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ABSTRACT. Our purpose in this paper is to characterize
skew PBW extensions over several weak symmetric rings. As a
consequence of our treatment, we extend results in the literature
concerning the property of symmetry for commutative rings and
skew polynomial rings.

Introduction

A ring R is said to be Armendariz (the term was introduced by
Rege and Chhawchharia [43]) if whenever polynomials f(z) = >;_, ;"
and g(z) = Zé‘:o bjz’ in R[z] (the commutative polynomial ring in the
indeterminate x with coefficients in R) satisfy f(x)g(x) = 0, then a;b; = 0,
for all 4, j. In the context of the well-known Ore extensions (also called
skew polynomial rings) introduced by Ore [41], for an endomorphism o
and a o-derivation ¢ of R, Moussavi and Hashemi [38] defined R to be
(0,8)-skew Armendariz if for f(z) =Y;_ja;x" and g(x) = Eé':o bjx’ in
Rlx;0,6] satisfying f(z)g(z) = 0, then a;z'bjz? = 0, for each i, j.

Of interest for this paper, a ring R is called (i) reduced, if a®> = 0
implies a = 0, for all @ € R; (ii) (Lambek [26]) symmetric, if abc = 0 then
achb = 0, for all a,b,c, € R; (iii) reversible, if ab = 0 implies ba = 0, for all
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a,b € R; (iv) semicommutative, if ab = 0 then aRb = 0, for all a,b € R
(Bell [7] defined the following: a ring R is said to satisfy the IFP, insertion
of factors property, if rg(a), the right annihilator of a in R, is an ideal for
all @ € R. Sometimes, a semicommutative ring is also called a ring with
IFP property). It is known that the implications reduced = symmetric =
reversible = semicommutative hold, but, in general, the converse of each
one of these implications is false (see Marks [36] for a detailed discussion).

Of course, commutative rings are symmetric. Reduced rings are sym-
metric as we can appreciate in Anderson and Camillo [2]. Nevertheless,
there are many nonreduced commutative (so symmetric) rings. Now, if R
is Armendariz, then the ring R[z]| over R is symmetric if and only if R is
symmetric (Huh et al. [20] and Kim and Lee [24]). In the noncommutative
case, there are results concerning this property over (o, d)-skew Armen-
dariz rings (see Ouyang and Chen [42]). There, the authors defined weak
symmetric rings and weak (o, §)-symmetric rings for the context of Ore
extensions R[x;0,d], where R is an associative ring with identity. They
proved that for every (o, §)-compatible and reversible ring R (following
Annin [3], for an endomorphism ¢ and a o-derivation § of R, R is called
o-compatible, if for every a,b € R, we have ab = 0 if and only if ac(b) =0 -
necessarily the endomorphism ¢ is injective -, and R is called 6-compatible,
if for each a,b € R, ab = 0 implies ad(b) = 0. If R is both o-compatible and
d-compatible, R is called (o, d)-compatible), R is weak symmetric if and
only if R[z;0,d] is weak symmetric, and for every semi-commutative ring
R, R is weak (o, §)-symmetric if and only if R[z] is weak (7, §)-symmetric,
where @ and § are the extended maps of o and § over R[z], respectively.

Having in mind all above results and with the aim of establishing
more general results about the symmetry property in the context of
noncommutative rings more general than (iterated) Ore extensions of
injective type (i.e., when o is an injective endomorphism of R), in this paper
we are interested in the skew Poincaré-Birkhoff-Witt (PBW) extensions
introduced by Gallego and Lezama [13] with the aim of generalizing the
PBW extensions defined by Bell and Goodearl [8]. In section 1, we will
say some words about these objects. For the moment, we describe the
structure of the article.

The paper is organized as follows. In section 1, we recall some results
about skew PBW extensions which will be useful in the rest of the paper.
In section 2, we consider the notions of ¥-rigid rings and (3, A)-compatible
rings which are key throughout the article. Next, in section 3, we present
some results about nilpotent elements of skew PBW extensions, and then
characterize these extensions over weak symmetric rings. In section 4, we
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investigate skew PBW extensions over weak (X, A)-symmetric rings. The
results presented in sections 3 and 4 generalize those presented by Ouyang
and Chen [42] for Ore extensions of injective type. Finally, section 5
presents examples where the results obtained in sections 3 and 4 can be
illustrated.

Throughout the paper, the word ring means an associative ring (not
necessarily commutative) with identity. The letters k and k will denote a
commutative ring and a field, respectively. N denotes the set of natural
numbers including 0, and C denotes the set of complex numbers. Finally,
for a ring R, nil(R) represents the set of nilpotent elements of R.

1. Skew PBW extensions

As we said in the Introduction, skew PBW extensions were defined by
Gallego and Lezama [13] with the aim of extending the PBW extensions
introduced in [8] (which include the classical commutative polynomial
rings, universal enveloping algebra of a Lie algebra, and others). Ore
extensions of injective type are strictly contained in skew PBW extensions
(this is not possible for original PBW extensions; see [32], for a list of
noncommutative rings which are skew PBW extensions but not iterated
Ore extensions). Several ring and module theoretical properties of skew
PBW extensions have been established by different people (e.g., Acosta [1],
Artamonov [4], Hamidizadeh et al. [15], Hashemi et al. [17], [18], [19],
Lezama et al. [14], [22], [27], [28], [29], [30], [31], [32], [33], Louzari [35],
Nino et al. [39], [40], Tumwesigye et al. [54], Zambrano [55], and the
authors [49], [50], [52], [53]). A book containing research results about
these extensions has recently been published (see Fajardo et al. [11]).

Skew PBW extensions also generalize another families of noncommu-
tative rings introduced in the literature, and share remarkable examples
with another classes of noncommutative algebras . Let us mention briefly
some of these algebras (see Fajardo et al. [11] for a detailed reference
of each one of these families): (i) universal enveloping algebras of finite
dimensional Lie algebras; (ii) PBW extensions introduced by Bell and
Goodearl [8]; (iii) almost normalizing extensions defined by McConnell
and Robson [37]; (iv) solvable polynomial rings introduced by Kandri-
Rody and Weispfenninig [23]; (v) diffusion algebras defined by Isaev et
al. [21]; (vi) 3-dimensional skew polynomial algebras defined by Bell and
Smith, and studied by Rosenberg [51]| (cf. [46]); (vii) the kind of Ore
extensions studied by Artamonov et al. [5]; (viii) some deformations of
algebras appearing in mathematical physics (cf. Gavrilik and Klimik [12]).
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The advantage of skew PBW extensions is that they do not require the
coefficients to commute with the variables and, moreover, the coefficients
need not come from a field (see Definition 1). In fact, the skew PBW
extensions share well-known groups of algebras such as some types of
G-algebras introduced by Apel [6] and some PBW algebras defined by
Bueso et al. [10] (both G-algebras and PBW algebras take coefficients in
fields and assume that coefficientes commute with variables), Auslander-
Gorenstein rings, some Calabi-Yau and skew Calabi-Yau algebras, some
Artin-Schelter regular algebras, some Koszul and augmented Koszul alge-
bras, quantum polynomials, some quantum universal enveloping algebras,
and others (see Suérez et al. [52] and [53] for more details).

