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ABSTRACT. Following J.S. Rose, a subgroup H of the group
G is said to be contranormal in G, if G = H. In a certain sense,
contranormal subgroups are antipodes to subnormal subgroups. We
study the structure of Abelian-by-nilpotent groups having a finite
proper contranormal p-subgroup.

Introduction

Let G be a group, and let H be a subgroup of G. Denote, by HE, the
normal closure of H in the group G, i.e., the least normal subgroup of G,
including H. We have the inclusions H < HY < G. The following polar
situation appears here: H = HY and H® = G. In a first case, a subgroup
H is normal in G. A subgroup H of the group G is called contranormal
in G, if G = HC.

The term “a contranormal subgroup” was introduced by J.S. Rose in
paper [9].

As we can see by the definition, contranormal subgroups are antipode

to normal subgroups: a contranormal subgroup H of a group G is normal
if and only if H = G.
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Starting from the normal closure, we obtain the following natural
descending series:

G=Hy>H >Hy>...Hy,>Hy1 >...H,,

where H| = H®, Hy = H"' H, ., = H" for all ordinals o < 7 and
Hy = (.« Hy for limit ordinals \, H, = H.

This series is called the lower normal closure series, and its last term
H., is called the lower normal closure of the subgroup H. We note that H
is contranormal in its lower normal closure.

The subgroup H is called descendent in G, if H coincides with its
lower normal closure. The subgroup H is called subnormal in G, if H is
descendent, and its lower normal closure series is finite. As we can see
from this definition, the contranormal subgroups are antipodes to the
descendent and subnormal subgroups.

In particular, the groups whose subgroups are subnormal do not include
a proper contranormal subgroup.

In the present work, we will consider how the presence of small con-
tranormal subgroups in a group affects its structure.

We note that if H is a contranormal subgroup of G, then every subgroup
K including H is contranormal in G. In particular, if H and L are
contranormal subgroups of G, then a subgroup (H, L) also is contranormal
in G. However, the intersection of two contranormal subgroups not always
is contranormal. For example, in the group Ay, every Sylow 3-subgroup is
contranormal, but the intersection of every two Sylow 3-subgroups of Ay4
is trivial, so that it is not contranormal. Note also that if M is a maximal
subgroup of G, which is not normal, then, clearly, M is a contranormal
subgroup of G.

The study of the groups having finite contranormal subgroups was
started in paper 6], where the locally nilpotent Abelian-by-finite groups
having finite contranormal subgroups were considered.

In the present paper, we will describe an arbitrary Abelian-by-nilpo-
tent group having a finite contranormal p-subgroup, where p is a prime.
Before the formulation of the basic result of the present paper, we give
the necessary definitions.

Let G be a group, and let A and D be the normal subgroups of G
such that A < D. The factor D/A is called G-central, if Cq(D/A) = G.
The factor D/A is called G-eccentric, if Cq(D/A) # G.
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A normal subgroup A of the group G is called G-hypereccentric, if it
has an ascending series of G-invariant subgroups

(0)=FEy< By <...Eq < Eo1 <...E,=A,

and each factor E,41/E, is G-eccentric and G-chief for every o < .

Let G be a group, and let A be an Abelian torsion-free subgroup
of G. Then A is called G-rationally irreducible, if, for every non-trivial
G-invariant subgroup D of A, the factor A/D is periodic.

The main result of this paper is the following proposition.
Theorem. Let G be a group, and let A be a normal Abelian subgroup of G
such that G /A is nilpotent. Suppose that G includes a finite contranormal
p-subgroup C, where p is a prime. Then G satisfies the following conditions:

(i) G = DX\ P, where D is a normal Abelian subgroup, and P is a
p-subgroup;
(ii) P is a hypercentral Abelian-by-finite p-subgroup having a finite con-
tranormal subgroup;
(iii) D = DP;
(iv) Tor(D) = @ 1is a G-hypereccentric p'-subgroup;
(v) every G-chief p'-factor of D is G-eccentric;
(vi) iof K, L are pure G-invariant subgroup of D such that T < K < L,
then L/K = [L/K,G|;

(vii) D has an ascending series of G-invariant subgroups
T=Dy<D1<...Dy <Dgy1<...Dy,=D,

each factor Dy+1/Dgy of which is torsion-free G-eccentric and G-
rationally irreducible, for every o < 7.
We note that the hypercentral Abelian-by-finite p-subgroup having a
finite contranormal subgroup was described in paper [6].

