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On the structure of the algebra of derivations
of cyclic Leibniz algebras

L. A. Kurdachenko, M. M. Semko, and V. S. Yashchuk

ABSTRACT. We describe the algebra of derivation of finite-
dimensional cyclic Leibniz algebra.

Introduction

Let L be an algebra over finite field F' with the binary operations
+ and [-,+]. Then L is called a left Leibniz algebra if it satisfies the left
Leibniz identity

[[a,b],c] = [a, [b,c]] — [b,[a,c]] for all a,b,c € L.
We will also use another form of this identity:
[a, [b, c]] = [la, b], c] + [b, [a, d]]

Leibniz algebras were first in the paper of A. Bloh [1], but the term “Leibniz
algebra” appears in the book of J.-L. Loday [2]| and his article [3]. In [4]
J. Loday and T. Pirashvili began the real study of properties of Leibniz
algebras. The theory of Leibniz algebras was developed very intensively in
many different directions. Some of the results of this theory were presented
in the book [5]. Note that Lie algebras are a partial case of Leibniz algebras.
Conversely, if L is a Leibniz algebra in which [a, a] = 0 for every element
a € L, then it is a Lie algebra. Thus, Lie algebras can be characterized as
anticommutative Leibniz algebras.
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Like the Lie algebras, the structure of Leibniz algebras is strongly
affected by their algebras of derivations.

Denote by Endp (L) the set of all linear transformations of L. Then L
is an associative algebra by the operations + and o. As usual, Endp(L) is
a Lie algebra by the operations + and [-, ], where [f,g] = fog—go f for
all f,g € Endp(L).

A linear transformation f of a Leibniz algebra L is called a derivation, if

f([a,b]) = [f(a),b] + [a, f(b)] for all a,b € L.

Let Der(L) be the subset of all derivations of L. It is possible to prove
that Der(L) is a subalgebra of a Lie algebra Endg(L). Der(L) is called
the algebra of derivations of a Leibniz algebra L.

For a Leibniz algebra, the following result shows the influence of the
algebra of derivations on its structure: if A is an ideal of a Leibniz algebra,
then the factor-algebra of L by the annihilator of A is isomorphic to some
subalgebra of Der(A) |6, Proposition 3.2].

Among the Leibniz algebras, it is natural to study the structure of
their algebras of derivations for cyclic Leibniz algebras. The structure
of cyclic Leibniz algebras was described in [7]. In what follows, we will
demonstrate this structure.

Let L be a cyclic Leibniz algebra, L = (a), and we suppose that L
has a finite dimension over a field F'. Then there exists a positive integer
n such that L has a basis ay,...,a,, where a1 = a, ag = [a1,a1], ...,
an = lai,an—1], [a1,an] = agas + ... + apa, [7]. Moreover, [L, L] =
Leib(L) = Fag + ...+ Fay, |7]. We fix these designations.

Here appear the following types of cyclic Leibniz algebras.

First case: a1, a,] = 0. In this case, L is nilpotent, and we say that L
is a cyclic algebra of type (I).

The structures of the algebras of derivations of these Leibniz algebras
have been described in [7].

The next type of cyclic Leibniz algebras appears in the following way:.
In this case, [a1,an] = agas + ... + apa, and ag # 0. In some sense, it is
a basic case. First, we recall some definitions.

The left (respectively right) center ¢'*/*(L) (respectively ¢"9" (L)) of
a Leibniz algebra L is defined by the rule:

Cleft(L) — {iL' c L‘ [x7y] = 0 for each element (TS L}
(respectively,

Crz‘ght(L) — {ZC c L| [y’x] = 0 for each element (TS L})
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It is not hard to prove that the left center of L is an ideal, but it is not true
for the right center. Moreover, Leib(L) < ¢'*f*(L), so that L/¢'/(L) is
a Lie algebra. The right center is a subalgebra of L, and, in general, the left
and right centers are different; they even may have different dimensions
(see [6]).

Put ¢ = oy (agar + ... + anan_1 — a,), then [c,¢] = 0, moreover,
Fc is a right center of L,L = [L,L] ® Fc and [c,b] = [a1,b] for ev-
ery element b € A [7|. In particular, as = [c,aq], ..., an = [¢,an—1],

[c,an] = agas + ...+ anay,. In this case, we say that L is a cyclic algebra
of type (II).