As we can appreciate, skew PBW extensions include several examples
of noncommutative rings, which means that a theory of symmetry for
these extensions will cover several treatments in the literature and will
establish similar results for algebras not considered before. Formulate this
theory is the objective of the present paper.

Next, we recall some results about skew PBW extensions which are
useful for the rest of the paper.

Definition 1 ([13], Definition 1). Let R and A be rings. We say that A is
a skew PBW extension (also known as o-PBW extension) over R, which
is denoted by A := o(R)(z1,...,xy), if the following conditions hold:
(i) R is a subring of A sharing the same multiplicative identity element.
(ii) there exist elements zi,...,x, € A such that A is a left free R-
module, with basis

Mon(A) := {z% =2 - z0" |a = (aq,...,0p) € N'},

and 29 --- 20 := 1 € Mon(4).

(iii) For each 1 < i < m and any r € R \ {0}, there exists an element
¢ir € R\ {0} such that ;v — ¢;,z; € R.

(iv) For any elements 1 < ¢,j < n, there exists d; ; € R \ {0} such that
z;x; — d;jxix; € R+ Rxy + -+ + Ray, ie., there exist elements
r(()m), rgm), ...,r5) € R with Tx—d; iy = 7“(()1’])—1—2;;:1 r,(gz’])xk.

Since Mon(A) is a left R-basis of A, the elements ¢;, and d;; are
unique, ([13], Remark 2).

Proposition 1 (|13], Proposition 3). Let A be a skew PBW extension
over R. For each 1 < 1 < n, there exist an injective endomorphism
0; : R — R and an o;-derivation 0; : R — R such that x;r = o;(r)x;+06;(r),
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for each v € R. From now on, we will write ¥ = {o1,...,0n,}, and

A=1{61,...,0,}.

Remark 1 ([13], section 3). Let A = o(R)(x1,...,x,) be a skew PBW
extension over I%.

(i) Consider the families ¥ and A in Proposition 1. Throughout
the paper, for any element o = (aq,...,a,) € N* we will write % :=
ofto--00dm, 6% = 0] o---00%", where o denotes composition, and |«| :=
a1+ Fan. 8= (B1,...,0,) € N*, then a+p := (a1 41, ..., an+n).

(ii) Given the importance of monomial orders in the proofs of the
results presented in section 3, next we recall some key facts about these
for skew PBW extensions.

Let > be a total order defined on Mon(A). If z® > 2% but 2 # 27, we
will write z® = 2. If f is a nonzero element of A, then f can be expressed
uniquely as f = ag + a1 X1 + -+ + amXm, with a; € R, X; = 2™ =
i x%n and X, = -+ = X (eventually, we will use expressions
as f = ap+ a1Y1 + -+ + apYm, with a; € R, and Yy, > --- = Y7).
With this notation, we define Im(f) := X,,, the leading monomial of f;
le(f) := am, the leading coefficient of f; 1t(f) := amXm, the leading term
of f; exp(f) = exp(Xy;,) = aun, the order of f. Note that deg(f) :=
max{deg(X;)}7,. Finally, if f =0, then Im(0) := 0, lc(0) := 0, 1t(0) := 0.
We also consider X > 0 for any X € Mon(A). Thus, we extend > to
Mon(A) U {0}.

Following Gallego and Lezama, [13], Definition 11, if > is a total order
on Mon(A), we say that = is a monomial order on Mon(A) if the following
conditions hold:

e For every 2, 2% 27 2 € Mon(A), we have the implication z” >

2@ = lm(z72P2) = Im(2x72%2>) (the total order is compatible with
multiplication).

o 1% = 1, for every z® € Mon(A).

e > is degree compatible, i.e., |3| = |a = 27 = z°.

Monomial orders are also called admissible orders. The condition (iii)
of the previous definition is needed in the proof of the fact that every
monomial order on Mon(A) is a well order, that is, there are not infinite
decreasing chains in Mon(A) (see [13], Proposition 12). The importance of
considering monomial orders on Mon(A) can be appreciated in Lezama et
al. [13] and [22] where the Grobner theory for left ideals and left modules
of skew PBW extensions was studied.

The following result is similar to the established by Bueso et al. [10],
Proposition 2.4, for PBW rings.
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Proposition 2 ([13], Theorem 7). If A is a polynomial ring with coef-
ficients in R with respect to the set of indeterminates {x1,...,xy,}, then
A=o0(R){x1,...,2Tn) is a skew PBW extension if and only if the following
conditions hold:
(1) for each z* € Mon(A) and every 0 # r € R, there exist unique
elements ro :=0c%(r) € R \ {0}, pa,r € A, such that % = roz® +
Pa,rs where poy = 0, or deg(par) < |a| if payr # 0. If v is left
inwvertible, 50 is Tq.
(2) For each z®, 2P e Mon(A), there exist unique elements co 3 € R
and po,g € A such that z%zhf = ca,gxoﬁﬂ + Da,g, where do g s left
invertible, pa.g = 0, or deg(pa,p) < |+ B| if pa,s # 0.

Remark 2 (|44], Proposition 2.9 and Remark 2.10). Consider A =

o(R){(x1,...,x,) a skew PBW extension over R.
(a) If « = (av,..., ) € N” and r is an element of R, then
o = 2P ad? - antalrr

Qn
=2t gt (Z xf;njan(ag;l(r))x;;l)
j=1

Qn—1

oty ( PR MY (A ol <r>>>x£;:ﬁ) w4
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b (Y sl o o ()l
j=1

An—1 _Qp
X ‘rnfl Ty

a
. 9 " i—1
bt (Z 25?1 05(0) (052 (054 (- - (027 (1)) )
j=1
x a§Pa(t - taln

+o11 (052 (- (o (r)))at! - 2,

n
J;]::idR for 1<j<n.

(b) If a;,b; € R and X; := x{"' - 2%, Y, := xfﬂ - 2™ when we
compute every summand of a;X;b;Y; we obtain products of the
coefficient a; with several evaluations of b; in 0’s and ¢’s depending

on the coordinates of «;.
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2. X-rigid rings and (3, A)-compatible rings

In this section, we consider some results concerning >-rigid rings and
(X, A)-compatible rings, and their relation with skew PBW extensions.
For the next definition, consider the notation in Remark 1 (i).

Definition 2 ([44], Definition 3.2). Let R be a ring and ¥ a non-empty
and finite family of endomorphisms of R. ¥ is called a rigid endomorphisms
family if ro®(r) = 0 implies r = 0, where r € R and o € N". R is said to
be Y-rigid if there exists a rigid endomorphisms family ¥ of R.

