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The socle of Leavitt path algebras over
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ABSTRACT. The Reduction Theorem in Leavitt path algebra
over a commutative unital ring is very important to prove that the
Leavitt path algebra is semiprime if and only if the ring is also
semiprime. Any minimal ideal in the semiprime ring and line point
will construct a left minimal ideal in the Leavitt path algebra. Vice
versa, any left minimal ideal in the semiprime Leavitt path algebra
can be found both minimal ideal in the semiprime ring and line
point that generate it. The socle of semiprime Leavitt path algebra
is constructed by minimal ideals of the semiprime ring and the set
of all line points.

Introduction

In [2| the authors thoroughly discuss Leavitt path algebras over field K
on a graph E, denoted L (FE). The Leavitt path algebra is the extension
of the path algebra, which can be studied in detail in |7]. Many pro-perties
of L (E) have been discussed, among others, the simplicity and primeness.
The necessary and sufficient conditions on a graph have been found so that
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the corresponding Leavitt path algebra L (E) is simple [2], semisimple [1],
and a prime one [3]. In addition, any Lk (F) is non-degenerate. In other
words, the Leavitt path algebra over field is always semiprime ([4],[5]).

Tomforde [12] generalized Lk (F) to Leavitt path algebras over a com-
mutative unital ring R, that is denoted as Lr(FE). There is a similarity
of the necessary and sufficient conditions of Lr(FE), which is basically
simple, with the simplicity of L (E). Basically simple is more general
than simple. It means that every simple Leavitt path algebra Li(F) is
basically simple, but the basically simple Lr(E) is not necessarily simple.
The definition of Lr(E) can be expanded from the definition of the path
algebra over a commutative ring described by [13].

Based on Proposition 1.1 of [5], any Leavitt path algebra over field
K, Lg(F) is semiprime. We know that any field is semiprime, but not
every semiprime ring is a field. It is easy to get a counter example of non
semiprime Leavitt path algebra over a commutative unital ring. Consider
the commutative unital ring Z4 and the graph F' follows

Use +— oVl — o2 3 o3

Then Leavitt path algebra Ly, (F) = My(Z4) & Ms(Z4) is not semiprime.
We know that the commutative unital ring Z, is also not semiprime. The
first focus of this paper is to show that Lr(F) is semiprime if and only if
R is semiprime. To prove that, it needs the Reduction Theorem on Lr(E).

The (left) socle of an algebra A, denoted Soc(A), is the sum of all
its minimal left ideals. Soc(A) is said to be zero in such a case that left
ideals do not exist. The concept of socle can be widely studied in [9]. It
is well known that for the semiprime algebras A, Soc(A) coincides with
the sum of all minimal right ideals of A (or it is zero if there is no right
ideal). The second discussion in this paper is that any minimal ideal < in
the semiprime Lr(F) can be found a minimal left ideal I C R such that
S = Lr(F)Iv for a line point v € P(E).

It is obviously different construction of a left minimal ideal in the
Leavitt path algebra over field having no nontrivial ideal. It implies that
the socle of semiprime Ly (F) will be different from the socle of Ly (E)
discussed in [6]. Therefore, the final topic in this paper will elaborate
on how to determine the socle of Leavitt path algebra over a semiprime
commutative unital ring.
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1. Preliminaries

We start with the basic definitions. For further notions on graphs, path
algebras, and Leavitt path algebras over a commutative ring, we refer to
[2], [8], [12], [13], and the references therein.

A directed graph is a 4-tuple E = (E°, B!, rg, sg) consisting of two
disjoint sets E°, E', and two maps rg, sg : E' — E°. The elements of
E? are called the vertices of E, and the elements of E! the edges of E,
while for e € E', rg(e) and sg(e) are called the range and the source of
e, respectively. If there is no confusion concerning the graph, we simply
write them as 7(e) and s(e).

A path pin a graph F is a finite sequence of edges = e ... e, such
that r(e;) = s(ej+1) for i =1,...,n — 1. In this case, s(u) := s(e1) and
r(u) := r(ey) are the source and range of p, respectively, and n is the
length of u. We also say that p is a path from s(e1) to r(e,) and denote
by ¥ the set of its vertices, i.e., u® := {s(e1),r(e1),...,7(en)}. By u' we
denote the set of edges appearing in p, i.e., u':= {e1,...,e,}. We view
the elements of E° as paths of length 0. The set of all paths of a graph E
is denoted by Path(E).

Given a (directed) graph E and a commutative unital ring R. The
path R-algebra of E, denoted by RE, is defined as the free-associative
R-algebra generated by the set of paths of F with relations:

(V) vw = §, v for all v,w € EP.
(E1) s(e)e =er(e) = e for all e € E*.

