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Spectra of locally matrix algebras
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ABSTRACT. We describe spectra of associative (not necessar-
ily unital and not necessarily countable-dimensional) locally matrix
algebras. We determine all possible spectra of locally matrix alge-
bras and give a new proof of Dixmier—-Baranov Theorem. As an
application of our description of spectra, we determine embeddings
of locally matrix algebras.

Introduction

Let IF be a ground field. Recall that an associative F-algebra A is called
a locally matriz algebra (see [10]) if for an arbitrary finite subset of A
there exists a subalgebra B C A containing this subset and such that B is
isomorphic to a matrix algebra M, (F) for some n > 1. In what follows we
will sometimes identify B and M, (F), that is, assume that M, (F) C A.
We call a locally matrix algebra wunital if it contains 1.

Let A be a countable-dimensional unital locally matrix algebra. In [7],
J.G. Glimm defined the Steinitz number st(A) of the algebra A and
proved that A is uniquely determined by st(A). J. Dixmier |5] showed
that non-unital countable-dimensional locally matrix algebras over the
field of complex numbers can be parameterized by pairs (s, «), where s is
a Steinitz number and « is a nonnegative real number. A.A. Baranov [1]

extended this parametrization to locally matrix algebras over arbitrary
fields.
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In [2|, we defined the Steinitz number st(A) for a unital locally matrix
algebra A of an arbitrary dimension. We showed that for a unital locally
matrix algebra A of dimension > N the Steinitz number st(A) no longer
determines A; see [3,4]. However, it determines the universal elementary
theory of A [3].

In this paper for an arbitrary (not necessarily unital and not necessarily
countable-dimensional) locally matrix algebra A, we define a subset of
SN that we call the spectrum of A and denote as Spec(A). We determine
all possible spectra of locally matrix algebras and give a new proof of
Dixmier-Baranov Theorem. As an application of our description of spectra,
we determine embeddings of locally matrix algebras.

1. Spectra of locally matrix algebras

Let P be the set of all primes and N be the set of all positive integers.
A Steinitz number (see [11]) is an infinite formal product of the form

1.

peP

where 7, € NU {0, 00} for all p € P.

Denote by SN the set of all Steinitz numbers. Notice, that the set of
all positive integers N is a subset of SN. The numbers SN \ N are called
infinite Steinitz numbers.

Let A be a locally matrix algebra with a unit 1 over a field F' and let
D(A) be the set of all positive integers n such that there is a subalgebra
A, 1e AACA A= M,(F). Then the least common multiple of the set
D(A) is called the Steinitz number of the algebra A and denoted as st(A);
see [2].

Now let A be a (not necessarily unital) locally matrix algebra. For an
arbitrary idempotent 0 # e € A the subalgebra eAe is a unital locally
matrix algebra. That is why we can talk about its Steinitz number st(eAe).
The subset

Spec(A) = {st(ede) |e € A, e #0,¢* = ¢ },

where e runs through all nonzero idempotents of the algebra A, is called
the spectrum of the algebra A.

For a Steinitz number s let (s) denote the set of all natural numbers
n € N that divide s.

For a Steinitz numbers s1, so we say that s; finitely divides ss if there
exists b € Q(s2) such that s; = s2/b (we denote: s; ‘ Fin 52)-
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Steinitz numbers s1, so are rationally connected if so = q - s1, where ¢
is some rational number.
We call a subset S C SN saturated if
1) any two Steinitz numbers from S are rationally connected;
2) if so € S and s1 | fin 52 then s1 € S,
3) if s, ns € S, where n € N, then is € S for any i, 1 <i < n.

Theorem 1. For an arbitrary locally matrixz algebra A its spectrum is a
saturated subset of SN.

Let us consider examples of saturated subsets of SN.

Example 1. For an arbitrary natural number n the set {1,2,...,n} is
saturated.

Example 2. Let s be a Steinitz number. The set

S(o0, s) ::{%-s‘aeN,bEQ(s)}

is saturated. For an arbitrary Steinitz number s’ € S(c0,s) we have
S(00,8) = S(00,s'). If s € N then S(o0,s) = N.

Example 3. Let r be a real number, 1 < r < co. Let s be an infinite
Steinitz number. The set

S(r,s):{%S)a,bEN;bEQ(s),agrl)}

is saturated.

Example 4. Let s be an infinite Steinitz number and let r = u/v be a
rational number; u,v € N, v € Q (s). Then the set

St(r,s) = {%s ‘ a,beN; beQs), a< rb}

is saturated.

Theorem 2. Fvery saturated subset of SN is one of the following sets:
1) {1,2,...,n},neN, orN;
2) S(o0,s), s € SN\ N;
3) S(r,s), where s € SN\_'N, r € [1, 00);

4) St (r,s), where s € SN\'N, r = u/v, u € N, v € Q(s).

Remark 1. The real number 7 above is the inverse of the density invariant
of Dixmier—Baranov.
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Theorem 3. (1) For any saturated subset S C SN there exists
a countable-dimensional locally matriz algebra A such that Spec(A) = S.

(2) If A, B are countable-dimensional locally matriz algebras and
Spec(A) = Spec(B) then A= B.

