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ABSTRACT. Let R be a commutative ring with unity. The
MR-algebra & = &(A, M, N, B) is a generalized matrix algebra defined
by the Morita context (A, B, M, N, v, Qnm). In this article, we
study generalized Lie derivation and show that every generalized
Lie derivation on a generalized matrix algebra has the standard
form under certain assumptions.

Historical development

There has been a great deal of work concerning characterizations of
Lie derivations on rings and algebras. The first characterization of Lie
derivations was obtained by Martindale [8] in 1964 who proved that every
Lie derivation on the primitive ring can be written as a sum of derivation
and an additive mapping of a ring to its center that maps commutators into
zero, i.e, Lie derivation has the standard form. Cheung [5] established the
structures of commuting maps and Lie derivation on triangular algebras.
Benkovic [4] proved that under certain conditions each generalized Lie
derivation of a triangular algebra is the sum of a generalized derivation
and a central map which vanishes on all commutators. Following the
well-established approach and the sophisticated computational method
by Cheung [5], several authors studied the different linear mappings on
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generalized matrix algebras for example [3,6, 9] and the bibliographic
content existing therein. Recently, Li and Wei [6] studied the structure
of derivations as well as Lie derivations on generalized matrix algebras
and proved that it has a standard form. Further, Mokhtari and Vishki [9]
presented several sufficient conditions assuring the properness (standard
from) of Lie derivations on certain generalized matrix algebras.

The paper is organized as follows. Section 2 is about the basic results
and definitions which are subsequently used in the article. Section 3
contains the key results of this article and in this section we compute the
structure of generalized Lie derivation on generalized matrix algebras as
well as we show that every generalized Lie derivation takes standard form
under specific restrictions. Further, Example 1 shows that generalized
Lie derivation fails to have the standard form if some specific restrictions
do not satisfy. In sections 4 and 5, we consider a classical example of
generalized matrix algebras for the direct application of our result and we
draw attention to some potential problems for future research respectively.

1. Basic definitions and preliminaries

Let A be an R-algebra over a commutative ring with unity and 3(A)
be the center of A. An R-linear map L : A — A is called a derivation (resp.
Lie derivation) on A if L(ab) = L(a)b + aL(b) (resp. L([a,b]) = [L(a), b] +
[a,L(b)]) holds for all a,b € A. An R-linear map Ly : A — A is called a
generalized derivation (resp. generalized Lie derivation) on A associated
with a derivation (rep. Lie derivation) L on A if Lg(ab) = Lg(a)b + aL(b)
(resp. Ly([a,b]) = [Lg(a),b] + [a,L(b)]) holds for all a,b € A.

A Morita context consists of two unital R-algebras A and B, two
bimodules (A, B)-bimodule M and (B, A)-bimodule N, and two bimodule
homomorphisms called the bilinear pairings &yn @ M %) N — A and

Onum @ N ® M — B satisfying the following commutative diagrams:
A

M@N@M_NEM A oM and NoM@N-—WON _poy
B A A A B B

I ®ONM = INREMN =
M® B = M N®A = N
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If (A,B,M,N, &un, Q) is a Morita context, then the set

R

forms an PR-algebra under matrix addition and matrix-like multiplication,
where at least one of the two bimodules M and N is distinct from zero.
Such an R-algebra is usually called a generalized matriz algebra of order
2 and is denoted by

aGA,mEM,nEN,bEB}

A M
& =6(A,M,N,B) = [ N B } .
This kind of algebra was first introduced by Morita in [10]. All associative
algebras with nontrivial idempotents are isomorphic to generalized matrix
algebras. Most common examples of generalized matrix algebras are full
matrix algebras over a unital algebra and triangular algebras [3,12]. Also,
if the bilinear pairings &vn and Qv are zero, then & is called a trivial
generalized matrix algebra and if N = 0, then & is called a triangular
algebra.

The center of & is

so-{f

Define two natural projections mp : & — A and ngp : & — B by

A <[Z ”;D = q and 7 <[Z TZD = b. Moreover, w4 (3(6)) C 3(A)

and m3(3(®)) C 3(B) and there exists a unique algebraic isomorphism
C:mA(3(8)) = m(3(8)) such that am = m((a) and na = ((a)n for all
a € mA(3(®)),m € M and n € N.