If s7'(v) is a finite set for every v € E°, then the graph is called
row-finite. If EY is finite and E is row-finite, then E' must necessarily be
finite as well; in this case, we say that F is finite. A vertex that emits no
edges is called a sink. A vertex v is called an infinite emitter if s~1(v) is
an infinite set, and a regular vertex if it is neither a sink nor an infinite
emitter. The set of infinite emitters will be denoted by E9, 7> while Reg(E)
will denote the set of regular vertices.

The eztended graph of E is defined as the new graph

E=(E° B'U(E")" 7p,5p),

where (E')* = {e} | ¢; € E'} and the functions 7z and sz are defined as

TE|E1 =, 3E|E1 = s, T‘E(e;‘) = s(e;), and SE(e;‘) =r(e;).
The elements of E' will be called real edges, while for e € E' we will
call e* a ghost edge.
The Leavitt path algebra of E with coefficients in R, denoted Lgr(E),

is the path algebra RE generated by the relations:
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(CK1) e*¢/ =6, 0r(e) foralle e € EL.

(CK2) v =3 (cpi|se)=y) e for every v € Reg(E).

Observe that in RE the relations (V) and (E1) remain valid and that
the following is also satisfied:

(E2) r(e)e* = e*s(e) = e* for all e € E'.

Based on the relation (V'), every vertex in F is an idempotent element in
Lr(E). Moreover, every two vertices are orthogonal idempotents. However,
not every vertex is primitive idempotent because of the relation (CK2).
For example, if we have a vertex v such that s™!(v) = {e, f} then v is
not primitive since v = ee* + ff*(CK2), where both ee* and ff* are
nonzero orthogonal idempotents. The definition of a primitive idempotent
refers to [7], that an idempotent u in algebra A is said to be primitive if
it cannot be written as a sum © = uq + ug where u; and uy are nonzero
orthogonal idempotents of A.

Note that if E is a finite graph, then Lg(E) is unital with ) _pov =
11, (B)- Otherwise, Lr(F) is a ring with a set of local units consisting of
sums of distinct vertices (For a ring A, the assertion A has local units).
It means that each finite subset of A is contained in a corner of A, that
is, a subring of the form eAe, where e is an idempotent of A). Note that
since every Leavitt path algebra Lr(FE) has local units, it is the directed
union of its corners.

The Leavitt path algebra Lr(FE) is a Z-graded R-algebra, spanned as
an R-module by {af* | a, € Path(F)}. In particular, for each n € Z,
the degree n component Lr(E), is spanned by the set

{af" | o, B € Path(E) and length(«) — length(5) = n}.
Denote by h(Lr(E)) the set of all homogeneous elements in Lr(FE), that is,
h(LR(E)) = UnEZLR(E)n-

If 4 is a path in F, and if v = s(pu) = (), then u is called a closed
path based at v. If s(p) = r(p) and s(e;) # s(e;) for every i # j, then p
is called a cycle. A graph that contains no cycles is called acyclic. For
p=ej...e, € Path(E) we write p* for the element e ...ej of Lr(E).

An edge e is an exit for a path = ey ... e, if there exists ¢ in {1,...,n}
such that s(e) = s(e;) and e # e;. We denote by P;(E), the set of all line
points, i.e., the vertices whose tree does not contain neither bifurcations
nor cycles. Based on the relation (CK2), every vertex in Pj(F) is primitive
idempotent.
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It is easy to see that Pj(E) is hereditary subsets, although they are
not necessarily saturated. For any subset X of vertices, X will denote
the hereditary and saturated closure of X, that is, the smallest saturated
hereditary subset of EY containing X.

In any Leavitt path algebra over a commutative unital ring, Lr(F)
we have:

Lg(E) = spang {af" | o, B € Path(E), r(a) = r(8)}
and the multiplication is given by the following rule:

ay'6” if v =8y
s ) oad® it B=q

0 otherwise

2. On minimal left ideals in Leavitt path algebras over
a semiprime ring

It has been said that not every Leavitt path algebra over a commutative
unital ring Lr(E) is semiprime. Then, the first discussion is the necessary
and sufficient condition of the semiprime Lg(FE). The important theorem
here is the Reduction Theorem, whose proof needs the following lemma.

Lemma 1. Let E be a graph and R a commutative unital ring. For any
vertex v in a cycle without exits ¢ and any ideal I of R, we have:

vLr(E)Iv = { Z kic' | ki € I,m,n € N} >~ [z, x 1],

i=—m
where ¢ denotes the vertex v and ¢=t = (c*)t for every t > 1.