1. Preliminary results

Lemma 1. Let G be a group. Then
(i) If C is a contranormal subgroup of G, and if H is a normal subgroup
of G, then CH/H is a contranormal subgroup of G/H.
(ii) If H is a normal subgroup of G, and if C' is a subgroup of G such
that H < C and C/H is a contranormal subgroup of G/H, then C
s a contranormal subgroup of G.
(iii) If C is a contranormal subgroup of G, and if D is a contranormal
subgroup of C, then D is a contranormal subgroup of G.

These assertions are obvious.
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It is convenient to use, in what follows, the language of the modules
over group rings.

Let G be a group, let R be a ring, and let A be an RG-module. If B
and D be the RG-submodules of A such that B < D, then the factor D/B
is called G-central, if Cq(D/B) = G, and G-eccentric, if Cq(D/B) # G.

Define the upper G-central series of A,

(0)=Co<C1 £...0, <Coq1 <...0,,
where

C1 ={a] a € A and ag = a for all elements g € G} = (¢(A),
Cot1/Co = Ca(A/Cy) for all ordinals a < 7,

Cy = U O}, for limit ordinals A\ < p,
pn<A

(a(4/Cy) = (0).

We note that every member of this series is an RG-submodule.

The last term C. of this series is called the upper G-hypercenter of A
and is denoted by (47" (A).

A module A is called G-hypercentral, if A = (7" (A). In this case, if
v is finite, then we say that A is G-nilpotent.

The RG-module A is called G-hypereccentric, if it has an ascending
series of RG-submodules

(0)=Ey< B <...By<Eoi1<...E, =4,

each factor Fy41/E, of which is G-eccentric and RG-chief, for every o < 7.

We say that the RG-module A has the Z(G)-decomposition, if A = C'®
E, where C is the upper RG-hypercenter of A, and E is a G-hypereccentric
RG-submodule of A. We remark that if this decomposition exists, then it
is unique [8, Chapter 10].

Lemma 2. Let G be a finite nilpotent group, F' be a field, and A be an
FG-module. Then A has the Z(G)-decomposition.

Proof. Let & be a family of all F-subspaces of A having a finite dimension.
Since G is finite, the F'G-submodule generated by every member of & has
a finite dimension over F'. Thus, A has a local family £ of F'G-submodules
having a finite dimension over F'. In particular, every member D of £ has
a finite F'G-composition series. Then D has the Z(G)-decomposition [7,
Corollary 2.5]. Since all members of £ generate an FG-module A, A has
the Z(G)-decomposition |8, Corollary 10.6]. O
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Let G be a group, and let A be a ZG-module. Then A is called G-
rationally irreducible, if, for every non-zero ZG-submodule D of A, the
factor-module A/D is Z-periodic.

Corollary 1. Let G be a finite nilpotent group, and let A be a ZG-module,
whose additive group is torsion-free. Then A includes the ZG-submodule
D satisfying the following conditions:
(i) the factor-module A/ D is hypercentral;
(ii) D is a pure subgroup of A;
(iii) D has an ascending series of pure ZG-submodules

(0)=Dog<D;1<...Dy <Dg41<...Dy=D,

each factor Day1/Dg of which is G-eccentric and G-rationally irre-
ducible, for every o < 7;

(iv) of K, L are pure ZG-submodule of D such that K < L, and if the
factor L/ K is G-rationally irreducible, then L/K is G-eccentric.