Let 15 (resp.1p) be the identity of the algebra A (resp.B) and let

am:mb,na:anmEM,nEN}.

I be the identity of generalized matrix algebra &, e = [10A 8} , f=

I —e= 8 1?3 and &1 = eBe, By = eBf, Bg = fGe, Goy = fEHS.
Thus & = eGe+eBf + fGe+ fEf =B + B1g + Bo; + Bog where By
is subalgebra of & isomorphic to A, 9 is subalgebra of & isomorphic
to B, B3 is (&11, Baz)-bimodule isomorphic to M and Ba; is (Gag, &11)-
bimodule isomorphic to N. Also, ma (3(®)) and m(3(®)) are isomorphic to
e3(®)e and f3(®)f respectively. Then there is an algebra isomorphisms
¢ :e3(B)e — f3(&)f such that am = m((a) and na = ((a)n for all
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m € eBf and n € fBe. Now we should mention some important results
which are used subsequently in this article:

Lemma 1 (|6, Propostion 4.1]). Let & = &(A, M, N, B) be a generalized
matriz algebra over a commutative ring R. Let L. be Lie derivation on &.
Then Lie deriwation has the form

(2 5])

_ [0 (a) — mng — mon + 64(b)  amg + 72(m) + 13(n) — mob
noa + l/g(m) + 1/3(n) —bng 1 (CL) + nom +nmg + M4(b) ’

where a € A; b€ B; m,mg € M; n,ng € Nand 6, : A — A,0,: B —
3(A), m: N—=>Mm:N—->Mwrv: M= Nwv:N-—=Nuy:A—
3(B), pa : B — B are R-linear maps satisfying the following conditions:
) 01 is Lie derivation of A and §;(mn) = —d4(nm)+72(m)n+mus(n);
2) py is Lie derivation of B and ps(nm) = pi(mn) +nma(m)+vs(n)m
3) 94([b1,b2]) =0 for all by, by € B and pi([a1,az]) =0 for all ay,as €
A;
4) ma(am) = ara(m) + 01(a)m — mui(a) and T2(mb) = 7a(m)b +
mytg(b) — d4(b)m;
5) v3(na) = v3(n)a + ndi(a) — pr(a)n and vs(bn) = va(b)n — ndoy(b) +
brs(n);
6) 273(n) =0 and 2v5(m) = 0.
Lemma 2. /9, Proposition 1 (2.3)] Let & = (A, M, N, B) be a generalized
matriz algebra over a commutative ring R. A R-linear map T on & is
center valued and vanishes at commutators if and only if it has the following

form
' ([n ﬂ) - Pl(a) oY q1<a>0+t4<b>

where [; : A — 3(A), pa : B = 3(A), g1 : A - 3B) and 4, : B —
3(B) are R-linear maps vanishing at commautators, having the following
properties:

1) Li(a) 4+ qi(a) € 3(B) and pa(b) + l4(b) € 3(&) for alla € A,b e B,

2) li(mn) = pa(nm) and q1(mn) = l4(nm) for all m € M,n € N.
Lemma 3. [3, Theorem 2.1] Let & = B(A,M,N,B) be a generalized
matriz algebra over a commutative ring R. An additive map ¢ : & — &
is a generalized derivation on & if and only if ® has the following form

ofle ™) Aq(a) — mng —mo'n  amo + Ta(m) —mg'b
n b|) | no’a—bng+Vs(n) nmo+ny'm+ Us(b)
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where a € A; b € B; m,mg,my’ € M; n,ng,ny’ € N and Ay : A —
ATy :M— M, V3:N—= N, Uy : B— B are R-linear maps satisfying the
following conditions:
1) Ay is generalized derivation of A and Aj(mn) = To(m)n + mus(n);
2) Uy is generalized derivation of B and Uy(nm) = Vi(n)m + nra(m);
3) Th(am) = Ai(a)m + ama(m) and To(mb) = To(m)b + mu4(b);
4) Vi(na) = Va(n)a + ndi(a) and Va(bn) = Us(b)n + bus(n).