The motivation to define Y-rigid rings was to generalize the rigid rings
introduced by Krempa [25]. Now, if ¥ is a rigid endomorphisms family
of R, then every element o; € ¥ is a monomorphism. In fact, X-rigid
rings are reduced rings: if R is a ¥-rigid ring and r? = 0 for r € R, then
we have the equalities 0 = 70%(r?)o® (0% (1)) = ra®(r)o®(r)o*(c*(r)) =
ro®(r)o®(ro®(r)), i.e., rc®(r) = 0 and so r = 0, that is, R is reduced.
With this in mind, we consider the finite family of injective endomorphisms
37 and the family A of Y-derivations in a skew PBW extension A over
R (Proposition 1). The notion of rigidness with another ring theoretical
properties such as minimal prime ideals, Armendariz, McCoy, Baer, quasi-
Baer, p. p and p. q have been investigated for skew PBW extensions (c.f.
Reyes et al. [40], [45], [50]).

Recall that if A is a skew PBW extension of R where the the elements
d; ; are invertible in R, then R is ¥-rigid if and only if A is a reduced ring,
see [44], Proposition 3.5.

Proposition 3 (|44], Lemma 3.3 and Corollary 3.4). If R is a X-rigid
ring and a,b € R, then:

) If ab =0 then ac®(b) = c“(a)b =0, for any o € N".

(2) If ab =0 then ad®(b) = 6°(a)b = 0, for any B € N".

(3) If ab =0 then ac®(6%(b)) = ad®(a®(b)) = 0, for every a, B € N™.
(4) If ac?(b) = 6%(a)b = 0 for some 6 € N*, then ab = 0.

(5) If A is a skew PBW extension over R, the equality ab = 0 implies
az®bz® = 0, for any elements a,b € R and every o, B € N™.

Next, we present the notion of (X, A)-compatible rings which was
introduced independently by Hashemi et al. [17] and the authors [48].

Definition 3 (|17], Definition 3.1; [48] , Definition 3.2). Consider a ring R
with a finite family of endomorphisms ¥ and a finite family of 3-derivations
A. Following the notation established in Remark 1 (i), we have: R is said to
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be X-compatible if for each a,b € R, ac®(b) = 0 if and only if ab = 0, where
a € N™; R is said to be A-compatible if for each a,b € R, ab = 0 implies
aé?(b) = 0, where 3 € N*. If R is both X-compatible and A-compatible,
then R is called (3, A)-compatible.

Remark 3. e From [17], Lemma 3.5 or [48], Proposition 3.4, we
know that every X-rigid ring is a (X, A)-compatible ring. The
converse is false as we can see in [48], Example 3.6. Nevertheless,
both notions coincide when the ring is assumed to be reduced: if
A = o(R)(x1,...,zy) is a skew PBW extension over R, then the
following statements are equivalent: (1) R is reduced and (3, A)-
compatible. (2) R is ¥-rigid. (3) A is reduced ([17], Lemma 3.5; [48],
Theorem 3.9).

e (X, A)-compatible rings extend the compatible rings defined by
Annin [3]| and the notion of (o, d)-compatible ring introduced in [16].
As a matter of fact, (3, A)-compatible rings have been very useful
in the characterization of different radicals (Wedderburn radical,
lower nil radical, Levitzky radical, upper nil radical, the set of all
nilpotent elements, the sum of all nil left ideals) and another ring
and module theoretical properties of skew PBW extensions (e.g.,
Hashemi et al. [15], [18], [19], and Reyes and Suarez [45], [50]).

Proposition 4 ([17], Lemma 3.3; [48], Proposition 3.8). Let R be a
(X, A)-compatible ring. For every a,b € R, we have:

(1) if ab =0, then ac?(b) = o’(a)b =0, for each 6 € N".

(2) If o®(a)b =0 for some € N", then ab = 0.

(3) If ab =0, then 0%(a)6®(b) = 6%(a)o?(b) = 0, for every 6,3 € N™.

Different examples of skew PBW extensions over (3, A)-compatible
rings can be found in [17], [45], and [49].

3. Weak symmetric rings

Ouyang and Chen [42], Definition 1, introduced the notion of weak
symmetric ring in the following way: a ring R is called a weak symmetric
ring if abc € nil(R) implies ach € nil(R), for every elements a,b,c € R.
They proved that this notion extends the concept of symmetric ring, that
is, all symmetric rings are weak symmetric (|42], Proposition 2.1). However,
the converse of the assertion is false, i.e., there exists a weak symmetric
ring which is not symmetric ([42], Example 2.2).

With the aim of studying these notions of symmetry in the case of
skew PBW extensions, we start with four results (Lemmas 1 and 2 and
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Theorems 1 and 2) about nilpotent elements in skew PBW extensions.
Our Lemmas 1 and 2 generalize [42], Lemmas 2.7 and 2.8, respectively.

Lemma 1. If R is a (X, A)-compatible and reversible ring and a,b € R,
then ab € nil(R) implies that ac®(67(b)) and ad®(c®(b)) are elements of
nil(R), where o, f € N™.

Proof. We follow the arguments presented in [42], Lemma 2.7. By assump-
tion, there exists a positive integer & such that (ab)¥ = 0. Consider the
following equalities:

(ab)* = abab- - - ababab (k times)
= abab - - - ababac®(5° (b)) (Proposition 4 (3))
= ac®(6°(b))ababab - - - abab (R is reversible)
= ao®(6°(b))abab - - - abac®(6° (b))  (Proposition 4 (3))
= ac®(6°(b))ac® (6 (b))abab - --ab (R is reversible)

Continuing in this way, we guarantee that the element ac®(5°(b)) belongs
to nil(R). For the element ad®(o®(b)) the reasoning is completely similar.
O

Lemma 2. If R is a (X, A)-compatible ring and a,b € R, then ao’(b) €
nil(R) implies ab € nil(R), where § € N™.

Proof. Following the argument developed in [42], Lemma 2.8, since we
have that ac?(b) € nil(R), then there exists a positive integer k satisfying
(ac?(b))* = 0. We have the following assertions:

(ac?(0)* = ac? (0)ac? (b) - - - ac? ()ac?(b)  (k times)

)
-ac?(b)ab  (X-compatibility)
(0)

)

= ao?(b)ac? b)--

)...ag9 b ae(ab) (Proposition 4 (1))
)

)

(b)ac”(

(b)ac”(
= ac?(b)ac? (b
= ac?(b)ac?(b) - --ac?(bab) (0% is an endomorphism of R)

(b)ac™(

= ao?(b)ac?(b) - --abab (Definition of -compatibility).

If we continue in this way, we can see that the element ab € nil(R), which
concludes the proof. ]

We recall from Liu and Zhao [34], Lemma 3.1, that if R is a semicom-
mutative ring, then nil(R) is an ideal of R. Our Theorem 1 generalizes [42],
Lemma 2.10. We need to assume that the elements d; ; of Definition 1 (iv)
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are central in R. With the purpose of abbreviating, we will write o.t.1.t to
mean other terms less than in the sense of monomial orders (Definition 1

(ii)).
Theorem 1. If A = o(R)(x1,...,2n) is a skew PBW extension over

a (3, A)-compatible and reversible ring R, then for every element f =

Yoy aiXs € A, f €nil(A) if and only if a; € nil(R), for each 0 < i < m.

