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ABSTRACT. The aim of this paper is to propose two possible
ways of defining a g-digroup action and a first approximation to
representation theory of g-digroups.

1. Introduction

Lie’s third theorem asserts the existence of a bijection between local
Lie groups and its finite dimensional Lie algebra in the following way: the
tangent space at the identity of any Lie group is a Lie algebra, and also,
that to any finite dimensional Lie algebra over the real or the complex
numbers, corresponds the tangent space of a connected Lie group unique
up to finite coverings. On the other hand, we have the so called Leibniz
algebra introduced by A. M. Bloh in [1| and later rediscovered by Loday in
1993 in [9]. A Leibniz algebra is a non associative K-algebra M endowed
with a bracket product |-, -] that satisfies the Leibniz identity,

[z, [y, 2]] = [lz, v, 2] + [y, [, 2],
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for every x,y,z € M. When the bracket product is skew-symmetric
the Leibniz identity becomes the Jacobi identity, therefore M adopts a
Lie algebra structure. Conversely any Lie algebra is obviously a Leibniz
algebra.

Following the idea of a possible extension of Lie’s third theorem for
Leibniz algebras, J. L. Loday proposed the so called Coquecigrue problem,
which consists in finding an appropriate structure that generalizes the
concept of Lie group and whose algebra is the corresponding Leibniz
algebra. A crucial aspect to consider for a possible solution to the previous
problem is to determine the correct generalization of the concept of group.
The hypothetical structure for the Leibniz case has been called Leibniz
group, Loday group, or Coquecigrue.

Further results on the Coquecigrue problem and the third Lie Theorem
are given by Monterde and Ongay [11]|. The first approximation to the
solution of the Coquecigrue problem was proposed independently by M.
Kinyon [7], R. Felipe [4], and K. Liu [8], which is a generalization of
the group structure with two products and it has been called a digroup.
Digroups form an important variety of algebras arising from dimonoids
introduced by Loday [9]. We refer the reader to the literature [18], [20], [19]
and [21] for some results on dimonoids.

Besides, in [17] O. Salazar-Diaz, R. Velasquez and L. A. Wills-Toro
studied a slightly different structure, allowing non-bilateral inverses, called
generalized digroup, that from now on we call g-digroup.

Solutions to the Coquecigrue problem were given by S. Coves [3] (local),
J. Mostovoy (categorical) [12], and M. Bordemann and F. Wagemann
(Augmented Leibniz algebras) [2].

Due to the nature of the extension of groups to g-digroups, one might
think that many definitions and results on group theory can be directly
extended to g-digroups, see [14] and [15] in which we extend the concepts
of free groups and order and we introduce the concept of tensor product,
however, unexpected results could decline the balance, for example, in [15]
we proved that Lagrange’s theorem is not always true for g-digroups, so
we have proposed some variants of Sylows’s theorems. Following this line
of extending results, in the current paper we introduce, the concept of
classical action of g-digroups from two points of view, one is by considering
a connection with the representation theory of g-digroups stated in [14],
the other one is by extending the definition of action for digroups given
in [5]. The latter way is not natural and the orbits are not well defined,
therefore a theorem like Burnside’s formula is not achieved yet.
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This paper is organized as follows. In section 2, we recall the concepts
of g-digroups, g-subdigroups, free g-digroups and the symmetric g-digroup
following papers [17], [14] and [15]. In section 3 we introduce the concept
of classical action of g-digroups which is a natural extension of the one
given in group theory, we prove Burnside’s formula for g-digroup actions
and a version of Cayley’s theorem, weaker than the one given in [15],
orbit spaces are also introduced. We end the section with an extension
of the notion of digroup action, introduced by H. Guzman and F. Ongay
in [5], to the generalized case, and we use this to get a first approach to
representation theory for g-digroups. Such definition of action does not
give a construction of orbits like in the group theory case.

2. g-digroups

In this section we give a short review of some definitions and results
about g-digroups, for a deeper study see [14] and [17].

Definition 1. A set D is called a g-digroup (generalized digroup) if it
has two binary operations - and - over D, which are associative (each
separately), and satisfy the conditions:
Hzkydz)=(xty)dz
Q) zd(ydz)=z4(yk 2),
(zFykz=(x-dy Fz
3) There exists (at least) an element e in D, such that for all z in D,
rde=xz=ekt x.
The elements that satisfy this condition are called bar-units and the
set of bar-units in D, denoted by E (or Ep), is called the halo of D.
4) For the fixed bar-unit e, we have that for each x in D there exist
x,. ! and acl_el in D (the right-inverse of x and the left-inverse of z,
respectively) such that x + x;el = e and ml_el Jx=e.

