transition matrix is LU and the right transition matrix is U'R.

1 0 0 0 0 0 0 0 01]000
—q1 I 0 0 0 0 0 0 01000
—q1 0 I 0 0 0 0 0 01]000
Pl —qI+J% 0 Is 0 0 0 0 01]000
@21 —ql —qT} 0 Is 0 0 0 01]000
0 I 0 —ql —ql Is 0 0 01000 (3'4)
0 0 ¢°14 0 —q(I+JH 0 g 0 001|000
0 |[—¢'T+¢J* 0 Sl—q)® PI—qJ*|—=¢*T 0 Is 0 (000
0 ¢>J° —¢*L|—q(I +J°) I +JH| 0 —¢*I 0 Ig[000
0 —¢’1 0 | P(I+J) ¢*I —ql 0 —qJ?—qJ|Is 0 O
0 0 —¢*I 0 ¢°I, 0 —qly 0 01(05LO0
" FJT T 0 —?J° I —ql —qI 0 0 |00
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where

010000
001000
. 000100
000010
000001
100000/
I3 000 0
0| Is ¢*Is|0 0 —qls
0 Is |00 0
0 0 I 0 0
0 001 0
0 |—qls ¢°Is| 0 O [2]I6

where [2] = 1 + ¢%.

3.4.

Square base (n=4).

Pyramids

and 12 =

10[10[10
otjotjor)

L300 0 |00 0
0 |Is —¢*Is| 0 0 ¢°I
00 Is |0 0 —qls
0(0 0 |[I0 0
00 0 |0 0
00 —qls|0 0 [2]I6

Let A = {hi,ho, hs, ha,hs} be a hyperplane

arrangement in R? of a pyramid with a square base, where hj is the
hyperplane that forms the base and the remaining hyperplanes are labelled
according to Fig. 6.

|

P

FIGURE 6. Square base pyramid with labelled hyperplanes. Hyperplanes

labelled in italics are not visible from this view.
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Here the regions are indexed in the following order by the hyperplanes
in their separating sets from Ry:

5‘15 25 35 45‘125 235 345 145‘1235 2345 1345 1245‘12345

0‘1 2 3 4‘12 23 34 41‘123 234 341 412‘1234

The Smith normal form of the ¢-Varchenko matrix for this arrangement is
diag (1, (1 —¢*)Is5, (1—¢*)’No, (1—-¢*)%L, (1—¢*)*(1—¢°)),

with the left transition matrix W LT P and the right transition matrix
(TP) RW?!.
Iy —qly O
P=10 Iy O
0 0 I

P [TV o
0 Vo(A = {hs})

where V,(A") =V, for the Cy arrangement.

Vo(A —{hs}) =

)
&)
)

2 3 3 3 3 4

1lqg ¢ ¢ q|¢@ & & ¢ & & &g

|1 ¢ ¢ ¢fla ¢ ¢ q|ld ¢ F P
| 1 ¢ ¢Pla 9 & ¢FlEF ¢ P
| ¢ 1 P E g 0 ¢E¢EFE ¢
o\ ¢ ¢ 1\¢ ¢ qa q|d ¢ ¢ ¢
clae ¢ ¢ ¢ @& & Fla @ ¢ g
clé q ¢ |1 @& g oa ¢ ¢l
e ¢ q qa|ld &1 ¢ qa q ¢
cla @& ¢ gl ¢ @ 1| ¢ ¢ g q|¢
o I B B L Ll B /e S
el ¢ P d a9 ¢|E 1 ¢ @y
o I e L L A B I/ N/
e I S S S I B A A I Al /S W
e ¢ ¢ P P g g gl
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Here the regions are indexed in the following order by the hyperplanes
in their separating sets from Ry:

01 2 3 4|12 23 34 41123 234 341 412 | 1234

1 0 0] 0O
—ql I 0] O
A - ,
Pl —q(I+J)|[Iy| O
0 0 0 |UUy
1 0 0 0 (0
| L 0 0 |0
where Uy = | ¢%1 | —q(I +J) 1y 010 |,
0 J —qI+J)| Iy |0
—q* u41 U4 ug3 | 1

U41:(q3 00q3),u42=(0 0 —qz),u43:<—q —qOO);

110/0] 0 010
0,0 0 010
0 I,/ 0 010
Uy =
0 0| Ib 010
0 0|—q¢* I,|0
0 o 0 0]1

010 1 —¢q

0

0

0

0
Iol0 0 0 Inl0 0 0
01 ¢ —q 01 —¢* ¢

0

00 —q 1442
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olojo|1]0]0]0]0
I[olo[o[0[0[0]0O
0[0[0[0[Z4]0[0]0
0[I4[0[0[0[0[0]0
W=I|5r07000 I 00
00 [Z,[0[0[0[0]0
0/ 0 0/0[0[L,0
0[0[0[0[0[0]0]T

Pentagonal base (n=5). A = {hy, ho, h3, hy, hs, hg} is an arrangement
in R? of a pyramid with a regular pentagonal base where hg forms the
base and the remaining hyperplanes are labelled as in Fig. 7.