Proof. We fix a total order < on Mon(A). Let f € A be given as above
and suppose that f € nil(4) with X; < X9 < -+ < X,,,. Consider the
notation established in Proposition 2. There exists a positive integer k
such that f* = (ag + a1 X1 + - - 4+ a;n Xy )* = 0. Inductively, one can see
that for f*,

k—1
k= {am H alo‘m(am)dlam,amxkam} + o.t.Lt exp(zFom),
I=1

whence 0 = le(f*) = an, Hfz_ll o' () dja,, 0, and since the elements
d’s are central in R and left invertible, 0 = le(f*) = ay, Hé:ll gl (a,,).
Using the ¥-compatibility of R, we obtain a,, € nil(R). Now, since
fk - ((a0 +a1 X1+ + am—le—l) + ame)k
=((ap+ a1 X1+ 4+ am—1Xm—-1) + amXm)
X ((ap+ a1 X1+ -+ am-1Xm—1) + amXm)
c(lag+ a1 Xy + o+ ama1Xm—1) + amXm) (k times)
= [(ao + a1 X1 + -+ + am—1Xpm—1)?
+ (ao +a X1+ -+ am_1Xm_1)ame
+ CLme(CLO + ale +---+ am—le—l) + ameame]
T ((CLO +ar Xy 4+ am—le—l) + ame)
- (CLO + CLle + -+ amlemfl)k + h,
where h is an element of A which involves products of monomials with
the term a,, X, on the left and the right, by Remark 2 and having in
mind that a,, € nil(R), which is an ideal of R (remember that reversible
implies semicommutative), the expression for f* reduces to f* = (ag +

a X1+ + am_le_l)k. Using a similar reasoning as above, one can
prove that

k—1

¥ =am H al(am—l)(am_l)dl(am_l),am_lxkam—l + o.t.Lt exp(zFam-1).
=1
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Hence lc(f*) = apm_ 1Hl i 1 ylam— Yam—1)dia,, 1,am_15 and 80 apm_1 €
nil(R). If we repeat this argument, it follows that a; € nil(R), for 0 < i <
m.

Conversely, suppose that a; € nil(R), for every 7. If k; is the minimum
integer positive such that af" =0, for every 7, let k := max{k; | 1 <i < n}.
It is clear that a¥ = 0, for all i. Let us prove that f(m+Dk+l — 0 and
hence, f € nil(A). Since the expression for f have m + 1 terms, when we
realize the product f(" DA+ we have sums of products of the form

i1 Xi10i2Xi2 G (ma 1)k X, (mt 1R D, (m 1) k1K, (m D1 (1)

Note that there are exactly (m + 1)(m+DE+1 products of the form (1).
Now, since when we compute f™m+D5+1 every product as (1) involves at
least k elements «a;, for some 4, then every one of these products is equal
to zero by Remark 2 and the (3, A)-compatibility of R (more exactly,
Proposition 4). In this way, every term of f("+DE+1 is equal to zero, and
hence f € nil(A). O

The next theorem generalizes [42], Theorem 2.11. Let nil(R)A := {f €
Al f=ap+ a1 X1+ 4+ anXn, a; €nil(R)}.

Theorem 2. Let A = o(R)(x1,...,zy) be a skew PBW extension over
a reversible and (3, A)-compatible ring R. If we have the elements f =
YoirpaiXi,g= Z;:o b;Yj, and h = 22:0 ckZy of A, and r is any element
of R, then we have the following assertions:

(1) fg €nil(A) < a;b; € nil(R), for all i, .

(2) fgr €nil(A)  a;bjr € nil(R), for all i, .

(3) fgh €nil(A) & a;bjci, € nil(R), for all i, 5, k.

Proof. Again, we fix a total order on Mon(A). (1) As we see in the proof
of Theorem 1, nil(A) C nil(R)A. With this in mind, consider two elements
f,g€ Agiven by f=3"a;X; and g = Zz o b;Y; with fg € nil(A4).
Let X := af™ - alinY; := xfﬂ - g™ for all 4, j. We have

m+t

fo=> ( > aiXiijj) € nil(A) C nil(R)A,

k=0 “itj=k

and lc(fg) = amo®™ (b)d,,, s, € nil(R). Since the elements d; ; are in the
center of R, then d,,, g, are also in the center of R, whence a,,0“"(b;) €
nil(R), and by Lemma 2 it follows that a,,b; € nil(R). The idea is to
prove that a,b, € nil(R), for p+ ¢ > 0. We proceed by induction. Suppose
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that apb, € nil(R), forp+g=m+t,m+t—1,m+t—-2,...,k+1, for
some k > 0. By Lemma 1, we obtain a, Xp,b,Y; € nil(R)A for these values
of p 4+ ¢. In this way, it is sufficient to consider the sum of the products
ayXybyYy, where u+v =k, k—1,k—2,...,0. Fix v and v. Consider the
sum of all terms of fg having exponent «,, + f,. From Remark 2 and the
assumption fg € nil(A), we know that the sum of all coefficients of all
these terms can be written as

a0 (by)da, Bu

+ Z a0 (0's and §'s evaluated in by )d, , g, € nil(R).
o, +Byr=au~+Bu
(2)

As we assumed before, apbgy € nil(R) for p+qg=m+t,m+t—1,... k+1,
so Lemma 1 guarantees that the product ap(o’s and s evaluated in b,),
for any order of ¢’s and ¢'s, is an element of nil(R). Since R is reversible,
then (o's and ¢’s evaluated in bg)a, € nil(R). In this way, multiplying (2)
on the right by ag, and using the fact that the elements d’s are in the
center of R, we obtain that the sum

CLUO'OW (bv ) ak:dau »Bv

+ Z ay o™ (0's and &'s evaluated in by )arda,, s, (3)
au/+ﬁv/:au+ﬂv

is an element of nil( R), whence, a,0%(by)a) € nil(R). Since u+v = k and
v =0, then u = k, so axo® (bg)ay € nil(R), from which apo®*(by) € nil(R)
and hence aiby € nil(R) by Lemma 2. Therefore, we now have to study
the expression (2) for 0 < u < k — 1 and v + v = k. If we multiply (3) on
the right by ax_1, then

ay, o (bv)akfldau,ﬁv

+ Z ay o™ (o's and &'s evaluated in by )ar-1da,, 8,
o +Byr=au~+By

is also an element of nil(R). Using a similar reasoning as above, we can
see that the element a,0%*(b1)ar_1dq, s, belongs to nil(R). Since the
elements d’s are central and left invertible, a, 0% (b1)ag—1 € nil(R), and
using the fact u = k — 1, we have ap_10“-1(b;) € nil(R), from which
ag—1b1 € nil(R). Continuing in this way we prove that a;b; € nil(R), for
i+ j = k. Therefore a;b; € nil(R), for 0 <i < m and 0 < j < t.
Conversely, for the elements f, g above, suppose that a;b; € nil(R).
From Lemma 1 we know that ac®(6%(b)) and ad®(c®(b)) are elements
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of nil(R), for every «, 5 € N™. Now, Remark 2 implies that when we
compute every summand of a;X;b;Y; we obtain products of the coeffi-
cient a; with several evaluations of b; in ¢’s and ¢’s depending of the
coordinates of a;, and since ac;(6% (b)) and ad® (o (b)) are elements
of nil(R), then every coefficient of each term of the expansion fg given

by fg = Z?;f i+j—k @iXib;Yj | is an element of nil(R). Therefore,

Theorem 1 implies that the product fg is an element of R.
(2) Let g = bp+b1Y1+- - -+bY; be an element of A with Y; > --- = V7.