Let £ € E be a bar-unit. We define the sets of left and right inverses,
denoted by Gl5 and Gg, respectively, as follows

Gl5 = {l’lzl |z e D} and GS= {xr_gl | z € D}. (1)

It is not hard to prove that (Glg, ) and (Gﬁ, k) are isomorphic groups
with identity &, see [17, Theorem 2|. A g-digroup is called trivial if it
consists of only bar units.

The following proposition summarizes some basic and important prop-
erties of the binary operations 4 and F. Its proof can be found in [17].
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Proposition 1 ([17]). Let D be a g-digroup and a fized bar unit . Then,
for all x,y in D,

(1) Given xz € D and § € E, we have that

() = (@)t = €4z
1

()l = (5 )) = wF&

(2) For all z,y € D and for every £,n € E, we have that y J:,T{l =y
xlzl andxl_glky::r;nlky.

(3) The inverse of the products are (z - y)_1 = (x y)l_g1 = ylzl = :L'l_el
and (z - y); = (x 4y); ! = v F oy,

Since the proof of the following theorem comes from the results given
in [17], we omit it.

Theorem 1. Let (D,+,) be a g-digroup. For any ,{ € E
a) GS =€6-4GS and Gs = GS F €,
b) Gf = GS = Gs =Gy,
¢) €4 D =Gt and D+ € = G5, which implies G5 4 D = G5 and
Dk Gs = G5
d) E isa Gl5 set respect to the action defined by (a,() — ae; ( :=al
CHa™l, forallac Gl5 and ¢ € F.

As it is shown in [17], D can be characterized as

D= UGE UG£

(el (el

Let’s recall that if D and D’ are g-digroups, a map ¢ : D — D' is a
g-digroup homomorphism if for any x,y € D

P(r Hy) = ¢(x) 1o(y) and @z y) = d(z) - (y).

In addition, if ¢ is a bijection, then ¢ is a g-digroup isomorphism.

The upcoming statement not only describes a way to construct g-
digroups but also motivates a second characterization of g-digroups, that
is an extension of the results of M. Kinyon (see [7]) and F. Ongay (see [13]).
Its proof can be found in [17].
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Theorem 2. Let D be a g-digroup, let E& be the set of bar units and let
Glg be the set of left inverses respect to some & € E. Then Gf x E is a
g-digroup, with operations

(a,a) - (b,8) :== (a4 b,ae;B) and (a,a) - (b,B):=(a-b,a), (2)

isomorphic to D respect to the isomorphism ¢; : D — Gl5 x E, defined
by oi(x) = (£ Az, z xl_gl), with inverse ‘Pz_l : Gl§ x E — D, given by
(a,a) —» aa.

Theorem 2 and formulas (2) establish a bijective correspondence be-
tween g-digroups and G-sets. This correspondence is easily understood
because of the fact that if F is a G-set, then G x E becomes the g-digroup
(G x E,F, ), with a little modification of the binary operations given
in (2) as follows. For any (w,€) and (u,n) in G X E,

(w,&) & (u,n) = (wu, w en) and (w,§) 4 (u,n) = (wu, ). (3)

Conversely, any g-digroup D can be uniquely splitted, up to isomorphisms,
as a cartesian product G} X Ep in such a way that its halo is the set
{&} x Ep. Respect to this decomposition of g-digroups, next theorem
describes how the respective g-digroup homomorphisms are affected under
such kind of factorization, its proof is done in [17].

Theorem 3. Let W : D — D' be a g-digroup homomorphism. Then,
there exists an unique homomorphism V' : Glg X E— Gf x E' such that
the diagram

D Y. p

o |

G?XET)G?XE/

commutes, where V' = (p, ), with
a) the map ¢ : Gl£ — Gl5 , where @(a) = & 4 ¥(a), is a group

homomorphism.
b) the map p: E — FE’, defined as p(a) = V(«a) is an equivariant
map, 1.e.

p(zea)=V(r)ep(a) and plaea)=p(a)ep(a),

forallae E, allz € D and all a € Glf.
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In this way, g-digroup homomorphisms ¥ : G x E — G’ x E’ between
g-digroups can be described as ¥ = (¢, \), where ¢ : G — G’ is a group
homomorphism and A : E — E’ is an equivariant function.

Theorem 3 extends the correspondence between g-digroups and G-sets
to a bijective correspondence between categories.

Definition 2. A subset H of a g-digroup (D;F, ) is said to be a g¢-
subdigroup of D, denoted by H < D, if H with the restricted operations
Flg and | to H, is itself a g-digroup.

It is not hard to prove that the set of bar units of a g-subdigroup H of
a g-digroup D is Ey = ENH, where E is the set of bar units of D, and the

groups of left and right inverses for any £ € Ep, are Flg = (Gl5 NnH ) < Gl§
and F$ = (G§ NnH ) < Gg, respectively. Moreover, H < D iff there exist

I'< Glg and an invariant I'-set A C E (I'e A = A), such that H 2T x A
(see [17, Lemma 6| for more details).
The following definition was given in [14].

