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ABSTRACT. In this paper we prove that if P is a Poisson
algebra and the n-th hypercenter (center) of P has a finite codi-
mension, then P includes a finite-dimensional ideal K such that
P/K is nilpotent (abelian). As a corollary, we show that if the n-th
hypercenter of a Poisson algebra P (over some specific field) has a
finite codimension and P does not contain zero divisors, then P is

an abelian algebra.

Introduction

Let P be a vector space over a field F'. Then P is called a Poisson
algebra, if P has two additional binary operations: the multiplication -
and |, | such that the following conditions hold:

ab =ba, (ab)c=a(bc), a(b+c)=ab+ac, (Aa)b= A(ab)= a(A\b);
[a+b,c] =[a,c]+ [b,c], [a,b+c]= ]
[Aa,b] = Na,b] = [a, \b], [a,a
Hav b]’ C] + Hb’ C]’ CL] + [[Cv a]v b] =0;
[ab, c] = alb, c] + b[a, ]

for all elements a,b,c € P, A € F.
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If we will consider P as an associative and commutative algebra by the
outer multiplication, addition and multiplication, then we will denote it
by P(+,-). If we will consider P as a Lie algebra by outer multiplication,
addition and Lie brackets, then we will denote it by P(+,[, ]).

Poisson algebras arose from the study of Poisson geometry [27,52]. It
has appeared in an extremely wide range of areas in mathematics and
physics, such as classical and quantum mechanics [1, 12, 36, quantum
groups [11,13], quantization theory [4,5,20,21|, Poisson manifolds |26, 48],
algebraic geometry [6, 18, 38], operads [16,19,32]. Some of the first works
where concrete Poisson algebras appeared were [7,9,39,40, 51|, while one
of the first works, where the study of the properties of abstract Poisson
algebras began, was the work [2]. Poisson algebras have been and are
being studied very intensively by many authors and from various points
of view (see, for example, the articles [10,14,15,17,19,28-31,33,34,37,41—
47,49] and the book [8]). This current paper is dedicated to extending to
Poisson algebras some results that became already classical in different
algebraic structures. The issue that will be discussed here has its sources
in articles |3, 35]. They showed that if the center of a group has a finite
index, then its derived subgroup is finite. This result became the starting
point for an interesting and broad topic, involving not only groups, but
also other algebraic structures, among which were non-associative algebras
(Lie algebras and Leibniz algebras) (see a survey [25]). In particular, in
the paper [50] has been proved that if the center of a Lie algebra has
finite codimension, then its derived ideal has finite dimension. A situation
with the center and derived subalgebra in Poisson algebras has significant
differences, in the Poisson algebras the center and derived subalgebra are
not ideals. Nevertheless, for Poisson algebras we obtained a similar result.

Let P be a Poisson algebra over a field F'. As usual, a subset B of P
is called a subalgebra of P if B is a subspace of P and zy, [x,y] € B for
every elements x,y € B.

A subset L of P is called an ideal of P if L is a subspace of P and
xb, [x,b] € L for every elements b € L and x € P.

A Poisson algebra P is called simple if it has only two ideals (0) and P.
The Poisson algebra P is called abelian, if [x,y] = 0 for all z,y € P.

Let P be a Poisson algebra. Define the lower central series of P

P=~(P) =2 2(P) > ...7%(P) Z Ya+1(P) = ...75(P)

by the following rule: v, (P) = P, 7y2(P) = [P, P], recursively vo+1(P) =
[Ya(P), P] for all ordinals a, and vx(P) = (1, 7u(P) for limit ordinals
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A. The last term ~5(P) is called the lower hypocenter of P. We have
V5(P) = [vs(P), P.

As usually, we say that a Poisson algebra P is nilpotent, if there exists
a positive integer k such that 4 (P) = (0). More precisely, P is said to
be nilpotent of nilpotency class c if v.41(P) = (0), but v.(P) # (0). We
denote the nilpotency class of P by ncl(P).

Put

((P)={z € P| [z,x2] =0 for every element = € P}.

The subset ((P) is called the center of P.
Starting from the center we can construct the upper central series

<0>:C0(P) <<1(P) < Ca(P) <Ca+l(P) g(’y(P):Coo(P)

of a Poisson algebra P by the following rule: ¢;(P) = ((P) is the center
of P, recursively (4+1(P)/Ca(P) = ((P/(a(P)) for all ordinals «, and
O(P) = U,<p Cu(P) for limit ordinals A. We remark that each term of
this series is a subalgebra of P, which is an ideal of a Lie algebra P(+,[, |).
The last term (o, (P) of this series is called the upper hypercenter of P.

It is a well-known that in nilpotent Lie algebras the lower and the
upper central series have the same length.

For Poisson algebras we obtained the following result.
Theorem A. Let P be a Poisson algebra over a field F. Suppose that the
center of P has a finite codimension d. Then P includes an ideal K of
finite dimension at most 3d(d* — 1) such that P/K is abelian.

In the paper [3] it was proved that if the hypercenter ¢, (G) of a group
G has a finite index, then its (n + 1)th hypocenter ~,+1(G) is finite. This
result was also extended to other algebraic structures, in particular, on
Lie algebras [24] and Leibniz algebras [22,23]. For the Poisson algebras
we obtain the following result.
Theorem B. Let P be a Poisson algebra over a field F. Suppose that
hypercenter (,(P) has a finite codimension d. Then P includes an ideal K,
having finite dimension at most d"™(1 + d), such that P/K is nilpotent
of milpotency class at most n.

Here are some interesting corollaries.
Corollary B1. Let P be a Poisson algebra over a field F. Suppose that
char(F) = p is a prime and FP = F. If hypercenter (,(P) has finite
codimension and P does not contain zero divisors, then P is abelian.
Corollary B2. Let P be a Poisson algebra over a finite field F'. If hyper-
center C,(P) has finite codimension and P does not contain zero divisors,
then P s abelian.
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Corollary B3. Let P be a Poisson algebra over a locally finite field F.
If hypercenter (,(P) has finite codimension and P does not contain zero
divisors, then P is abelian.

