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ABSTRACT. In this paper, we introduce the concept of (amply)
cofinitely ss-supplemented modules as a proper generalization of
(amply) ss-supplemented modules, and we provide various properties
of these modules. In particular, we prove that arbitrary sum of
cofinitely ss-supplemented modules is cofinitely ss-supplemented.
Moreover, we show that a ring R is semiperfect and Rad(R) C
Soc(gR) if and only if every left R-module (amply) cofinitely ss-
supplemented.

Introduction

In this paper, all rings have an identity and all modules are left
and unital. Our terminology and notation adheres to that of the major
references in the theory of rings and modules such as [3] and [12]. Other
good references are [5], [13] and [1]. We here highlight a few specific
facts, notation and terminology because they have been used in this
paper. Let R be such a ring and let M be an R-module. The notation
(K < M) K < M means that K is a (proper) submodule of M. The
Socle and Jacobson radical of a module M will be denoted as is customary
by Soc(M) and Rad(M), respectively. A submodule K < M is called
small in M, will be denoted by K <« M, it M # K + L for every
proper submodule L of M (|12, 19.1]). Let K and L be submodules of
M. L is called a supplement of K in M if it is minimal with respect to
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M = K + L, or equivalently M = K+ L and K N L <« L. The module M
is called supplemented if every submodule of M has a supplement in M.
A submodule K < M has ample supplements in M if every submodule
L of M such that M = K 4 L contains a supplement of K in M. The
module M is called amply supplemented if every submodule of M has
ample supplements in M ([12, 41]). In [12]| and [14] characterized (amply)
supplemented modules. A non-zero module M is called hollow if every
proper submodule of M is small in M and M is called local if the sum of
all proper submodules of M is also a proper submodule of M. Every local
module is hollow and every hollow module is amply supplemented. A ring
R is called local if gR is a local module.

Supplement submodules plays an important role in ring theory and
relative homological algebra. In recent years, types of supplement submod-
ules are extensively studied by many authors. In a series of papers [6], [4],
[10], [11], [12], authors have obtained detailed information about types
of supplement submodules and related rings. The last defined type of
supplement submodules is as follows.

Zhou and Zhang have generalized the notion of Soc(M) to Socs(M)
thereby the class of all simple submodules of M that are small in M in place
of the class of all simple submodules of M, that is, Socs(M) = > { N <«
M | N is simple }. Therefore we can be seen easily that Socs(M) C
Rad(M) and Socs(M) C Soc(M). Kaynar et.al. call a module M is
strongly local if it is local and Rad(M) C Soc(M) [5]. A module M is
called ss-supplemented if every submodule K of M has a supplement
L in M such that K N L is semisimple (namely, ss-supplements), and
a module M is called amply ss-supplemented if every submodule of M
has ample ss-supplements in M. Here a submodule K of M has ample
ss-supplements in M if for every submodule L of M such that M = K+ L
contains a ss-supplement K in M [5]. They have given in the same paper
the characterization of (amply) ss-supplemented modules via semiperfect
ring.

In this paper, we study the various properties of (amply) cofinitely
ss-supplemented modules as a proper generalization of ss-supplemented
modules. We prove that a module M is cofinitely ss-supplemented if and
only if the module M/ Locg(M) doesn’t contain a maximal submodule
where Locg(M) is the sum of all strongly local submodules of M. We also
show that every left R-module is amply cofinitely ss-supplemented if and
only if every left R-module is the sum of all strongly local submodules.
Using the mentioned fact, we give a characterization of semiperfect ring
R with Rad(R) C Soc(rR).
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1. Cofinitely ss-supplemented modules

Definition 1. We call a module M cofinitely ss-supplemented if for every
cofinite submodule N of M, there exists a submodule V' of M such that
M=U+V,UNV <V and UNYV is semisimple. We also call a module
M amply cofinitely ss-supplemented if every cofinite submodule of M has
ample ss-supplements in M.

Lemma 1. Every homomorphic image of a (an amply) cofinitely ss-
supplemented module is (amply) cofinitely ss-supplemented.

Proof. Let f : M — N be a homomorphism and M be a cofinitely
ss-supplemented module. Suppose that K is a cofinite submodule of
M

f(M). Therefore =M = kel with kM >~ f(M) and ) o f

J~I(K) f;1(<ff§> er(f) — ker(f)
Thus —Y_~ is finitely generated. Since M is cofinitely ss-supplemented,

[~HE)

we can vérite [FUK)+V =M, fFHYK)NV <« V and f~H{K)NV
is semisimple for some submodule V' of M. So, f(f~1(K)) + f(V) =
f(M) and since K is a submodule of f(M), f(f~'(K)) = K and so
K + f(V) = f(M). In addition to that f(f~(K))n f(V) < f(V) by
[12, 41.1(7)]. Therefore KN f(V) < f(V). Since f~}(K)NV is semisimple,
Knf(V)=f(f~YK))n f(V) is semisimple by [3, 8.1.5 Corollary (1)].
Thus f(M) is cofinitely ss-supplemented.