Put A = [L,L] and define the mapping l.: L — L by the rule
[(z) = [e, z] for every element = € L. The restriction of a linear transfor-

mation [. on A has the following matrices in a basis {as, ..., a,}:
o o0 o0 ... 0 o9
1 0 0 ... O as
o 1 0o ... O Qg
0 0 1 0 as
0 0 0 ... 0 an
00 0 ... 1 ap

These matrices are non-degenerate. Hence the restriction of [. on A is an
F-automorphism of a linear space A. The first main result of this paper
is following.

Theorem 1. Let L be a cyclic Leibniz algebra of type (II) over a field F,
and let D be the annihilator of a subspace Fc in algebra Der(L). Then the
following assertions hold:
(i) D is an Abelian ideal having dimension dimp(L) — 1; the set
{i, [, 2, ..., (772} is a basis of D;
(ii) D has a codimension at most 1;
(iii) iof D # Der(L), then char(F) divides dimp(L) — 1.

Here i is the mapping, defined by the rule: if t = a+oc,a € A, 0 € I,
is an arbitrary element of L, then put i(z) = a.

Corollary Aj. Let L be a cyclic Leibniz algebra of type (II) over a field F.
If F has a characteristic 0, then algebra Der(L) is Abelian and has a di-
mension dimp (L) — 1.

Finally, consider the last type of finite-dimensional cyclic Leibniz
algebra.
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In this case: [a1,a,] = azaz + ... + anay, but ag = 0. Let ¢ be the
first index such that ay # 0. In other words, [a1,a,] = agar + ... + apay.
By our condition, ¢ > 2. Then

[a,a,] = aqla,a—1] + ... + apla, an—1] = [a, par—1 + ... + anan—1],

which implies that aga; 1 + ...+ apan_1 — a, € Ananight(al). The fact
that oy # 0 implies that o L'£0, and then

-1
di—1 =0 (a1 + ...+ apap_1 —ap) =

=ai_ 1+ Biag + ...+ Bpay € Annﬁght(al).

Put
di—o = ai—o+ Bra—1 + ... + Bpan—1,
di—3 = at_3+ Bra—2 + ...+ Buan_2,...,
di = a1 + Brag + ... + Bnan—t11.
Then

[dy, di] = [a1,d1] = da,
[dy,d2] = [a1,d2] = ds, ...,
[d1,ds—2] = |a1,di—2] = di_1,
[di,di—1] = [a1,di—1] = 0.
It follows that the subspace U = Fdi®Fdo®. . .®Fd;_1 is a subalgebra,
and, moreover, this subalgebra is nilpotent. Moreover, a subspace [U, U] =

Fdy®...® Fd;—q is an ideal of L. Put further d; = a, diy1 = a¢41, -
dn = an. The following matrix corresponds to this transaction:

ey

1 B Berr ... B 0 0o ... 0 0
0 1 By cer Brr B 0 L. 0 0
0 0 0 e 0 1 6 ... Bre1 Bk
0 0 0 e 0 0 ) 0 0
0 0 0 0 0 0 0 1
This matrix is non-singular, which proves that the elements {dy, ..., d,}

present a new basis. We note that a subspace V = Fd; & ... ® Fd, is

a subalgebra. Moreover, V' is an ideal of D, because [a1,d;] = di41, - - -,
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la1,dn—1] = dy, [a1,dn] = audy + . .. + and,. Moreover, [a1,d;] = [di, dj]
for all j >t [7]. In this case, we say that L is a cyclic algebra of type (II1).
Thus, L = A® Fdy, A =V @ [U,U] is a direct sum of two ideals,
U = [U,U] @ Fd; is a nilpotent cyclic subalgebra, i.e. is an algebra of
type (I), and V @ Fd; is a cyclic subalgebra of type (II).
The second main result of this paper gives a description of the algebra
of derivations of cyclic Leibniz algebras of type (III).

Theorem 2. Let L be a cyclic Leibniz algebra of type (II1) over a field F.
Then Der(L) is a subdirect product of the algebras Dy and Do, where Dy
1s the algebra of derivations of a cyclic nilpotent Leibniz algebra, Dy is the
algebra of derivations of a cyclic Leibniz algebra of type (11).

We recall that a structure of the algebra of derivations of nilpotent
cyclic Leibniz algebras was described in [8].

1. Algebra of derivation of a cyclic Leibniz algebra of
type (II)

We show here some basic elementary properties of derivations, which
have been proved in [9].

