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Semi-lattice of varieties of quasigroups
with linearity
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ABSTRACT. A o-parastrophe of a class of quasigroups 2l is a
class 72 of all o-parastrophes of quasigroups from 2[. A set of all
pairwise parastrophic classes is called a parastrophic orbit or a truss.
A parastrophically closed semi-lattice of classes is a bunch.

A linearity bunch is a set of varieties which contains the variety
of all left linear quasigroups, the variety of all left alinear quasi-
groups, all their parastrophes and all their intersections. It contains
14 varieties, which are distributed into six parastrophic orbits. All
quasigroups from these varieties are called dilinear. To obtain all
varieties from the bunch, concepts of middle linearity and middle
alinearity are introduced. A well-known identity or a system of
identities which describes a variety from every parastrophic orbit
of the bunch is cited. An algorithm for obtaining identities which
describe all varieties from the parastrophic orbits is given. Exam-
ples of quasigroups distinguishing one variety from the other are
presented.

Introduction

The variety of all quasigroups is parastrophically closed, that is, every
parastrophe of a quasigroup is a quasigroup. Thus, every concept given
for quasigroups is introduced for all their parastrophes. Therefore, for
n-ary quasigroups, n! concepts are defined simultaneously—a concept
introduced directly and those concepts, which are transformed from their
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parastrophes. The analysis of these relations and some general theorems
are given in [20] (see also [18]). As an example, the notion of neutrality of
elements in quasigroups has been summarized there. In this article, we
analyze the concept of linearity of quasigroups and give the corresponding
semi-lattice of varieties.

Now, we present a system of notions of quasigroups with some linearity
property taken from different articles. Let (Q;+,0) be an arbitrary group,
Jx := —x, a, [ be its unitary permutations, i.e. a0 = 0 =0, and a € Q
and let x oy := ax + a + By. Following V.D. Belousov [1], a permutation
of a group is called a di-automorphism, if it is an automorphism or an
anti-automorphism of the group. The permutations «, 3, JaB~! will
be called left, right and middle coefficients respectively. If a left (right,
middle) coefficient is an automorphism, then the quasigroup (Q;o) is
called left (right, middle) linear or semi-linear. If a left (right, middle)
coefficient is an anti-automorphism, then the quasigroup (Q;o) is called
left (right, middle) alinear or semi-alinear. All of them are called semi-
dilinear quasigroups. If left and right (left and middle, right and middle)
coefficients are automorphisms, then the quasigroup is called left-right (left-
middle, right-middle) linear. If two coefficients are anti-automorphisms,
then the third one is an anti-automorphism as well and the quasigroup is
called alinear. If a quasigroup is linear or alinear, then it is called dilinear.
Traditionally, a left-right linear quasigroup is called linear. Linear and semi-
linear quasigroups over commutative groups are called semi-central and
central respectively. Middle semi-linear, middle semi-alinear and middle
central quasigroups are introduced here for the first time.

A K. Sushkevich [27, 1937] was the first who defined medial quasigroups
as quasigroups (Q;-) satisfying the identity xy - uv = zu - yv. The well-
known Bruck-Toyoda theorem can be formulated as follows: “Medial
quasigroups are exactly linear quasigroups whose coefficients commute”.
Later, these quasigroups were studied by many authors (see [4,16,17,26,
28]).

For the first time, linear (i.e. left-right linear) quasigroups were intro-
duced by V.D. Belousov [1,2, 1966] when he studied balanced identities
on quasigroups. He proved that some quasigroups satisfying balanced
identities are linear, and vice versa if in a linear quasigroup left and right
coefficients have finite orders, then the quasigroups satisfies a balanced
identity. But he did not find identities which characterize the class of
all linear quasigroups. It was done by G.B. Belyavskaya and A.Kh. Ta-
barov [7, 1992], moreover they have defined and characterized alinear
quasigroups.
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Linear quasigroups defined on abelian groups were introduced by
T. Kepka, P. Némec [13,14, 1971] and they called them T-quasigroups.
G.B. Belyavskaya [8, 1989] proved that T-quasigroups are exactly the
quasigroups which coincide with their center. Now, T-quasigroups are
called central quasigroups. G.B.Belyavskaya also found two identities
that characterize the variety of all central quasigroups [8, 1989|. Later
G.B. Belyavskaya [3, 1994| proved that abelian algebra (in the sense of
R. Freese, R. McKenzie [9]) in the variety of all quasigroups are exactly
central quasigroups . G.B. Belyavskaya [5, 2014| researched some identities
in quasigroups with O-ary operation characterizing quasigroups isotopic
to abelian groups.

For the first time, left and right linear and alinear were introduced by
A. Kh. Tabarov [29, 1992|. Independently, these notions were investigated
by F.M. Sokhatsky. His works [22,23, 1995|, [24, 1996] devoted to group
isotopes. In particular, for semi-dilinear and for dilinear quasigroups the
following results were obtained:

e some characteristics for a quasigroup identity to have semi-dilinear
or dilinear property, i.e., every quasigroup which satisfies the identity
is semi-dilinear or dilinear;

e an algorithm for finding formulas which describe isotopical closure
of a class of groups. In particular, it is proved that (linear, alinear,
semi-linear, semi-dilinear) isotopical closure of a variety of groups is
a variety of (linear, alinear, semi-linear, semi-dilinear) quasigroups;

e an algorithm for up to isomorphic description of group isotopes and
semi-dilinear quasigroups is given;

e connections among sub-quasigroups and congruences of group iso-
topes and the corresponding groups have been established.