1. Some preliminary results

Let P be a Poisson algebra. The equality [a,a] = 0 implies that
[a,b] = —[b, a.

Then
[c,ab] = —[ab, c] = —alb, c] — bla, c] = alc, b] + b|e, a).

We now point out several consequences of these basic equalities. We have
[abc, d] = albe, d] + bela, d] = ablc, d] + ac[b, d] + bcla, d].
Using ordinary induction, we obtain
[a1agasay . .. an, x| = asasay . . .aylar, r] + arasay . . . aylag, x]
+ ajagay . ..aplas, x| + ... + aragas. .. ap—1lay, |.
Furthermore
[zy, ab] = x[y, ab] + y[z, ab] = x(aly,b] + bly, a]) + y(a[z,b] + blz, a])
= zaly, b] + zbly, a] + yalz, b] + yb[z, a].
We have also
[, d] = [cc,d] = cle,d] + c[e,d] = 2¢]e, d],
(3, d] = [c®c,d] = P[e,d] + c[c?, d] = e, d] + c(2¢]c, d]) = 3% [c, d].
Suppose that we have already proved that [c",d] = nc"![e,d]. Then
("t d] = [c"c,d] = c"[c,d] + c[c", d] = "[c,d] + c(nc" e, d])
= (n+1)c"[e,d].

Thus for every positive integer k we proved that [c¥,d] = ke, d].
Further

[cF,d%] = [cF, dd] = d[c*, d]) + d[c*, d] = 2d[c*, d] = 2kdc"L[c, d],
[, &%) = [¢",dd?] = d[¢", &) + d°[c*, d]
= 2kd*c" e, d] + kd*c* e, d] = 3kd*cF Ve, d].
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Suppose that we have already proved that [c¥, d!] = ktd'~'cF e, d].
Then

[*, dH] = [cF, dd']
= d[c*, d"] + d'[c*, d) = d(ktd" 1 F e, d]) + d' (ke e, d])
= ktd'c* e, d] + kd'cF e, d] = k(t + 1)d'F e, d].

Thus for every positive integers k and s we proved the equality [¢*, d%] =
ksd*~'cF e, d].

Let A and U be Poisson algebras over a field F. Then a mapping
f+A—= U is called a homomorphism, if

f(xa) = Af(a), fla+b) = f(a) + f(b),
f(ab) = f(a)f(b), f([a,b]) = [f(a), f(b)]

for all elements a,b € A, A € F.

As usual, an injective homomorphism is called a monomorphism, a
surjective homomorphism is called an epimorphism and bijective homo-
morphism is called an isomorphism.

Proposition 1. Let A be an associative and commutative algebra over a
field F, generating by a subset S. Suppose that on A is defined a bilinear
operation [ , | satisfying conditions [a,a] = 0 and [ab, c] = a[b, c] + b|a, c].
Then A is a Poisson algebra if and only if [[a, b], c]+[[b, c], a]+[[c, a],b] = 0
for all elements a,b,c € S.

Proof. If A is a Poisson algebra, then [[a, b], c| +[[b, c], a] + [[¢, a], b] = 0 for
arbitrary elements a, b, ¢, in particular, this equality is valid for elements
a,b,ce S.
Conversely, suppose that [[a,b], c] + [[b,c],a] + [[c,a],b] = 0 for all
elements a,b,c € S. Let d € S. We have
[[a,b], cd] + [[b, cd], a] + [[cd, a], b]
= c[[a, b],d] + d[[a,b], c] + [c[b,d] + d[b, ], a] + [c[d, a] + d[c, a], b]
= c[[a, b],d] + d[[a, ], c] + [¢[b, d], a]
+ [d[b, ], a] + [c[d, a], b] + [d]c, a], b]
= c[[a, b], d] + d[[a, b], ¢] + ¢[[b, d], a] + [b,d][c, a] + d[[b, c], a]
+ [b, d[d, a] + c[[d, a], b] + [d, a][c, b] + d[[c, al, b] + [c, a][d, b]
= c([[a, b, d] + [[b, d], a] + [[d; a], b]) + d([[a, b], c] + [[b, ], a]
+ [[e, a],b]) + [b,d][c, a] + [b, c][d, a] + [d, a][c, b] + [¢, a][d, b] = 0.
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Using an ordinary induction, we obtain that
[[a,b],c1...cn] +[[b,c1...cn)ya]l +[[c1...cn,al,b] =0
for all elements a, b, cq,...,c, € S. Further

[[a1a2> b]v C] + [[b7 C]v ala?] + [[Cv ala?]? b]

= la1[ag, b] + az[a1,b], c] + ai[[b, c], a2] + a2[[b, c], a1]
+ [a1[e, a2] + az]c, ai], b]

= [a1]az, b], c] + [az|a1, b], c] + a1][b, ], as]
+ as[[b, c], a1] + [a1[c, az], b] + [az2]c, ai], b]

= ay[[ag, b], c] + [az, b][a1, c] + as][a1,b], ¢] + [a1, b]ag, (]
+ a1[[b, ], as] + az[[b, c], a1] + a1[[c, az], b]
+ [c, ag][a1, b] + az|[e, a1], b] + [¢, a1]]ag, b]

= al([[a2’ b]’ C] + [[b7 C]v a2] + [[Cv a2]7 b])Jr
+ a2([[a17 b]? C] + Hb> C]’ al] + [[C’ al]v b])"’

+ [ag, b][a1, c] + [a1, b][az, ¢] + [¢, a2]]a1, b] + [¢, a1][az, b] = 0.

Using an ordinary induction, we obtain that

[[a1...ak,b],c] 4+ [[b,c],a1...ar] + [[c,a1...ax],b] =0

for all elements a1, ...,a,b,c € S. Taking into account what was proved

above, we obtain

[[a1...ap,bl,c1...ch]l +[[byc1...cnlyar...aglllcr-..cnaq...a],b] =0

for all elements ay,...,ar,b,c1,...,c, € S. Using similar reasoning, we

prove the equality
[[a,b1...0),¢]+ [[b1...bs,¢],a] + [[c,a]l,br ... =0
for all elements a,by,...,b;,c € S.
From this we already get

[la1...ak,b1...b),c1 o cen] +[[b1-.. b, c1.. . enliar ... ag]
+[lc1...cnya1...ax],b...0) =0.

for all elements a1,...,ar,b1,...,b¢,¢1,...,¢n €.