2. Key results

In this section, we make an attempt to establish the structure of generalized
Lie derivation on generalized matrix algebras as follows:

Theorem 1. Let & = &(A, M, N, B) be a generalized matriz algebra over
a commutative ring R. An additive map Ly : & — & is a generalized Lie
derivation on & if and only if Ly has the following form

a()

_ [p1(a) = mmno — mgn + pa(b)  amo + v2(m) + r3(n) — mob
nya + s2(m) + s3(n) —bng  qi(a) + ngym + nmo + q4(b) |’

where a € A; b€ B; m,mg,mg’ € M; n,ng,ng’ €N and p1 : A — A, py:
B—>3(A),52:N—>M,532N—>M,tg:M—)N,tg:N—)N,ql:A—>
3(B),q4 : B — B are R-linear maps satisfying the following conditions:
1) p1 is generalized Lie derivation of A and pi1(mn) = —ps(nm) +
to(m)n + mss(n);

2) qq4 is generalized Lie derivation of B and q4(nm) = q1(mn)+nra(m)+

s3(n)m;

3) K;([bl,bg]) =0 for all by, by € B and qi([a1,a2]) =0 for all a1, a2 €

4) ta(am) = arg(m)+p1(a)m—mqi(a) and ta(mb) = va(m)b+mqa(b)—
pa(b)m;

5) s3(na) = s3(n)a + np1(a) — qi(a)n and s3(bn) = qa(b)n — npa(b) +
bss(n);

6) 2t3(n) =0 and 2s53(m) =0
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Proof. Suppose that generalized Lie derivation takes the following form
as

_ {Pl(a) +p2(m) + p3(n) + pa(b)  r1(a) +v2(m) + v3(n) + va(b)
s1(a) +s2(m) +s3(n) +54(b)  qu(a) +q2(m) + q3(n) + q4(b)

where p;1 : A > A po: M —>Aps: N—>Aps:B—-A;v1: A— Mro:
M—>Mrts: N=>Mty:B—=>M;s1:A—=N;so: M—=>N;s3:N—N,s4:
B—Nandgq;:A—B,g2: M —B,q3: N — B,q4: B— B are fi-linear
maps. As Ly is the generalized Lie derivation with Lie derivation L defined
by Lg([Gl,GQ]) = [Lg(Gl),GQ] + [Gl,L(GQ)] for all G1,G9 € &.

Now we assume that

a 0
00

ol 7)< (o) o 1)Ll o]+ o 5))]

@ fo 5l (o o] Lt o]

_ [-msi(@) pr(a)m —mar(a)] | [—amng +mnoa  ara(m)]
| I+ |

o-|

| i oo 0]

0 0

—va(m)a 0

On comparing both sides, we get pa(am) = —ms;(a) — amng + mnga,
va(am) = pi(a)m — mqi(a) + arz(m), s3(am) = —va(m)a and ga(am) =
s1(a)m. Now, if we take a = 1, then we find that pa(m) = —mng, to(m) =
p1(1)m—mqi(1)+712(m) and q2(m) = nim, where s1(1) = n{. Again, if we
. 0 0
consider G1 = [O %l] and Gy = [8 0
0 m 0
0 0} and Gy = [0
—mbng, to(mb) = ta(m)b + mu4(b) — d4(b)m, s2(mb) = —bsa(m) and
q2(mb) = q2(m)b—bga(m)+bngm. On substituting b = 1, we get pa(m) =
—mng, mua(l) = 64(1)m, 2s3(m) = 0 and q2(m) = nem. Also for

] , then we have ta(m) = 7(m).

Similarly, if G = [ 2} , then we have pa(mb) =
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4(b)m
Again, we suppos thtG—[gO

na) tg(na)]
na) qz(na)
ol (S 1R P | R el
B B YA
This leads to p3(na) = p3(n)a — aps(n) — amon, v3(na) = —ars(n),

o) = () (o) g0 00 = . On g o = 1
we have p3(n) = mon, 2r3(n) = 0, ndi( ,ul( )n 0, q3(n) = nmo.
ForG—[ ] dG{SL } = 3(n)a+npi(a) —
qi(a)n.
00 0 0

On similar pattern, if G 0 b and Go [n 0} then we find
that pg(bn) = 4(b)n 3(()71) = 7'3( )b (bn) = q4(b)n np4(b) +
brvs(n), and qz(bn) = —nra(b) + bnmg — nmob. Putting b = 1 leads

to p3(n) = ry(1)n, v3(n) = —7m3(n), ss(n) = qa(1)n — nps(1) + v3(n),

and q3(n) = nmy, where t4(1) = —m). Further with G; = [2 8] and

Gy = {8 2] , it follows that s3(n) = v3(n).