By adapting this argument we can show similarly that if M is amply
cofinitely supplemented then so too is f(M). O

Corollary 1. Let M be a (an amply) cofinitely ss-supplemented mod-
ule and N be any submodule of M. Then % is (amply) cofinitely ss-
supplemented.

Proof. Consider the canonical epimorphism 7 : M — % Then, by

Lemma 1, 7(M) = % is cofinitely ss-supplemented. O]

Proposition 1. If M is a cofinitely ss-supplemented module with a cofinite
Rad(M), then M/ Rad(M) is semisimple.
Proof. By Corollary 1, we obtain that the factor module %(M) of M is

cofinitely ss-supplemented. It follows from the hypothesis that RadL(M) is

ss-supplemented. Therefore RadL(]W) is supplemented. But RadL(ZW) has no

small submodules thus #(M) is semisimple. ]
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Lemma 2. Let M be a module and N, U be submodules of M such that
N is a cofinitely ss-supplemented submodule and U is cofinite. If N + U
has a ss-supplement in M, then U has also a ss-supplement in M.

Proof. Let X be a ss-supplement of N 4+ U in M. Then

N _ (N+X+U) M

(NN (X +0)) X+U  X+U

is finitely generated as a factor module of % Since N is cofinitely ss-
supplemented N N (X + U) has a ss-supplement Y in N such that N N
(X+U)NY = (X+U)NY is semisimple. Then M = N +U + X =
NN(X+U)+Y+U+X = X+U+Y. In addition to that Y N(X +U) =
YN(X+U)NN)<Y.SinceY +U < N +U, X is a supplement of
Y +U. Thatis XN (Y +U) < X. Since X is a ss-supplement of N +U in
M, XN (N +U) is semisimple. By [3, 8.1.5 Corollary (1)], X N (U+Y) is
a semisimple module as a submodule of a semisimple module X N (U + N).
UNX+Y)<XNY +U)+YN(X+U) <Y and again appliying
[3, 8.1.5 Corollaries (1) and (3)] U N (X +Y') is semisimple. Therefore U
has a ss-supplement X +Y in M. O

Proposition 2. Arbitrary sum of cofinitely ss-supplemented submodules
of a module M 1is cofinitely ss-supplemented.

Proof. Let {M;}iecr be a collection of cofinitely supplemented submodules
of M such that A =, ; M;. Suppose that NNV is a cofinite submodule
of A. Then % has a generating set {m; + N,ma + N,..., M, + N} so
any m; with ¢ € I can be expressed as m; = a;1 + a2 + -+ + Qs (i)
with each a;; is from some M;, where i, € I. Any element m + N
from % can be represented as: m + N = rymy + --- + r,m, + N. So,
m=ry(aj;+--- —I—als(l)) +- ot rp(an + - +ans(n)) +n, where n € N.
Thus A = ZjeJ M; + N with a finite set J = {11, R 13(1), 21, .. ,ns(n)}.
Then A = ZjeJ M;+ N = My, +ZjeJ— 1} M; + N. We know that My
is cofinitely ss-supplemented, and My + jeJ—{11} M; + N has trivially
the ss-supplement 0. Continuing in this way since the set J is finite at the
end we can say IV has a ss-supplement in A by Lemma 2. ]

Recall that a module N is called M -generated if there is an epimor-
phism f: M) — N for some index set I.

Corollary 2. If M is cofinitely ss-supplemented then any M -generated
module is cofinitely ss-supplemented.
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Lemma 3. Let M be a cofinitely ss-supplemented module. Then every
cofinite submodule of RadL) s a direct summand.

Proof. Any cofinite submodule of d( ) has the form W where N
is a cofinite submodule of M. Then there exists a submodul)e K of M
such that M = N + K, NN K < K and N N K is semisimple. Then

NNK < M. Hence NNK C Rad(M). Thus g bl = i@ K0
as required.

Let M be any R-module. Then Locg(M) will denote the sum of all
strongly local submodules of M and Cofgs(M) the sum of all cofinitely
ss-supplemented submodules of M.

Theorem 1. The following are equivalent for an R-module M.
(1) M is cofinitely ss-supplemented.

(2) Every mazimal submodule of M has a ss-supplement in M.