Remark 2. The part (2) of Theorem 3 is a new proof of Dixmier-Baranov
Theorem.

Which spectra above correspond to unital algebras?

Theorem 4. A locally matriz algebra A is unital if and only if Spec(A) =
{1,2,...,n}, where n € N, or Spec(A) = S(r,s), where s € SN \_N,
r=u/v, u,v € N, v € Qs).

Proof of Theorem 1. In what follows, we assume that A is a locally matrix
[F-algebra. Recall the partial order on the set of all idempotents of A : for
idempotents e, f € A we definee > fif f €ecAe.

We claim that for arbitrary idempotents ej, es € A there exists an
idempotent eg € A such that e; < e3, eoa < e3. Indeed, there exists a
subalgebra A’ C A such that eq, eg € A" and A" = M, (F), n > 1. Let eg
be the identity element of the subalgebra A’. Then e < e3, e2 < e3.

Now suppose that the locally matrix algebra A is unital. Let a € A.
Choose a subalgebra A’ C A such that 1 € A, a € A" and A" = M, (F),
n > 1. Let r be the range of the matrix a in A’. Let

r(a) =

V.M. Kurochkin [9] noticed that the number r(a) does not depend on a
choice of a subalgebra A’. We call r(a) the relative range of the element
a. In [4], we showed that if A is a unital locally matrix algebra and e € A
is an idempotent, then st(ede) = r(e) - st(A).

Now let A be a not necessarily unital locally matrix algebra. Let eq,
es € A be idempotents. Choose an idempotent e3 € A such that e; < eg,
es < e3,1.e. e, eg € egAes. Let q1, g2 be relative ranges of the idempotents
e1, eo in the unital locally matrix algebra e3Aes. Then

st(ej Aey) = q st(esAes), st(eaAes) = qo st(ez Aes).

This implies that the Steinitz numbers st(e; Ae;), st(ea Aea) are ratio-
nally connected. We have checked the condition 1) from the definition of
saturated sets.
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Let 0 # e € A be an idempotent. Let sy = st(eAe), k € Q(s3) and let
s1 = s2/k. The unital locally matrix algebra eAe contains a subalgebra
e € Mi(F) C edAe. Consider the matrix unit e1; of the algebra My (F).
The relative range of the idempotent eq; in the unital algebra eAe is equal
to 1/k. Hence

1
st(ellAen) = E st(eAe) = 51, 81 GSpec(A).

We have checked the condition 2).

Now let n > 1. Suppose that Steinitz numbers s and ns lie in Spec(A).
It means that there exist idempotents eq, es € A such that s = st(e1Aey),
ns = st(egAez). There exists a matrix subalgebra My (F) C A that
contains e1 and es. As above, let e3 be the identity element of the algebra
M, (IF). Let rk(e;) be the range of the idempotent e; in the matrix algebra
My (F). We have

rk(el)
k

k
-st(eg Aes), ns = ! (]:2) -st(ez Aes),

S =

which implies rk(eg) = n-rk(eq). In particular, n-rk(e;) < k. Let 1 < i < n.
Consider the idempotent

e=diag (1,1, ...,1,0,0,...,0)
N———
irk(er)

in the matrix algebra My(F). We have

ik
st(e Ae) = ”k(el) -st(eg Aez) =1 - st(eg Aey) =1 s.

We showed that is € Spec(A). Hence Spec(A) is a saturated subset of SN.

It completes the proof of Theorem 1. O

2. Classification of saturated subsets of SN

Our aim in this section is to classify all saturated subsets of SN. We
remark that if at least one Steinitz number from a saturated set S is
infinite then by the condition 1) all Steinitz numbers from S are infinite.

Let S be a saturated subset of SN. For a Steinitz number s € S and
for a natural number b € Q(s) let

r®) = max {i>1]i- > es}
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Lemma 1. If there exists a Steinitz number so € S and a natural number
bo € Q2 (so) such that rs,(bg) = oo then for any s € S and any b € Q (s)
we have rs(b) = 0.

Proof. Let us show at first that rs,(b) = oo for any b € Q(sg). Indeed,
there exists a natural number ¢ € )(sg) such that both by and b divide c.
Then for an arbitrary ¢ > 1 we have

i-Z—Ez(i-£>-%OGS.

This implies that r4,(c) = co. Hence,

0o (if) ey
b c
which proves the claim.

Now choose an arbitrary Steinitz number s € S. By the condition 1),
the Steinitz numbers s and sy are rationally connected, i.e. there exist
a €N, be Qsg) such that s = (a/b) - so. By the condition 2), so/b € S.
Choose a natural number ¢ € (s¢/b). Then ¢ € Q(s) and be € Q(sg). For
an arbitrary ¢ > 1 we have i - s/c =1i-a-s9/(bc) € S since 14, (bc) = oo.
This implies 75(c¢) = 0o and completes the proof of the lemma. O

If a saturated set satisfies the assumptions of Lemma 1 then it is
referred to as a set of infinite type. Otherwise, we talk about a saturated
set of finite type.

Lemma 2. 1) For an arbitrary Steinitz number so € SN the set

S(00,50) = { % - S0 ’ a € N, b e Qso) }
1 a saturated set of infinite type.