Lemma 1. Let L be a Leibniz algebra over a field F', and let f be
a derivation of L. Then f(ClTH(L) < ¢fH(L), f(¢™9M (L)) < ("9 (L)
and f(¢(L)) < ¢(L).

Corollary 1. Let L be a Leibniz algebra over a field F' and f be a derivaion
of L. Then f(Ca(L)) < Co(L) for every ordinal .

Lemma 2. Let L be a Leibniz algebra over a field F, and let f be
a derivaion of L. Then f(va(L)) < va(L) for all ordinals «, in particular,

f('yoo(L)) < 'YOO(L)'

Corollary 2. Let L be a cyclic Leibniz algebra of type (II) over a field
F,L=A®S, where A= [L,L] = Leib(L), S = Fc= ("9"(L). If f is
an derivaion of L, then f(A) < A, f(S) < S, in particular, f(c) = oc for
some o € F.

We start from the case of a non-nilpotent cyclic Leibniz algebra L,
having dimension 2. In this case, L = Faj ® Fag, where [a1,a1] = as,
lag, as] = [ag,a1] = 0, [a1,a2] = ay (see, e.g., survey [10]). This algebra
has an interesting property: every its subalgebra is an ideal. Note that
the Leibniz algebras whose subalgebras are ideals were described in [11].
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Let f be an arbitrary derivaion of L. We have f(a1) = vya1 + aas for
some elements a,y € F. Then

fla2) = f(lar, a1]) = [f(a1), a1] + [a1, f(a1)] =
= [vya1 + aag,a1] + a1, ya1 + aas] =

= yag + yag + aaz = (2y + a)as.
Put ¢ = a1 — ag, then Fc = ("9 (L). We have

fle) = flar —a2) = f(a1) — f(az) =
= va1 + aag — (27 + a)ag = ya; — 2vyaq.

On the other hand, Lemma 1 shows that f(c) € Fe. It is possible,
only if v = 0. In this case, f(a1) = aag and f(az) = aas. In this case,
we can see that Der(L) = F, in particular, Der(L) is Abelian and has
a dimension 1.

Now, we suppose that dimg(L) > 2.

Lemma 3. Let L be a cyclic Leibniz algebra of type (1I) over a field F,
and let D be the annihilator of a subspace Fc in algebra Der(L). Then
D is an ideal of Der(L) and a factor-algebra Der(L)/D has dimension at
most 1.

Proof. Let f be an arbitrary derivaion of L. Since

f(Fe) = f(¢T9M™(L)) < ¢"(L)

by Lemma 1, we obtain that f(c) = ac for some element o € F.
Clearly, D is a subalgebra of Der(L). Let f be an arbitrary derivaion,
and let g be an element of D. Then

[f,g](c) = ( 9)(c) = (go f)(c) = f(gle) —g(f(c) =
f(0) = g(ac) = —ag(c) =0,
[ fl(c) = =[f,gl(c) = 0,

so that D is an ideal of Der(L).

The factor-algebra of Der(L)/ Annpe(z)(Fe) is isomorphic with some
subalgebra of the algebra of linear transformations of a vector space F'c.
It follows that this factor-algebra has dimension 0 or 1. [

Lemma 4. Let L be a cyclic Leibniz algebra of type (II) over a field F. If
L has a derivaion f such that f(c) # 0, then char(F') divides dimp(L)—1.
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Proof. By Corollary 2 f(c¢) = oc for some non-zero element o of a field F.
Put g = 071 f. Then g is a derivation, and g(c) = c. Let = be an arbitrary
element of L. Then x = a + Ac for some element \ € F. We have

[e,z] = [c,a+ Ac] = [e,a] + [c, Ac] = [e, q]

and
g([ca x]) = g([C, a]) = [9(0)70'] + [c,g(a)] =
= [c,a] + e, g(a)] = [c;a + g(a)] = [c, (g + 1dL)(a)]
(here, Idy, is an identity permutation of L).

Thus, we obtain g(l.(a)) = l.((¢ + Idz)(a)).

If h is a derivaion of L, then Lemma 2 shows that h(A) < A. Define
now the mapping ht: A — A by the rule: f*(a) = f(a) for every a € A.
It is not hard to prove that ht is a linear transformation of a vector space
A. Then we obtain

grotll =1tlo(g" +1da).

Denote, by G (respectively, M), the matrix of a linear mapping g'
(respectively, [I) in a basis {ag, . .., a, }. Then we obtain the matrix equality
GM = M(G + E). As we have seen above, the matrix M is not singular.
Thus, we obtain M~'GM =G + E.