Definition 3. Let X be a subset of a g-digroup (D,, ). For X~ we
mean the set of all inverses, right and left, with respect to all bar units in
D of all elements in X. In other words, if E denotes the halo of D,

X~ =X UX],
where X, := UeeE{a:l_el |z € X} and X7 =, cp{z ! |z € X}

The g-subdigroup of D generated by X, denoted by <X >, is the set of
all elements of D of the form

(gll—‘--l—gp)I—y—i(hl—l---—|hk), (4)

where g, h, and y are in X* = X U X, for every t = 1,2,...,p and
n=12,...,k.

As in [10], we denote the word (4) in (X) by g1---gpJh1---hy. In
this way

G Fge=01gi-19k and g1 - A g = g1 Gr-19k-
It is not hard to prove that

gl...gpghl...hkl—ul...gtivl...vs
:gl...gpyhl...hkul...gti’//’vl...vs
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and
gl-.'gpyhln--hk—'ul-..gtxvl'--vs

:g]-.-'gpgjhl'-.hkul¢.-gt$vl"-vs'

Let X be a non empty set and F'(X) the free group generated by X,
this is, the set of all words in X*. See [6] for details on this definition.
Let FD(X) = F(X) x X x F(X) and, as above, consider uza := (u, z,a),
where u,a € F(X) and z € X, thereby the set FD(X) can be denoted by
F(X)XF(X).

The binary maps -, given in [14] are now rewritten as follows:

uta - vyb = utavyd

uta F vyb = uravyd
for all w,v,a,b € F(X) and x,y € X. It is not hard to prove that the set
FD(X) together with the binary operations -, is a g-digroup. The set
of bar units of FD(X) is given by

E(X) = {vygb | vyb = e}

and its inverses are of the form

(usba)l_(vlgb) =wvgba tztuTt = vgb(uza) T, (5)
(uﬁca);(igb) =ate7wtogh = (uza) Loy, (6)

where e is the unit of the free group F(X) and w™! is the inverse of w
in F(X).

Theorem 4. ([1/]) Let X be a countable set. Then FD(X) is a free
g-digroup, with i : X — FD(X) given by i(z) = &.

Proof. Let f : X — D be a set function from X into a g-digroup D.
For a fixed bar unit { in D, consider the function fe : X — Glg, where
Je(x) = &4 f(x). The well definition of this function comes directly from
Theorem 1. Thus, there exists a group homomorphism ¢y, : F'(X) — Gf,
such that ¢y (z) = § - f(x) and ¢, (e) = £ It is clear that, for every
reduced word xfll e xf: in F(X)

Or (@ any = €A flay) A A f,) (7)

fg) A3 f(xi;)  (0j-times) if §;>0

f(l'ij>l_§l ... A f(xZ]>l_§1 (—5j—times) if (Sj <0
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Now, we can define the function ¢¢ : FD(X) — D as follows
pe(utv) = pp (u) F f(z) 4 @ (v).

.. g% and v = ytﬁl1 : ygnm in F(X), we have that

i1 in

Thereby, if u =z

pe(uzv) = fla1,) F o b f2,) F f@) A Fya)™ - Fl) ™ (8)

Therefore, from Proposition 1, ¢¢ does not depend on the choice of the
bar unit £, so we denote ¢¢ by . The proof of the fact that ¢ is a g-
digroup homomorphism is done in [14, Theorem 7|. The proof ends with
the following equality

p(f) =&k fo) 4& = f(2). U

It can be easily proven that if D is another free g-digroup on the set
X, then D is isomorphic to FD(X). Thus, up to isomorphisms, FD(X) is
unique.

Let us consider the subset X € FD(X) of all Z := efe, x € X. From
the equations (5) and (6), we have that

ik bi=az"1z if n>0

ot obeba !t =gtz if n<0

Similarly, we define z'}. Thus, the following two equalities arise.
iFw=a'tw and w AT =w-Az"

Therefore, for the proof of the following proposition we use " instead .

In Proposition 2 of [22], one class of generalized digroups is constructed
which, under certain conditions, gives free generalized digroups. Indeed, if
in Proposition 2 of [22] suppose that n = 3 and G = F'(X3), where F'(X2)
is the free group on Xo, we obtain the construction F'(Xg) x X9 x F(X2)
of the free generalized digroup.

Proposition 2. The free g-digroup FD(X) is generated by the set X.
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Proof. Let uiv € FD(X). Then, there exist g1,---,gp, h1,--- ,hx € X
andn; € Z,i=1,--- ,pand m; € Z, j = 1,--- , k, such that

uiv = gyt gyt I bk

It is not hard to prove that

mp

utv=G" g g AR A ARy (10)

As a consequence, FD(X) is generated by X. O

Let X be a non empty set and let Sym(X) denote the symmetric
group on the set X. Let Aut(FD(X)) be the set of all bijective g-digroup
homomorphisms from FD(X) onto itself.