2) If S is a saturated set of infinite type, then for an arbitrary Steinitz
number s € S we have S = S(00, s).

Proof. We have to show that the set S(c0, sg) satisfies the conditions 1),
2), 3). The condition 1) is obvious. Let s = (a/b) - sg, b € Q(sp). Without
loss of generality, we assume that a and b are coprime. Let ¢ € Q(s) and
let d = ged(c,a) be the greatest common divisor of a and ¢, a = a’d,
¢ = c¢'d, the numbers a’, ¢’ are coprime. Then a - so/(bc) = a’ - so/(bc’),
which implies that dc¢’ € Q(sg). Hence

/

s a
E:—'SOZQ'SOES(OO,SO).
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We have checked the condition 2).
Let us check the condition 3). Choose s = (a/b) - sp € S(o0, s0),
b € Q(sp). Let ¢ € Q(s). We need to check that for any i > 1
.S 1a
i = g% € S(o0, 80).

Let a/(bc) = a’/b’, where the natural numbers a’, b’ are coprime. Since
a
bc

it follows that b’ € Q(sp). Hence, i - (a’/b") - sg € S(00, s¢), which implies

that S(o0, sg) satisfies the condition 3) and, therefore, is saturated.

Let S be a saturated subset of SN of infinite type. Choose sg € S. Our
aim is to show that S = S(o0, sg). Since the subset S is of infinite type it
follows that 74(b) = oo for any s € S, b € Q(s). In particular,

- S0 = fESN
C

S(o0,s0) = {% . 80‘8 GQ(SO)} c S

An arbitrary Steinitz number s € S is rationally connected to sg, hence
there exist a, b € N such that s = (a/b) - so. Without loss of generality,
we assume that a and b are coprime, which implies b € Q(sp). We proved
that s € (o0, s0). O

Now let .S C SN be a saturated subset of finite type, that is, for any
s€ S, de(s) we have

rs(b):max{iEN}i-EES} < 00.
By the condition 3),
. . S
{z GN’Z'B € S} = [1, r(b)].

Since b - (s/b) € S it follows that b < r4(b). Choose a Steinitz number
s € S and two natural numbers b, ¢ € €Q(s) such that b divides c. If
i-(s/b) € S then (ic/b) - (s/c) € S. Hence rs(b) - (¢/b) < rs(c). In other

words,
Tséb) < TSEC)- (1)

Let 1 € N, s/c € S and let k be a maximal nonnegative integer such that
k- (¢/b) < i. By the condition 3), k- (¢/b) - (s/c) € S, hence k- (s/b) € S.
So, k < rs(b). We proved that

(22 < no, @
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The inequalities (1), (2) imply
|: TS(C) ] < Ts(b) < TS(C)‘

c/b c/b
Hence ©
rs(c
0 = | 275 | (3)
In particular,
rs(c) rs(c)
— 1< r(b), J(b) + 1
/b < r4(b) C/b<r()+
Dividing by b, we get
rs(b) rs(c) rs(b) 1
< —.
b S e S Th Ty 4)

Lemma 3. Let S C SN be a saturated subset of finite type and let s € S
be an infinite Steinitz number. Then there exists a limit

rs(s) = béirfrll() rséb)’ 1 < rg(s) <oo.
b— oo

If the set S is fixed then we denote rg(s) = r(s).

Remark 3. The limit r(s) is equal to the inverse of the density invariant
of Dixmier-Baranov |1, 5].

The proof of Lemma 3. The set {rs(b)/b | b € Q(s)} is bounded from
above. Indeed, choose by € €(s). For an arbitrary b € Q(s) there exists
c € Q(s) that is a common multiple for by and b. Then by (1) and (4),

r(b) r(c) r(bo) 1
< —.
b S e S T

Let
r = r(s) :sup{rséb)‘b IS Q(s)}

Clearly, 1 < r < co. Choose € > 0. Let N(¢) = [2r/e] + 1. We will show
that for any b € Q2 (s), b > N(e), we have r —e < rg(b)/b.

Indeed, let b € Q(s), b > N(g) > 2r/e. Then 1/b < ¢/(2r) < /2.
There exists a natural number by € Q (s) such that r — /2 < r5(bg)/bo.
Let ¢ € Q(s) be a common multiple of by and b. Then (4) implies

r(b) r(c) 1 - r(bp) 1

g
R e )
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So,
r = lim rs(b)
b e Qs)
b— oo
and this completes the proof of the lemma. O

Lemma 4. Let s, s’ € S be infinite Steinitz numbers, s’ = (a/b) - s; a,
beN;be Qs). Thenr(s’) = (a/b) - r(s).

Proof. 1t is sufficient to show that if s, ms € S, m € N, then m - r(ms) =
r(s).

Suppose that b € Q(s) and i-(ms/b) € S. Then i-m-(s/b) € S. Hence
Tms(b) - m < rg(b) and, therefore, r(ms) - m < r(s).