On assuming G = [g 8] and G = [0 0] , we obtain that

(o of) = [ (5 o)) o o)) L5 o) = (o b))
o S e O | R B |
Lo mrs)* ot 0]
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On comparing both sides, we get [a, d4(b)] = 0, v1(a)b = amgb, bsi(a) =
bnoa, and [q1(a),b] = 0. This implies that v1(a) = amyg, s1(a) = npa,

and q1(a) € 3(B). Similarly, if G; = [8 2] and Gy = [8 8] , then
p4(b) (S 3(A), t4(b) = —mob, and 54(b) = —bno.
. o ajl 0 o a9 0
Let us consider G7 = 0 O] and Gy = {0 O] . Then

[m([ah@) tl([alaaﬂﬂ

]
s1(la1,a2])  qi([ar, a9

Il
h.
(=}
VY |

me ([ o) 5 al] + 6 o =[5 o))
o[ | Y e | e Y e |
_ [[p1(a1), as] —a2t1(a1)] n [[a1,51(a2)] a1a2m0]

L 51(&1)&2 0 —Nnopasa 0

Equating both sides, we find that pi([a1, a2]) = [p1(a1), a2] + [a1, d1(a2)],

tl([al,ag]) = —agtl(al) + alagmo,sl([al,ag]) = 51(a1)a2 — Nopaszaq and
q1([a1, az]) =0.
. . 0 0 0 0
In similar manner, if G; = and Gy = , then we
0 b1 0 b2

arrive at p4([b1,b2]) =0, t4([bl,b2]) = t4(b1)bg + mobaby, 54([()1,[)2]) =
—b2s4(b1) — bibang and qa([b1, bo]) = [q4(b1), ba] + [b1, a(b2)].

Suppose that G = 8 T(ﬂ and Gy = 0 8 , this implies that
[pl(mn) —pa(nm) vy (mn) — t4(nm)}
s1(mn) — s4(nm) (mn) — q4(nm)

o)
DL ()

m)n — npg(m) —nray(m) 0 —v3(n)m

On comparing both sides we get p1(mn) — ps(nm) = va(m)n + muvs(n),
t1(mn) —ta(nm) = mnmo+menm, s1(mn) —s4(nm) = s2(m)n —npa(m)
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and q1(mn) — qq(nm) = —nre(m) — v3(n)m. Similarly, if G; = [2 g}

and Gy = 8 %1 , then we have —pi(mn) + pa(nm) = —mss(n) —

To(m)n, —tvi(mn) + v4(nm) = ps(n)m — mps(n), —s1(mn) + s4(nm) =

—nmmng — nogmn and —qi(mn) + q4(nm) = ss(n)m + nra(m).
Conversely, suppose that Ly has following form and satisfies condition

(1) to (6)

a (%)

_ [pila) —mng — mgn + pa(b) amo +t2(m) + t3(n) — mob
npa + so(m) + s3(n) —bng  q1(a) + nim + nmo + q4(b)

Then it is easy to prove that Ly([G1, G2]) = [Lg(G1), Ga] + [G1,L(G2)].
Hence Ly is generalized Lie derivation on &. O

If M is faithful but no restriction on N, then the condition
pa([b1,b2]) = 0 and q1([a1, az]) = 0 can be dropped.

Theorem 2. Let & = &(A, M, N, B) be a 2-torsion free generalized matrix
algebra over a commutative ring R. An additive map Ly : & — & is a
generalized Lie derivation on & if and only if Ly has the following form

()

_ [p1(a) = mno — mgn + pa(b) amg + ta2(m) — mpb
nya + s3(n) — bng qi(a) + ngm + nmo + q4(b) |’

where a € A; b€ B; m,mg,mg’ € M; n,ng,ng’ €N and p; : A — A, py:
B—3(A),s:N—>Ms3:N—>Mrr:M—-Nitg:N—->Nq:A—
3(B),q4 : B — B are R-linear maps satisfying the following conditions:
1) p1 is generalized Lie derivation of A and pi1(mn) = —ps(nm) +
ta(m)n + msz(n);
2) qq is generalized Lie derivation of B and q4(nm) = q1(mn)+nry(m)+

3) ta(am) = ara(m)+pi(a)m—maqi(a) and va(mb) = va(m)b+maqq(b)—
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Proof. 1t is sufficient to show that if M is faithful, then py([b1,b2]) =0
and q1([a1, az]) = 0. For any aj,ay € A, it follows that

ty([ar, aslm) = a1, azlea(m) + pi([ar, az])m — mai([ay, az]).