For every variety of semi-dilinear quasigroups, the obtained algorithm
gives a system of identities which characterizes the variety. G.B. Belyavs-
kaya and A. Kh. Tabarov [6, 2007], [28, 2009] have found one identity for
each of the varieties (below we cite some of them).

The obtained results about semi-lattice of varieties of quasigroups hav-
ing some property of linearity are summarized by A.Kh. Tabarov |28, 2009],
he lists 11 varieties there, but the list is not complete. For example, (23)-
parastrophe of a left linear quasigroup which is not right linear is neither
left linear, nor right linear, but it has some property that is transformed
from left linearity. G.B. Belyavskaya [5, 2014| studied parastrophic equiva-
lence of identities in primitive quasigroups and parastrophically equivalent
balanced and near-balanced identities characterizing quasigroups isotopic
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to groups (to abelian groups). Considering all parastrophes, we introduce
middle linearity and middle alinearity concepts.

A semi-lattice of varieties is called a bunch, if it is parastrophically
closed. A set of all pairwise parastrophic varieties is called a parastrophic
orbit or a truss. We prove that there are six maximal varieties of quasi-
groups with linearity that are distributed into two parastrophic orbits:
three varieties of semi-linear quasigroups and three varieties of semi-alinear
quasigroups (left, right and middle). The linearity bunch consists of 14 va-
rieties distributed into six parastrophic orbits: semi-linear (three varieties),
semi-alinear (three varieties), linear (three varieties), alinear (one variety),
semi-central (three varieties) and central quasigroups (one variety). For
every variety, the system of identities describing the variety is established.
Also, examples of quasigroups distinguishing one variety from the other
are given.

Other results on quasigroups with linearity property one can find in
[4,5,10-12,15-17,25,26,28|.

1. Preliminaries

¢
A quasigroup is an algebra (Q; -, -, 7-q) satisfying the identities
¢ )4 r r
(@-y)y==z (@-y)y=z z (z-y =y z (@ y=y (1)
¢
The operation (-) is called main and (- ), (*) are its left and right divisions.
These operations and their dual ones which are defined by

s st l sr r
Ty =y, T yi=y-x, Ty i=y-x (2)

are called parastrophes of (-) and the defining identities are called pri-
mary. The last three relationships establish bijection among identities of
. 4 . - l ¢
signatures (-, -, 7-n) and the identities of (-, - | Loon o ).
Therefore, throughout of the article we consider identities on quasigroups

. )4 l .
of signature (-, -, Lo S-T). All parastrophes of the operation (-)

can be defined by:

Tlo © Tog = Tge 4 Ty Ty = T3, (3)
where o € S3:= {1, l,r,s,sl,sr}, s .= (12), £ := (13), r := (23). It is easy
to verify that

(7)=(") 2

holds for all o, 7 € S3.
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A transformation of an identity id to identity 10’ using primary identi-
ties is called primary (parastrophic) transformation [19]. A transformation
of the identity i0 to the identity 710 is called a parastrophic transformation
(o-parastrophic transformation), if it can be obtained by replacing the
main operation with some its o~ !-parastrophe [20].

o-parastrophe of a class 21 of quasigroups is called a class 72l consisting
of all o-parastrophes of quasigroups from 2A.

Let P be an arbitrary proposition in a class of quasigroups 2. The
proposition P is said to be a o-parastrophe of P, if it can be obtained
from P by replacing every T-parastrophe with 7o' for every 7 € Ss.

Theorem 1. [20,21] Let A be a class of quasigroups, then a proposition
P s true in A if and only if °P is true in “2U.

For instance, let a variety of quasigroups 9% is defined by an identity
r st ¢
(z-y) - (y-o)=y-
By this theorem, s/-parastrophe /B of B is described by

r(sf)~! sl(sl)~1 (st)~1 L(st)~ 1
@ -y -y - )=y - @
Since r(s€)~t = rsr = ¢, {(s0)™! = lsr = srr = s, the identity is
4 s s
(x-y)-(y-2)=y-

Thus, the variety *95 is described by (z ¢ y) - (x L y) = xy.

Two identities are called:

1) equivalent, if they define the same variety;

2) primarily equivalent, if one of them can be obtained from the other
in a finite number of applications of primary identities (1)—(2) (primary
equivalent identities are equivalent);

3) o-parastrophic, if one of them can be obtained from the other by
o-parastrophic transformation;

4) o-parastrophically equivalent, if they define o-parastrophic varieties
(according to Theorem 1, o-parastrophically equivalent identities define
o-parastrophic varieties);

5) o-parastrophically primarily equivalent, if one of them can be ob-
tained in a finite number of applications of primary identities and oy -,
o9 -, ..., 0~ parastrophic transformations such that o109 ...0, = o for
some k € N.

In a generalized case o will be omitted. For example, two identities are
called parastrophically equivalent, if they are o-parastrophically equivalent
for some o € Sj.
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1.1. Canonical decompositions of group isotopes

In this subsection, we give more precise definitions of canonical de-
composition of group isotopes.

Definition 1. A groupoid (Q;-) is called an isotope of (Q';+), if there
exists a triplet of bijections (0, v,7) which is called an isotopism such that
x-y =701z +v7ly) for all 2,y € Q. An isotope of a group is called
a group isotope. A permutation a of a set @) is called unitary of a group

(Q; +,0), if a(0) = 0.

Definition 2. [23] Let (Q;-) be a group isotope and 0 be an arbitrary
element of @), then the right part of the formula

r-y=ar+a+ Py (5)

is called a 0-canonical decomposition, if (Q;+) is a group, 0 is its neutral
element and a0 = 50 = 0.