Proof. Let B be a divisible hull of G. We can transform B in a natural
way in the QG-module. By Lemma 2, the QG-module B has the Z(G)-
decomposition: B = C' @ E, where C is the upper G-hypercenter of B,
and F is the maximal G-hypereccentric QG-submodule. Then E has an
ascending series of QG-submodules

(0)=Ey<E1<...Eq<Eap1 <...E, = A,

each factor Eq41/FE, of which is G-eccentric and QG-chief, for every a < 7.

Put D = AnFE, D, = AN E,, a < 7. Then a G-isomorphism
A/D = AJ(ANE) = (A+E)/E < B/E shows that A/D is G-hypercentral.
Moreover, the additive group of A/D is torsion-free. We note also that
every D, is a pure subgroup of A, a < . Let U be a ZG-submodule of
Dy+1 such that D, < U and D, # U. Let V be a divisible hull of U,
then V/U is periodic. Moreover, V' is a QG-submodule, and the inclusion
U < Dgq1 implies that the divisible hull of E,41 of D,y includes V.
The facts that D, < U and D, # U yield E, <V and E, # V. Since
Eqt1/E, is a QG-chief factor, V' = E,41. Since the additive group V/U
is periodic, D,41/U is also periodic. This means that D,11/D, is a
G-rationally irreducible factor.

We note that Cq(Da+1/Da) = Cq(Eat1/Eq), so that each factor
Dg+y1/D,, is G-eccentric, o < 7.

Finally, let K and L be the pure ZG-submodules of D such that
K < L, and let the factor L/K be G-rationally irreducible. Suppose that
L/K is G-central. Choose an element y € L such that y ¢ K. Denote,
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by Y, the ZG-submodule of D generated by an element y. Since G is finite,
the additive group of Y is finitely generated. Let X be the divisible hull
of Y. An inclusion Y < D implies that X < E. We can consider X as a
QG-submodule of E. Since Y/(Y N K) is torsion-free, the divisible hull W
of Y N K does not coincide with X. Clearly, Cq(Y/(Y NK)) = Ca(X/W).
It follows that a QG-submodule X has a central QG-factor. Being finitely
generated, the QQG-module X over a finite group G has a finite QG-
composition series. Then X has the Z(G)-decomposition |7, Corollary 2.5|.
The fact that X has a non-trivial G-central factor implies that (5 (X) # (0),
and we obtain a contradiction with the choice of E. This contradiction
proves (iv). O

Lemma 3. Let G be a finite nilpotent group, and let A be a ZG-module.
If the additive group A is periodic, then A has the Z(G)-decomposition.

Proof. If B is a finite subgroup of A, then the finiteness of GG implies
that a ZG-submodule generated by B is finite. It follows that A has a
local family & consisting of finite ZG-submodules. In particular, every
member D of & has finite F'G-composition series. Then D has the Z(G)-
decomposition [7, Corollary 2.5]. Since all members of & generate a
ZG-module A, A has the Z(G)-decomposition |8, Corollary 10.6]. O

Lemma 4. Let G be a group, and let K be a normal subgroup of G such
that G/ K 1is nilpotent. If S is a contranormal subgroup of G, then G = K S.

Proof. We note that, in the nilpotent group, every subgroup is subnormal.
It follows that a proper subgroup of the nilpotent group cannot be contra-
normal. By Lemma 1, SK/K is a contranormal subgroup of the nilpotent
group G/K. By the above remark, SK/K = G/K or SK = G. O

Corollary 2. Let G be a group, and let A be a normal Abelian torsion-
free subgroup of G such that G/A is nilpotent. If G includes a finite
contranormal subgroup C, then G = A X C, and every G-irreducible
torsion-free factor of A is G-eccentric.

Proof. By Lemma 4, G = AC. Since A is torsion-free, AN C = (1). By
Corollary 1, A includes a pure G-invariant subgroup D such that the upper
hypercenter of G/D includes A/D, and if K and L are pure G-invariant
subgroup of D such that K < L, and if the factor L/K is G-rationally
irreducible, then L/K is G-eccentric.