On the other hand, if i - (s/b) € S then [i/m]-m < i and, therefore,
[i/m]-m - (s/b) € S. We showed that

rs(b)

rs(b)
[ 7 ] S ms(b)a m - 1 < rms(b)a
1 r5(b) 1 - T'ms (D)
m b b b
Assuming b — oo we get (1/m) - r(s) < r(ms), which completes the proof
of the lemma. O

In the inequality (4), let ¢ — oco. Then

rsng) < () < Tséb) + % ra(b) < r(s)b < rs(b) + 1.

If the number r(s) is irrational then r4(b) = [r(s)b] for all b € Q(s).

Now suppose that the number r = r4(b) is rational; r = u/v; u, v
are coprime. If a number b € Q(s) is not a multiple of v then, as above,
rs(b) = [(u/v) - b]. If b is a multiple of v then

rb or

rs(b) = rb — 1

Lemma 5. If at least for one number by € Q(s) (| vN we have r5(by) = rby
then for all b € Q(s)(vN we have rg(b) = rb.

Proof. Let b, ¢ € Q(s)(vN and b divides c. If r4(b) = rb then, by the
inequality (1), we have
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which implies 75(c) = re. On the other hand, if r¢(¢) = rc then, by the
inequality (4),

+77

which implies 75(b) > rb—1. Hence r4(b) = rb. We showed that 75(b) = rb
if and only if r¢(c) = re.

Now choose by, by € Q(s) (| vN and suppose that r4(b1) = rby. There
exists ¢ € Q(s) () vN such that both b; and by divide c. In view of the
above, 74(b1) = rby implies rs(c) = re, which implies 75(b2) = rbe. This
completes the proof of the lemma. O

Recall that for an infinite Steinitz number s and a real number r,
1 <r < oo,

S(T,s):{ s‘a,bEN;bEQ(s),agrb},

SalS]

St(r,s) = {%s‘a,beN;be Q(s),a<rb}.

If r is an irrational number or r = /v, the integers u, v are coprime
and v € Q (s) then S(r,s) = St(r,s). If r = u/v, v € Q (s) then
St (r,s) S S(r,s).

Lemma 6. The subsets S(r,s) and St (r,s) are saturated.

Proof. The condition 1) in the definition of saturated subsets is obviously
satisfied. Let us check the condition 2). Let (a/b)-s € S(r,s) (respectively,
(a/b) - s € ST(r,s)), where a, b are coprime natural numbers, b € Q(s).
Then a < 7b (respectively, a < rb). Suppose that ¢ € Q(%s). We need to
show that (a-s)/(b-c) € S(r,s) (respectively, (a-s)/(b-c) € St(r,s)).
Let d = ged(a,¢), a = da’, ¢ = dc’. Then

/

a s a
be bc’s € SN.

Since the number be’ is coprime with a’ it follows that be” € Q(s). The
inequality a’ < rbe’ (respectively, a’ < rbe’) is equivalent to the inequality
a < rbe (respectively, a < rbe). The latter inequality follows from a < rb
(respectively, a < rb). The condition 2) is verified.

Let us check the condition 3). As above, we assume that a, b are
coprime natural numbers, b € Q(s) and a/b € S(r, s) (respectively, a/b €
St (r,s)). Let ¢ € Q((a/b) - s), ged(a,¢) = d, a = da’, ¢ = de’. We
have shown above that bc’ € Q(s). Let n € N and n - (as/(bc)) € S(r, s)
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(respectively, n - (as/(bc)) € ST(r,s)). Then na’ < rbe’ (respectively,
na’ < rbe’). This immediately implies that for any i, 1 < i < n, we
have ia’ < rbe’ (respectively, ia’ < rbe’). Hence, i - (as/b) € S(r,s)
(respectively, i - (as/b) € ST(r,s)). O

Lemma 7. Let r = u/v, where u, v are coprime natural numbers. Let s
be an infinite Steinitz number and v € Q (s). Then the set ST (r,s) is not
equal to any of the sets S(r’,s’), r’ € [1,00), s’ € SN.

Proof. Let sy € S(r, s1) (respectively, so € ST(r, s1)). Then sg = (a/b)-s1,
where a, b € N, b € Q(s1). By Lemma 4,

S(r,s1) = S(r 2,52> (respectively, St(r,s1) = S+(r 2,32)>.

We showed that the set S(r,s) (respectively, ST (r,s)) is determined by
any Steinitz number s’ € S(r,s) (respectively, s’ € S*(r,s)) with an
appropriate recalibration of r.

Let S = S(r1,s1) = ST(r2, s2). Choosing an arbitrary Steinitz number
s € S we get S(r,s)=S8T(r},s) for some r, r), € [1,00). The number
r% = wu/v is rational, ged(u,v) = 1 and v € Q(s).

The number r is uniquely determined by a saturated subset .S and
a choice of s € S. Hence v} = r/,. Now it remains to notice that for a
rational number r = u/v, ged(u,v) = 1, and an infinite Steinitz number s
such that v € Q(s) we have S(r,s) # S*(r,s). This completes the proof
of the lemma. O

Lemma 8. Let S € SN\N be a saturated subset of finite type, s € S,
r=rg(s) € [1,00). Then S = S(r,s) or S =ST(r,s).

Proof. Recall that for a natural number b € Q(s) we defined
rs(b) :max{i €N ’ z% € S}.