In this case: the element 0 is a defining element; (Q;+) is a decompo-
sition group; a its free member; « its left, i.e., 2-coefficient; B its right, i.e.,
I-coefficient; J~y, where v := af~!, is its middle, i.e., 3-coefficient. Briefly,
the canonical decomposition will be denoted by (+,0, a, 8, a).

Theorem 2. [23] An arbitrary element b uniquely defines a b-canonical
decomposition of an arbitrary group isotope.

Let (5) be a canonical decomposition of an isotope (Q; ) of an arbitrary
group (Q;+). Then it is easy to prove (see [4,22]) that all its parastrophes
have the following forms

L S
Ty = ax+a+ By; r-y=pr+a+ ay;
l 0
vry=alz—By—a); z-y=ally—Br—a); (6)
riy=pY-a-ax+y) z”y=B"Y(-a—ay+un)
Remark 1. Let (Q;+,0) be a group, Jx := —z its inverse-valued op-
eration and 6 its automorphism and ¢ be a permutation of (). Then
Jp = o YJp is the inverse-valued operation and O, : 0 10y is an

automorphism of ¢ ~!-isomorphe which is denoted by (Q;+) and defined
%)

by :
vy =g (7 + py). (7)

¢~ l-isomorphe of (Q;+,0) has the same neutral element 0, if ©0 = 0, and
Oy = 0.
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1.2. Actions

Let S3 := {¢,s,¢,r,sl,sr} denote the symmetric group of the set
{1,2,3}, where s := (12), £ := (13), r := (23). Let S3 act on a set K,
i.e. for all £ € K and for all ¢ € S3 the element “k belongs to K and
equalities (k) = 7"k, ‘k = k hold. Elements “k and m are called o-
parastrophic and o is a parastrophism. An orbit of an element k& € K is
called a parastrophic orbit or a truss of k and is denoted by Po(k) (in
previous articles a truss of k is denoted by Tr(k)); a stabilizer group of k
will be called a parastrophic symmetry group of k and is denoted by Ps(k).

Po(k) Element k Ps(k) Quantity
totally symm. totally symm., Ps(k) = Ss; [Po(k)| = 1;
semi-symmetry | semi-symm., Ps(k) O As; |Po(k)| =1,2;
single middle symm., Ps(k) 2 {¢,s}; |Po(k)| =1,3;
symmetry left symm., Ps(k) 2 {¢,r}; |Po(k)| =1,3;
right symm., Ps(k) 2 {¢,¢}; |Po(k)| =1,3;
asymmetry asymmetric, Ps(k) = {¢} [Po(k)| = 6.

2. Linearity of isotopes of groups

Actually, every quasigroup with linearity is a group isotope. In this
section we define these quasigroups using a canonical decomposition of
group isotopes and prove that the concept of linearity does not depend
on the decomposition.

Definition 3. An isotope of an arbitrary group with a canonical decom-
position (5) is called

e i-linear, if the i-coeflicient is an automorphism of the decomposition

group, where 7 = 1, 2, 3;

e i-alinear, if the i-coefficient is an anti-automorphism of the decom-
position group, where ¢ = 1, 2, 3;
semi-linear or single linear, if it is i-linear for some i = 1,2, 3;
semi-alinear or single alinear, if it is i-alinear for some i = 1,2, 3;
ij-linear, if it is ¢-linear and j-linear for some i # j;
linear, if it is i-linear for all i € {1, 2};

e alinear, if it is i-alinear for all 7 € {1,2}.
Dilinear property means corresponding linear or alinear property [1, p.56].

Hence, a group isotope is: left linear (alinear), if the left coefficient of
its canonical decomposition is an automorphism (anti-automorphism) of
the decomposition group; linear, if it is left and right linear. There are
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six classes of semi-dilinear quasigroups: left, right and middle semi-linear
quasigroups and left, right and middle alinear quasigroups.

Proposition 1. The definitions of left, right and middle linearity given
above are correct.

In other words, they do not depend on canonical decompositions of
the corresponding group isotopes.

Proof. Let (+,0,«, 3,a) and (o, e, a1, f1,b) be canonical decompositions
of a group isotope (Q;-). A dependence between them is the following
(see [23]):

roy=x—e+y, a1z = ar —ae + e,

Biy=e—Pe+Pfy, b=ae+a+ fe (8)

To prove independence of the left linearity concept on canonical decompo-
sitions, we have to prove that o is an automorphism of the group (Q;o,€)
if and only if « is an automorphism of the group (Q;+,0). The statement
“aq is an automorphism of (Q;o,e)” means that for all z,y € Q

ar(zoy) =arzroaqy
holds. According to (8), this is equivalent to
alr —e+y)—aet+e=ar —ae+e—e+ay—ae+e,
that is a(x — e +y) = axr — ae + ay. Replacing = with z + e we have
alz+y) =a(r+e) —ae+ ay. (9)

Putting y = 0, we obtain a relationship ax = a(z+e) — ae. This is always
true when « is an automorphism of (Q;+,0). Therefore, (9) is equivalent
to a(z +y) = ax + ay.