Theorem 5. The group Sym(X) is isomorphic to a subgroup of
Aut(FD(X)).

Proof. Let f be an element of Sym(X). Then, f : X — FD(X), defined by
f(z) = 4, where y = f(z) extends to an unique g-digroup homomorphism
¢; : FD(X) — FD(X), such that (i) = f(#). In order to make the
notation easier, we use f(x) instead ¢, for the case when y = f(z).

Let uzv € FD(X), from the proof of Proposition 2, there are g1, - - , gp,
hi,--,hy€e Xandn; €Z,i=1,--- ,pand m; € Z, j =1,--- ,k, such
that uiv = g™ F -~ F g F & 4 by - 4 b, Thus, we have
that

r(uiv) = o™ b g EE AR A AR )
= ()™ F - Fop(gp)™ (@) 4 @p(hn)™ -+ pp(hp)™

= flg)™ F -k flgp)™ F f() A f(ha)™ - A f(hg)™
= fg)™ -+~ F(gp)" [ () f(ha)™ -+ f (i)™,
(11)
where
0r(gi) F - For(ds) (n;-times)  if n; >0
@r(gi)" =

(er(@))ig b oo (r(30)i, (—mi-times) if n; <0
A similar equality is true for ¢ f(ﬁj)mj.
Consider another function A € Sym(X), then

ox(udv) = Xg1)™ -+ Agp)" P A(@)A(h1)™ - A(hy) ™.
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Thereby, ¢ o o = @for. Moreover, if 1x is the identity function in
Sym(X), then ¢1, : FD(X) — FD(X) is the identity function. Thus, for
every f € Sym(X), o5 € Aut(FD(X)). Hence, the following function

® : Sym(X) — Aut(FD(X)), where ®(f) = ¢y (12)

is well defined and it is a group homomorphism. Let f, A\ € Sym(X) such
that ®(f) = ®(A), then for every € X, we have that

(@) =2NE) = f)=Az) — fla)=A\a).

As a consequence, f = A. [

3. g-digroups action and representation theory

In this section we explore the concept of a g-digroup action from two
points of view, one as a natural extension of group actions and the other
by considering a pair of compatible actions. The first one is motivated
by the definition of a g-digroup representation given in [14, Definition 9|
and the second one from the digroup action introduced by H. Guzmaéan F.
Ongay in [5].

3.1. Classical actions and Burnside’s formula

We recall the definition of a g-digroup representation.

Definition 4. Let (D,F, ) and (D',FH, ") be two g-digroups and let
Aut(D) be the set of all bijective self homomorphisms of D. A representa-
tion of D' on D is a function ¢ : D" — Aut(D), with ¢(u') = ¢, such
that, for every u/, v/ in D’ and every w € D,

Purrr (W) = Qu (o (W) = (Pur © Pu) (W)

and
w4 (W) = pu (P (W) = (Pur © pur) (w)

It is well known in group theory that every representation induces
a natural group action. We propose a natural extension of such idea to
g-digroups.

Definition 5 (Classical action). Let (D,F,H) be a g-digroup and let
M be a set. A classical action is a function ¢ : D x M — M, with
o(z,m) = x om, such that, for every x,y € D and m € M,
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Al) zo(yom) = (zFy)om,

A2) (zFy)om = (z-1y)om and

A3) for every bar unit e € D, eom = m.

In this case, M is called a classical D-set or for simplicity, a D-set.

Note that that if F=-, then ¢ is a group action. An immediate conse-
quence of the previous definition is the following proposition

Proposition 3. If D = G x E is a g-digroup and M is a D-set, then M
is a G-set. Conversely, if M is a G-set, then M can be seen as a D-set.

Proof. For (g,6) € D, let 5 : G x M — M, be the function g x5 m :=
x5(g,m) = (g,9) ©m, where ¢ is a classical action. Since

g,0)om

(e,§) F(g,0)) om

(e,€) 1 (g,6)) om (13)
g.§)om

= g*s m,

gxsm =

(
(
(
(

we have that x¢ = %5, thus we use * instead of *¢.
Let g, h € G, e the identity in G and m € M, then

gx(hem) = (9,)0((h, om) = ((9,€)  (h,€©))om = (gh, )om = ghwm

and
exm = (e,§) om =m.

Therefore, M is a G-set under the action x.

Conversely, assume that M is a G-set under the action x, then ¢ :
D x M — M, with (g,£) o m = g *m, is a classical action of D over M.
In fact, let (g,€&) and (h,d) in D and m € M, then
A1) (9,8)o((h,0)om) = g (hxm) = ghxm = (gh,ged)om = ((g,¢) F

(h,d)) om,

A2) ((9,8) F (h,0)) om = ghxm = (gh,§) om = ((9,£) 7 (h,0)) om
and

A3) for every (e, &) bar unit in D, (e,£) om = e xm = m.