Every element x of A has a form x = y; + ... + ¥, Where y; =
avyj...v,; where a € F, vy j,...,v.; € S. Since an operation | , | is
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bilinear, from proved above it follows that Jacobi identity is valid for all
elements of A. O

Proposition 2. Let A be an arbitrary Poisson algebra over a field F.
Then there exists a Poisson algebra S over a field F' having a multiplicative
identity element and monomorphism f : A — S. Moreover, Im(f) is an

ideal of S.

Proof. If A has an identity element by multiplication, then all is proved.
Therefore we will suppose that A has no an identity element. Put S = Ax F
and define on S the following operations. Put

v(a,A) = (ya,7A), (@, A) + (b, ) = (a+ b, A+ p),
(a, ) (b, ) = (ab+ A+ i, M), [(a, A, (b, )] = ([0 ], 0)
for all elements a,b € A, \, u,y € F.
As in Algebra Theory it is possible to prove that by the outer multipli-

cation, addition and multiplication S is an associative and commutative
algebra and the pair (0, 15) is its identity element. Furthermore,

[(a,A), (a, )] = ([a, a],0) = (0,0),

[[(a, A), (b, )], (e, )] + [[(b, 1), (e, )], (@, ] + [[(e,7), (@, )], (b, )]

,0), (¢, 7)] + [([b, ¢, 0), (a, M)] + [([¢, a], 0), (b, )]

) ,al,b],0)
+ [[b, ], a] + [[¢, a],b],0) = (0,0),
, (ab+ b+ pa, ), (¢,7)] = ([ab+ Ab + pa,cl,0)
b, c] + [Ab, ] + [pa, c],0) = ([ab, c] + A[b, ] + ula, ], 0),
(@, A)[(b; 1), (e, )] + (b, ) [(a; A), (¢, 7)]

a, A)([b,c],0) + (b, u)([a, c], 0)
,c] + Alb, c],0) + (bla, ] + pla, ], 0)

=

=

2
Il

Since [ab, ¢] = a[b, ] + bla, c], we obtain

[(a, \)(b, ), (¢, )] = (a, M)[(b, ), (¢, 7)] + (b, w)[(a, A), (¢, 7))

It follows that by the above defined operations, S is a Poisson algebra.
Consider now the mapping f : A — S, defined by the rule f(a) = (a,0)
for all elements a € A. We have

fla+b)=(a+b,0) = (a,0) + (b,0) = f(a) + f(b),
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f()\a) = ()‘aa O) = )\((I, 0) = )‘f(a)7
f(ab) = (ab,0) = (a,0)(b,0) = f(a)f(b),
f(la,0]) = ([a,b],0) = [(a,0), (b,0)] = [f(a), f(b)].
These equalities show that f is a homomorphism. Clearly f is injective,
so that f is a monomorphism. Hence f(A) is a subalgebra of S and A is
isomorphic to S.

Finally, let (x,«) be an arbitrary element of S, a be an arbitrary
element of A, then

(z,a)(a,0) = (za+ aa,0) € f(A),
[(z, @), (a,0)] = ([z,a],0) € f(A).
Thus Im(f) is an ideal of S. O
This Proposition allows us to consider farther only Poisson algebras
having the multiplicative identity element 1p.
If B, C are the subspaces of a Poisson algebra P, then let

e B+ C ={b+¢| for all elements b € B,c € C},
e BC be the subspace of P generated by the subset

{be| for all elements b € B,c € C},
e [B, (] be the subspace of P generated by the subset
{[b, ]| for all elements b € B,c € C'}.
Clearly, BC' is a subset of P consisting of elements of the type
aiby + ...+ apby,

where a1,...,a, € B, by,...,b, € C.
Similarly, [B, C] is a subset of P consisting of elements of the type

[a1,b1] + ...+ [an, by)

where ay,...,an, € B, by,...,b, € C.

Proposition 3. Let P be a Poisson algebra over a field F'.
(i) If B is a subalgebra of P and C' is an ideal of P, then B+ C, BC
are subalgebras of P. Moreover, if B, C are ideals of P, then B+ C,
BC are ideals of P.
(ii) The center ((P) is a subalgebra of P, which is an ideal of Lie algebra
P(+.[, ).
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(iii) The center ((P) contains every idempotent of P, in particular,
1p € ((P).

(iv) If P is not a simple algebra, then P has a proper non-zero mazimal
ideal.

(v) For every element x € P a subset P = {xy| y € P} is a subalgebra
of P and an ideal of P(+,").

Proof. (i) Let z,y € B+ C, then x = b+ ¢, y = u + v where b,u € B,
c,v € C. Then

A =Ab+c¢)=Xo+ A ce B+C,
r—y=(0b+c)—(ut+v)=(b—-u)+(c—v) e B+C,
zy=(b+c)(ut+v)=bu+ (cu+bv+cv) e B+C,
[z,y] = [b+ ¢,u+v] = [b,u] + ([c,u] + [b,v] + [¢,v]) € B+ C.

These equalities show that B 4 C is a subalgebra of P.

Every element x of BC has a form = = bic; + ... + byc, where
bi,...,bp € B, c1,...,cp, € C. If A € F, then

Ar = Abicp + ...+ bpcy) = (Aby)er + ...+ (Aby e, € BC,

If y is another element of BC', then y = a1dy + ...+ agdg, a1,...,ar € B,
di,...,d € C. Then

x—y=(bic1 + ...+ bpcy) — (a1d1 + ...+ agdy) € BC,

Ty = Z bic; Z amdy | = Z (bjam)(cjdm) € BC,

1<jsn 1<m<k 1<jsn
1<m<k
[I‘, y] = E bjcja E Amdm, | = E [bjCj, amdm]
1<j<n 1<m<k 1<jsn
1<m<k

We have
[bjCj, amdm] = bjam[cj, dm] -+ bjdm [Cj, am] -+ cjam[bj, dm] -+ dem [bj, am].