Suppose that D # A. Since G/A is nilpotent, G/D is hypercentral. In
the hypercentral group G/D, the set T/D of all elements having finite
orders is a characteristic subgroup of G/D (see, e.g., [4, Corollary 1.2.6
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and Proposition 1.2.11]). The fact that G/D is not periodic implies that
G/D # T/D. But, in this case, CD/D < T/D and C% < T, because T is
normal in G. In particular, C # G, and we obtain a contradiction. This
contradiction proves an equality A = D.

Let U and V' be the G-invariant subgroups of A such that U <V,
and V/U is torsion-free and G-irreducible. Suppose that Cq(V/U) =
G. Denote, by R/U, the periodic part of A/U. Since U is G-invariant,
R is also G-invariant. The fact that V/U is torsion-free implies that
(1) =V/UNRJ/U. We have VR/R = V/(V N R) = V/U, in particular,
Ca(VR/R) = G. Let Q/R be a pure envelope of VR/R. Clearly, a
subgroup @ is G-invariant and C¢(VR/R) = Cq(Q/R). In particular,
Ca(Q/R) = G, and we obtain a contradiction. This contradiction proves
that the factor V/U is G-eccentric. O]

Lemma 5. Let G be a group, and let A be a normal Abelian torsion-free
subgroup of G such that G /A is nilpotent. Suppose that G includes a finite
contranormal p-subgroup C, where p is a prime. If C N A = (1), then
A= AP,

Proof. Suppose the contrary. Let D = AP % A. Then CD/D is a proper
subgroup of G/D. Being bounded, the Abelian-by-finite p-group, G/D is
nilpotent (see, e.g., [1]). By Lemma 1, CD/D is a contranormal subgroup
of G/D. But a nilpotent group does not include proper contranormal

subgroups, and we obtain a contradiction. This contradiction proves the
equality AP = A. O

Lemma 6. Let G be a group, and let A be a normal Abelian torsion-
free subgroup of G such that G/A is nilpotent. If G includes a finite
contranormal p-subgroup C, where p is a prime, then every G-chief p'-
factor of A is G-eccentric.

Proof. By Corollary 2, G = AX C, in particular, G/A is finite. Let U and
V' be the G-invariant subgroups of A such that U < V and a factor V/U
is G-chief. The finiteness of G/A implies that V/U is finite. The fact that
V/U is G-chief implies that V/U is a g-group for some prime ¢ # p.
Suppose the contrary. Let G = C(V/U). Denote, by T'/U, the periodic
part of G/U and, by Q/U, the Sylow g-subgroup of A/U. Since U is G-
invariant, 7" and @ are also G-invariant. The inclusion V/U < (¢(A/U)
implies that the upper G-hypercenter of @ /U is not trivial. We have T'/U =
Q/U x R/U, where R/U is the Sylow ¢’-subgroup of A/U. We note that
a subgroup R is also G-invariant. The isomorphism 7'/R = /U implies
that the upper G-hypercenter Z/R of T'/R is not trivial. Lemma 3 implies
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that a factor 7'/ R has the Z(G)-decomposition: T/R = Z/R x E/R. We
note that a subgroup F is G-invariant. Thus the factor T'/F is not trivial,
periodic, and G-hypercentral. Since g # p, it follows that T/E < (¢(A/E).

Suppose that " = A. Then the inclusion T/E < (g(A/E) implies
that G/ FE is nilpotent. Since AN C = (1), CE/E is a proper subgroup of
G/E. On the other hand, Lemma 1 shows that CE/F is a contranormal
subgroup of G/FE, and we obtain a contradiction with the fact that the
nilpotent group does not include a proper contranormal subgroup. This
contradiction proves that T # A.