On the other hand, we have

to([a1, aglm) = va(ajagm — agaym)
—to(azaim)

)
) + p1(ar)azm — agmqi(a1) — azrz(arm)
— p1(az)arm + armaqi(az)
ay{agra(m) + p1(az)m — mqy(az)} + p1(ar)agm — agmaq (a1)
— ag{aira(m) + p1(a1)m — mai(a1)} — p1(az)arm + aymaqi (az)

= [a1, aglra(m) + [p1(ar), az)m + [a1, p1(az)]m.

= to(aragm

= altg(agm

It follows that mq; ([a1, ag]) = 0. Note that M is faithful as right B-module,
then this leads to q1([a1,az2]) = 0 for all a1, as € A.

Similarly, with ta(mb) = t2(m)b+mqa(b) — pa(b)m, we can prove that
p4([b1,b2]) =0 for all by,by € B. OJ

The following result provides us a simple way to verify whether a
generalized Lie derivation has non standard form.

Theorem 3. Let & = &(A, M, N, B) be a 2-torsion free generalized matrix
algebra over a commutative ring R. Then generalized Lie derivation Ly
has standard form if and only if ma(Lg(B)) C mA(3(®)), mr(Lg(A)) C
mB(3(®8)) and pa(nm) + q1(mn) € 3(&) where A and B is treated as
subalgebras of &.

Proof. Let us assume Ly has standard form, i.e., Ly = ® + 7, where ® is
an additive generalized derivation and 7(&) C 3(®). By Lemma 2, we

know that
" ([Z ZTD - {[1(‘1) EM(b) Cll(a)gr[zx(b)} ’

Also, by Lemma 3

ofle ™) Aq(a) — mng —mo'n  amo + Ta(m) —mg'd
n b|) | no’a—bng+Vz(n) nmo+ng'm+ Usb)|"
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In view of Theorem 2, we obtain that p; = Ay 4 15 53 = V3; to = Th and
qq = Us + ly. For any b € B, we get

i) =ma (L ([g 7)) emaii@)

and for any a € A, we have

@) = (16 ([5 o)) € mis0.

This shows that every generalized Lie derivation on & can be written as a
sum of generalized derivation and a central mapping. Now it is easy to
verify that ps(nm) + q1(mn) € 3(8) for all m € M and n € N.

Conversely, let us take p4(B) C ma(3(®)) and q1(A) C 75(3(®)). Now
we define

on 3]
_ [pl(a)—mng—mﬁn—g_l(ql(a)) amg + ta(m) — mgb ]
ngya + s3(n) — bng nom+nmo+da(b) —C(pa(b))
and
oo o
n b 0 qi(a) + C(pa(b))]

It can be easily seen that ® is a generalized derivation and 7(&) C 3(8).

Also, define maps [ : A — 3(A) and 4 : B — 3(B) by li(a) =
¢ Y(q1(a)) and I4(b) = ¢(p4(b)) respectively. Now it is obvious that [y (a) +
qi(a) € 3(®) and pa(b) + l4(b) € 3(®) for all a € A and b € B. Further,
we have [1(mn) = ("1(qi(mn)) = ps(nm) and ly(nm) = ((ps(nm)) =
q1(mn) for all m € M and n € N. O

The following example shows that the restrictions in Theorem 3 are
necessary and cannot be removed.

Example 1. Let & = &(A,M,N,B) be a generalized matrix algebra

where A = B = { {g ﬂ pac 9%} and N = 0, M = T,(R), the ring of

2 x 2 upper triangular matrices over Ji. Define a map Ly : & — & such
that

p a u v p a u v 0 b w O

L 0 p 0 w _L 0 p 0 w _ 00 0 u
110 0 ¢ b 0 0 g b 00 0 a
0 0 0 g¢q 0 0 0 g¢q 00 0 O
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Then Ly is a generalized Lie derivation associated with Lie derivation
L:® — &. But Ly has no standard form. For any x,y € &, it can be
easily seen that Lg([z,y]) = [Lg(2),y] + [z, L(y)]. This implies that Lg is
a generalized Lie derivation with associated Lie derivation L on &. Note
that

ma(3() = ma(3(e) = { i ] [ce ).