Since C' is an ideal, [¢j, dn], [¢j, am], [bj, dm], dmlcj, am], c;[bj, dm],
dmc; € C, so that bjan,[cj, dp], bidn[cj, am], ¢jam[b;, dy] € BC. Since B
is a subalgebra, [bj, a,,] € B, so that ¢jdp,[b;, arm] € BC. Thus we obtain
that [bjc;, amdy,] € BC. It is true for all j, m, 1 <j<n,1<m <k, so
that [x,y] € BC'. These inclusions show that BC is a subalgebra of P.
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Suppose now that B, C are ideals of P. By above proved B + C' and
BC are subalgebras of P. Let x € P, y € B+ C, then y = b+ ¢ where
be B, ce . Then

zy=x(b+c)=xb+xce B+C,
[x,y] = [x,b+ ] = [z,b] + [z,c] € B+ C.
These equalities show that B 4+ C'is an ideal of P.

Let x € P, y € BC, then y = bycy + ...+ byc, where by,...,b, € B,
C1,...,¢p € C. Then

xy ==z Z bjcj | = Z (xbj)cj € BC,

1<j<n 1<j<n
e, y] = |2, Y bjej| = Y [#,b5¢)]
1<j<n 1<j<n
= > (bilw, ) + ¢z, b)) € BC.
1<j<n

These equalities show that BC' is an ideal of P.
(ii) Let x be an arbitrary element of P and z € {(P). If A € F, then
[z, Az] = Az, 2] =0,
so that Az € ((P).
If y is another element of ((P), then

[x,z - y] - [$,Z] - [w,y] =0,
so that z —y € ((P). Further

[x,zy] - Z[fI,',y] + y[2,$] =0,
so that zy € {(P). Furthermore

[z, 9], 2] + [[y, z], 2] + [[=, 2], 9] = 0.

Since [y, z] = 0 = [z, 2], we obtain that [[z,y], 2] = 0, so that [z, y] € ((P).
The last inclusion shows that ((P) is a subalgebra of P.

(iii) Let e be an idempotent of P. For an arbitrary element = of P we
obtain
le, z] = [ee, x] = ele, x| + ee, z] = 2ee, x].
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If 2¢e[e, x] = 0, all is proved. Suppose that 2e[e, z] # 0. We have [e, z] —
2ele, z] = 0. It follows that

0 = 2¢([e, x]—2e[e, z]) = 2ele, x]—4e?[e, x] = 2ele, 2] —4ele, x] = —2e[e, x].

Thus 2e¢[e, x] = 0.
(iv) Indeed, if P is not simple, then P includes a proper non-zero
ideal K. Let

= {Y| Y is a proper non-zero ideal of P}.

Family J is not empty. Since 1p € Y for each Y € J, an union of every
linear ordered (by inclusion) subset of J belong to J. By Zorn Lemma a
family J has a maximal element.

(v) Clearly, 2P is an ideal of associative algebra P(+,-). Let y,z € P,
then y = zu, z = xv for some elements u,v € P. We have

ly, 2] = [zu, 2v] = z[u, 2] + ulz, 20)

= z[u, xv] + ux(z, v] + wolz, | = z([u, zv] + ulz, v]).
Thus [zP,xP] < zP, so that P is a subalgebra of P. O

Consider some examples of Poisson algebras.

Example 1. If L is a Lie algebra, then put xy = 0 for all ,y € L. Then,
clearly, L is a Poisson algebra.

On the other hand, let A be an associative and commutative algebra.
Put [z,y] = 0. Then, clearly, L is a Poisson algebra. These algebras are
called trivial.

Example 2. Let F be a field and P = F[z,y] be a polynomial algebra
with two variables x,y. Let f(z,y) be an arbitrary polynomial. We denote
by f; (vespectively, f;) the derivative of the polynomial f(z,y) with
respect to variable x (respectively, y). Put now

[f, 9] = f29y — f19%
We have
(ML) = (M)2gy — (M)yge = Megy — Myde = Mfagy — f192) = Alf. 9]
for every element A € F. Similarly, [ /s )\g] =/, g]

==(f;gy——f; 9e) + (hegy — y9$) [f7 gl +[h, ]
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Similarly, [f,g+ k] = [f, 9] + [f, h].
U, f1= fofy — fofe=0.

[[£, 9], 2] + [[g, hl, £1 + [[h, £, 9]
= [fogy — Fydes B] + [g5hy, — gyl f] + [h;f;—h;fa’;,g]
= (fo9y — Fo92)uhy — (fogy — fu90)y0
+ (ghy — gy )o fy — (guhy — h')'f'
+ (R fy — My fm)mgy (W fy = My Sy 9
= ((f29y) — (fy92)2 0y — ((f29,)y — (fy92)y)he
+ (975 — (9yh%)%) fy — ((phyy)y — (gyh%)) fa
+ (R )y — (hy £2)%)gy — (R fy)y — (hy £2),) 9%
= (foa9y + f29ys — Fyade — Fy9a2)hy

" i

- (fxygy + f/ ggy yygm - f gmy)

+ (gl + 92l gyw — gyhiye) 1y
— (goyhy + gy — Gyl — gyhiuy) fo
(hl/ f _|_ h/ f// o hl/ f _ h/ )g;
(h//yfy + h/ :lj/y - h//yfl' - )g./'E

/i

- xxgyh/ =+ f/gg,//zh/ - ya:gxh/ - ygth,

ey Tyl = Fodyy ey + Foygeh + o0,

+ Gualiy fy + Guliye fy — Gyuhin fy = Gyl fy
— Gyl fr — guliy, fo +g§,’yh;f +gyh” i
+ Ry fygy + h’ v foey — P mgy — hiy [y
— Wy fy 9 — Mo fyy 9 + h” 0 7 S D

Clearly, fy, = fiz» oy = Gye and hi, = hy,. Thus we obtain that
[[f, 9], b) + g, A, f1+ [[1, f], 9] = O
Finally,

[fg,h] = (Fg)ihy — (fa)yhy = frghy + Fauhy — [l — fgyhl

= (fgphy — fayhy) + (frghy, — fogh)
= f(gphy — gyhi) + g(fehy — fyhi) = flg, h] + glf, hl.

