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ABSTRACT. Let S = Klz1,22,...,2,] be a standard graded
K-algebra for any field K. Without using any heavy tools of com-
mutative algebra we compute the Hilbert series of graded S-module
S/I, where T is a monomial ideal.

Let S = K[z1,x9,...,xy,] be a standard graded K-algebra for a field K.
We present a way of computing the Hilbert series of a graded S-module
S/I, when I is a monomial ideal of S. There are some known ways of
computing the Hilbert series (for example [3]). Unlike any other method
we compute Hilbert series of S/I by skipping heavy tools of commutative
algebra.

If I C S is a monomial ideal which is minimally generated by mono-
mials {uy,ug,...,us}, Sq/lq is the dth graded component of S/I and
H(S/I,d) = dimg Sg4/I; is the dimension of S4/I; as a K linear space,
called the Hilbert function of S/I. The series

Hgyy(t) =Y H(S/I,d)t
d=0

is called the Hilbert Series of S/I. To know more about Hilbert series of
general graded modules and related results see [1], [2] or [4].
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n n
. a; b; -
For any monomials u = ‘Ho z;" and v = ‘Ho x;" in S, we define the
1= 7=
intersecting multiplication as

n
u*v = Hm?ax{ai’bi}. (1)
i=0
Considering this sort of multiplication allowing us to associate a
monomial ideal I = (uq,us,...,us) C S to a unique polynomial called
intersecting polynomial in the following way

Poyr= (1 —up)* (1 —ug)*...%(1—us).

Simplifying we get

S

Por=1-Y (ui)+ > (i *ts,)—. ..+ (=1)" (uj, iy x. . xu;,). (2)
i=1

1<ty <o

In the polynomial Pg/; we have 2° number of monomial terms with half
positive and half negative coefficient. For simplicity, we denote monomials

with coefficient +1 by v1,va, ..., v9s-1 and monomials with coefficient —1
by wi,wa, ..., wys—1. Using these notations we can write (2) as
2571
Psjp =Y (vi—w;). (3)
i=1

Note that if an ideal J = (I,u), for monomial v ¢ I, then Pg/; =
Ps/]*U*Ps/[.

Once we obtained the intersecting polynomial Pg,7, we can write
Hilbert series of S/I as described in the following theorem.

s—1

Theorem 1. If Pg/; = 222;1 (v; — wy) is the intersecting polynomial of
S/I for monomial ideal I C S, then

9s—1

S (tdeg(vi) — tdeg(wi))
Hgr(t) = =
Proof. If I = (uy,us,...,us) C S is a monomial ideal, then by inclusion

exclusion principal we can see that the dimension of dth graded component
of Iis

S S

H(I,d)= Z luilg — Z i, % Uiy |g— - oA (= 1) g, *ug, + .k |g,

i=1 1<y <o
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n—1+d— deg(u)
n—1
ponent of an ideal generated by a monomial u € S.

Now H(S/I,d) = H(S,d)—H(I,d), for all d and H(S,d) = |1|4, hence

where |u|g = is the dimension of dth graded com-

s

H(S/I,d) = [1]a =) |uila
=1

S (4)

+ Z [wiy * Wigla — -« 4 (—1)%|wiy * wiy * ...k ug, g

1<iy<ig

If we replace each monomial term in the intersecting polynomial defined
in (2) by the corresponding dth graded component of ideal generated by
that monomial, then we obtain H(S/I,d) as in (4). Hence we can write
Hilbert function H(S/1,d) in terms of (3) as

23—1

H(S/T,d) = (|vila — lwila)

_ 222 ( (n 1 +nd_—1deg(vi)) - (n —1 +nd_—1deg(wi)>>

and the corresponding Hilbert series is

s—1
N - 2z (tdcg(vi) o tdog(wi))
HS/I(t) = Z Z (|Ui’d - |wl|d) == (1 _ t)n

d=0 \ i=1

We give an example to illustrate our method.

Example. If [ = (23z3, 212273, 2323) C S = K|[x1, 22,23, then the
corresponding intersecting polynomial is
Pg/r = (1~ x3xg) * (1 — zywead) * (1 — x323)

2 2 2 2. .2 2,2 2 2,2
=1—ajr3 — 12223 — xzxg + xivews + xlexg + xlxzxg - xlexg.

The monomials with coefficient +1 and —1 in Pg/ are

2 2 2,23 2,3
V1 = 1, Vo = $1x2x3, V3 = $1$2$3, Vy = $1$2CL‘3



38 A WAY OF COMPUTING THE HILBERT SERIES

and

2 2 2,3 2,23
w1 = X113, Wy = X1T2T3, w3 = TyT3, Wy = T T9T3,

respectively.
Now by using Theorem 1 we can write Hilbert series of S/I, that is;

O — 3 5 AT P8 — 7 1t t2 AP
Hsi() = 1—1)p L
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