We showed that if 7 is an irrational number or r = u/v; u, v are coprime
and v € Q (s), then rg(b) = [rb] for an arbitrary b € €Q(s).

An arbitrary Steinitz number s’ € S is representable as s’ = (a/b) - s,
where a, b are coprime natural numbers. Clearly, b € Q(s) and a < r4(b) =
[rb]. That is why in the case when r is irrational or r = u/v, ged(u, v) = 1,
v & Q(s), we have S = S(r,s) = ST (r, s).

Suppose now that r = u/v, ged(u,v) =1, v € Q(s). If b € Q(s)\wN
then as above 74(b) = [rb]. By Lemma 5, either for all b € Q(s) N vN we
have 75(b) = rb or for all b € Q(s) N vN we have r4(b) = rb — 1. In the
first case S = S(r, s), in the second case S = St (r, s). O
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Lemma 9. Let S C N be a saturated subset. Then either S = {1,2,...,n}
for somen € N or S =N.

Proof. First, notice that the subsets {1,2,...,n} and N are saturated.
Now let S C N be a saturated subset. If n € S then n € Q(n) and

n - (n/n) € S. By the condition 3), all natural numbers ¢ = i - (n/n),

1 < i< n, liein S. This implies the assertion of the lemma. O

Now, Theorem 2 follows from Lemmas 8, 9.

3. Countable-dimensional locally matrix algebras

For an algebra A and an idempotent 0 # e € A we call the subalgebra
eAe a corner of the algebra A.

Let A} € As C --- be an ascending chain of unital locally matrix
algebras, A; is a corner of the algebra A; 11,1 > 1,
[ee]
A =[] A
i=1

Clearly, Spec(A71) C Spec(Ag) C --- .

Lemma 10.

Spec(A) = U Spec(A;).
i=1

Proof. For an arbitrary idempotent e € A; we have eA;e = eAe, hence
Spec(A;) C Spec(A). On the other hand, an arbitrary idempotent e € A
lies in one of the subalgebras A;. Hence st(eAe) = st(eA;e) € Spec(4;).

O

Proof of Theorem 3 (1). To start with we notice that {1,2,...,n} =
Spec(M,(F)). Let s be a Steinitz number. In [2|, we showed that there
exists a unital locally matrix algebra A, dimp A < Ng, such that st(A) = s.
Consider the algebra My, (A) of infinite N x N-matrices, having finitely
many nonzero entries. The algebra M,,(A) of n x n-matrices over A is
embedded in My (A) as a north-west corner,

Mi(A) C My(A) C--+, Mu(A) = [ Ma(A).
n=1
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In particular, it implies that My (A) is a locally matrix algebra. We will
show that
Spec(Mw(A)) = S(o0,s). (5)

Indeed, by Lemma 10,
Spec(Muo(A)) = U Spec(M,(A)).
n=1

We have st(M,(A)) = ns. In [4], we showed that
a
Spec( My (A) ) = { Z s ‘ b e Qns), a,beN; léagb}.

This implies Spec(M,,(A)) C S(oo, s). A Steinitz number (a/b)-s, b € Q(s),
lies in Spec(M,,(A)) provided that a/b < n. This completes the proof of
(5). In particular, Spec(Mq(F)) = N.

Consider now a saturated subset S = S(r,s) or S = S*(r,s), 1 <
r < 00, where s is an infinite Steinitz number. Choose a sequence by, bo,
... € Q(s) such that b; divides bj+1, i > 1, and s is the least common
multiple of b;, ¢ > 1. There exists a unique (up to isomorphism) unital
countable-dimensional locally matrix algebra A, such that st(A,,) =
s/bi. Let A; = M, (,)(Agsp,)- We have

St(As/bl) = St<(sz+1/bl (AS/bH_l)) = S/bl+1
Hence, by Glimm’s Theorem, A, = My, . 1, (Agp,,,) and, therefore,
A = 7s(b;) (As/bz‘ ) = ]\4745(@),”1'[}4'1 (As/bi+1 )

By the inequality (1), 75(b;) - (bi+1/b;) < rs(bi+1). Hence, the algebra A;
is embeddable in the algebra A;11 as a north-west corner. Let

A = G A;.
i=1

We will show that Spec(A) = S. Let 0 # e € A be an idempotent. Then
e € A; for some ¢ > 1. In [4], we showed that

st(eAje) = %st(Az-),
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where a, b € N; a, b are coprime natural numbers; b € Q(st(A4;)), a < b.
Furthermore,

st(A;) = rs(by) st(edie) =

SRS

’I“s(bi)

ISl o

s
by’
Let d = ged(b, rs(bi)), b= db’, rs(b;) = d - 5(b;)". So,
a-rs(b;) s
st(eAje) = T n € SN.

This implies that b" € Q(s/b;). Therefore, b'b; € Q(s). To show that
st(ed;e) lies in S(r,s) (respectively, ST(r,s)) we need to verify that
a-rs(bi)" < rb'b; (respectively, a-rs(b;)’ < rb’b;). Multiplying both sides
of the inequality by d we get a-r5(b;) < rbb; (respectively, a-rs(b;) < rbb;).
This inequality holds since a < b and r4(b;) < r - b; (respectively, a < b
and rs(b;) < r-b;). We proved that Spec(A) C S.