All these correspondences show that P is a Poisson algebra.
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Example 3. Let F be a field and P = Flx1,y1,...,Tn, Yn] be a poly-
nomial algebra. Put [z;,y;] = 1, [z}, yx] = 0 whenever j # k, [z, x;] =
[yj, k] = 0 for all j, k, 1 < j,k < n. Using Leibniz rule and the bilinearity
of the operation, we define [z, y;], [27", x7], [y]", y;]. As we have proved

[acan, yj] = ms:r;.”_lyj-_l[xj, y;] for all positive integers m, s. In particular,
~1, 51
[ y;] = msal ™yl
[}, yp] =0

whenever j # k, and

[ 2f] = [y, vkl = 0

for all 7, k, 1 < 7,k < n and for all positive integers m, s. Further

mg Sk ti1 _  mpr S tj Spr.mp L
[y Pyt 2| = 2 [yt 2 ] + gt 2]
— Sk tj mp tj Sk
=Y [:L‘k Ly ] - Ty [xj » YL .
If k = 7, then
my, Sk otk mer te Skl me _tp—1 sp—1
[mk Y » Tk | = —Tg [xk » YL | = —Sktrr, "Ty Y
1, sp—1
= —sktk$?k+tk 1y,‘zk )

If k # j, then [xzn’“y,‘z’“,x?] =0.

At the next step we will find [m?kyzk,y;j]. We have

[lekyzk’ y;]] — x}’:k [ka’ y;J] + yzk [x'];nk’ y;]]

If k£ = j, then we obtain

my S T S m T mg—1 sp+rp—1
[mk kykka ykk] = ykk [ﬂfk kaykk] = MgTLT, . ykk i

If k # j, then [:U;n’“yzk,y;]] =0.
The next step is the finding of [azzlky,f:’“,x? y;J] We have

my, sk ti Ty ) Ti Mk, Sk b tir,my, sk ,Tj
[$k Y » L5 Y; ] =Y; [xk Y, ’wj]_'_xj [wk Y Y5 ]
If £ = j, then we obtain
my S tpy TRl T mpg+tp—1 sp—1 t mg—1 sp+rp—1
[wkkykkakakykk] —ykk(_skthkk . ykk )+l‘kk(mkrkxkk ykk ")
mr+t—1 sp+ri—1
= (mprg — sptg)a, FT Ty R

If k # j, then [xzn’“yzk,x;”y;’] =0.
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tj Tj
miy, .81 ,..,mM2 _S2 m S J J
Now we can find [27"y w5?y5® ... ' yp, o/ y;”’]. We have
mi,,S1,M2,,52 m S J J
[z Yy 2Py T YR T yj]
_ mi, 81 mj—1, Sj—1_ M4, Sj+1 Mo S [, 55 b Ti
= oyt Y Ty e ey
_ . e\, S1 myj—1_8j—1
= (myrj — sitj)x"yrt-xt Y
mj—i-tj—l S]'—l-Tj—l mj+1 Sj+1 Mn, , Sn
X T, ; PRSI N AL TR
Finally,
mi, 81 ,,M2, 52 Mn ,,S ti, r1,.t2, r2 tn,,T
R i R R T

_ _la 7o t T mi,. 81 .. M2 82 m S t1. 7T
=Ty - T Yy [ Y ey w Yy

t1, r1,.t3, 13 ton, T mi, .81,.M2, S2 My, S to 1o
R R T R T L T e e AR A TP g T I

t1, 1 ln—1, Tn—1[, mi,k S1,.M2, S2 Mn, s tn, T
+aityt o, Ty [ s Py Y
_ (m17“1 _ 31t1)xﬁ"”tl_lyfﬁ”_lx?ﬁ”y§2+r2 B _lenthny?SanrT‘n

mi+ty, s1+r1, mat+to—1 sot+ra—1
+ (marg — sata)x] Y1 Lg Yo

% x?3+t3y§3+r3 o mzln“!‘tnyfln“!‘Tn 4.

mi1+t1 s1+7r1 Mp—1+tn—1 Sn—1+Tn-1
)y 1

+ (mnrn — Sptn Yy el g n—1

X mZLn"l‘tn_]-yZn"l‘rn_l

_.mi+t;—1_ si+ri—1 mn+tn—1, sn+rn—1
=TTy T Ty T Ty T (mary — s1t)22y2 - - Ty

+ (m27“2 — Sztg).%'lyll‘gyg o TpYn .

+ (Mprn — Sptn)T1Y1 -« - Tn_1Yn—1)-

Every element of P is a linear combination of elements of the form
"yt arysr, so taking into account the fact that the operation [, |
preserves addition, we get the value [f, g] for every elements f,g € P. In
the resulting algebra, we constructed the operation [, ] in such a way

that the Leibniz rule holds for it.
Let S = {z;,yx| 1 < j,k < n}. Consider all elements of the form

J = [[u,v], w] + [[v, ], u] + [[w, u], v],

where u,v,w € S. By our definition, [u,v] = 0 or [u,v] = 1. It follows
that every commutators [[u, v], w], [[v, w],u], [[w,u], v] matches one of the
following [0, 0], [0, 1], [1,0], [1,1]. Since all these commutators are equal
to zero, J = 0. Using now Proposition 1, we obtain that P is a Poisson
algebra.
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Example 4. Let F' be a field and L be a Lie algebra having a countable
basis {a,| n € N}. Let

a]yak E Ojkmn,

neN

J,k € N, where, as usual, it is assumed that all coefficients o0 ,,, except
for a finite number, are equal to 0.