(3) oo (M doesn’t contain a mazimal submodule.

(4)

4

doesn’t contain a maximal submodule.
Cofs M)

Proof. (1) = (2) Let N be a maximal submodule of M. Then % is simple,
so by assumption N has a ss-supplement in M.

(2) = (3) Let N be a maximal submodule of M. Then there exists
a submodule K of M such that M = N + K, NﬂK<<KandNﬂKis
semisimple. Then & X}K = % and so & X}K = Nm 7+ Therefore N N K is
a maximal submodule of K. Then N N K = Rad(K). Hence K is a local
submodule of M. Since Rad(K) = N N K C Soc(K), K is strongly local
and so K C Locg(M). It follows that Locg(M) is not a submodule of N.

Hence —M__ doesn’t contain a maximal submodule.
Locs (M)

(3) (4) Suppose that g (M) contains a maximal submodule, say

ot ( 7- But then 6~ (Cofs( M)) is a maximal submodule of where

%(M)’
0: LOC]SW( o Cof]:é ) is epimorphism. Contradiction. Therefore %W)
doesn’t contain a maximal submodule.

(4) = (1) Let N be a cofinite submodule of M. Then N + Cofs(M)
is a cofinite submodule of M and hence by the hypothesis gives that
M = N + Cofs(M). Since 4 is finitely generated, it follows that M =
N+Ki+- - -+ K, for some positive integer n and cofinitely ss-supplemented
submodules K; (1 < i < n). By Proposition 2 and Lemma 2, N has a ss-
supplement in M. It follows that M is cofinitely ss-supplemented. O

Let P(N) denote the collection of maximal submodules of M contain-
ing N. In particular, P(M) is the empty set and P(0) is the collection
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of all maximal submodules of M (which could also be the empty set).
Define a relation R on the lattice of submodules of M as follows: Given
submodules N, L of M then NRL if and only if P(N) = P(L). Clearly,
R is an equivalence relation on the lattice of submodules of M. Note
that every maximal submodule has a ss-supplement in M if and only if

MR Locg(M).

Theorem 2. The following statements are equivalent for a module M.
(1) M is amply cofinitely ss-supplemented.
(2) Every submodule N of M with cyclic % has ample ss-supplements
m M.
(3) Ewvery mazximal submodule of M has ample ss-supplements in M.
(4) NRLocs(M) for every submodule N of M.
(5) RmRLocs(M) for every m € M but not in Rad(M).

Proof. (1) = (2) = (3) Clear.

(3) = (1) Let N be any submodule of M such that & is finitely
generated. If N = M then N has ample ss-supplements in M. Suppose that
N doesn’t equal to M. Let L be the proper submodule of M containing
N such that % = Rad(%), i.e. L is the intersection of all maximal
submodules of M containing N. Note that % is small in %, because %
is finitely generated. Let P be any maximal submodule of M such that
L is contained in P. By assumption there exists a submodule T" of M
such that M = P+ T, PNT < T and PNT is semisimple. It follows
thatT% = % S5) % because, % N % < T—IL and hence also in %, i.e.
% N %L = 0. Thus, % is finitely generated and semisimple. Therefore, L
is a finite intersection of maximal submodules of M. By Lemma 2, L has
ample ss-supplements in M.

Let K be any submodule of M such that M = N+ K. Then M = L+ K.
There exists a submodule S of K such that M =L+ S, LNS <« S and
LN S is semisimple. Then we have % = % + %, so that % = % and
hence M = S+ N. Clearly N NS is contained in L NS so that NNS < S.
By [3, 8.1.5 Corollary (1)] N has ample supplements in M.

(3) = (4) Let F' be any submodule of M. Let @ be a maximal
submodule of M such that F' is not contained in ). Then M = F + Q.
There exists a submodule T" of F' such that M =Q + T, QNT < T and
QNT is semisimple. By [5, Proposition 3.1] T is a strongly local submodule
of F' and T is not contained in (. Thus Locs(F’) is not contained in Q.
Therefore FRLocs(F).

(4) = (5) Clear.
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(5) = (3) Let P be any maximal submodule of M and let G be
a submodule of M such that M = P+ G. There exists g in G such that g
does not belong to P. Hence Ryg is not contained in P, so that Locs(Rg)
is not contained in P because RgR Locs(Rg). Let L be a strongly local
submodule of Rg and hence also of G, such that L is not contained in
P. Then M =P+ L, PNL < L and PN L is semisimple. Thus L is
a ss-supplement of P in M. So P has ample supplements. 0J

Corollary 3. Let M be a module such that N = Locs(N) for every
submodule N of M. Then every mazimal submodule of M has ample
supplements in M.