Proof. Since the cycle ¢ has no exits, it is easy to see that if u € T'(v) and
f,g € E' are such that s(f) = s(g) = u, then f = g. Write ¢ = ejea...ep,
with e; € E'. For every pu € Path(E) such that s(uu) = u € T(v) there is
a k € Nwith 1 <k < nand a path g such that = egp’ and s(ex) = u.

Now, let € vLr(E)Iv. We may write z = > ©_; kja; 8f + kv, where
k.k; € I,s(cy) =1r(B]) = s(B;) = v. Then, taking into account what we
have explained in the first paragraph and following the proof of [6, Lemma
1.5], for any ¢ we have ;8] = ¢® for some d; € Z. Define an R-linear
map ¢ : vLr(E)Iv — R[z,z~!] by setting p(kv) = k, p(kc) = ku,
and p(kc*) = kz~!. Then ¢ is a monomorphism with p(vLg(E)Iv) =
I[z,z1]. Hence, vLr(E)Iv = I[z,27!]. O
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Let E be an arbitrary graph and R a commutative unital ring. Then
the Reduction Theorem in [2, Theorem 2.2.11] is also valid in this context,
that for any non zero element x € Lr(FE) there exist «, § € Path(FE) such
that:

1) 0# o*zf € Ru, for a vertex v € E°, or
2) 0 # a*zf = p(c) where ¢ is a cycle without exits and p(c) is a non
zero polynomial in Rz, z7!].
Lemma 1 is used to prove the Reduction Theorem in Lr(FE). However,
it is not discussed here because the steps of proof can be followed by
[2, Theorem 2.2.11].

Recall that a ring R is said to be semiprime if it has no nonzero ideals
of zero square. For a commutative ring R, this is equivalent to say that R
has no nonzero elements of zero square. Such a ring is also called reduced.

Leavitt path algebras over fields are semiprime (see, for example, the
Proposition 2.3.1 in [2]). Over commutative unital rings, they are when
the underlying ring is, as we show.

Theorem 1. Let E be an arbitrary graph and R a commutative unital
ring. The Leavitt path algebra Lr(E) is semiprime if and only if the ring
R is semiprime.

Proof. Assume Lp(F) is semiprime. Suppose that R is not semiprime,
then there is a non zero k € R such that k2 = 0. Since k # 0, then
kv # 0 for any v € EY. Apply that Lg(E) is semiprime to get u € Lg(E)
such that 0 # kvpkv. Write p = Y- kjoy 3F for some k; € R, oy, 5; €
Path(E), m € N. Then,

kvpky = lw(zm:k: a; 3} >kv = U(i kkik)o S} )
i=1 i=1
v(i aﬁ*) =

=1
which is a contradiction.

Conversely, assume that R is semiprime. Suppose that there is a non
zero ideal 3 C Lg(FE) such that 3% = {0}. Let 0 # x € ; by the
Reduction Theorem there exist «, § € Path(E) such that

1) 0# o*zf = kv, for some k € R and v € E°, or
2) 0 # o*xf = p(c), where c is a cycle without exits and p(c) is a non
zero polynomial in Rz, z7!].
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In the first case, kv € 3. By the semiprimeness of R we have k? # 0,
hence 0 # k?v = (kv)(kv) € 3% = {0}, a contradiction. In the second
case, 0 # p(c) € 3. Since R is semiprime, R[z, z~!] is also semiprime, in
particular p(c)? # 0. Hence, 0 # p(c)? € $? = {0}, a contradiction. In
any case we get a contradiction. Hence, Lr(F) must be semiprime. [J

Lemma 2. Let I be a minimal ideal of a semiprime commutative unital
ring R. Then I = Re for e = €> € R. Morever, Re is a field.

Proof. Since any minimal ideal in a semiprime ring is generated by an
idempotent (see, for example [10, Subsection 3.4|), I = Re = eR where
e = e € R. The minimality implies that I = eRe is division ring, hence
it is a field, as R is commutative. ]

The left minimal ideal of L (FE) in [5] is in the form of Lg(E)v for
some line point v. It is different from a left minimal ideal in Ly (F), which
requires a minimal ideal of the semiprime ring R beside the line point. To
construct the left minimal ideal of Lr(FE), we need to redefine preorder
as follows.

Definition 1 ([2]). For every u,v € E°, we define u > v if there exists
a € Path(F) such that s(a) = w and r(«) = v. In this case, we say that
« is a path joining u to v.

Lemma 3. Let E be an arbitrary graph and I a minimal ideal of a semi-
prime commutative unital ring R. Let any vertices v, w be such that v > w.