Independence of left and middle linearity, left, right and middle alin-
earity concepts with respect to canonical decompositions can be proved
in the same way. [

2.1. Canonical decompositions of parastrophes of group iso-
topes

To describe some relation among classes of linear and alinear quasi-
groups, we have to find a canonical decomposition of every parastrophe of
a group isotope. Namely, the following lemma is true.
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Lemma 1. Let (Q;-) be a group isotope and (+,0, o, 3,a) be its canonical
decomposition. Then 0-canonical decompositions of all parastrophes of
(Q;+) are the following

ziy=az+a+py; (10)
l‘?y:ﬁﬂfj—a—?—ay; (11)
¢
r-y=alz+Jya ta+ L;lz]a%_ély; (12)
[0} [}
st -1 -1, 7 1
x "y = LJuoyy et Jua lat a7ty (13)
« «
zhy= Ing“m:c—BF Jgﬂfla-g 5 1y; (14)
S S
¥y = 5—1% Jﬁﬁ—la; 15" Jsypy, (15)

where v == af7L, v, = a lya = 8 = BB = a, and according to

(7)
In(z) = Jo(ata) + 2 +a 'a, Is(z) := J5(B ta) gm ; B ta. (16)

« «
Proof. Since a0 = 50 =0, i, + ., +, —SF, —T— are group operations having
a B a B

0 as a neutral element. By definition of a canonical decomposition (5),
(12) is 0-canonical decomposition of s-parastrophe (Q; S) Therefore, to
obtain the canonical decomposition of s-parastrophe we have to mutually
replace 2- and 1-coefficients which are in the canonical decomposition of
l
(Q;-). That is why (13) and (15) are canonical decompositions of () and
‘

("), if (12) and (14) are canonical decompositions of (-) and (*).

All coefficients in (12) and (14) are unitary. It remains to prove that
(12) and (14) are true. Indeed,

_ _ _ _ 7 _ _ _ _ _
a e+ Ja 1a—|—Ia1Ja7a1y(:)a Yoo e + adya 1a+Ia1Jwaly)-
(0% (0%

lo=Ja=—a

Taking into account the equalities a.Jya ta = aa™ ' Jaa™
and

1 1

I;lJa'yojly = I;laflJaaflfy* Yy = I;loflJ'f ay
=I Yo Vo tay =10 By = ata + o T By + Ju(a ta)
(03 e

=a Ya+ JBy+adea (a) =a ' (a— By —a),
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we obtain
alz —oiz_ Joata —(L— IDViwvlv=az—a+a—By—a) =
—ae—By—a) Laty.
Now consider the equality (14):

IBJB”YB»T‘g Jﬁﬁ_la;g B~y = B (BIgJsysx + BIsB ta + BB y).

Since BJ58  a = BB~1JBB a = Ja = —a and
BlsJgysr = BIzB~1IBB Lax = BIsB~ VJax =
= B(JgBa + B oz 5 f~ra) =
= BB~ H(BJgB ra+ BB ax + BB a) =
=B~ JBsta+Jax +a=Ja+ Jax+a=—a— oz +a,

we have

BN (BlgJavpr + BB a+ BBY) =
=N —a—ar+a—a+y)=

=B Y —a—azx+y)=z"y.

The equality (14) can be proved in the same way. Thus, the lemma has
been proved. O

2.2. Dependence among linearities

Theorem 3. Leti € {1,2,3} and o € S3. If a group isotope is i-linear
(i-alinear), then its o-parastrophe is io~*-linear (ic~1-alinear).

Proof. Let (Q;-) be an isotope of a group and let (10) be its canonical
decomposition. Lemma 1 implies the following table of components of
canonical decompositions of parastrophes of (Q;-):

Left and right coefficients are taken from (10)-(15). The middle co-
efficients are calculated according to their definition. For example, the
middle coefficient of sé-parastrophe is

Jo - Indoyyt - ()™ = 2Ly, e = Iy Ba.

Using the obtained table, one can calculate linearity of a o-parastrophe,
if the linearity of 7-parastrophe is known for every ¢ and 7 from Ss.
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Parastrophes

Coeffic. L S L st r ST
Left o B a~! I.Juvy b IsJds7s -1
Right B« I Tyt a ! g1 I3 Js7s
Middle Jy Iyt JuBL als 1P Igag JgaglJBI[g
Decomp. s s s

+ + + + + +
el NCORNCORNNGY & @ @D

TABLE 1. Table of coefficients

For example, let sf-parastrophe of a group isotope (Q;-) be middle
linear. What linearity has its r-parastrophe?
A middle linearity of sl-parastrophe of (Q;-) means that its middle

coefficient 1,3, is an automorphism of the group (Q; —is—) Since 1, is
«

S
always automorphism of the group, f, is an automorphism of (Q;+ ).
(0%

This means that § is an automorphism of the group (Q;+). From the
table we see that r-parastrophe is right linear.

Full dependence among linearities of parastrophes of group isotopes
can be given in the following tables:

| s | L] st|r|sr L s 0 | st | r | sr
211121133 2 | 1o | 24 | 14 | 34 | 34
1233 [1] 2 T | 20 | 30 | 30 | 1a | 24
3131112 2|1 3a 1 3a | 1a | 24 | 24 | 14

where ¢ denotes i-linearity and i, denotes i-alinearity, for all 1 = 1,2, 3.
On the other hand, each of these numbers can be found using the
condition of the theorem. Indeed, let the group isotope be 1,-linear, i.e.,
it is 1-alinear. Then 1(s¢)~! = 1sr = 2r = 3, therefore sf-parastrophe is
3-alinear. The number 3, is in the second table in the second row and in
the sf column. It is easy to verify that this coexistence is in all cases, that
is the theorem is true. [

The theorem can be reformulated as follows.

Corollary 1. Relationships among single linearity and single alinearity
of a group isotope and its parastrophes are the same and can be given in
the following table:

Linearity L / r S st sr
left left left middle | right right | middle
right right | middle | right left middle left
middle | middle | right left middle left right
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The evident result for two-sided linearity of a group isotope and its
parastrophes follows from Corollary 1.