Hence, M is a D-set under the classical action ©. ]

It is not hard to verify that ¢ does not depend on the left inverse of

(g,&) chosen. In fact, it does not change if instead of (g,f)f(l | we take

(gvg);(i .y» see [17, Corollary 2.
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We know that the symmetric group Sym(D) is a trivial g-digroup in
the sense that 4=k and o = A = oo . Consider the map ¢ : D — Sym(D),
defined by @(x) =: ¢, where ¢,(y) = x ¢ y. This map is well defined.
Indeed, let x = (g,&) and (h,n), (h',n') € D, since

P(g.6) (M) = we (W, 7)) & (ghg™',gen) = (gh'g~, genf
~ (h777) - (h/777/)7

then ¢, is a one to one function. Furthermore, for every (h,n) € D,

Py ((hyg™ em)) = (h,n),
SO ¥(g.¢) 1 a surjective function. Thus, ¢ is well defined.

Proposition 4. The function ¢ : D — Sym(D) is a g-digroup homomor-
phism. Moreover, ¢ is injective if and only if the center Z(G) is trivial
and E has one element.

Proof. The first part is true because of the fact that ¢ is a classical action
of D into itself. The rest of the proof follows from the equivalence

(9.6) 0 () = (3.) o (h,n) & (ghg ™', gen) = (ghg . Gen),

for every g,g,h € G, f,g,n € E. Consequently, g~ 'g € Z(G) and ¢ = §~,
for every &,& € F. O

Consider the function ¢/ : D x D — D, where ¢’y = xz | y is the left
translation. Then, ¢’ is a classical action. In fact,
Al) 2o (yo'2)=xk (yF2)=(xFy)o 2,
A2) (xHy)dz=(xdy)Fz=(xty)o zand
A3) edz=ek 2z ="z

Again, let ¢, : D — D, with ¢,(y) = 2 ¢ y. Then, if = (g,&) and
Y= <h7 77);

P(g,6)(h,n) = (gh, g en).

It is straightforward to prove that ¢, € Sym(D) and so ¢ : D —
Sym(D), where ¢(x) = ¢, is well defined. Besides, ¢ is a g-digroup
homomorphism, indeed,

SOxl—y(Z)z(:L‘l—y)olz:(:nl—y)l—z::xl—(yl—z)
=x0' (yo' 2) = (vz 0 py)(2)
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and

%Hy(z):(;U—|y)<>'z:(x—|y)l—z::nl—(yl—z)
=10 (yo' 2) = (v 0 py)(2),

for every z,y,z € D. However, since p(,¢) = ¢(g,), for every {,n € E, ¢
is not a generalized isomorphism, unless F has one element.

The previous constructions motive the following definition and theo-
rem.

Definition 6. A regular representation of a g-digroup D is a digroup
homomorphism from D into a permutation group.

Theorem 6 (Cayley theorem). There exists a faithful reqular representa-
tion of a g-digroup D if and only if D is a group.

It is not to hard to see, doing a similar proof as the one of the previous
theorem, that there is not a generalized isomorphism from a g-digroup D
onto a group G unless at least D is itself a group.

Theorem 7. If M is a D-set under the action ©, then
~v: D — Aut(M), with y(x)(m) = vz(m) =x0om,m € M,

extends to an unique representation ¥ of D on D', where D' = FD(M) is
the free g-digroup on M. Moreover, if ) : D — Aut(D’) is a representation,
then D' can be seen as a D-set in the classical sense of group theory.

Proof. Suppose that M is a D-set under an action ¢ : D x M — M.
Then, for every x € D, 7, : M — M, where 7,(m) = x ¢ m, is a bijective
function. From Theorem 5, ®(v,) € Aut(FD(M)). Thus, we can define
the composite function

U:=®ovy:D — Aut(FD(M)), with ¥ (x) = ¢,,

Let wru € FD(M), with w = lemZ mft”
mjilmjf mzs, free words in FD(M). Then, from (11),

2 and u =

U(z)(wrmu) = ., (winu)
= ’Yl‘(mh)eil T ’Y:c(mit)e% ’Yx(m)’yx(mh)eh o Va (mjs)ejs .
(14)
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In addition,

. €i;
J ::xomi_
J

Yo (mi,) " = (@ omy;) and v, (m;, )%

. (15)
= (xomy,)%i =: xomjj".