~

If the path joining v to w contains no bifurcations then Lr(E)Iv =
Lr(E)Iw as left Lr(E)-modules.

Proof. Let o € Path(FE) be the only path such that s(a) = v,r(a) = w.
Define the maps

¢ : Lr(E)Iv— Lg(E)Iw

kxv — kxva
and

Y Lr(E)Iw — Lr(E)Iv
kyw — kywa”*

for every k € I, x,y € Lg(E). It is easy to see that ¢ and ¢ are homo-

morphisms of left Lz (E)-modules. Now, we see that ¢ = ¢! as follows.
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Take kxzv € Lr(E)Iv and kyw € Lr(F)Iw. Then:
Y(p(krv)) = Y(krva) = Y(krvaw) = krvawa™ = kxv

and
p(P(kyw)) = p(kywa™) = p(kywa’v) = kywa*va = kyw.

Hence, Yo =1, (g1 and o = 11 (g0 » Where 17 gy, and 1y, gy
denote the identity maps in Lr(F)Iv and Lg(E)Iw, respectively. O

Proposition 1. Let E be an arbitrary graph, R be a commutative unital
ring and I be an ideal of R. Assume that u is a vertex, which is not a sink.

1) @ es 1 La(E)IF* C La(E)Iu.
2) If u is not an infinite emitter then
(a) D ey 10 LalE)IFS* = La(E)Iu.
(b) Denote vy :=r(f). If r(f) # r(f’) for every f # f', with f, f*
in s~ (u), then Lr(E)Iu = Dres—1(u) Lr(E) vy

Proof. 1) Follows immediately, taking into account that the sum of the
left ideals Lr(E)If;f; is direct as f; f; = 0 for every i # j.
2) (a) follows from 1) and the (CK2) relation that says

u= Y ff
fes=(w)

(b) There is an isomorphism of left Lz (E)—module

p: Lp(E)Ivy — Lp(E)Iff*
kxvs — kxf f*

for every k € I,z € Ly(FE). O

Corollary 1. Let w € E°. If T(w) contains some bifurcation, then the
left ideal Lr(E)Iw is not minimal.

Lemma 4. If there is some closed path based at w € E°, then the left
ideal Lr(E)Iu is not minimal.

Proof. The proof is similar to Proposition 2.5 in [5]. O

Proposition 2. Let E be an arbitrary graph and I be a minimal ideal of
the semiprime commutative unital ring R denoted by I<,,R. If v € P(E)
then Lr(E)Iv is a minimal left ideal of Lr(E).
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Proof. Take any non zero o € Lr(FE)Iv with v € E° then

m

m m
o= ( E kiaiﬁ;‘> sV = E kisa; Biv = g shoyBiv
i=1 i=1 i=1

where o, 5; € Path(E), r(ey) = r(53;) and 0 # s, = k;s € I for every
i €{1,2,....,m}. By Lemma 2, I is a field so that I is semiprime then
Lr(E)I is also semiprime (Proposition 1). Based on |10, Proposition 2 in
§3.4], it is sufficient to show that vLg(E)Iv is a division ring. Take any
non zero element § € vLr(E)Iv then

m

= <§: k;zam@:> av = Z ak; (Uaiﬁ';kv)
i=1

i=1

for a € I, a;, i € Path(E) such that s(a;) = r(8;) = v. Since v is a line
point, a; and f; must have the same length, so that 6 = >_" | s;v € Iv
where s; = ak; € I for all 7. It means that vLr(F)Iv = Iv = I with I
a field (Lemma 2). Hence, Lr(E)Iv is a minimal left ideal of Lg(E). O

Definition 2. For every u,v € P/(E), we define u=v < 314, R such that
(Iu) = (Iv) where (Iu) is an ideal of Lr(F) generated by Iu.

Let u,v € P(F) such that ([u) = ([v) then tu € Lr(E)vLg(E) for
any t € I. The form of tu is tu = )" | z;vy; with x;,y; € Lr(E), so that

n

tu = z”: UT; VYU = Z u(Z kja]ﬂ;)v (Z k:l)\l,uf) U.
i=1

=1

Then there exist «, 8 € Path(FE) such that 0 # uaS*v. Since u, v are line
points,

p*, wu e Path(E).

It means that (/u) = (Iv) then there is o € Path(E) such that o = uaw
or o = vau. Since aa™ = u and a*a = v in the first case, aa™ = v and
a*a = u in the second case, we have (Ju) = (Jv) for every J <, R.

A, A€ Path(E
aﬁ*:{, ath(E),

Lemma 5. Let [v] is an equivalence class of = in Definition 2. Then [v]
18 hereditary.