Corollary 2. Relationships among two-sided linearity of a group isotope
and its parastrophes are the same and can be given in the following table:

Linearity L / r s st | sr
left-right (Ir) Ir [lm |rm | Ir | rm | lm
left-middle (Im) | Im | Ir | lm [ rm | Ir | rm
right-middle (rm) | rm [ rm | Ir | Im | Im | Ir

Definition 4. A quasigroup will be called strictly i-linear, if it is i-linear
and it is not j-linear for j # i. A class of quasigroups will be called strictly
i-linear, if it has a strictly i-linear quasigroup.

3. Linearity bunch

A parastrophically closed semi-lattice of varieties is called a bunch of
varieties. A linearity bunch is a set of varieties which contains the variety
of all left linear quasigroups, the variety of all left alinear quasigroups,
all their parastrophes and all their possible intersections. Here we prove
that the linearity bunch has exactly 14 varieties. 11 of the varieties are
well-known and all results (definitions and identities) are summarized
in [28].

Let (Q;-) be a group isotope and (+,0, «, 5, a) be its canonical decom-
position. Therefore, o, 8, J7 are its left (2-coefficient), right (1-coefficient)
and middle (3-coefficient) coefficients, where 75 = «. These relations
immediately imply the statements:

e If two coeflicients are automorphisms, then the third one is anti-
automorphism of the decomposition group;
e If two coefficients are anti-automorphisms, then the third one is
anti-automorphism too;
e If a group isotope is i-linear and i,-linear simultaneously, then the
group is commutative, that is the group isotope is central ¢-linear.
Taking into account Theorem 3, Remark 1 and Table 1, we obtain
the following relations among all possible types of linearities, where i
denotes i-linearity, i, denotes i-alinearity and i. denotes i-centrality, for
all e =1,2,3:
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Po(k)/Parast. L s 4 st r s
semi-linearity 2 1 2 1 3 3
semi-alinearity 24 1, 24 1, 3a 3a
linearity 213, 213, 21,3 2,13 2,13 2143
alinearity 201030 | 261030 | 241430 | 261030 | 241030 | 241434
semi-centrality 2. 1. 2. 1. 3e 3e
alinearity 2:1030 | 2:1030 | 2:163c | 21630 | 2:13c | 2013,

The Table implies existence of six parastrophic orbits of the corre-
sponding varieties:

e the parastrophic orbit of all semi-linear quasigroups: the variety £;
of all left linear (i.e., 2-linear) quasigroups, the variety £, of all right
linear (i.e., 1-linear) quasigroups and the variety £, of all middle
linear (i.e., 3-linear) quasigroups;

e the parastrophic orbit of all semi-alinear quasigroups: the variety
£, of all left alinear (i.e., 2-alinear) quasigroups, the variety £,, of
all right alinear (i.e., l-alinear) quasigroups and the variety £,,, of
all middle linear (i.e., 3-alinear) quasigroups;

e the parastrophic orbit of all linear quasigroups: the variety £, of all
left-right linear (i.e., 21-linear) quasigroups (traditionally they are
called linear quasigroups), the variety £, of all left-middle linear
(i.e., 23-linear) quasigroups and the variety £,,, of all right-middle
linear (i.e., 13-linear) quasigroups;

e the parastrophic orbit of all alinear quasigroups has only one variety
£, which consists of all alinear quasigroups, i.e., each of them is left
alinear, right alinear and middle alinear;

e the parastrophic orbit of all semi-central quasigroups: the variety £,
of all left central, i.e., 2.-linear quasigroups (sometimes they are called
linear LT-quasigroups), the variety £,. of all right central, i.e., 1.-
linear quasigroups (sometimes they are called linear RT-quasigroups)
and the variety £,,. of all middle central (i.e., 3.-alinear) quasigroups;

e the parastrophic orbit of all central quasigroups has only one variety
£ which consist of liner isotopes of commutative quasigroups, i.e.,
T-quasigroups.

Now, we’ll show that all these varieties are different. For this purpose,
we will say that a quasigroup (Q;x*) distinguishes a variety 2 if (Q; *)
belongs to 2 and does not belong to these varieties from the linearity
bunch which are not included into 2.

Corollary 3. Let (Q;+,0) be an arbitrary group, o, B be its unitary
transformations, i.e., a0 = 50 =0 and let (Q;0) be defined by
roy:=ax+ Py. Then
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1) (Q;o) distinguishes £, (Q;0) distinguishes £, and (Q;0) distin-
quishes £, if (Q;+,0) is not commutative, « is an automorphism
of (Q;+) and [ is neither automorphism nor anti-automorphism of
(Q;+,0);

2) (Q;0) distinguishes L1, (Q;0) distinguishes £.q and (Q;0) distin-
guishes Lma, if (Q;+,0) is not commutative, « is an anti-automor-
phism of (Q;+) and [ is neither automorphism nor anti-automor-
phism of (Q;+,0);

3) (Q;o) distinguishes £y, (Q;g) distinguishes S, and (Q;0) distin-
guishes Lo, if (Q;+,0) is not commutative, o and  are automor-
phisms of (Q; +);

4) (Q; o) distinguishes £q, if (Q;+,0) is not commutative, o and 5 are
anti-automorphisms of (Q;+);

5) (Q;0) distinguishes £, (Q,g) distinguishes £, and (Q,g) distin-
guishes L, if (Q;+,0) is commutative, o is an automorphism and
B is not an automorphism of (Q;+,0).