The choice of T' shows that a factor A/T is torsion-free. Choose, in
A/E, a G-invariant subgroup S/E which is maximal by the property
T/ENS/E = (1). Suppose that the factor A/S contains an element
bS having the infinite order. Put B/S = (bS)%/%. By its choice, B/S
is infinite. Since G/A is finite, B/S is finitely generated. Then B/S =
W/S x D/S, where W/S is a finite periodic part of B/S. Let |W/S| = t.
Then Y/S = (B/S)! = (D/E)! is a G-invariant subgroup. The inclusion
Y/S < D/S shows that Y/S is torsion-free. Then Y/SNTS/S = (1) so
that Y/ENT/E = (1), and we obtain a contradiction with a choice of S.
This contradiction proves that A/S is periodic. It follows that A/S is a
g-group.

The isomorphism 7'/FE = T'S/S implies that the upper G-hypercenter
Z1/S of A/S is not trivial. Lemma 3 implies that the factor A/S has the
Z(@)-decomposition:

A/S: Zl/S X El/S

We note that a subgroup Fj is G-invariant. Thus, the factor A/Fj is not
trivial, periodic, and G-hypercentral. Using the above arguments, we again
obtain a contradiction. This final contradiction shows that a factor V/U
is G-eccentric. O

Lemma 7. Let G be a group, and let A be a normal Abelian torsion-free
subgroup of G such that G /A is nilpotent. Suppose that G includes a finite
contranormal p-subgroup, where p is a prime. If D is a pure G-invariant
subgroup of A, then [D,G] = D.

Proof. Suppose the contrary. Let C' = [D,G] # D. First, we assume that
the factor D/C' is not periodic. Denote, by T'/C, the periodic part of D/C.
Since C'is G-invariant, T is also G-invariant. Choose, in the subgroup D,
an element b such that b ¢ 7. Then (bT) = (bT)¢/T". Denote, by By /(bT),
the periodic part of D/(bT'). Then By is a pure subgroup of D. Hence, D
is pure in A, Bj is a pure subgroup of A. Clearly, Cq(B1/T) = Cq((bT)),
in particular, a factor By /T. The equality ro(B1/T) = ro({bT")) = 1 shows
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that By /T is G-rationally irreducible, so that we obtain a contradiction
with Corollary 1. This contradiction proves that D/C must be periodic.

Lemma 6 shows that D/C' is a p-group. Since D is a pure subgroup of
A, Lemma 5 yields DP = DN AP = DN A = D. Hence, D/C is a divisible
p-group. Then D/C' is a direct product of Priifer p-subgroups (see, e.g.,
[5, Theorem 23.1]). Let P/C be some Priifer p-subgroup of D/C. Then
A/C = P/C x K/C for some subgroup K/C (see, e.g., |5, Theorem 21.2]).
Since G/A is finite, D/C includes a G-invariant subgroup E/C such
that A/C = (P/C)(E/C), and the intersection P/C' N E/C has a finite
exponent (see, e.g., [8, Corollary 5.11|). Then

A/E = (A/C)/(E/C) = ((P/C)(E/C))/(E/C)
~ (P/C)/(P/CNE/C) = P/C.

Thus, we obtain that A/FE is a Priifer p-group, and A/F is the G-central
factor of A. Then G/FE is an infinite nilpotent group. On the other hand,
Lemma 1 shows that CE/FE is a finite contranormal subgroup of G/E,
and we obtain a contradiction with the fact that a nilpotent group does

not include a proper contranormal subgroup. This contradiction shows
that [D,G] = D. O

Corollary 3. Let G be a group, and let A be a normal Abelian torsion-free
subgroup of G such that G /A is nilpotent. Suppose that G includes a finite
contranormal p-subgroup C, where p is a prime. If K and L are pure
G-invariant subgroups of A such that K < L, then L/K = [L/K, G].

Lemma 8. Let G be a group, and let A be a normal Abelian subgroup of G
such that G /A is nilpotent. Suppose that G includes a finite contranormal
p-subgroup C, where p is a prime. If Tor(A) =T is a p’-subgroup, then T
1s G-hypereccentric.

Proof. By Lemma 4, G = AC. It follows that G/A is a p-group. By
Lemma 3, a subgroup 7" has the Z(G)-decomposition: T'= Z x E, where
Z is the upper G-hypercenter of T, and E is a maximal G-invariant
G-hypereccentric subgroup of 7.