Proof. Let u € [v] and let w € E° such that there is an edge e with
s(e) = u,r(e) = w. By CK1 and CK2, we have u = e*we and w = eue*.
Hence, (Iw) = (Iu) = (Iv) so that w € [v] O
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Proposition 3. Let u,v € P(E). Then u=v if and only if Lr(E)Iu =
Lr(E)Iv as left Lr(E)-modules, for every I <, R.

Proof. Let u,v € Pj(F) such that u=v. Then (Iu) = (Iv) for every I <,, R,
so that there is @ € Path(F) such that & = uawv. By Lemma 3, we have
Lr(E)Iu= Lg(E)Iv as left Lr(F)-modules.

Conversely, let any minimal ideal I of R and u, v € Path(E) such that
Lr(E)Iu = Lr(E)Iv as left Lr(E)-modules. By Proposition 2, Lr(E)Iu
and Lr(E)Iv are minimal left ideals of Lr(E). Then Iu, Iv C Soc(Lr(E)).
In fact, they are in the same homogeneous component. O

Theorem 2. Let v € E° and I is a minimal ideal of the semiprime
commutative unital ring R. Then v is a line point if and only if Lr(E)Iv
is a minimal left ideal of Lr(E).

Proof. Let v € E° be a line point; by Proposition 2 we have Lr(E)Iv
is the minimal left ideal of Lr(FE). Conversely, assume that Lr(E)Iv is
simple, we will show that the vertex v is a line point, that is, no vertex in
T'(v) has bifurcations, nor any vertex in 7'(v) is the base of a cycle. For
any u € T'(v) and let pu € Path(E) such that s(u) = v, r(u) = w. Then
the map ¢, : Lr(E)Iv — Lg(E)Iu given by aw — avpu is a non zero
epimorphism of Lr(E)-modules, as for every fu € Lr(F)Iu we find fu =
Bt = ¢u(Br*). Then Lr(E)Iu must be simple because of the simplicity
of Lr(E)Iv. Suppose there is a vertex w € T'(v) having a bifurcation and
take edges e, f € s71(w) with e # f. Then Lr(E)Iw = Lp(E)lee* ® S
where ' = {a — aee*|a € Lr(E)I} # {0} because of f = f — fee* € S.
It means that Lr(E)Iw is not simple, which is a contradiction. In the
second case, suppose there is w € T'(v), the base of a cycle ¢. According
to Lemma 1, we have wLz(E)Iw = I[x, 2~!], which is not a division ring.
Then Lgr(F)Iw is not minimal, there is a contradiction. Hence, the vertex
v must be a line point. O

Proposition 4. Let S be any minimal left ideal of Lr(FE), where R is
a semiprime commutative unital ring. Then there is a minimal ideal I C R
such that S = Lr(E)Iv for v some line point.

Proof. Since R is semiprime, Lr(E) is also semiprime (by Proposition 1).
By [10, Proposition 2. in Section 3.4], & = Lr(E)u for a non zero idem-
potent p € Lr(E). Based on the Reduction Theorem, we have two cases.
The first case, there exist «, 8 € Path(FE) and a non zero k € R such that
0 # a*upB = kv for some v € EY.
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We have Lgr(E)(a*upB) = Lr(E)(kv) = Lr(E)p = S for the minimal-
ity of Lr(E)p. Then Li(E)(kv) is a minimal left ideal of Lr(F). In other
hand, the form of any non zero = € Lr(FE)(kv) is

T = (i ]{zOézBZ*> kv = i kkiaiﬂjva

where kk; € kR ¢ R, o, B; € Path(E),r(a;) = r(B;) for every i. By the
minimality of Lg(E)(kv), we have Lr(E)p = Lr(E)(kv) = Lr(E)Iv for
an ideal I = kR = Rk in the semiprime R. We will see that [ = Rk
is minimal. Let any non zero rk € Rk. Then rkv # 0 so that 0 #
Lr(E)rkv = Lgr(E)kv for the minimality of Lr(F)kv. It implies that
kv = arkv for some o € Lr(E). We have v = rav for k # 0, where av
has zero degree. Then av = lv with [ € R, so that kv = krlv and k = krl.
It must be rl = 1. Hence, Rkrl = Rk = I. In other words, the ideal [ is
minimal. Since the left ideal Lr(E)Iv is minimal in Lr(F), the vertex v
is a line point (by Theorem 2).