Proof. The statement immediately follows from Table 1, where I, = Ig = ¢
because a = 0. Indeed, let for example (Q;+,0) is not commutative, «
is an automorphism of (Q;+) and f is neither automorphism nor anti-
automorphism of (Q;+,0), then left, right and middle coefficients of
s-parastrophe (Q; S) are (3, a and JBa ! respectively. Therefore, (Q; g) is
right linear and neither left nor middle linear. Since the group (Q; —T—, 0) is
not commutative, the quasigroup (Q; é) belongs to none of varieties from
the linearity bunch except the variety £,.

From the table follows that left, right and middle coefficients of -
parastrophe are equal to Jgvg, 8 —!and ag respectively, the decomposition
group is (Q;—é—). Taking into account Remark 1, we conclude that r-

parastrophe is middle linear and neither left linear, nor right linear, left
alinear, right alinear. The group (Q;+) is not commutative because (Q;+)
B

is not commutative. Thus, the quasigroup (Q; S) belongs only to variety
£, from the linearity bunch.
The other items can be proved analogously. O

3.1. The semi-lattice of varieties

The linearity bunch has 2 totally symmetric and 4 singly symmetric
parastrophic orbits.
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Le

A totally symmetric parastrophic orbit has only one variety. Besides,
the variety is totally symmetric, i.e., it coincides with all of its parastrophes,
S0, its parastrophic symmetry group is S3. There are two such varieties
in the linearity bunch: the variety of all alinear quasigroups £, and the
variety of all central quasigroups £..

A singly symmetric parastrophic orbit consists of three different pair-
wise parastrophic varieties. Therefore, each of them has two-element
parastrophic symmetry group being a subgroup of Ss. Since the varieties
are parastrophic, their subgroups are conjugate. Thus, the parastrophic
symmetry groups are {¢, ¢}, {¢,s}, {¢,7}.

Consider, for example, the set {£;, £,, £,,}. Since 2s = 1 and 2r = 3,
Theorem 3 implies °¢; = £, and "¢; = £,,. Hence, {£,£,,£,,} is a
parastrophic orbit. Inasmuch as 2¢ = 2, the parastrophic symmetry group
of £ is {¢,¢} and consequently

Ps(£,) = rPs(&)r = r{, l}r = {1, s},
Ps(£,,) = sPs(£))s = s{¢,¢}s = {¢,r}.

4. Identities which define varieties in the linearity bunch

G.B. Belyavskaya and A.Kh. Tabarov have found identities for 11
varieties of the linearity bunch. To obtain all identities it is enough to
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take a collection of identities such that each of them characterizes one
variety from every parastrophic orbit. After that consider all parastrophes
of the identities. We will find the identities using this method.

The parastrophic orbit of semi-linear quasigroups

Proposition 2. All semi-linear quasigroups belong to three varieties £,
£ and £,,. These varieties form a singly symmetric parastrophic orbit
and they are described by the following pairwise parastrophic identities:

£ zy-z=az(u-u) - (u" (uy-2)); (17)
St (e (y W) = Gy ) ((u” wa); (18)
Lo (z " uy) - ((z * u?) " uz) =yz. (19)

Proof. G.B. Belyavskaya and A.Kh. Tabarov |7] proved that the identity
p(uty)-z=a(u"u)-(u-(y-2))

describes the class £; of all left linear quasigroups. Replacing u A y with
y and y with uy and applying (1) we obtain (17) which also defines the
variety £;.

By Theorem 1, s-parastrophe of the identity (17) describes the variety
€. Since 2s = 1 and 2(s¢)~! = 2sr = 2r = 1, Theorem 3 implies that
every s-parastrophe and every sf-parastrophe of a left linear quasigroup
is right linear, therefore *¢; = £, = %‘¢;.

According to the definition in order to obtain s-parastrophe of the
identity (17), we have to replace the main operation (-) with (°). As a
result, we obtain

T T
(@ y) z=le" (u (w)] [u (((u-y) " 2).
Using the definition of s-parastrophe and applying identities (2) and
formula (4), we obtain (18).

By Theorem 1, r-parastrophe of the identity (17) describes the variety
€. Since 2r = 3 and 2(sr)"! = 2s¢ = 1£ = 3, Theorem 3 implies that
every r-parastrophe and every sr-parastrophe of a left linear quasigroup
is middle linear, therefore "£; = £, = " £,.

According to the definition in order to obtain r-parastrophe of the
identity (17), we have to replace the main operation (-) with (*). As a
result, we obtain

(@-y) - z=x
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Applying formula (4) and (3) when o = r:
@ u?) @iy = () )
Replace u - y with y, y with uy and use one of (1):
(x " u?) - (x - uy) - 2) =u-(y " 2).

Replace y - z with z, use one of (1) and (3) when o = 7, we obtain (19).
The identity defines the variety "£;, i.e., £,,.
Thus, the parastrophic orbit of semi-linear quasigroups is the set:

POS[ = {21, QT, ,Qm}. L]

The parastrophic orbit of semi-alinear quasigroups

Proposition 3. All semi-alinear quasigroups belong to three varieties £y,
Lra and Lpq. These varieties form a singly symmetric parastrophic orbit
and they are described by the following pairwise parastrophic identities:

Lo x(yz ¢ u) = [(z(uz ¢ w)) ‘ u]y; (20)
Sra: (whay)z=ylu (v zu)2))]; (21)
Lna (uz ((u ‘ x)y))u = (u ‘ zy) - zx. (22)

Proof. G.B. Belyavskaya proved that the identity

r 0 r r

[u- (- wy)lz =ylu- (u-)z)]
describes the class £,, of all right alinear quasigroups (see Theorem 2.2.1

[4]). Replacing = * w with z and  with zu and applying (1), we obtain
(21) which also defines the variety £,4.