Then
gr = (bo+b1Y1 + - + b Yy)r =bor + b1 Yir + -+ + b Yyr
= bor + b1(aﬁl (r)Y1 +pgyr) + oo+ bt(aﬁt ()Y + Do)
= bor + bloﬂl (’I“)Yl + blpﬁLT’ 4+ btoﬂt (T‘)YE + btpﬁt,r

where pg. . = 0, or deg(pg, ) < |a| if pg; , # 0, for j =1,...,¢ (Proposi
tion 2). Note that lc(gr) = by’ (r). Then,
fgr = (a0 + a1 X1 4 - + amXm) (bor + bio” (r)Y] + bipg,
+ o bo (r)Y: + bipg, )
= agbor + agbio™ (r)Y1 + aobipg, r + -+ agbyo™ (r)Y: 4+ aobepg, »
+ a1 X1bor + a1 X1b107 (1Y + a1 X1b1pg,
+ o e Xabo™ (1)Y; + a1 Xbipg,
+ o 4 am Xmbor + am X b oPL (1) Y7 + amXmbipa, »
+ oot am Xmbiot ()Y + amXmbipg, r
Equivalently,
fgr = agbor + agh1o™ ()Y + agbipg, » + -+ + aobeo™ (r)Yy + agbpg, »
+ a1 [0 (bor) X1 + Doy bor] + a1[0 (0107 (1) X1 + Py, ot (V1
+a1[0% (01) + Pau by g + - + a1 [0 (0607 (1) X1+ Pay o (i)Y
+ a1 (b)) X1 + Pay b Pger + - -+ + am[0®" (bor) + Payy, or]
+ am 0™ (0167 (1) X1+ Doy by o1 (1)) Y1+ A0 (1) Xon + Py [P
oot a0 (b (1) Xim + Doy buote ()| Ve
+ am [0 (b6) X + Do b |

whence lc(fgr) = anmo® (byoP (r)), and since R is ¥-compatible, Lemma 2
implies that a,,bsr € nil(R). Now, Lemma 1 guarantees that every term
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of any polynomial containing the product a,,bsr in the expression above
for fgr is an element of nil(R)A. In this way, using an monomial order we
can repeat this argument for the next monomial of fgr less than lc(fgr),
and continuing this process until the first monomial to obtain that the
elements a;b;r are in nil(R), for all i, j.

Conversely, suppose that a;b;r € nil(R), for every i, j, as above. As
we saw above,

gr=(bg +b1Y1 + -+ b Y)r =bor + by Yir + - + b Yyr
= bor + b1 (6 (r)Y1 + pg, p) + -+ be(0” () Yy + pg, )
= bor + blaﬁl (r)Y1 +bipg,r + -+ btaﬁt (r)Y; + bepg, r

where pg. . = 0, or deg(pg, ) < |af if pg,» # 0, for j = 1,...,¢. Since
aibjr € nil(R), for every i,j, Lemma 1 implies that a;b;0%(6(r)) and
aibjéﬁ(a“(r)) are elements of nil(R), for every a, f € N™. In this way,
Remark 2 applied to expression above for the product fgr implies that
every one of these summands have coefficients in nil(R), and since nil(R) is
an ideal of R because R is reversible, Theorem 1 shows that fgr € nil(A).

(3) The equivalence follows from (1) and (2) considering the product
gh as the only element p € A. O

Remark 4. About Theorem 2 (1) we have the following observation.
In [48], Definition 4.1, the authors introduced the following condition: if
A is a skew PBW extension of R, we say that R satisfies the condition
(SA1) if whenever fg = 0 for f = ap + a1 X1 + -+ + ap X, and g =
bo +b1Y1 4 -+ b:Y; elements of A, then a;b; = 0, for every i, j. It is clear
that Theorem 2 extends this condition.

The next theorem generalizes [42], Theorem 2.12.

Theorem 3. If A = o(R)(x1,...,zy) is a skew PBW extension over a
reversible and (X, A)-compatible ring R, then R is weak symmetric if and
only if A is weak symmetric.

Proof. Since a subring of a weak symmetric ring is also a weak symmetric
ring, we will only prove one implication. Suppose that R is a weak sym-
metric ring. If f =37 1 a;X;,9 = Z;:o b;Yj and h = ch:o crp 2y are ele-
ments of A with fgh € nil(A), then Theorem 2 implies that a;b;ci, € nil(r),
for every i, j, k, and hence a;c;b; € nil(R), for each i, j, k, since R is weak
symmetric. Finally, Theorem 2 shows that fhg € nil(A). O
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Corollary 1. If R is a X-rigid ring, then R is weak symmetric if and
only if A is weak symmetric.

Proof. Since we have the implications reduced = symmetric = weak
symmetric, then the assertion follows from Theorem 3. O

Corollary 2 ([42], Corollaries 2.13 and 2.14). Let R be a reversible ring.
Then we have the following:
(1) R is weak symmetric if and only if R[x] is weak symmetric.
(2) If R is o-compatible, then R is weak symmetric if and only if R[z; 0]
1s weak symmetric.
(3) If R is 0-compatible, then R is weak symmetric if and only if the
differential polynomial ring R[x; o] is weak symmetric.
(4) Let o be an endomorphism and ¢ and a-deriwation of R. If R is
a-rigid, then R is weak symmetric if and only if R[x;a, 0] is weak
symmetric.

With the aim of establishing Theorems 4 and 6, we need to formulate a
criterion which allows us to extend the family ¥ of injective endomorphisms,
and the family of »-derivations A of the ring R to the ring A. For the
next proposition consider the injective endomorphisms o; € 3, and the
o;-derivations ¢; € A (1 <1 < n) formulated in Proposition 1 (compare
with Artamonov [4], where the derivations of skew PBW extensions were
computed partially).

Proposition 5 ([47], Theorem 5.1). Let A = o(R)(x1,...,2n) be a
skew PBW extension over R. Suppose that 0;0; = d0jo;, 0;0; = 0;0;,
and 8y (d; ;) = 5;6(7’1(1’])) =0, for 1 <1i,j,k,1 <n, where d; j; and rl(m) are
as in Definition 1. If 5 : A — A and 0 : A — A are the functions given
by 5% (f) := ox(ap) + ox(a1) X1 + -+ - + op(am) Xm and 6 (f) := 0r(a0) +
Op(ar) Xy + -+ 6p(am) Xom, for every f =ag+ a1 X1+ -+ amXm € A4,
respectively, and o (r) := ox(r), for every 1 < k < n and each r € R, then
T is an injective endomorphism of A and 0y, is a Gg-derivation of A, for

each k. Let ¥ := {o71,...,0,} and A := {51,...,0,}.