Since trace(G) = trace(M ~'G'M), we obtain

trace(G) = trace(G + E) = trace(G) + (n — 1)1p

(here, 1 is an identity element of a field F'). It follows that (n — 1)1 = 0.
In this case, char(F') divides n — 1. O

Lemma 5. Let L be a cyclic Leibniz algebra of type (1) over a field F,
and let D be the annihilator of a subspace F'c¢ in algebra Der(L). Then D
is generated as a vector space by the derivations i, I, 2,..., =2, Moreover,
the set {i,l.,1?,..., 1272} is a basis of D, so that D is Abelian and has
a dimension n — 1.

Proof. We note that the mapping i is a derivaion of L. Indeed, if y = b+ ¢,
be A, 7 € F, is another element of L, then put

i([z,y]) =i([a+ oc,b+ 7c]) = i(o]c, b]) = o[, b],
[i(z),y] + [x,i(y)] = [a,b+ Tc] + [a + oc,b] = o]c, b].
Let f is an arbitrary derivaion of D. Then

(f © [c)(x) - f([c(x)) = f([c(a + UC)) =
= f([e,a+oc]) = f([c,a]) = [f(c),a] + ¢, f(a)] = [c, f(a)],
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(leo f)(2) = L(f(2)) = le(f(a + 0¢)) = L(f(a)) = ¢, f(a)].

Since it is true for every element x € L, we obtain that fol.=1[.0 f.

We have

Note that
[2_1(@) = [c([’g_2(a2)) =le(an) = ag + asle(az) + ... + an[?_2(a2),

so that we can define [¥(az) (and, hence, [¥(a) for arbitrary a € A) for
each positive integer k.
Let f be an arbitrary element of an ideal D. Let

fla2) = Boas + fras + ... + Pn_2an

for some elements (g, ..., 8,—2 € F. Then we obtain the presentation

flaz) = Boilaz) + Bile(az) + B2l2(az) + ... + Bu—all %(az) =
= (Boi + Bile + Lol + ..+ Brall ) (az).

Put 0y = Boi + B1le + Bol2 + ...+ Bpol?2 then f(as) = 0f(as).
If a is an arbitrary element of A, then a = ogas +o1a3+ ...+ o,_2ay,

for some elements og,...,0,_2 € F'. We have

flaz) = f(le(az)) = le(f(az)) = l(0f(az)) = 0s(lc(az)) = vf(as3).
Similarly, we obtain that f(as) =0¢(as), ..., f(an) =d(an). It follows
that

fla) = f(ooaz + o1a3 + o2a4 + ... + op—2a,) =
= oof(az2) +o1f(a3) + o2f(as) + ...+ on—2f(an) =
= 000f(az2) + 010¢(az) + o20f(as) + ... + 0p—20f(an) =
=0¢(00az + o1a3 + 02a4 + ... + op_2a,) = 0¢(a).

Ifx=a+o0c, a€ A, o€ F,is an arbitrary element of L, then
f(x) = fla+oc)= fla) + 0 f(c) = fla),

and it implies that f(z) = d¢(x).
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Since it is true for every element x € L, we obtain that f = 2.

We note that the mappings i, [, [,...,[?~2 are linearly independent.

Indeed, suppose that Ag, A\1,..., \,_o are the elements of F' such that
Aoi + Arle + Xal? + ..+ N, olP2 = 0.
Then
(ot 4+ Al + Xl + .o+ N 2l" ) (ag) = 0.
On the other hand,
(Mot + Aile + )\2[2 +...+ An_2[2_2)(a2) =

= \oas + )\1[0(&2) + )\2[3((12) + ...+ An,2[2_2(a2) =
= Ao + A1as + Xoag + ... + Ap_oan,.

The fact that {ag,as,...,a,} is a basis of A shows that

AM=A1=...=\_2=0. O

2. Proof of Theorem A

Assertion (i) follows from Lemmas 3 and 5. Assertion (ii) follows from
Lemma 3. Assertion (iii) follows from Lemma 4.

The following natural question appears from Lemma 4.

Let L be a cyclic Leibniz algebra of type (ii). Is f(c) = 0 for an
arbitrary derivaion f of L7

The following example gives a negative answer on this question.