Let us show that S C Spec(A). Consider a Steinitz number (a/b)-s € S,
where a, b € N; b € Q(s), a < rb in the case S = S(r,s) or a < rb in the
case S = ST(r,s).

There exists a member of our sequence b; such that b divides b;,
bi =k b, k € N. Then (a/b)-s = (ak/b;) - s.

We will show that a k < r4(b;). Indeed, multiplying both sides of the
inequality by b we get ab; < rs(b;)b. Let S = S(r,s). Then a < rb. Since
a € N it implies a < [rb]. Furthermore, r4(b;) = [rb;] = [rbk]. So, it is
sufficient to show that [rb]k < [rbk]. This inequality holds since [rb]k is
an integer and [rblk < rbk.

Now suppose that S = S*(r,s). Then a < rb,

Ny if rb & N,
Ts(bl)_{ rb;, — 1, if rb € N

There are three possibilities:

1) rb € N and, therefore, rb; € N. In this case a < rb— 1, r5(b;) =
rb; — 1. We have ab; < (rb— 1)b; < (rb; — 1)b = r4(b;)b;

2) rb ¢ N, but rb; € N. In this case a < [rb], rs(b;) = rb; — 1, we
have ab; < [rb]b;, r5(b;)b = (rb; — 1)b. Hence, it is sufficient to show
that [rblk < rb; — 1 = rbk — 1. The number [rb] k is an integer and
[rb]k < rbk since [rb] < rb. This implies the claimed inequality;

3) rb; ¢ N and, therefore, rb ¢ N. In this case ab; < [rb]bk, rs(b;)b =
[rbk]b and it remains to notice that [rb] k < [rbk].
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We showed that both for S = S(r, s) and for S = S*(r,s) there holds the
inequality ak < rg(b;).

Recall that A; = M, ,)(As,). Consider the north-east corner
Mg (As/bi) of the algebra A;. We have

st (M (An)) = ak - > =

and, therefore, S C Spec(A). This completes the proof of Theorem 3 (1).
O

For the proof of Theorem 3 (2) we will need several lemmas on exten-
sions of isomorphisms.

Lemma 11. Let A be a locally matriz algebra and let Ay be a subalgebra
of A such that Ay = M, (F). Then every automorphism of the algebra A;
extends to an automorphism of the algebra A.

Proof. Let e be the identity element of the subalgebra A;. Then the corner
eAe is a unital locally matrix algebra. Let C' be the centralizer of the
subalgebra A; in eAe. By Wedderbern’s Theorem (see [6, 8]), we have
eAe= A; ®p C. An arbitrary automorphism ¢ of the subalgebra A; is
inner, that is, there exists an invertible element x of the subalgebra A;
such that p(a) = x~1ax for all elements a € A;. The conjugation by the
element = ® e extends ¢ to an automorphism of the algebra eAe. Consider
the Peirce decomposition

A = elde + eA(l—e) + (1—e)de + (1 —e)A(l —e¢),

and the mapping

Yoz + z7la(1—€) + (1—e)ax + (1—e)a(l—e).

p: A > aw— x
The mapping ¢ extends ¢ and ¢ € Aut(A). This completes the proof of
the lemma. ]

Lemma 12. Let A be a unital locally matriz algebra with an idempotent
e # 0. Then an arbitrary automorphism of the corner eAe extends to an
automorphism of the algebra A.

Proof. Suppose at first that an automorphism ¢ of the algebra eAe is
inner, and there exists an element z. € eAe that is invertible in the algebra
eAe such that ¢(a) = z_'ax, for an arbitrary element a € e Ae. The
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element x = . + (1 — e) is invertible in the algebra A. So, conjugation by
the element x extends .

Now let ¢ be an arbitrary automorphism of the corner eAe. Let A; C A
be a subalgebra such that 1, e € Ay and A; = M,,(F) for some m > 1.
Consider Ay C A such that A; C Ay, p(e Aje) C Ay and Ay = M, (F)
for some n > 1. Consider the embedding

p: eAie - p(edie) C eAge

that preserves the identity element e. By Skolem—Noether Theorem (see [6]),
there exists an invertible element z. € eAse such that ¢(a) = x, taz, for
an arbitrary element a € e Aj e.

As noticed above, there exists an automorphism ) of the algebra A that
extends the automorphism ede — eAe, a — x,*
1~ o ¢ leaves all elements of the algebra eAje fixed. Since it is sufficient
to prove that the automorphism ¢! o ¢ € Aut(eAe) extends to an
automorphism of A we will assume without loss of generality that the
automorphism ¢ € Aut(eAe) fixes all elements of eAje.

Let C be the centralizer of the subalgebra A; in A. Then A = A; ®p C
and eAe = eAje ®p C. Since the subalgebra e ®p C' is the centralizer of
eAie ®p C in the algebra eAe it follows that e ®p C is invariant with
respect to the automorphism ¢. Hence, there exists an automorphism
6 € Aut(C) such that p(a®c) = a®0(c) for all elements a € eAe, c € C.
So, the automorphism @p(a®c) = a®6(c), a € Ay, ¢ € C, extends ¢. This
completes the proof of the lemma. O

axe. The composition

Lemma 13. Let A be a unital locally matriz algebra with nonzero idem-
potents e1, ea. An arbitrary isomorphism p: e1 Aey — esAey extends to
an automorphism of the algebra A.