0 v
0 0
L4 has no standard form.

Since ma (Lg(B)) = [ } ¢ mA(3(®)) and hence in view of Theorem 3,

3. Applications
In particular, if N = 0 in Theorem 3, then we can have following result:

Corollary 1. Let T = Tri(A,M,B) be a 2-torsion free triangular algebra
over a commutative ring R. Then generalized Lie deriwation Ly has stan-
dard form if and only if ma(Lg(B)) C ma(3(%)), and mg(Lg(A)) € m(3(%))
where A and B is treated as subalgebras of X.

4. For future research

Now we would like to end this article by proposing several potential
questions. Given the consideration of Lie derivations and Lie triple deriva-
tions, now we discuss a more general class of maps. Define the sequence
of polynomials:

pi(z1) =21
p2(z1,22) = [pn(21), 22] = [21, 2]
p3(z1, 22, 23) = [pn(z1, 22), 23] = [[T1, 22|, 23]
pn($1a X2, T3, " >-Tn) — [pn($17$2)x3) e 7:1:77,—1)7 J:n]
The polynomial p,,(z1, 22,23, - ,Zy,) is called n-th commutator where

n>2. Amap L:A — A is said to be a Lie n-derivation on A if

L(pn($17 X2, T3, a'rn))

=N
= an($1,$2,$37"‘ ,ﬁif]_,L(ﬂji),xi+]_,"‘ axn)
=1
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for all x1,x9, 23, -+ ,2, € A. The concept of Lie n-derivation was first
introduced by Abdullaev [1] on certain von Neumann algebras. Obviously,
any Lie 2-derivation is Lie derivation and Lie 3-derivation is Lie triple
derivation. Lie derivations, Lie triple derivations and Lie n-derivations are
collectively referred to as Lie-type derivations.

Further, A map Gp, : A — A is said to be a generalized Lie n-derivation
on A if there exists a Lie n-derivation L such that

GL(pn(-Tla T2, T3y 7‘,ETL))
= pn(GL(xl)7x27x37 crt y Lg—1, Ly Li41, " " 7‘Tn)
i=n
+ an($17 X2, T3, " ,ﬂ:'i_l,L(.’Ei),fEH_l, o 7£Un)
=2
for all 1, x9,23,- -, 2, € A. Obviously, any generalized Lie 2-derivation

is generalized Lie derivation and generalized Lie 3-derivation is generalized
Lie triple derivation. These type of Lie derivations, Lie triple derivations
and Lie n-derivation collectively known as generalized Lie-type derivations.

Recently, many authors studied Lie n-derivation on various kind of
algebras |2,4,7,11,13] and references therein. In the year 2014, Wang and
Wang [13] studied multiplicative Lie n-derivation on generalized matrix
algebras and proved that it has standard form under certain assumptions.
Furthermore, Qi [11] characterized Lie n-derivation on reflexive algebras
and obtained that it has the standard form, i.e, it can be expressed as
the sum of derivation and linear functional vanishing at every (n — 1)-
th commutator on reflexive algebras. Lin |7] carried out the study of
multiplicative generalized Lie n-derivation on triangular algebras and
proved that every multiplicative Lie n-derivation can be written as sum of
additive generalized derivation and a central mapping annihilating (n — 1)-
th commutator on triangular algebras under some limitations. Now it is
natural to raise a question:

Question 1. What is the most general form of generalized Lie type
deriwations on generalized matriz algebras and which constraints are needed
to apply on generalized matriz algebras?

Conclusions

In this article, we realize the structure of generalized Lie derivations
on generalized matrix algebras. Further, we demonstrate that generalized
Lie derivations has a proper form under specific restrictions on generalized



124 GENERALIZED LIE DERIVATIONS

matrix algebras and moreover we come up with an example showing that
these specific restrictions are necessary. For an immediate outcome of
results, we take a particular case of generalized matrix algebras named as
triangular algebras into the consideration. In the end of this article, we
try to draw the attention of readers towards the obvious queries related
to the theme of article.
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