Suppose the contrary. Let Z # (1). Further, we will consider a factor-
group G/E. Therefore, without loss of generality, we may assume that
E = (1). In other words, we will suppose that the upper G-hypercenter of
G includes T'.

Since T is a p’-subgroup, T' < {g(A). Choose, in A, the G-invariant
subgroup S which is maximal by the property 7N .S = (1). As in a proof
of Lemma 6, we obtain that A/S is a periodic group, and II1(A/S) = II(T).
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Using Lemma 3, we obtain that A/S has the Z(G)-decomposition: A/S =
Z1/S x Ey/S, where Z;/S is the upper G-hypercenter of A/S, and E;/S
is a maximal G-invariant G-hypereccentric subgroup of A/S. The obvious
inclusion T'S/S < Z1/S and the choice of S imply that A/S = Z;/S.
Since A/S is a p’-subgroup, A/S = (c(A/S), G/S is a nilpotent group.
Moreover, the fact that A/S is a p’-subgroup implies that C'S/S is a
proper subgroup of G/S. On the other hand, Lemma 1 shows that C'S/S
is a contranormal subgroup of G/S, and we obtain a contradiction with
the fact that the nilpotent group does not include a proper contranormal
subgroup. This contradiction shows that T is G-hypereccentric. O

Lemma 9. Let G be a group, and let A be a normal Abelian subgroup of G
such that G /A is nilpotent. Suppose that G includes a finite contranormal
p-subgroup C, where p is a prime. If Tor(A) = T is a p-subgroup, then
G = D X\ P, where D is a normal torsion-free Abelian subgroup, and P is
a p-subgroup.

Proof. By Lemma 4, G = AC. We note that C' is a p-subgroup, C' N
A = C NT. Therefore, without loss of generality, we can suppose that
CnA=(1).

By Lemma 5, A = AP. Since the periodic part T" of A is pure, T? = T.
The fact that 7' is a p-subgroup implies that 7" is divisible. Then A = T'x U
for some subgroup U (see, e.g., |5, Theorem 21.2]). Since G/A is finite, A
includes a G-invariant subgroup V such that A = T'V | and the intersection
T NV has a finite exponent r = p', where p! = |G/A| (see, e.g., |8,
Corollary 5.11]). We have V = (T'N V') x D for some subgroup D (see,
e.g., |5, Theorem 27.5]). It follows that V! = D!, in particular, a subgroup
D! is G-invariant. The isomorphism

D2V/(TNV)2VT/T =A/T

and Lemma 5 imply that D = DP. Then D = D!. Thus, a subgroup D is
G-invariant. The choice of D shows that D is torsion-free. Furthermore,

A=TV=T(T'NV)xD)=T x D.
Therefore, G = AC = (DT)C = DX\(TC), where P = TC'is a p-subgroup
of G. L]
2. Proof of the main result

Let T'= Tor(A). We have T' = R x @, where R is the Sylow p-subgroup
of T, Q is the Sylow p’-subgroup of T'. The isomorphism @ = T/R and
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Lemma 8 show that @) is G-hypereccentric. Using Lemma 9, we obtain
the decomposition G/Q = D/Q X S/Q, where S/Q is a p-subgroup, D/Q
is an Abelian normal torsion free group. In particular, Tor(D) = Q. Since
@ is a normal Sylow p’-subgroup of S, S = Q X P where P is a Sylow
p-subgroup of S (see, e.g., [3, Theorem 2.4.5]). Being Abelian-by-finite
p-subgroup, P is hypercentral (see, e.g., |2, Proposition 1.1.7]). Hence,
G = DS = D(QP) = D X P. The isomorphism P = G/D shows that
the subgroup P has a finite contranormal subgroup. The isomorphism
D/Q = A/T and Lemma 6 prove that every G-chief p/-factor of D/Q
is G-eccentric. The fact that @) is G-hypereccentric implies that every
G-chief factor of @ is G-eccentric. Corollary 3 proves (vi), and Corollary 1
yields (vii).
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