On the other hand, for every z € D and every w € F(X), we define

Vo (W) 7= Yo (Mg )1y ()2 - -y (g, ) (16)

Equations (15) and (16) summarize the natural extension of ¢ to
a classical action of D over the free group F(M). Thus, we have the
reformulation of Equation (14) as follows

() (winw) = Yo (w)ya ()7 (w).
From (14)-(16), we have that
U (z)(wru F wnu) = V(z)((wm

and
U (z)(wrhu) 4 wnu) = Y (z)(wrhuona)
2 (W) (M) () Y0 ()72 (n) 2 ()
( (W) @z (M) 1z (u) = (12(W)pz(n)y2 (1))
W () (i) 4 W () (@77).
Moreover, since the words 7, (w) and 7, (@), for w = m m Zt €
F(M) and w = mlellmle2 ---ml:T € F(M), are also free WOI"db in F(M),
then the assumption v;(w) = v, (W), implies t = s and, up to rearrange-
ment of the respective letters, v, (mi,) = vz (my, ), so m;, = my,, for every
v=1,---,t. Thereby, ¥(x) € Aut(FD(M)).
Let z,y € D, from (15) and (16)
Yoy (W) = (& F y) omg ) (@ y) omy2) - ((z b y) omy*)
= ((@o(yomy (o (yomy?)) - ((xo(yomy))
=y omy ) (yom?) - (yomy"))
= Yoy (g, - -my"))
= 'Yx(’Yy(w)'
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Therefore,

Uz Fy)(wmu) = (Yary (W) Yoy (M) V2ry (0))
(e (v (W) Y2 (py (M), 72 (7 (1))

= V() (yy(w)yy(m)yy(u))
() (W ()( mu)),

thus, ¥ : D — Aut(FD(M)), is a representation. Let U another represen-
tation of D on FD(M), such that U (z)(wiv) = (vz(w)es(u)yz(v)), for
every w,u,v € M. Then U=,

The reciprocal comes directly from the fact that z o m := U(z)(m) is
a classical action of D over FD(M).

O]

Now, we introduce the notions of orbits and stabilizers, natural concepts
associated to actions.

Definition 7. Let M be a D-set under the action ¢. The orbit of m € M
is the set
OP ={zom |z e D}

The set of all elements in D that leave m fixed is called the stabilizer of
m and denoted by Stabp(m).

We have the following theorem.

Theorem 8. With the above notation. Let D = G X E be a g-digroup and
M be a D-set. Then,
(a) the family F = {OF | m € M} is a partition of M,
(b) StabD( ) is a g-subdigroup of D,
(c) OF =08 where O is the orbit of m under the action * and
(d) StabD( ) = Stabg(m) x E, where Stabg(m) is the stabilizer sub-
group of m under the action *.

Proof. (a) Let k € OP N OP | then there exist z,y € D, such that zom =
yon. Thus, m = (a:l_l 4 y)om € OF. In a similar way we prove that
n € OP Therefore, OF = OF. The equality M = U,cpOF comes from
the definition of orbits.

(b) Let z,y € Stabp(m), then (z F y)om = z o (yom) = m and
(x Hy)om =z o (yom) =m, so Stabp(m) is closed under F and -,
moreover, Stabp(m) contains the halo of D. If z;_ " and z;! are the left
and right inverses of x € Stabp(m) respect to the bar unit e then

xlzlom:xlzlo(xom):(xlzl—ix)om:eom:m
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and

o o (zom)
xrel Fxz)om
(:clel I— e)Fz)o
(, He)Fa)o

x, Fx)om

S
o
3
I
E

A~ N N

= (xlzl H4x)om =m.

As a consequence Stabp(m) is a g-subdigroup of D.

ob = {(9.) om | (g9,¢) € F}
=Fa-(13) {(g,&)om | g€ G}
= {gxm|ge G} =05

Stabp(m) = {(9:€) € D | (g,8) om =m}
=Fe- (9 fgeG|(g&)om=m}xE

{geG|lgxm=m}xE

= Stabg(m) x E.

O

Let D = G x FE be a finite g-digroup and M be a D-set. We define

the index of Stabg(m) in D as the rational number [D : Stabp(m)] =
%. Thus, from the previous theorem, [D : Stabp(m)] = [G :

Stabg(m)], therefore, we have the following equation
[D : Stabp(m)] = |OF] . (17)
The proof of the following lemma is a direct consequence of Equation
(13), then we omit it.

Lemma 1. Let My¢) be the set of all m € M fized by (g,€). Then
Mg.ey = Mgy, for every §,m € E and g € G. Thus, M, ¢y = Mgy, where
M, is the set of all m € M fized by g under the action *.

We end this section with the following version of Burnside’s formula.
As we note, its proof is the same as the one for groups.

Theorem 9 (Burnside’s formula for g-digroup actions). Let D = G x E
be a finite g-digroup and let M be a D-set. If r is the number of orbits in

M under D, then
rDl= Y [Mgel-
(9:6)€D



RODRIGUEZ-NIETO, SALAZAR-DIAZ, VELASQUEZ 119

Proof. Let N be the number of pairs ((g,£), m) such that (g,£) om = m,
then

N = Y 0ep | Mgel- (18)

On the other hand, for m € M, there are | Stabp(m)| pairs ((g,§), m)
such that (g,&) ¢ m = m, then

N = Y,culStabp(m)).