Let P = F[z,| n € N] be a polynomial algebra. Define an operation
[, | on P by the following rule. Put

x],:rk E OjknTn,
neN

4,k € N. Now we define the commutators [z]" 2} ... 2 2t 2l .. xzk]
in the same way as it was done in the construction of the previous example.
The computations here are more cumbersome, so we will not present them
here. Every element of algebra P is a linear combination of the elements
of the type 21" ...z}, so taking into account the fact that the operation
[, ] preserves addition, we get the value of [f,g] for all elements f,g € P.
In the resulting algebra, we constructed the operation [ , | exactly in
such a way that it holds Leibniz rule. Since the elements {a,| n € N}
constitute a basis of the Lie algebra, for which the Jacobi identity holds.
This implies that the Jacobi identity holds for the elements {x,| n € N}.
These elements generate P as an associative algebra. Proposition 1 implies

that P is a Poisson algebra.

Proposition 4. Let P be a Poisson algebra over a field F. Suppose that
A is a non-abelian subalgebra of P. If A is nilpotent, then A contains zero
divisors.

Proof. Let

A=7(A4) 2 (4) = ... Z Mm(4) = m1(4) = (0)

be the lower central series of A. Since A is not abelian, Z = v, (A) #
Yn—1(A) = S. It follows that there are elements z € S, y € A such that

[z,9] # 0. Since 2 € S = y-1(4), [z,9] € [m-1(A), 4] = m(A) =
Z. An inclusion Z < ((A) shows that [[z,y],y] = 0. In a similar way,
[[$2vy]7y] = 0.

Suppose first that F' has a characteristic 0. Then

0= [l2®,9],9] = [22[z,y],y] = 2[z, ][z, 9] + 2[[z, 9], 9] = 2[z,y]*.
Since char(F) # 2, it follows that [z,y]? = 0.
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Suppose now that F' has a prime characteristic p. As we have seen
above, [2",y] = na" [z, y] for arbitrary positive integer n. If there exists
a positive integer n such that 2™ = 0, then all is proved. Therefore we
can assume, that " # 0 for every positive integer n. If we suppose that
there exists a positive integer n such that GCD(n,p) =1 and [z",y] = 0,
then 2"~ ![x,y] = 0, and again all is proved. Thus we will suppose that
[z™,y] # 0 for each positive integer n such that GCD(n,p) = 1. Choose a
positive integer k such that k > p + 1 and GCD(k, p) = 1, then

0= [[z", ], y] = (k" [, y), y] = Kz, y][2" " y] + ke [z, 0], 4] =
= klz, ][z, y].

Since k — 1 > p, as we have noted above [2F~1, y] # 0. Thus the product
of two non-zero elements [z,y] and [2F~1,y] is zero, and at last all is
proved. ]

The Poisson algebra P is called locally nilpotent, if every finitely gen-
erated subalgebra of P is nilpotent.

Corollary 1. Let P be a Poisson algebra over a field F. Suppose that A
1s a locally nilpotent subalgebra of P. If A does not contain zero divisors,
then A is abelian.

Proof. Indeed, suppose that A is not abelian. Then A has the elements
x,y such that [z,y] # 0. Let S be a subalgebra of A, generated by the
elements z,y. Then this subalgebra is not abelian. Then Proposition 4
shows that S, being nilpotent, must contain zero divisors, and we obtain
a contradiction. This contradiction shows that A is abelian. [

Proposition 5. Let P be a Poisson algebra over a field F'. Suppose that
char(F') = p is a prime and FP = F. If S is a subalgebra of P, then the
subset SP = {xP| x € S} is a subalgebra of P, moreover, SP < ((P).

Proof. Let x € SP, and A is an arbitrary element of a field F'. Then z = o
for some element a € S. Equality FP = F' implies that A = P for some
element p € F. Then Az = pPa? = (pa)? € SP.

If y is another element of SP, then y = bP for some element b € S. If
p=2,then —y=yandax—y=xz+y=aP +b’ =(a+b)P € SP. If p > 2,
then z —y = a? — WP = (a — b)P € SP. Further zy = aPb? = (ab)P € SP.

Let ¢ be an arbitrary element of P and a be an arbitrary element of S.
As we have proved [a?, ¢] = paP~![a,c] = 0. It follows that SP < ((P). O
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Corollary 2. Let P be a Poisson algebra over a field F. Suppose that
char(F') = p is a prime and FP = F. Then the subset PP = {zP| x € P}
is a subalgebra of P, moreover, PP < ((P).

Corollary 3. Let P be a Poisson algebra over a field F. Suppose that
char(F') = p is a prime and FP = F. If S is a finite-dimensional subalgebra
of P and S does not contain zero dwvisors, then S < ((P).

Proof. Consider the mapping f : S — S defined by the rule: f(z) = af for
all x € S. We have Im(f) = SP. By Proposition 5, S? is a subalgebra of
P. Since S does not contains zero divisors, Ker(f) = (0). Thus S =p SP.
In particular, dimp(S) = dimg(SP). It follows that S = SP. Proposition 5
proves inclusion S = SP < ((P). O

Corollary 4. Let P be a Poisson algebra over a field F. Suppose that
char(F') = p is a prime and FP = F. If P is finite-dimensional and P
does not contain zero divisors, then P is abelian.

We note that every finite field F' of characteristic p satisfies FP = F. It
implies that every locally finite field F' of characteristic p satisfies FP = F'.
Thus, we obtain

Corollary 5. Let P be a Poisson algebra over a finite field F'. If P is
finite-dimensional and P does not contain zero divisors, then P is abelian.

Corollary 6. Let P be a Poisson algebra over a locally finite field F. If
P is finite-dimensional and P does not contain zero divisors, then P is
abelian.

Corollary 7. Let P be a Poisson algebra over a field F. Suppose that
char(F) = p is a prime and FP = F. If S is a locally (finite-dimensional)
subalgebra of P and S does not contain zero divisors, then S < ((P).

Proof. Indeed, every finitely generated subalgebra A of S has finite di-
mension. Then Corollary 3 implies that A < ((P). Since it is true for
every finitely generated subalgebra of S, S < ((P). O

Corollary 8. Let P be a Poisson algebra over a field F. Suppose that
char(F') = p is a prime and FP = F. If P is locally (finite-dimensional)
and P does not contain zero divisors, then P is abelian.

Corollary 9. Let P be a Poisson algebra over a finite field F'. If P is

locally (finite-dimensional) and P does not contain zero divisors, then P
is abelian.