FicurEgE 7. Pentagonal base pyramid with labelled hyperplanes. Hyperplanes
labelled in italics are not visible from this view.

The Smith normal form is
diag (1, (1 —¢*)Is, (1 —¢*)*L15, (1—¢°)°Is, (1 —¢*)*(1—¢")I3).

with the left transition matrix W LT P and the right transition matrix
(TP)'RW?.

Here the regions are indexed in the following order by the hyperplanes
in their separating sets from Ry:

6‘16 26 36 46 56‘126 9236 346 456 156
0\1, 2 3 4 5\ 12 23 34 45 15

‘1236 2346 3456 1456 1256‘12346 23456 13456 12456 12356‘123456
\123 234 345 145 125\ 1234 2345 1345 1245 1235\ 12345

I —qlig O
P = 0 I 0
0 0 Ig
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P V,(A) P' = ((1—q2>vzz<Ah6> 0 )

0 Va(A = {he})
where V,(A") =V, for the C5 arrangement.

I Q Q Qs Qi ¢
Q' vi1 viz vz via Qf
QtQ V21 V22 V23 V24 Qg
Q% v31 vz vsz vge Qb
QL vi vap vaz v Q

¢ Qi Q3 Q2 Q 1

Vo(A—{he}) =

where vj; = vfj is a row-circulant matrix and Q. = (¢%, ¢*, ¢*, ¢*, ¢*) = q’g.
V11 = V44 = C(laq27q27q27q2)5><57 V12 = U34 = C(q7 q37q37q37q>5><57
vis = v2s = O(,¢* ", P)sxs, v =C(%, @, @, ¢, ¢ )55,

V22 = V33 = C(lvq27q47q4q2)5><5) V23 = C(q)q3aq5aq37q)5><5~

Here the regions are indexed in the following order by the hyperplanes in
their separating sets from Ry:

0\1 234 5\12 23 34 45 15\123 934 345 145 125\
1234 2345 1345 1245 1235‘12345

1 0 0| O
—q I 0
T=| ¢@|—qI+J) I 0ol 0 ,
@J* | —q(I+J)|I5] O
0 0 0|UU,
1 0 0 0 010
—q I 010
U, — @ |—q(I+J) I 010
0 >J —q(I+J) I 00|’
AT | RT MPrI g+ ) — PP 15 |0
—¢°|  us U52 us3 usq |1
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U51:(q4000q4>,U52:(0000—q3>,u53:(0q2000>,

and usy = (—q 400 0);

110 010
0/I5{0]0(0|0
0/0|Is]0[0|0
and Uy = ;u=(000—21—2—21—2).
5 NEARD “(1-q°) —¢*(1 — ¢°)
0/0[{01]0|I50
0[]0|0|u|0]1
I35 0
L= o , Where
0 Lo
1 0 -1 —q¢? 0 0
0 1 0 0 —(14¢%) 0
Lo = 0 s 1 —(1+4¢'-¢% —*(1+¢%) —q(1—¢*)
0 - ¢ —q(l—¢*—q"+%) 1+ 1+¢?—¢°
0 —1+¢%) -  FA-q¢"—¢ 1+2¢2+2¢* +¢° —¢°(1+¢%)
—¢* —2¢° 0 1+¢2—¢8 1+¢+4¢" —q(1+q%
I35 0
0 Ro
where
Ry = (ﬁ r5 T3 T4 TH Fé) ;
1] ("] 14+ ¢ + ¢° + ¢*]
0 1 ¢*(1+¢%)
. 0 . 0 . 1
r = 5 ro = 5 r3 = )
0 0 0
0 0 0
0 0 0
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[4(2 + 2¢% + 3¢5 + ¢8 + 2¢'° + 2¢'2 + ¢'4)]
G2+ +q"+2¢°+¢°)
. q(1+ ¢°%)
T4 = y
0
—q(1—¢?)
1
[—(1-2¢> — 2¢° — ¢)] (1-¢%+¢f]
1+¢* +¢" +¢° —*(1+¢°)
. —(1-¢% . 1+ ¢?
s = P Te =
-1 1+ ¢?
1-¢? ¢
I q ] | —a(2+4¢°) |
0 ol1lo]lolo]o
1 ololololo]o
olololol]ololo
ollololololo]o
W =
olololololmelo]o
ololrlolololo]o
ololololo I |0
0] o 0] o 0|13
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