From Equation (17),

Ymenr [Stabp(m)| = 3, DI/ O]

If O C M is an orbit, then 1/ ’O£| =1, thus

N = |D|r. (19)
Hence, from Equations (18) and (19), we have that
riDl= > [Myel- -
(9:6)eD

A more direct proof of Burnside’s formula can be gotten by applying,
directly, Burnside’s formula for groups.

3.2. g-digroup actions

In this section we explore, among other things, an extension of digroup
actions proposed by Guzmén and Ongay in [5] to g-digroup actions.

Definition 8 (d-equivariant). Let D = G x E be a g-digroup and M be
a G-set with action *. A function ¢ : ' x M — M is called d-equivariant
if for every g € G, £ and § in ¥ and m € M,

(a) o(g-&gxm)=gxp(&m) (equivariant), and
(b) @(& ¢(6,m)) =¢(§;m) (idempotent).

The following definition is equivalent to the one given in [5, Defini-
tion 3|.

Definition 9 (g-digroup action). Let D be a g-digroup. A set M is said
to be a D-set if there exist two functions

4>:Dx M — M, (20)

such that, for all z,y € D and m € M,
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1) z>(ypm) = (zFy)>m,

2) x<a(y<am) = (zdy)am,

3) there exists a bar unit e € D, such that e>m =m,

4) x> (y<m) = (x Fy)<m and

5) z<a(y>m) = (x4y)am.

Any couple of functions > and < that satisfies 1)-5) is called left-action or,
for simplicity, action of D over M.

Since, for every x,y € D and every m € M,

(x4dy)pm =

y)Fe)rm (21)

condition 3) is equivalent to
3’) For every bar unit € € D and every m € M, e>m = m.
This is because, if we assume 3) and € is a bar-unit in D, then
~ ~ (21)
ebm=(ede)pm = (eFe)pm=e>m=m.

The left side in conditions 1), 2), 4) and 5) corresponds to the four
choices of couples (>,>), (<,<), (>,<) and (<,>). The right side of these
conditions, at least for the cases 1) and 2) is very natural, but for the
cases 4) and 5) we might think that we can consider other possibilities.
Some of these possibilities imply that < =, i. e., the g-digroup action
becomes a classical action.

An example of the previous analysis is summarized in the following
proposition.

Proposition 5. With the above notation.
(a) Ifin the action definition, we change condition 4) by

x> (y<m)=(zFy)>m.

Then, < = .
(b) Moreover, if in the action definition, we change condition 5) by

x<a(yepm)=(z-dy)>m.

Then, 4 =1p.
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Proof. (a) Let z,y € D and m € M such that x> (y<m) = (z F y)>m,
then
x>m = (eFzxz)>m
= eb(r<am)
= zam.

So, we have that < =p.
(b) Let z,y € D and m € M such that z<(y>m) = (x 4 y)>m. Thus,

xom = (z-de)>m
= xz<a(e>m)
= zdam.
Hence, we have that < =1p. [

The following theorem shows a connection between g-digroup actions
and group actions.

Theorem 10. Let D = G x E be a g-digroup. Then, every G-set M is a
D-set under the actions

Q:DxM—Mand>: D x M — M, (22)

defined as follows: for every (g,£) € D and m € M,

q((Q?f)am) = D((g,f),m) =gx*m, (23)

where x is the action of G defined over M.
Conversely, if M is a D-set, with actions < and 1>, then D is a G-set
under the action

x¢ : G x M — M, where x¢ (g,m) = (g,§) >m, (24)

where £ € E.

Proof. For the first part we have to prove that the functions defined by
equation (23) satisfy the action conditions. Let (g, &) and (h,d) € D and
let m € M. Since < =1 we only have to verify 1), 3) and 5).

1) We have

(9,6 ((h,0)pm) = (g,é( > (h

Il
—~ Q
*
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3) The bar units of D are of the form (e, ), where e is the identity of
G. So, we have that (e,{)>m = exm =m.
5) We have

(g:8) > ((h,0)>m) = (g,&) > (h*m)
= gx(hxm)=(gh)*m=(gh,§)>m
= ((9:6) 4 (h,0))>m.
Conversely, since > is a function, so is *¢ for any £ € E. Let g, h € G and
e be the identity in G, then

gx¢ (hxem) =

NN N N N N N

Besides, e x¢ m = (e,&) >m = m. Thus, *¢ is an action of G over M. [

We have the following characterization which is the same to the one
given in [5], up to the definition of d-equivariance.