Corollary 10. Let P be a Poisson algebra over a locally finite field F'.
If P is locally (finite-dimensional) and P does not contain zero divisors,
then P s abelian.
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2. The Poisson algebras that are finite-dimensional over
the upper hypercenter

Lemma 1. Let L be a Lie algebra over a field F. If j, k are positive
integers such that k > j, then [v;(L), ((L)] < Cu—j(L).

Proof. We will use induction on j. For 7 = 1 we have

[(v1(L), Ge(L)] = [L, CG(L)] < Gr—1(L).

Suppose now that j > 1. We have already proved the inclusions

for all m < j. Choose the arbitrary elements « € L,y € vj_1(L), z € (x(L).
We have

[z,y],2] = [z, [y, 2] — [y, [, 2]].
Since [y, 2] € [yj—1(L),(k(L)], the induction hypothesis implies that
[y, 2] € Ge—j+1(L), so that, [z, [y, z]] € [L, Cp—j11(L)] < Ce—;(L). Further,

[y, [z, 2]] € [vj—1(L), [L, Ge(L)]] < [vj-1(L), Ge—1(L)].

Since k — 1 > j — 1, using the induction hypothesis, we obtain that

[Vj—1(L), Ge—1(L)] < Gr—1—j41(L) = Ce—j(L).
It follows that [v;(L), Gx(L)] < Co_s(L). 0

Lemma 2. Let L be a Lie algebra over a field F'. Suppose that the factor-
algebra L/(, (L) has a finite codimension d and let {e1 + (,(L), ..., eq+
Cn(L)} be a basis of L/(u(L). Then yn41(L) generated by the elements
(1, ..., U, Upt1] where uj € {e1,...,eq}, 1 <j<n+1.

Proof. We use induction by n. Suppose first that n = 1 and put Z = ((L).
Then for every element x € L we have x = A\je1 + ... 4+ A\geq + z, for
suitable coefficients A1,..., gy € F and element z, € Z.

Let y = pier + ...+ pgeq + zy, p1,- .., ta € F', 2y € Z. Then

[z,y] = [Me1 + ...+ Ageqd + 2z, pe1 + . .. + prageq + 2y

= Z Ajtkles, ekl

1< k<d

As we can see, v2(L) = [L,L] is a subalgebra generates by the ele-
ments [ej,ex], 1 < j,k < d. More precisely, since [ej,ex] = —[ex, e;]
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and [ej,e;] =0, 1 < j,k < d, y2(L) generates by the elements [e;, ey]
where 1 < j < k <d.

Suppose now that n > 1 and that we have already proved that an ideal
Yn(L/Z) generated by the elements [u; +Z, ..., up+ 2] = [u1, ..., u,)+ 2,

where u; € {eq,...,eq}, 1 < j < n.Let x be an arbitrary element of L and
y be an arbitrary element of 7, (L). Then y+ Z € v,(L) + Z = y,(L/Z),
so that y = [u1,...,u,] + z for some element z € Z. For element = we

obtain x = A\jeq + ... + Ageq + ¢, for suitable coefficients \y,..., \g € F
and element ¢, € (,(L).

We have
[z,y] = [Me1 + ... + Ageq + ¢z, [u1, . .., Uy + 2]
= Mle1, [uL, ..., up]] + ..o+ Adlea, [uty . un]] + [ca, [, .. un]].
Lemma 1 implies that [cy, [u1,...,u,]] =0, and the result is proved. [

Proof of Theorem A. Put Z = ((P). Then P = Z @ A for some subspace
A of P. Choose a basis {ej1,...,eq} in the subspace A. Then for every
element x € P we have © = \je1 + ...+ \geq + 2, for suitable coefficients
Ay, Ag € F and element z, € Z.

A subspace [P, P] is an ideal of a Lie algebra P(+,[, ]). Lemma 2
shows that [P, P] generates as a subspace by the elements [e;, ;] where
1 < j,k < d. More precisely, since [ej, ex] = —[ex, e;] and [ej,e;] = 0,
1 < j,k < d, the subalgebra [P, P] is generated by the elements [e;, ej]
where 1 < j < k < d.

Consider an ideal K of an associative algebra P(+,-) generated by
[P, P]. Every its element has a form a1z + ... + a,2, where ay,...,a, €
[P, P], x1,...,x, are the arbitrary elements of P. Let x be an arbitrary
element of P, z = Aey+...4+ A\geq+ 2z where A\q,...,A\g € F and z, € Z.
We have

ej, exlz = [ej, ex](Mer + ... + Ageq + 2z)
= Neilej, ex] + ... + Ageqlej, ex] + zz[ej, ex).

Using Leibniz rule we obtain
lej, exza) = exlej, 22| + 2zlej, ex] = zzlej, ex].

For element ez, we have the decomposition ez, = vie1+...+vgeq+ 2, k-
Therefore

lej, enze] = [ej,vie1 + ... +vgea + 2o ) = vilej, e1] + ... 4 valej, eq).
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These equalities show that K as a vector space is generated by the elements
lej,ex], eslejen], 1 < s <d, 1 <j <k <d It follows that K has a
dimension at most

%d(d 1) +d %d(d - 1)) _ %d(d, S )(d41) = %d(d2 _ ).

The inclusion [K, K] < [P, P] < K shows that K is a subalgebra of P.
Moreover, [K,P] < [P,P] < K, so that K is an ideal of Lie algebra
P+ [, D). O

Corollary 11. Let P be a Poisson algebra over a field F. Suppose that
char(F') = p is a prime and FP = F. If P is finite-dimensional over the
center and P does not contain zero divisors, then P is abelian.

Proof. Theorem A implies that P includes a finite-dimensional ideal A
such that P/A is abelian. By Corollary 3, A < ((P). Hence, P is nilpotent.
Using now Corollary 1 we obtain that P must be abelian. O

Corollary 12. Let P be a Poisson algebra over a finite field F. If P is
finite-dimensional over the center and P does not contain zero divisors,
then P is abelian.

Corollary 13. Let P be a Poisson algebra over a locally finite field F'.
If P is finite-dimensional over the center and P does mot contain zero
divisors, then P is abelian.