With Proposition 5 in our hands, we formulate Theorem 4 which ex-
tends [42], Theorem 2.17. With this aim, consider the skew PBW extension
A’ induced by injective endomorphisms and derivations established in
Proposition 5, i.e., A" = o(A)(z),...,2]). We remark that using algo-
rithms established in Acosta et al. [1] or Fajardo et al. [11], one can prove
that A’ is a left free A-module considering adequate relations between the
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indeterminates 2, ..., 2}, that is, A’ is certainly a skew PBW extension

Y n’ 7 - —_—
over A. For the sets of injective endomorphisms ¥ and Y-derivations A
formulated in Proposition 5, consider a definition of (X, A)-compatible
in a similar way to the Definition 3. Suppose that the elements d; ; in

Definition 1 (iv) are central in R, for all 7, j.

Theorem 4. If A = o(R)(x1,...,2y) is a skew PBW extension over
a Y-rigid ring R, then A is weak symmetric if and only if A’ is weak
symmetric.

Proof. As we saw in section 4, if R is X-rigid, then R is reduced, or
equivalently, A is reduced whence A is reversible. The aim is to show
that A is (3, A)-compatible. From [48], Theorem 3.9, we know that R is
(3, A)-compatible.

We fix a total order on Mon(A). Consider elements f = ag + a1 X1 +
ot amXm, g=bg+b1Y1 + -+ bY; in A with fg = 0 and let us see
that a;b; = 0, for every i, j. Since

fg=(ao+ar X1+ -+ amXm)(bg+b1Y1 + -+ bY?)

m+t
— Z( > aiXiijj>,

k=0 “itj=k

then le(fg) = amo®m (bt)da,, 3, = 0 whence a0 (by) = 0 (dq,, g, are
central and left invertible), and by Proposition 3 (4), a;,b; = 0. The idea
is to prove that a,b, = 0, for p+¢ > 0. We proceed by induction. Suppose
that apby =0, forp+g=m+t,m+t—-1,m+t—2,...,k+1, for some
k > 0. By Proposition 3 (5) we obtain a,Xpb,Y,; = 0 for these values of
p + q. In this way we only consider the sum of the products a, X,b,Y,,
where u+v=~Fk,k—1,k—2,...,0. Fix u and v. Consider the sum of all
terms of fg having exponent a,, + f3,. From Remark 2 and the assumption
fg =0, the sum of all coefficients of all these terms can be written as

auo-au (bv ) dau B

+ Z a, 0™ (o's and §'s evaluated in by )da,, 5, = 0. (4)
au/+ﬁvl:au+ﬁv

By assumption, we know that a,b, = 0 for p4+q = m+t,m+t—1,..., k+1.
So, Proposition 3 (3) guarantees that a,(o’s and ¢'s evaluated in b,), for
any order of o’s and ¢’s, is equal to zero. In this way, the expression
[(¢0's and s evaluated in by)a,)? is equal to zero, and hence we obtain
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the equality (¢’s and ¢'s evaluated in by)a, = 0 (R is reduced). In this
way, multiplying (4) by aj, and using the fact that the elements d; ; in
Definition 1 (iv) are in the center of R,

Ay o™ (bv)akdau ,Bv

+ Z Qo 0 (O'/S and ¢'s evaluated in bv’)akdau,,ﬁv, =0,
Oyt +BU/ =ay+fy
(5)

whence, a,0%(bp)ar = 0. Since u +v = k and v = 0, then u = k, so
apo® (bo)ay = 0, i.e., [axo® (by)]?> = 0, from which aio® (by) = 0 and
arbp = 0 by Proposition 3 (4). Therefore, we now have to study the
expression (4) for 0 < u < k—1 and u+ v = k. If we multiply (5) by ax_1
we obtain

ayo " (by)ag—1da, g,

+ Z ay o™ (o's and ¢'s evaluated in byr)ak-1da,, 5, = 0.
a1 +Byr=au+By
(6)

By using a similar reasoning, we can show that a,oc“*(b1)ar—1dq, 3 = 0.
Then a,0%(b1)ax_1 = 0, and using the fact u = k—1, [ar_10%%1(b1)]? =
0, which imply ag_10%-1(b1) = 0 (R is reduced), that is, ax_1b1 = 0.
Continuing in this way we prove that a;b; = 0 for i+j = k. Hence a;b; = 0,
for 0 < i < m and 0 < j < t, and therefore a;0%(b;) = a;6°(b;) = 0, for
all o, f € N, since R is (X, A)-compatible. In this way, when we consider
the expressions

fo®(g) = (a0 + a1 X1+ + amXm) (0 (bo) + 0% (b1) Y1+ - - +0% (b))

m+t

— Z a;o% (g@(bj))XiY} + aipai,a"‘(bj)YJ)
k=0 Vitj=k
m+t
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and
f38(g) = (ao + a1 X1 + -+ + am X ) (67 (bo) + 67 (b1)Y1 + -+ + 67 (b,)Yy)

m—+t

— Z( > aiXi(SB(bj)Yj>
k=0 “i+j=k
m-+t

- Z( S o™ (5% (b)) X +pai,5a<bj>m),
k=0 “i+j=k

or equivalently,

m-+t
7576 = (X ot @ 0)X; + b,
k=0 Nitj=k
m+t
= Z( > a0 (87 (b)) das,5,2% " + pa g, +aipai,6ﬁ<b]-)yj>’
k=0 Nitj=k

Remark 2 implies that fo®(g) = f68(g) = 0, for every a, 3 € N". In a
similar way, if we start with the equality fo®(g) = 0, then we can show
that fg = 0, which means that A is (X, A)-compatible. In this way, since
we have showed that A is reversible and (3, A)-compatible, the assertion
follows from Theorem 3. O

4. Weak (X, A)-symmetric rings

Ouyang and Chen [42], Definition 2, introduced the notion of weak
(a, §)-symmetric ring in the following way: a ring R with an endomorphism
o and an o-derivation ¢ is said to be weak o-symmetric provided that
abc € nil(R) if and only if aco(b) € nil(R), for any elements a,b,c € R.
R is said to be weak d-symmetric, if for a,b,c € R, abc € nil(R) implies
acd(b) € nil(R). If R is both weak o-symmetric and weak §-symmetric, R is
called a weak (X, A)-symmetric ring. With respect to the relation between
weak symmetric rings and weak («, §)-symmetric rings, there is an example
of a weak symmetric ring which is not weak («,d)-symmetric, see [42],
Example 3.2. Note that for every subring S of a weak («, §)-symmetric
ring R which satisfies (S) C S and §(S) C S, it follows that S is also a
weak (a, d)-symmetric ring. With these definitions in mind, we present in
a natural way the notion of weak (3, A)-symmetric ring for a ring R with
a family of endomorphisms 3 and a family of ¥-derivations A.