Theorem 11 (A characterization of a g-digroup action). Let D = GXE be
a g-digroup and M be a G-set under the action . Then, M can be endowed
with a D-set structure in which x = x¢ is the action defined by Equation
(24) if and only if there exists a d-equivariant function € : E x M — M.

Proof. Suppose that M is a D-set under the actions (<,>). We define the
function

e:ExM— M,
where ¢(§,m) = (e,£) <m. Indeed,

Il
NN NS N S

e(h-& hxm)

)
(e,h-f) B (h,&))<1m

el

el

|
>
*
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Besides, £(&,e(n,m)) = (e,€) < ((e,n) <m) = (e,&) <m = (&, m). Then,

we have proven that ¢ is a d- equivariant function.

Conversely, suppose that € : £ x M — M is d-equivariant. We define
(g,€)pm =g=+m and (g,£) <m = e(&, g xm). Thus, we have to verify if
they satisfy the g-digroup action conditions.

1) For every (g,&), (h,0) € D and m € M,

(9.8 > ((h,6)>m) = g=(hxm)
= (gh)*m

(gh,

(

g-d)>pm

(9,6) = (h,0)) >
2) Let (g,€),(h,d) € D and m € M, then

(9:6) <((h,8) am) = (g,¢

)< (e(8, hxm))
e(&,gxe(0,hxm))
(&e(g- 6,9 (hxm)))
(& (g -6, (gh) *m)))
(f,(gh)*m)

= (gh )
= ((g (h,é))qm

3) The bar units of D are of the form (e, ), where e is the identity of
G. So, we have that, (e,&)>m = exm = m.
4) Let (g,§), (h,0) € D and m € M, then

(9:6) > ((h,0) am) = (9

3

Il
)

Il
M Q

( )) am.
5) For every (g,&), (h,d) € D and m € M, we have that

(9,§) <((h,0)>m) = (g,§) <h*xm

(& g% (h*m))

e(&, (gh) xm)) O
(gh,&) <m

= ((9,8) #(h,0))am.

It is well known in group theory that there is a strong connection
between the symmetric group and the G-sets. Here we have something
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similar given in Proposition 6. Before the statement of such corollary, we
recall the definition of the symmetric g-digroup, for more details see [16].

Let A be non-empty set and let G < Sym(A). If X is a G-set, with
action (g,&) — g e &, we define the map

T: Sym(A)x X — End(Ax X)
(Oé, 5) = T(Oévs)’

Whit Tia¢)(b,) = (a(b), €), ¥(b,n) € A x X.
Over the set T := {T{4¢) | g € G and § € X} we define the binary
maps - and F, by

Tige) A Tty = Tigng) and Tige) = Tiny) = Tigh,gen)-

Theorem 12 (The symmetric generalized digroup). The set (Tg,F, )
is a (symmetric) g-digroup with halo Ty = {T(14¢) | £ € X}. For any bar
unit Tirq.e) € Ti, the left and right inverses of Tiy¢) € T are

1 B
T(g7£)le -

-1

Tig-1,) and 7!

(@) =

g~1l,g tee):

As it was mentioned, the following proposition asserts the connection
between g-action and the symmetric g-digroups.

Proposition 6. Let A, X and a T as previously given, then A x X is a
Ta-set.

Proof. 1t is not hard to prove that 7g is isomorphic to the g-digroup

G x E, where (g,€) = (h,n) = (gh, ¢¢(n)) and (g,&) = (h,n) = (gh, ).
Consequently, we have to prove that A x X is a G x E-set, but it is an

immediate consequence of the fact that A x I is naturally a G-set and
e:Ex(AxXE)— AXE,

where (¢, (a,n)) = (a,§) is a d-equivariant function.

(a)
(dg(§) g% (a,m)) = e(@g(8), (9(a), dg(n)))
= (9(a), d,4(¢))
= g*(a,f 29*5(5’(61’77))
(b)

e(§,e(n, (a,9))) = (&, (a,n)) = (a,§) = £(&, (a,9)). a

In the following definition we introduce the concepts of orbits and
isotropic g-subdigroup like in [5, Definition 4].
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Definition 10. Let D be a g-digroup and let M be a D-set. We define
the p-orbit and the <-orbit of an element m € M as the sets O}, =
{z>m |z € D} and O;, = {x<m | z € D}, respectively. We also define
D ={zeD|x>m=m}and D], ={x € M |z<am =m}.

The sets O, and Oj, are not orbits in the sense of group actions.
Thereby, we could consider the orbit of m as the set OF = 0> U Oy, but
it is unknown if they partition M.

The proof of the following proposition is equal to the one given for
[5, Proposition 7], thus we omit it.

Proposition 7. The set D! is a g-subdigroup of D, called the left isotropic
g-subdigroup of D. Moreover, D,, = DinﬂD:n 1s also a g-subdigroup, called
the bilateral isotropic g-subdigroup of D.
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