Proof of Theorem B. Put Z = (,(P). Then P = Z & A for some subspace
A of P. Choose an arbitrary basis {ei,...,eq} in the subspace A. Then
for every element = € P we have

T=Mep+ ...+ N\eqg + 2z

for suitable coefficients A1,..., gy € F and element z, € Z.

A subspace v,+1(P) is an ideal of a Lie algebra P(+,[, ]). Lemma 2
shows that 7,41 (P) generates as a subspace by [u1, ..., Uy, Uy+1] Where
uj € {e1,...,eq}, 1 <j <n+ 1. In particular, dimp(yn41(P)) < d"TL.

Consider an ideal K of an associative algebra P(+, ), generated by
Yn+1(P). Every its element has a form a1 +...+a,x, where ai,...,a, €
Yn+1(P), x1,...,x, are the arbitrary elements of P. Let  be an arbitrary
element of P, z = Ae; +...+ N\geqg+ 2 where \1,...,\g € F and 2z, € Z.
We have

[ul, .. .,un+1]x = [ul,...,un+1]()\1€1 + .o+ Ageg + Zx)
= )\161[U1, e ,un+1] + ...+ )\ded[ul, ce ,un+1] -+ zz[ul, .. .,un+1].
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Using Leibniz rule we obtain

[[ul, ..., un], Unt122] = Unga[[ut, .- un), 22) + 2z[[ut, .o U, wnyg1].
Lemma 1 implies that [[u1, ..., u,], zz] = 0. Hence
ZolUuty oo Ung1] = (U1, -, Un], Unt122]

For element u,,12; we have decomposition u, 112, = vie1+...+vgeq+2z n
where again z, , € Z, therefore

w,. .. un), upg12z) = [[ur, ..., unl,vie1 + ... 4 vaeq + 2zn)

=vi[ur,... upl er] .o vgllun, . u) eq] + [[urs - un], 2o

By Lemma 1, [[u1,...,up], 2zn] = 0. It follows that z [u1,...,upt1] €
Yn+1(P). Thus we can see that K as a vector space is generated by
the elements [u1, ..., Un, Upt1] and eglur, . .., Un, unt1], uj € {e1,..., €4},
1<j<n+1,1<s<d It follows that dimp(K) < d"! + dd"! =
dn+1(1 + d)

Let x be an arbitrary element of P, x = Aje1 + ...+ Ageq + z, where
M,...,A\g € F and z, € Z. Since v,+1(P) is an ideal of Lie algebra
P(+,[, 1), ([t tns1], 2] € An41(P). Furthermore

les[ut, -« yuny1], ] = [es[ur, ... unt1], Adrer + ...+ Ageq + 2z
= Mles[ut, ..., unt1],e1] + ... 4+ Agles[ut, - . unt1], €q]
+ [es[uty ..y unt1], 22)-

We have

les[ut, ..., unyal],e5] = [ut, ... ung]les, e5] + esf[ut, . .. uns1], €5].
We note that [ui, ..., unt1]les, €] € K, [[ut, ..., unt1], €] € mnr1(P), so
that eg[[u1,...,unt1],e;] € K. Thus [es[u1, ..., unt1],e;] € K. Now we
have

les[uty . oy tnt]s 22] = [u1, ..oy uptlles, zz] + es[[ur, ooy ung], 22
We note that [uq,...,upt+1]les, z2] € K and [[u,...,upt+1], 2] = 0 by
Lemma 1. Hence [es[u1, ..., Unt1], 2] € K. These inclusion shows that K

also is an ideal of Lie algebra P(+,[, ]). Then K is an ideal of Poisson
algebra P. Finally, inclusion 7,1 (P) < K shows that factor-algebra P/K
is nilpotent of nilpotency class at most n. O
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Proof of Corollary B1. Theorem B implies that an algebra P includes a
finite-dimensional ideal A such that P/A is nilpotent. By Corollary 3,
A < ((P). Hence, P is nilpotent. Using Corollary 1 we obtain that P
must be abelian. O

Now we present our last result.

Theorem 1. Let P be a finitely generated Poisson algebra over a field F
and K be an ideal of P. If K has a finite codimension, then K is finitely
generated as an ideal.

Proof. Let M = {aj,...,a,} be a finite subset generated P, and let
B be a subspace of P such that P = B @ K. Let codimp(K) = d.
Then dimp(B) = d. Choose in B a basis {b1,...,bq}. Denote by prp
(respectively pry) the canonical projection of P on B (respectively on K).
Let E be the ideal, generated by the elements

{er(aj)’er([a]"bm])ver(ajbm)| I<yj<snl<m< d}

By this choice, K includes F/, and F is a finitely generated as an ideal of P.
If x is an arbitrary element of £+ B, then x = u+ b where u € E, b € B.
Furthermore, b = a1b1 + ... + agby for suitable elements a1, ..., a4 € F.
We have
[b, aj] = [albl 4+ ...+ agby, aj] = Ozl[bl, aj] + ...+ Ozd[bd, aj]
= a1(prg([b1, a;]) + prp([b1, a5])) + - -
+ aq(pr([ba, a;]) + prp([ba, a]))
= a1prg([b1, a;]) + ... + agpr([ba, a;])
+ aiprp([bi,a5]) + ... + agpra([bd, a;]),
ba; = (a1by + ...+ adbd)aj = Oq(blaj) +...+ Ozd(bdaj)
= a1 (pr(braj) +prp(biaj)) + ... + aa(prg(baas) + prp(bea;))
= aqpri(biaj)+...+agpri(bga;)+aiprg(bia;)+. .. +agqprg(bga;).

The elements

> (@mprg([bm, aj)) + amprp((bm, ;1))

1<m<d

and
Z (amer(bmaj) + amprB(bmaj))

1<m<d

clearly belong to E + B. It follows that £ + B is an ideal of P. The
equality a; = prg(a;) + prg(a;) implies that a; € E4+ B, 1 <j <n. It
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follows that &+ B = P = K + B. The inclusion £ < K and the equation
K N B = (0) imply that K = E. In particular, K is a finitely generated
as an ideal. O
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