Definition 4. Let R be a ring with a finite family of endomorphisms of R
and a finite family of ¥ = {o4,..., 0y }-derivations A = {d1,...,0,}. R is
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called weak X-symmetric, if abe € nil(R) implies that aco;(b) € nil(R), for
every i and each elements a,b,c € R. R is said to be weak A-symmetric,
if abc € nil(R) implies acd;(b) € nil(R), for every i and each elements
a,b,c € R. In the case R is both weak »-symmetric and weak A-symmetric,
we say that R is a weak (X, A)-symmetric ring.

Definition 5. If R is a ring with a family of endomorphisms of R and a
family of ¥ = {01, ..., 0, }-derivations A = {d1,...,d,}, then an ideal
of R is said to be an weak-symmetric ideal, if abc € nil(R) implies that
acoi(b),acd;(b) € nil(R), for each i and every elements a,b,c € I.

The next proposition extends [42], Proposition 3.6.

Proposition 6. If R is an Abelian ring (i.e., every idempotent element
is central) with o;(e) = e and 0;(e) = 0, for any idempotent element e of
R, where o; € 3 and §; € A, then the following statements are equivalent:
(1) R is a weak (X, A)-symmetric ring.
(2) eR and (1 — e)R are weak (3, A)-symmetric ideals.

Proof. We use similar arguments to those presented in [42], Proposition
3.6. (1) = (2) It is clear. (2) = (1) Consider elements a,b,c € R with
abc € nil(R). It follows that eaebec, (1 — e)a(l — e)b(1 — e)c € nil(R).
By assumption, eR and (1 — e)R are weak (X, A)-symmetric ideals, so
eaeco;(eb) = eaco;(b) € nil(R) and (1 —e)a(l —e)co;((1 —e)b) = (1 —
e)acoi(b) € nil(R). This fact shows that aco;(b) € nil(R), for every i,
and hence R is weak Y-symmetric. Now, since for any r € R, d;(er) =
0i(e)d;(r)+d;(e)r = ed;(r), for every 4, the assumptions on R imply that if
abe € nil(R), then ea(eb)(ec), (1 —e)a(l — e)b(1 — e)c € nil(R). Therefore
eaecdi(eb) = eacd;(b), (1—e)a(l—e)cd;((1—e)b) = (1 —e)acd;(b) € nil(R).
In this way, acd;(b) € nil(R), for every ¢, which means that R is weak
A-symmetric, and so R is weak (3, A)-symmetric. O

For the next theorem, Theorem 5, we need some preliminary facts
and the Proposition 7 which concerns about quotients of skew PBW
extensions: consider A = o(R)(z1,...,x,) a skew PBW extension over
R. Let ¥ :={o01,...,0,} and A := {61,...,d,} such as in Proposition 1.
Following [28], section 2, if I is an ideal of R, I is called ¥-invariant
(A-invariant), if it is invariant under each injective endomorphism o;
(o4-derivation 6;) of ¥ (A), that is, o;(I) C I (6;(1) C I), for every i. If I
is both ¥ and A-invariant ideal, we say that I is (X, A)-invariant.
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Proposition 7 (|28|, Proposition 2.6). If A = o(R)(z1,...,x,) is a skew
PBW extension over R and I is a (X, A)-invariant ideal of R, then the
following statements hold:

(1) ITA isanideal of A and IANR = 1. IA is a proper ideal of A if and
only if I is proper in R. Moreover, if o; is bijective and o;(I) =1,
for every i, then IA = Al.

(2) If I is proper and o;(I) = I, for every 1 < i < n, then A/IA is a
skew PBW extension of R/1. In fact, if I is proper and A is bijective,
then A/IA is a bijective skew PBW extension of R/I.

From Proposition 7 we can see that if I is (X, A)-invariant, then over
R := R/I it is induced a systems (3, A) of endomorphisms ¥ and -
derivations A defined by &;(r + 1)) = o;(r) + I and &;(r + 1) = §;(r) + 1
for 1 < ¢ < n. We keep the variables x1,...,x, of the extension A to
the extension A/IA if no confusion arises. For quotients of skew PBW
extensions, we consider the notion of weak (X, A)-symmetric in the natural
way following Definition 4.

Our next theorem generalizes [42|, Theorem 3.7.

Theorem 5. Let I be an (X, A)-invariant and weak (3, A)-symmetric
ideal of R. If I C nil(R), then R/I is a weak (X, A)-symmetric ring if
and only if R is a weak (3, A)-symmetric ring.

Proof. Consider elements a,b,c € R such that (a +I)(b+ I)(c+ 1) €
nil(R/I). There exists a positive integer m with (abc)™ € I. Since I C
nil(R) it follows that abc € nil(R). By assumption, R is weak (X, A)-
symmetric, so aco;(b), acd;(b) € nil(R), for i =1,...,n. Hence (a4 I)(c+
D)(oi(b) + I),(a+ I)(c+ I)(0;(b) + I) € ml(R/I) that is, (a + I)(c +
Do;(b+ 1), (a+ I)(c+ 1)5(b+ I) € nil(R/I). Therefore R/I is weak
(3, A)-symmetric.

Conversely, suppose that R/I is a weak (X, A)-symmetric ring. Con-
sider elements a,b,c € R with abc € nil(R). It is clear that (a + I)(b+
I(c+TI) €nil(R/I). Since R/I is weak (3, A)-symmetric, we have that
(a+ I)(c+ I)(oi(b) + I) = (acoi(b) + I),(a + I)(c+ I)(%:(b) + 1) =
(acdi(b) + I) € nil(R/I), for ¢ = 1,...,n. This means that for every
i there exist positive integers p = p(i),q = ¢(i) depending on i, such
that (aco;(b))P, (acd;(b))? € I. In this way, aco;(b),acd;(b) € I because
I C nil(R) which shows that R is a weak (3, A)-symmetric ring. O

The next theorem extends [42], Theorem 3.9.
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Theorem 6. If A = o(R){(x1,...,xy) is a skew PBW extension over a
(2, A)-compatible and reversible ring R, then R is a weak (X, A)-symmetric
ring if and only if A is a weak (3, A)-symmetric ring, where the sets of
injective endomorphisms % and S-derivations A of A are as in Proposi-
tion 5.

Proof. If A is a weak (X, A)-symmetric ring, then it is clear that R is weak
(33, A)-symmetric ring because o;(R),d;(R) C R, for every i =1,...,n.
Conversely, suppose that R is weak (X, A)-symmetric ring. Consider
the elements f = >°7 ja;X;,9 = Z;:o b;Y; and h = ch:o crpZy, of A.
From Theorem 2 we know that a;bjc; € nil(R), for all 4, j, k, whence
a;croy(bj), aicyéy(b;) € nil(R), for [ = 1,...,n, since R is weak (X, A)-
symmetric. Again, Theorem 2 implies that fha;(g), fhé;(g) € nil(A), that
is, A is a weak (3, A)-symmetric ring. O

Corollary 3 (|42], Corollary 3.10). Let R be a reversible ring. Then R is
a weak symmetric ring if and only if R[t] is weak symmetric.