The second one, suppose there exist paths a, § € Path(F) such that
0 # a*uB = p(c) for a cycle without exit ¢ based at v. Then p(c) €
vLr(E)v = R[z, 27 1]. Since the left ideal Lr(E)u is mi-nimal, we have
Lr(E)p(c) = Lr(E)a*uf = Lr(E)u, so that Lr(E)p(c) is a minimal
left ideal of Lg(E). Define a map ¢ : R[z,z"'] — Lg(E) given by
P(1) = v,9(z) = ¢,(x™) = ¢*. Then 9 is a monomorphism of R-
algebras with ¢ (R[z,27!]) = vLr(E)v. Consider that vLr(E)p(c) is
a minimal left ideal of vLr(FE)v then v~ (vLr(E)p(c)) is a minimal left
ideal of R[z, 2], which is a contradiction. Hence, the second case is not
possible. ]

Corollary 2. Let v € E° and I be an ideal of the semiprime commutative
unital ring R. Then Lr(E)IvLg(E) = (Iv) is a minimal two-sided ideal
of LR(E) if and only if v € P|(E), and the ideal I is minimal.

Lemma 6. Let E be an arbitrary graph, R any commutative unital ring
and an ideal I of R. Let H be a hereditary subset of E°. Then, the ideal
(IH) of Lr(E) consists of elements of Lr(E) of the form

(IH) = {Z aiaiﬁf ‘ a; € 1,04, 5; € Path(E),?“(Ozi) = T(ﬂz) IS H} (1)

i=1

Morever (IH) = (IH), where H is a saturated closure of H.
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Proof. Let J denote the set presented in (1). We will see that J is an ideal
in Lr(E), so that we need to show that for every element of the form a/5*,
where r(a) = () = u € H, and for every z,y € Lr(F), a € I we have
arauf*y € J. By Lemma 5 and the multiplication in (1), it is enough to
show that ayd*uun®* € J for every a € I,~,6,u,n € Path(F) and u € H.
If ayé*upun™ = 0 then it is finished. Suppose that ayd*uun® # O.
By the multiplication in (1), we have ayd*uun® = ayu'n* if p = éu’ or
ayd*upn* = ayn* if & = p or ayd*uun* = ayd'n* if § = pd’. Note that
u=s(u) € H and H is hereditary. Then we have () = r(y') € H in the
first case, r(u) = () € H in the second case, and r(0) = r(§') € H in
the last one for s(u) = s(0) = u. Hence, 0 # ayé*uun® € J in all cases.
It is clear that (IH) C (IH) for H C H. Conversely, let any monomial
aaf* € (IH), where a € I, o, 3 € Path(E),r(a) = r(8) € H. Based
on [2, Lemma 1.2.4] H = (- Hy, where Hy = T(H) = H as H is
hereditary and H,, = {v € Reg(E) | r(s7*(v)) C Hy—1} U H,,—1. We wil
see that aa5* € (I H), by mathematics induction in n. For n = 0, it is clear
that aa8* € (IH), for r(a) = r(8) € Hy=T(H) = H. Suppose it is true
that aaf* € (IH) for r(a) = r(B) € Hyp—1. Let u = r(a) = r(B) € H,
then u € Hy,_y or r(s7'(u) € H,_1. By hypothesis, aa* € (IH) if
u € H,_1. Otherwise, if 7(s~!(u) C H,,_1 then we have aa3* € (IH) for
U= ees—1(u) €67 = Dees—1(u) €r(€)e” and r(e) € Hy 1. O

Lemma 7. Let E be any graph, R any commutative unital ring and I be
an ideal of R. Let {H;};er be a family of hereditary subsets of E° such
that H; N H; = @ for every i # j. Then

<IU H) =1 Hi = DUH:) = DUH).
i€l i€l i€l i€l
Proof. Assume that H = J;cp H;. It is clear that H is hereditary. By
Lemma 6, the first and the last equality are obviously fulfilled.

Based on (1), for every « € (I H) can be expressed by z = Y ;" | ayey 3},
where a; € I, oy, 5; € Path(E) and r(oq) = r(5;) € H. Furthermore,
we separate r(q;) depending on the H;’s they belong to and we have
x =Y qoff €Y cp (TH;), so that (TH) C >, p (IH;). Tt is clear
that >, . (IH;) € (IH) as (IH;) C (IH) for every i. Hence, (IH) =
ZZEF (IHZ)

Suppose there is j € I such that (IH;) N3, (IH;) # {0}. Let
0#y e ([IHj)NY4er ([H:). By (1), y = Sy sk 0 with s € 1,
Vi, Ok € Path(E), r(yx) = r(dx) € Hj and r(y) = r(6k) € Ujsier Hi-
Hence, H; N ijéz‘el“ H; # @, which is a contradiction. O
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Proposition 5. Let E be an arbitrary graph, R be any commutative unital
ring and I be an ideal of R. Let v € P/(F) and A, denote the set of paths
a € Path(E) such that r(a) meets T(v) for the first time r(a). Then
(Iv) = M, (I), where n is the cardinality of A,.