Proof. There exists a subalgebra A; C A such that 1, eq, eo € Ay and
A1 = M, (F) for some n > 1. Let r; be the matrix range of the idempotent
e; in Ay, i =1,2. In [4], it was shown that
r r
st(eg Aep) = L st(A), st(ex Aes) = =2 st(A).
n n
Since e Aej = eg Aeg it follows that 71 = ry. In the matrix algebra M, (F)
any two idempotents of the same range are conjugate via an automorphism.
Hence, the idempotents ey, e are conjugate via an automorphism of 4. By
Lemma 11, an arbitrary automorphism of A4; extends to an automorphism
of the algebra A. Now the assertion of the lemma follows from Lemma 12.
O
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Lemma 14. Let A, B be isomorphic unital locally matriz algebras with
nonzero idempotents e € A, f € B. An arbitrary isomorphism eAe — fBf
extends to an isomorphism A — B.

Proof. Let p: A — B, v :eAe — fBf be isomorphisms. Then

e loy i ede = o () AT (f)

is an isomorphism of two corners of the algebra A. By Lemma 13, ¢t o)
extends to an automorphism y of the algebra A, the isomorphism ¢ o x

extends . O

Lemma 15. Let A be a unital locally matriz algebra and let s1, so be
Steinitz numbers from Spec(A). Suppose that sa/sy > 1. Let e; € A be
an idempotent such that st(e1Aey) = s1. Then there exists an idempotent
ea > ey such that st(egAes) = sa.

Proof. Since sy € Spec(A) there exists an idempotent e’ € A such that
st(e’Ae’) = sy. Choose a subalgebra A; C A such that e, e’ € Ay and
Ay = M, (F).

Let 1, 72 be the matrix ranges of eq, e’ in M, (F), respectively. In [4],
it was shown that

st(eg Aey) = s1 = n st(A), stle’ Ae') = s5 =
n n

2

st(A).

Hence ro > r1. Since every idempotent in the algebra M, (F) is diago-
nalizable there exist automorphisms ¢, ¥ of the algebra A; such that
Y(e’) > ¢(e1). By Lemma 11, the automorphisms ¢, 9 extend to auto-
morphisms @, 1 of the algebra A, respectively.

Let e = @1 (¢ (e’)). Then ez > e and st(egAes) = s, which
completes the proof of the lemma. O

Proof of Theorem 3 (2). Let A, B be countable-dimensional locally ma-

trix algebras, Spec(A) = Spec(B). Choose bases a1, ag, ... and by, ba, ...
in the algebras A, B, respectively.

We will construct ascending chains of corners {0} = Ay C A} C Ay C

- in the algebra A and {0} = By C By C By C --- in the algebra B,

such that - -
U A; = A, U B; = B
i=0 i=0

and ay, ..., a; € A by, ..., b€ B;, St(Ai) = St(Bi) for all 7 > 1.
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Suppose that corners {0} = Ag C Ay C Ay C --- C Ap, {0} =By C
By € By C --- C B, have already been selected, n > 0. There exist
corners A’ C A, B’ C B in the algebras A, B, respectively, such that
A, C A’ apy1 € A’ and B, C B’, byy1 € B’. The Steinitz numbers
st(A’), st(B') lie in the same saturated subset of SN, therefore, they are
rationally connected.

Suppose that st(B') > st(A’). Let = e’ be an idempotent of the
algebra A such that A’ = e’Ae’. The Steinitz number st(B’) lies in
Spec(A). Hence, by Lemma 15, there exists an idempotent e € A such
that e > e’ and st(ede) = st(B’). Choose A, +1 = eAe, B,y1 = B’. The
chains {0} = A9 C Ay C A2 C --- and {0} = By C By C By C --- have
been constructed.

By Lemma 14, every isomorphism A; — B; extends to an isomorphism
Ai+1 — Bit1. This gives rise to a sequence of isomorphisms ¢; : A; — B;,
1 > 0, where each p;11 extends ;. Taking the union U;>op; we get an
isomorphism from the algebra A to the algebra B. This completes the
proof of the theorem. O

Proof of Theorem 4. It is easy to see that a locally matrix algebra A is a
unital if and only if the set of idempotents of A has a largest element: an
identity. This is equivalent to Spec(A) containing a largest Steinitz number.

Among saturated sets of Steinitz numbers only {1,2,...,n} and S(r, s),
s € SN\N, r = u/v; u and v are coprime natural numbers, v € Q(s),
satisfy this assumption. O

4. Embeddings of locally matrix algebras

Lemma 16. Let S1, Sy be saturated sets of Steinitz numbers. Then either
S1( S2 = @ or one of the sets S1, Sa contains the other one.

Proof. Let s € S1()S2. If s € N then, by Lemma 9, each set S; is either
a segment [1,n], n > 1, or the whole N. In this case the assertion of the
lemma is obvious.