5. Examples

The importance of the results presented in this paper is appreciated
when we can apply them to algebraic structures more general than skew
polynomial rings. In this way, our aim in this section is to provide several
examples of noncommutative rings which are skew PBW extensions but
not skew polynomial rings. Our list of examples is not exhaustive, so
another algebraic structures can be found in [11] or [32].

Let us start with universal enveloping algebras of finite-dimensional
Lie algebras over fields. If g is a finite dimensional Lie algebra over
k with basis {z1,...,2,}, then the universal enveloping algebra of g,
denoted by U(g), is the algebra generated by the indeterminates x1, ..., x,
subject to the relations x;r — rx; = 0 € k, for every element r € k, and
xir; — xjx; = x5, x5 € g, where [z;,z;] € k+ kay + -+ + kay,, for
all 1 < 7,5 < n. Since these enveloping algebras are PBW extensions
over k in the sense of Bell and Goodearl [8] (note that these authors
presented another examples of enveloping rings related to enveloping
universal algebras), of course are skew PBW extensions also over the field
k ([32], section 3.1). As it is well-known, in general, these algebras are
not skew polynomial rings even including non-zero trivial derivations, so
it is not possible to apply the results obtained by Ouyang and Chen [42]
to guarantee the symmetry of these objects. Of course, it is easy to see
that this kind of algebras satisfy the assumptions considered in sections 3
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and 4, so we can guarantee its symmetry by using the results obtained in
these sections.

Another family of rings which include the universal enveloping algebra
U(sl(2,k)), the dispin algebra U(osp(1,2)) and the Woronowicz’s algebra
W, (sl(2,k)), is called the family of 3-dimensional skew polynomial alge-
bras. These algebras were introduced by Bell and Smith [9] and are very
important in noncommutative algebraic geometry (Rosenberg [51]). We
recall its definition and classification.

Definition 6 ([51], Definition C4.3). A 3-dimensional skew polynomial
algebra A is a k-algebra generated by the variables x, vy, z restricted to
relations yz — azy = A, zx — frz = p, and xy — yyxr = v, such that

1) \p,vek+ke+ky+kz, and o, 5,7 €k \ {0};

2) Standard monomials {2y 2! | i,j,1 > 0} are a k-basis of the algebra.

From Definition 6, it is clear that these algebras are skew PBW exten-
sions over the field k, that is, A = o(k)(x,y, 2).

Proposition 8 ([51], Theorem C.4.3.1). If A is a 3-dimensional skew
polynomial algebra, then A is one of the following algebras:
(a) if [{a, B,v}| = 3, then A is defined by the relations yz — azy =
0, zo — Bxz =0, xy — yyx = 0.
(b) if {o, 8,7} =2 and f# =~ =1, then A is one of the following
algebras:
(i) yz—zy=2, zx—Lfrz=y, zy—yr=uz;
(i) yz—2y =2, zx—Prz=0>b, zy—yzr=u;
(i) yz — 2y =0, zzx—Prz=vy, xy—yx=0;
) yz—zy=0, zx—pPrz=0>b, xy—yx=0;
) yz —zy=az, zx—Prz=0, zy—yr=ux;
(Vi) yz—zy=2, zx—pPrz=0, zy—yx=0,
where a,b are any elements of k. All nonzero values of b give iso-
morphic algebras.

(¢) If {a, B,7} =2 and B # o=~y # 1, then A is one of the following
algebras:

(i) yz—azy=0, zzx—Prz=y+b, ay—ayx=070

(ii) yz—azy =0, zx—pPxz=>b, xy—ayx=0.
In this case, b is an arbitrary element of k. Again, any nonzero
values of b give isomorphic algebras.

(d) If a« = B =~ # 1, then A is the algebra defined by the relations
yz — azy = a1x + b1, zx — axz = asy + ba, xy — ayr = azz + bs.
Ifa; =0 (i = 1,2,3), then all nonzero values of b; give isomorphic
algebras.
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(e) If « = 8 =~ =1, then A is isomorphic to one of the following
algebras:
(i) yz—zy==x, zxr—xz=vy, zY—yx=2
(ii) yz—2y =0, zzx—22=0, zy—yzr=z,
(iii) yz — 2y =0, zzx—2z2=0, zy—yxr=1"
(iv) yz—z2y=—-y, zx—zz=x+vy, zy—yx=0
(V) yz—zy=az, zx—zz=2, ay—yx=70;
Parameters a,b € k are arbitrary, and all nonzero values of b generate
isomorphic algebras.

As we said before, every 3-dimensional skew polynomial algebra is
a skew PBW extension. Nevertheless, some of these algebras cannot
be expressed as skew polynomial rings even in the case of non-trivial
derivations. One of the illustrative examples of this fact is the Dispin
algebra U(osp(1,2)), which is the enveloping algebra of the Lie superalgebra
0sp(1,2) ([51], Definition C4.1). By definition, Dispin algebra is generated
by the indeterminates x, y, z over a field k satisfying the relations yz—zy =
z, zx +xz =y and zy — yx = x (the algebra (b)(i) above with g = —1).
As can be seen, it appears that this algebra is not a skew polynomial
ring of automorphism type but it is a skew PBW extension. Hence, the
symmetry of this algebra follows from the results presented in sections 3
and 4.

The quantum algebra Ué(sog) is another example of a skew PBW
extension which cannot be expressed as skew polynomial ring of auto-
morphism type. This algebra was introduced by Gavrilik and Klimik [12]
and is a nonstandard g-deformation of the universal enveloping algebra
U(so3) of the Lie algebra so3. More exactly, given ¢ € k \ {0}, Uj(s03) is
defined as the algebra generated by the in?ederminates I, Is, and I1 3 over k
satisfying the relati?ns LI —ql Iy = —q213, I3y —q 1113 = ¢ 215, and
I3ls —qlals = —q 2 I,. From its definition, one can think that this algebra
is not a skew polynomial of automorphism type since the commutation
rule of two indeterminates involves the third ring but one can check that
Ué(503) = U(k)<[1, IQ, I3>.

Finally, diffusion algebras arose in physics as a possible way to un-
derstand a large class of 1-dimensional stochastic process, see Isaev et
al. [21]. A diffusion algebra A with parameters a;; € C \ {0},1 <4,j <n
is an algebra over C generated by variables x1, ..., z, subject to relations
AijT;T5 — bijl’jl’i = TjT; — 1%y, whenever i < 7, bij,ri € C, forall i < j,
such that the indeterminates x’s form a C-basis of the algebra A. In the
applications to physics the parameters a;; are strictly positive reals and
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the parameters b;; are positive reals as they are unnormalised measures of
probability. As we can see, these algebras are not skew polynomial rings
over Clx1,...,x,] but are skew PBW extensions over this ring satisfying
the conditions imposed in theorems presented in sections 3 and 4, so we
can assert their symmetry.
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