Proof. Let v € Pj(F) and a sequence T'(v) = {v1,va, ...}, where v = v; and
for all i € N there exists a unique e; € E' such that s(e;) = v;,7(e;) = vit1.
Consequently, for each pair v;,v; € T'(v) with ¢ < j there exists a unique
path p; ; € Path(E) for which s(p;;) = v; and 7(p; ;) = v;. Since v
is a line point then for every i, v; is a line point. By (CK2), we have
pi,jpi; = v for every pair v;,v; € T(v) with @ < j. Let I be an ideal
of R and T7 = spany({e;;}) be an ideal of an R-algebra A, where the
subset {e;;|4,7 € '} of Ty is called a set of matrix units of 77 with
€ijeki = 0jk€iy for all 4,7, k, 1. Then Tr = Mp(I) as R-algebras via an
isomorphism sending ¢;; into e;;, where e;; € M|p(/) having all the
entries equal zero except that in row ¢, column j, where the entry is 1.
We will construct a set of matrix units in (/v) indexed by |A,|, where
A, is the set of paths o € Path(E), such that r(«) meets T'(v) for the first
time (). By Lemma 6, every element in (Iv) is a linear combination of
elements of the form aow; ;j3*, where a € I, o, B € Ay, ;55 = p;; if i < j
andz; j = p}; if j <. Denote az; ;8% = en 5 and € = {eap | @, B € Ay}
Since the set {z;; | i,j € N} has the multiplicative property x; jzi; =
d; ki, then € is a set of matrix units of (Iv). O

Lemma 8. Let E be an arbitrary graph, R be any semiprime commuta-
tive unital ring, and I be a minimal ideal of R. Then, there is a family
{[v]}oep ) of hereditary subsets of EY such that P(E) =[]

Furthermore, we have (I[v]) = (Iv) for every v € Pi(E).

vEP(E) [U]

Proof. Let v € Pj(E), we proved that [v] is hereditary (Lemma 5). Let

any u ¢ [v] then u # v so that [u] N [v] = @. Hence, F(E) =]] _, ) [v].
vehy

Furthermore, take any w € [v], then (Jw) = (Iv), so that (I[v]) = ([v). O

3. The Socle of the semiprime Leavitt path algebra Lgr(FE)

According to Theorem 1, the Leavitt path algebras Lr(F) is semiprime
if the commutative unital ring R is semiprime. Based on [10] Remark
2.6.6, the two sided ideal Soc(Lr(FE)) denotes the sum of minimal left
(right) ideals of Ly(E).

Proposition 6. For any graph E and minimal ideal I of the semiprime
commutative unital ring R, we have
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1) > uerr) ramr Lr(E)u C Soc(Lr(E))

2) (IR(E)) = (IP(E)) = @yepr) Mn,(I), where ny = [Ay| and Ay
is the set of paths o € Path(FE) such that r(«) meets T'(v) for the
first time ().

Proof. For the first, becaused that every u € Pj(E), I<,R then Lr(E)Iu
is a minimal left ideal of Lr(E). The second, (IF(F)) = (IF(F)) for
hereditary F;(F) (Lemma 6). Furthermore, based on Lemma 7, Proposi-
tion 5, and Lemma 8 we have

an@) = (1( I 0))= @ = @ M. O

veP(E) veP(E) veP(E)

The following example shows that

Soc(Lr(E))# Y. Lr(E)Iu.

weP(E),I<mR

In addition, it gives an overview of the minimal ideals of Lr(FE) and the
two-sided ideal generated by Iv with I <, R, v € Pj(E).

Example 1. Consider the commutative unital ring Zg and the graph F'
that follows

U e <— oVl 5 @2 3 o¥3

Then Lz, (F) = Ma2(Ze) © Ms(Ze) and Soc(Lz,(F)) = Lz, (F) since
Soc(My(Ze) © Ms(Zg)) = Ma((2)) ® My((3)) & Ms((2)) ® Ms((3)) =
My(Zg) ® M3(Zg), where (2) = {0,2,4} and (3) are minimal ideals of Zg.
We have

Y Ly (P)Iu

we P (E),I4mZs
= Lz (F)(2)u2 + Lz (F)(2)us + Lz (F)(2)ua + Lz (F)(3)uz
+ Lz (F)(3)us + Lzg (F)(3)us
= Lz(F)((2) + (3))uz + Lz (F)((2) + (3))us + Lze (F)((2) + (3))us
G Soc(Lz,(F)),
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where
02 0 00 2
LZG(F)(Q)UQZOEB 0 20 , LZG(F)(Q)U:),%OEB 00 2 ,

0 2 0 00 2

0 2 0 30
LZ@ (F)(Q)U4 = < —> , LZ@ (F)(3)U2 =040 3 0},

0 2 -

0 3 0

00 3 0 3

Loy(F)Bus 200 (0 0 3], L@@ (0 2

00 3 03

Note that e} & >, p () 14,,24 L7s (F)Iu.