By Theorem 1, s-parastrophe of the identity (21) describes the variety
$€,q. Since 1s = 2 and 1(sr)~! = 1s/ = 2¢ = 2, Theorem 3 implies that
every s-parastrophe and every sr-parastrophe of a right alinear quasigroup
is left alinear, therefore *£,., = £, = *" £,q.

According to the definition in order to obtain s-parastrophe of the
identity (21), we have to replace the main operation (-) with (7). Using
the definition of s-parastrophe and aplying identities (2) and formula (4),
we obtain (20).

By Theorem 1, ¢-parastrophe of the identity (21) describes the variety
{€.q. Since 14 = 3 and 1(sf)”' = 1sr = 1¢s = 3s = 3, Theorem 3
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implies that every {-parastrophe and every sr-parastrophe of a right
alinear quasigroup is middle alinear, therefore e = Lra =20
According to the definition in order to obtain /-parastrophe of the
. . . . . L
identity (21), we have to replace the main operation () with (+). As a
result, we obtain
T ¢ 6. T T, 4 ‘

o (Ve y)) 2=y e () (Y w) - ).
Applying formula (4), (3) when o = ¢ and r¢ = sr:

sr J4 J4

M) 2)).

Using the definition of s-parastrophe and aplying identities (2), we obtain:

W@y ey T

@iy "l 2=y () Tu) " 2)

¢
Replace = - y with z, = with xy, use one of (1). As the result and by the
definition of /-parastrophe, we obtain:

r J4 J4 r 4 T

((@ - u) - 2)[(((zy - ) - u) - 2) -
Replace = - u with u, u with zu, use one of (1):
(u” 2)((ay " au) " au) *2) aw] = .

l . .
Replace u - z with u, u with uz, use one of (1). As the result by the
definition of r-parastrophe, we have:

uly=(((ay " (@ uz) " (@-u2)) 2) " (@ u2).

Replace u - y with y, y with uy, use one of (1) and by the definition of
r-parastrophe:

((@-uy) (@ -uz) " (@ uz) 2y =2 uz

¢
Replace = - uz with z, x with - uz, use one of (1) and by the definition
of (-parastrophe:
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Apply the definition of ¢-parastrophe and after r-parastrophe:

(& *uz) - uy) “a]((@ " y)2) = a.

Applying the definition of ¢-parastrophe twice in a row we obtain (22).
The identity defines the variety Le ie., Lna.
Thus, the parastrophic orbit of semi-alinear quasigroups is the set:

POSla = {Slaa Sraa 2ma}- O

The parastrophic orbit of linear quasigroups

Proposition 4. All linear quasigroups belong to three varieties £y, Lim
and L,,. These varieties form a singly symmetric parastrophic orbit and
they are described by the following pairwise parastrophic identities:

St ay-uv=zu- (6, v), Sy = (u’ (' wy-u) " (u’u); (23)

20y ) D) (u ) (24)

Lrm t 0y - ((y ‘ )" =u-zv, Sy = u’ : (u(((u ‘ w)

Lim + (0yy : v)-u=z(u : v) -y, oy = (((u

Proof. G.B. Belyavskaya proved that the identity (23) describes the class
£y of all linear quasigroups (see Theorem 2.3.1 [4]).

By Theorem 1 and Corollary 2, ¢-parastrophe of the identity (23)
describes the variety ‘€. Since 14 = 3, 1(sf)™! = 1sr = 14s = 35 = 3,
Theorem 3 implies that every ¢-parastrophe and every sf-parastrophe of
a left-right linear quasigroup is left-middle linear, therefore £, = £, =
st Slr~

According to the definition in order to obtain ¢-parastrophe of the

l
identity (23), we have to replace the main operation (-) with (-):

(@ y) (o) = (2 u) " (Buy *v),

Replace z : y with =, z with zy, use one of (1) and apply formula (4), (3)
when o = ¢ and r{ = sr:

l y4 4 / l sr

z - (u-v)=(zy-u) - (duy - v), duy=lu -
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l . . -
Replace u - v with u, u with uv, use one of (1) and apply the definition
of s-parastrophe:

ziu= (zy : uv) : (Ouvy ‘ v), Ouy = [(((uw)? : Y) ‘ w) ©uvl] - (uwo - w).

¢
Replace = - u with z, x with zu, use one of (1) and apply the definition
of (-parastrophe:

(zu-y) Tuv = z(0uy : v), Suwy = [((uw)? ‘ Y) ¢ wv) - wv) - (uv ! uv).

Replace uv with u, v with u ¢ v, use one of (1) and apply the definition
of (-parastrophe. As the result, we obtain (24). The identity defines the
variety eﬁlr, ie., Lm.

By Theorem 1 and Corollary 2, r-parastrophe of the identity (23)
describes the variety "£;,. Since 2r = 3, 2(sr)™! = 25/ = 2rs = 35 = 3,
Theorem 3 implies that every r-parastrophe and every sr-parastrophe of
a left-right linear quasigroup is right-middle linear, therefore " £;,. = £, =
T

According to the definition in order to obtain r-parastrophe of the

r

identity (23), we have to replace the main operation (-) with (+):

(@-y) " (u:v)=(z-u) " (Buy - ),

Replace u - v with v, v with uv, use one of (1) and apply formula (4), (3)
when o = r and {r = st:

(@ ) o= (") Gy ), by =[ue (W) T y) D) Yl

Replace z - u with u, u with zu, use one of (1) and apply the definition
of s-parastrophe:

(z ! Y) To=u" (Ozuy B (zu-v)), Opuy=(zu)? ! [zu-(((zu ¢ zu) B Y) TJ?’LL)]

Use the definition of r-parastrophe twice in a row and replace x ! y with
y, y with zy, use one of (1):

14

Spuzy - u(y - v) =au-v, Oguay = (zu)? " [zu- (((zu ‘ zu) - zy) - au)).
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Replace y - v with v, v with yv, use one of (1):

¢ l
Spuy - uv = U - Yv,  Oguary = (zu)? - [zu- (((zu - zu) * zy) - zu)].
Replacing zu with w, v with z " u and replacing xy with y, y with x i Y
using one of (1), we obtain (25). The identity defines the variety "£,, i.e.,
Lrm-
Thus, the parastrophic orbit of linear quasigroups is the set:

Poslr = {Slm 'Slm; 'Srm}' [

The parastrophic orbit of semi-central quasigroups

Proposition 5. All semi-central quasigroups belong to three varieties £,
Lre and L. These varieties form a singly symmetric parastrophic orbit
and they are described by the following pairwise parastrophic systems of
identilies:

Cayee = (- 2),
L : {x(yﬁuv)—u(y TV); (26)

e {x-yz—(w yu)~u (u " u)z, (27)

)
: )-
2(y " uv) = uly " av);
(

o { u((u” ay) "yz) =
z(y "~ uv) = u(y - V).

z - u?)z,

Proof. A.Kh. Tabarov proved that the systems of identities

{ p(uy) -z =aw”u)- (u”yz),
2y @) =u (y (2" o))

{ 2 (" )z = (ay ) (' )z,
T r T T

- (y-(u-v))=u-(y-(z-0));

described the class £;. of all left central quasigroups and the class £,.
of all right central quasigroups respectively (see Theorem 2.6.1 [28]).
V.D. Belousov [1] found the second identity in each of these systems.
This identity defines the variety of all quasigroups which are isotopic to
commutative groups. We shall present the given identity in a more simpler
form by primarily-equivalent transformations, namely replacing x " v with
v, v with zv, using one of (1) and applying the definition of r-parastrophe,
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obtaining the second identity in every system (26), (27) and (28). In the
first identity of the first system we replace u . y with y, y with uy and in

the first identity of the second system we replace y ¢ u with y, y with yu
using one of (1). Consequently, we obtain the identities from systems (26)
and (27) respectively.

By Theorem 1 and Corollary 2, s-parastrophe of the first identity
from(26) describes the variety *£;.. Since 2s = 1, 2(sf) ! = 2sr = 1r = 1,
Theorem 3 implies that every s-parastrophe and every sf-parastrophe of
a left central quasigroup is right central, so *£;. = £, = stg..

By Theorem 1 and Corollary 2, r-parastrophe of the first identity from
(26) describes the variety "£;.. Since 2r = 3 and 2(sr) ! = 2sf = 1/ = 3,
Theorem 3 implies that every r-parastrophe and every sr-parastrophe of
a left central quasigroup is middle central, therefore "£;. = £,,c = " L.

According to the definition in order to obtain r-parastrophe of the first

identity from (26), we have to replace the main operation (-) with (*):

T

(@-y) -z =lr" (u

r r r

Ju)l - fu ()t y) - 2):

Applying formula (4), (3) when o = r, we obtain:
(@ y)-z=(x u’) " [u((u"y) " 2)).

Replace z B y with y, y with zy, use one of (1) and apply definition of
r-parastrophe:

(@ u?) (g 2)=u-((u'y) " 2).
Replace y - 2 with z, z with yz, use one of (1) and apply definition of
r-parastrophe:
uw- (z uP)z=(u'y) " yz
Using the definition of r-parastrophe, we obtain the first identity from

(28). The identity defines the variety "£, i.e., L.
Thus, the parastrophic orbit of semi-central quasigroups is the set:

Poglc - {Sla 27“07 Smc} O
The parastrophic orbit of alinear quasigroups

Proposition 6. All alinear quasigroups belong to one variety L£,. This
variety forms a totally symmetric parastrophic orbit and it is described by
the following identity:

Lot zy-uv=(0gv-y) -ux, Ozv:=][(x-(x-x)v)- ] ‘ (z " z). (29)
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Proof. G.B. Belyavskaya proved that the identity (29) describes the class
£, of all alinear quasigroups (see Theorem 2.3.2 [4]). The variety is totally
symmetric because if two coefficients are anti-automorphisms then the
third one is also an anti-automorphism. ]

The parastrophic orbit of central quasigroups

Proposition 7. All central quasigroups belong to one variety £.. This
variety forms a totally symmetric parastrophic orbit and it is described in
the following system of identities:

vy -z =a(u-u)- (u- (uy-z)),

vy = (o) “u)- (ut )z,
z(y - w) = u(y - zv).

Proof. A variety of central quasigroups is a intersection of varieties of
linear and alinear quasigroups. The fact is stated by G.B. Belyavskaya (see
the Corollary 2.4.2 [4]). The variety is totally symmetric because if a de-
composition group is commutative and two coefficients are automorphisms
then the third one is also an automorphism. [

Conclusion

The results and methods of group theory are effectively generalized
on the quasigroups which are close to groups. Moufang loops are closest
to groups in the class of loops, and linear, central and medial quasigroups
are closest to groups and commutative groups in the class of quasigroups.
On the other hand, isotopy changes almost all algebraic concepts so much
that they disappear in the respective isotopes.

This full classification of quasigroups with some linearity properties
allows to solve the problems in quasigroup theory, especially to construct
the necessary examples.
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