Example 1. Let L = F'c® Fas & Fas & Fayg be a cyclic Leibniz algebra
of type (II), having dimension 4 over a field F3 of order 3. Let

[C7 a2] = as, [07 a3] = G4, [Ca (14] = 2.
Consider a linear transformation f of L, defined by the rule

fle)=c,
f(az2) = 2a3 + a4,
f(az) = az + a3 + 2ay,
f(a4) = 2a9 + asz + 2ay4.
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Let © = vc + a2 + y3a3 + Y404, y = Ac + Aoag + Azas + Agaq be the
arbitrary elements of L. We have
[z,y] = [ve + Y202 + Y3a3 4+ Yaa4, Ac + Xoas + Azas + A\aq] =
= [ye, Ae + Aaag + Azasg + \gayq] =
= YyAsa3 + YA3a4 + YA1a2;

f([z,y]) = f(yMaz + yAzaq + yA2a3) =
= yAaf(az) +yAsf(as) + A2 f(as) =
= v\(2a3 + aqg) + YA3(2a2 + a3 + 2a4) + yA2(az + asg + 2a4) =
= (YA2 + 29A3)ag + (VA2 + YA3 + 29\1)as + (292 + 293 + YA4)ay;

f(x) = f(ye+y2a2 + 303 + 1aa4) =
=7f(c) +12f(a2) +v3f(a3) +vaf(as) =
= yc+ 72(2a3 + ag) + v3(az + a3 + 2a4) + v4(2as + az + 2a4) =
=yc+ (2v4 +3)az + (272 + 73 + va)az + (2 + 273 + 294)ag;

f(y) = \c + (2)\4 + /\3)@2 + (2)\2 + A3 + )\4)a3 + ()\2 + 2X3 + 2)\4)a4;

[f(®),y] = [ve + (271 + 73)az + (272 + v3 + Ya)as + (v2 + 273 + 274)au,
Ac + Agag + Azaz + Agaq] = [ye, \e + Aoag + A3a3 + \gaq] =
= yA2a3 + YA3a4 + YAga2;

[z, f(y)] = [ye + 1202 + v3a3 + Y404,
Ac+ (24 + Az)ag + (2Xa + Az + Ag)as + (A2 + 2A3 + 2 q)aq] =
= [ye, Ae + (24 + A3)az + (2X2 + A3 + Ag)ag + (A2 + 2A3 + 2A\g)aq] =
= (29As +YA3)az + (29A2 + A3 + YAg)as + (VA2 + 2923 + 274 )az;

[f(2),y] + [2, f(y)] = vA2a3 + YAzaq + yAsa2 + (294 + Y A3)az+
+(29\2 + Y3 + YA1)ag + (VA2 + 2923 + 29\ )ag =
= (VA2 + 291 + YA3)ag + (VA3 + 292 + YAz + YA\1)as+
+(Y A1 + VA2 + 2923 + 29Ay)az =
= (YA2 + 27A3)az + (VA2 + 291 +yA3)as + (29A3 + 272 + Y A\a)as =
= [f(=), f(y)].

These equalities show that f is a derivaion of L.
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3. Algebra of derivations of a cyclic Leibniz algebra of
type (III). Proof of Theorem B

We have L=A® Fdy, A=V&[UU]|,U=Fd ®Fdy®...®Fd_4
is a nilpotent cyclic subalgebra, i.e. is an algebra of type (I). Moreover,
a subspace [U,U] = Fdy @ ... ® Fd;—1 is an ideal of L. Furthermore,
V=Fd&...®Fd, is an ideal of L, and [a1,d;] = [d1,d;] for all j > t.
In other words, V' @ Fd; is a cyclic subalgebra of type (II).

Since L/V = U is a cyclic nilpotent Leibniz algebra,

Der(L)/ Annpey (1) (L/V) = D1

is an algebra of derivations of a cyclic nilpotent Leibniz algebra. Since
L/[U, U] = V @ Fd; is a cyclic Leibniz algebra of the second type,
Der(L)/ Annpeyry(L/[U, U]) = Dy is the algebra of derivations of a cyclic
Leibniz algebra of type (II).

Let f € Annpeyr)(L/V) N Annpey ) (L/[U, U]), and let 2 be an arbi-
trary element of L. Then f(x) € V, and, on the other hand, f(x) € [U,U].
It follows that

f(z) e VN [U,U] = (0), so that f(z) = =.

Thus Annpe, () (L/V) N Annpeyzy (L/[U, U]) = (0), and Remak’s the-
orem yields the embedding of algebra Der(L) into the direct product
D1 X DQ.
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