Suppose that e] € WP, (F),IamZe Lz, (F)Iu, then e] = ajus + asus +
asuy for some a; € Lz, (F)((2) + (3)). But e} = ejuy = (aqug + agug +
asug)uy = 0 which is a contradiction. Furthermore, based on the definition

of the ideal in Lr(F) generated by Iu, we have ideals in Lz, (F):

((2)uz) = ((2) Ms((2)); ((2)ua) = Ms((2)),
((3)uz) = ((3) M;5((3)); ((3)ua) = Ma((3)),

which are minimal.

U9 us) = uy) =
u2 US) = Uyg) =

Theorem 3. Let E be an arbitrary graph and R be a semiprime commuta-

tive unital ring. Then Soc(Lr(E)) = @, pIP(E)) = D, r(IF(E)).

Proof. It is obvious that P, pr(IF(FE)) =D, r({F(F)) from Propo-
sition 6. Furthermore, we show that Soc(Lr(E)) = @, r(IF(FE)). Let
any minimal left ideal & € Li(FE). The Leavitt path algebra Lr(E) is
semiprime for the semiprimeness of R (Proposition 1). By [10, Subsec-
tion 3.4. Proposition 2|, there is a non zero u = u? € Lr(FE) such that
& = Lr(F)p. Based on Proposition 4, we have S = Lr(E)u = Li(E)Iv
where I is a minimal ideal of R and v € Pj(E). Assume that ¢ : Lr(E)p —
Lr(E)Iv is an Lr(FE)-module isomorphism and write ¢(u) = kxv and
¢~ (kv) = k'yp where k, k' € I, 2,y € Lr(E). Then

p=¢"Ho(n) = ¢~ (kav?) = 2vd ™ (kv) = (zv)(K'yp) = (K'zv)(yp)
kv = ¢(¢~ " (kv)) = ¢(K'yp?) = K'ypd(p) = (K'yp)(kzv) = k(yp) (K zv)
If « = K'zv, 8 = yu then o, 8 € Lr(F) such that yp = of and kv = kSBa.

We find that v = Ba for kv # 0, k(v—Ba) = 0, s0 that u = pu? = a(Ba)B =
avf = k'zvf = z(k'v)s. Hence, p € (Iv) C (IP(E)) for z,3 € Lr(E).




K. WARDATI 167

Conversely, take any minimal ideal I of R and v € F)(E). By Propo-
sition 6, we have Lr(E)Iv C Soc(Lr(F)). Since the socle is always
a two-sided ideal, then Lr(E)IvLr(FE) C Soc(Lgr(FE)) so that (IP(E)) C
Soc(Lr(E)). Hence, P, p(IFI(FE)) C Soc(Lgr(E)). O

Conclusion

The Reduction Theorem in [2, Theorem 2.2.11] can be applied to
the Leavitt path algebra Lr(F) over a commutative unital ring R on
a (directed) graph E. It is very important to prove that Lr(FE) is semiprime
if and only if R is semiprime. Therefore, every Leavitt path Algebra L (F)
over field K is always semiprime, since every field is semiprime.

We denote P;(E) be the set of all line points, i.e., the vertices whose
tree contains neither bifurcations nor cycles. It is quite a role in deter-
mining socle of the semiprime Lr(F). For every minimal left ideal & in
the semiprime Lr(E), then there is a minimal ideal I in the semiprime
commutative unital R such that & = Lr(E)Iv for some v € P(E). On
the other hand, for any minimal ideal I in the semiprime commutative
unital R, Lr(FE)Iv is a minimal left ideal of Lr(F) if and only if v € Pj(E).
Furthermore, let E be an arbitrary graph and R a semiprime commutative
unital ring, then we have:

1) Zuepl(E)quR Lr(E)Iu C Soc(Lgr(E))

2) (IR(E)) = (IP(E)) = @yep,r) Mn,(I), where n, = [Ay| and A,
is the set of paths a € Path(F) such that r(a) meets T'(v) for the
first time r(«). -

3) Soc(Li(E)) = @1, w(IPU(E)) = Byq, p(IF(E)).
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