Suppose that the number s is infinite. Then by Theorem 2, S; = S(r;, s)
or S; = St (r;,s), where r; = rg,(s) € [1,00) U{oc}, i = 1,2. Clearly, if
75,(8) < 75,(s) then S1 G Sy. If rg, (s) = rg,(s) then

S(r, s)
S1, So = | ST(r,s)
S(o0

5)
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and S*(r,s) C S(r,s) C S(o0,s) for any r € [1,00). This completes the
proof of the lemma. ]

Let A be a locally matrix algebra. A subalgebra B C A is called an
approximative corner of A if B is the union of an increasing chain of

corners. In other words, there exist idempotents eg, eq, es, ... such that
o
60A€0§61A61§62A62§---, BZUQ‘A@Z‘.
i=0

It is easy to see that an approximative corner of a locally matrix
algebra is a locally matrix algebra.

Theorem 5. Let A, B be countable-dimensional locally matriz algebras.
Then B is embeddable in A as an approximative corner if and only if
Spec(B) C Spec(A).

Proof. If B is an approximative corner of A then every corner of B is a
corner of A, hence Spec(B) C Spec(A).

Suppose now that Spec(B) C Spec(A). If the algebra B is unital
then it embedds in the algebra A as a corner. Indeed, the embedding
Spec(B) C Spec(A) implies that there exists an idempotent e € A such
that st(B) = st(eAe). By Glimm’s Theorem |7], we have B = eAe.

Suppose now that the algebra B is not unital. Then there exists a
sequence of idempotents 0 = fo, f1, fo, ... of algebra B such that

o0
0= foBfo S ABAHS LBARS ., | fiBfi =B
i=0
We will construct a sequence of idempotents eq, e1, e, ... in the algebra
A such that
coAe G erAer G eaAer G oo, st(fi B fi) = stei Ae)

for an arbitrary ¢ > 0. Let eg = 0. Suppose that we have already selected
idempotents eg, €1, ..., e, € A such that egAdeg C e1Aeq; C --- C e, Aey,
and st(e;Ae;) = st(f;Bfi), 0 <i<n. We have

st(fny1 B foy1) > st(fu B fu) = st(e, Aey)

and st(fn11Bfnt1) € Spec(A). By Lemma 15, there exists an idempo-
tent e 41 € A such that e,Ae, C epr1Ade,i1 and st(epi1deni1) =
st(fn+1Bfn+1), which proves existence of a sequence eg, €1, €, . ...
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The union
o0

A = U e; Ae;
i=0
is an approximative corner of the algebra A. By Glimm’s Theorem [7],
e;Ae; = f;Bf;, i > 1. By Lemma 10,

Spec(A’) = G Spec(e; A e;) and Spec(B) = [j Spec(fiBfi).

i=1 i=1
Hence Spec(B) = Spec(A’). By Theorem 3 (2), we have A’ = B, which
completes the proof of the theorem. O
References

[1] A. A. Baranov, Classification of the direct limits of involution simple associative
algebras and the corresponding dimension groups, Journal of Algebra, 381, 2013,
pp.73-95.

[2] O. Bezushchak and B. Oliynyk, Unital locally matriz algebras and Steinitz numbers,
J. Algebra Appl., 19(9), 2020, Doi:10.1142/S0219498820501807.

[3] O. Bezushchak and B. Oliynyk, Primary decompositions of unital locally matriz
algebras, Bull. Math. Sci., 10(1), 2020, Doi:10.1142/S166436072050006X.

[4] O. Bezushchak and B. Oliynyk, Morita equivalent unital locally matriz algebras,
Algebra Discrete Math., 29(2), 2020, pp.173-179.

[5] J. Dixmier, On some C*-algebras considered by Glimm, J. Funct. Anal., 1, 1967,
pp-182-203.

[6] Yu. A. Drozd, V. V. Kirichenko, Finite dimensional algebras, Springer-Verlag,
Berlin—Heidelberg—New York, 1994.

[7] J. G. Glimm, On a certain class of operator algebras, Trans. Amer. Math. Soc.,
95(2), 1960, pp.318-340.

[8] N. Jacobson, Structure of rings, Colloquium Publications, 37, 1956.

[9] V. M. Kurochkin, On the theory of locally simple and locally normal algebras, Mat.
Sb., Nov. Ser., 22(64)(3), 1948, pp.443-454.

[10] A. Kurosh, Direct decompositions of simple rings, Rec. Math. [Mat. Sbornik] N.S.,
11(53)(3), 1942, pp. 245-264.

[11] E. Steinitz, Algebraische Theorie der Kérper, Journal fiir die reine und angewandte
Mathematik 137, 1910, pp.167-309.
CONTACT INFORMATION
Oksana Bezushchak Faculty of Mechanics and Mathematics, Taras
Shevchenko National University of Kyiv,
Volodymyrska, 60, Kyiv 01033, Ukraine
E-Mail(s): mechmatknubezushchak@gmail.com

Received by the editors: 08.12.2020
and in final form 15.02.2021.


mailto:mechmatknubezushchak@gmail.com

	O. Bezushchak