Lemma 4. Let M be an R-module and M = Uy + Us. If the submodules
Ui,Us have ample ss-supplements in M, then Uy N Us has also ample
ss-supplements in M.

Proof. Let V. < M with UjNUs+V = M. Then M = U14+Us = U1—|—(U2ﬂ
M) = Ui+ (U2n((U1NU2)+V)) = Uy +(U1NU2) +(U2NV) = U +(U2NV).
M = Us+ (U;NV) also holds. Therefore there is a ss-supplement V2/ of Uy
in M with VQI < UsNV and a ss-supplement Vll of Uy with Vll < U;NV. By
assumption we have, for V| +V, < V, the relations M = (U; NUy) + (V; +
V) and (V; +V,) N (UL NUy) = (V, NU) + (Vo NU;) < V| +V,. Then we
have (UyNU)N(V] +Vy) < ViN(U1NU)+V,N(U1NUR) < Vi NUa+V,yNU;.
Since V| NUs and V, NU; are semisimple, then by [3, 8.1.5 Corollaries (1)
and (3)] (U1 NUz)N(V; +Vy) are semisimple. So V| +V, is a ss-supplement
of U1 NUsy. Hence Uy N Uy has ample ss-supplements in M. O

Recall that a ring R left max if every non-zero left R-module has
a maximal submodule. Note that if R is a left max ring, then every left
R-module is coatomic.

Lemma 5. Let R be a ring. Then every left R-module is amply cofinitely
ss-supplemented if and only if every left R-module is the sum of all strongly
local submodules.

Proof. If every left R-module M is amply cofinitely ss-supplemented, by
[12, 43.9], R is left perfect. This implies that R is a left max ring. By
[5, Corollary 3.20], M is the sum of strongly local submodules of M. The
converse follows from [5, Theorem 3.19]. O

Recall that an R-module M semiperfect if every factor module of M
has a projective cover. If the ring R as a left R-module is semiperfect then
the ring R is semiperfect.
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Theorem 3. The following statements are equivalent for ring R.
(1) rR is amply cofinitely ss-supplemented.
(2) R is semiperfect and Rad(R) C Soc(rR).
(3) R is semilocal and Rad(R) C Soc(grR).
(4) Ewvery projective left R-module is cofinitely ss-supplemented.
(5) Every left R-module is (amply) cofinitely ss-supplemented.
(6) Every left R-module is the sum of all strongly local submodules.
(7) rR is a finite sum of strongly local submodules.
(8) Ewvery mazximal left ideal of R has ample ss-supplement in R.

Proof. (1) = (2) = (3) By [5, Corollary 3.10] and [12, 42.6].

(3 ) = (4) Clear by [5, Theorem 3.30].

(4) = (5) Follows [12, 18.6] and Corollary 1.

(5) = (6) By Lemma 5.

(6) = (7) is obvious.

(7) = (8) By [5, Theorem 3.19].

(8) = (1) By Theorem 2. O

Proposition 3. Let M be a w-projective cofinitely ss-supplemented module.
Then M is amply cofinitely ss-supplemented.

Proof. Let N be a cofinite submodule of M and let K be a submodule
of M such that M = N + K. There exists an endomorphism o of M
such that o(M) < N and (1 — 0)(M) < K. Note that (1 —o0)(N) < N.
Let T be a ss-supplement of N in M. Then M =o(M) + (1 —o)(M) =

o(M)+(1—0)(N+T) < N+(1—0)(T) < M, so that M = N+(1—0)(T).
Note that (1 — 0)(T") is a submodule of K. Let y € NN (1 —o)(T).
Then y € N and y = (1 — 0)(z) = z — o(x) for some = € T. Then
y+o(x) € Nysothat y € (1 —0)(NNT). But NNT <« T gives that
NN(1-=0o)(T)=(1-0)(NNT) < (1—0)(T) by [12, 19.3]. Since NNT
is semisimple, NN (1 — o)(T) = (1 — o)(N NT) is semisimple. Therefore
M is amply cofinitely ss-supplemented. O

Lemma 6. Let L; (1 < i < n) be a finite collection of strongly local
submodules of a module M and let N be a submodule of M such that
N+Li+---+L,, has a ss-supplement K in M. Then there exists a (possibly
empty) subset I of {1,2,...,n} such that K 4% . ; L; is a ss-supplement
of N in M.

Proof. Suppose that n = 1. Consider the submodule H = (N + K) N Ly
of Ly. If H = L then 0 is a ss-supplement of H in L; and the proof
of Lemma 2 shows that K = K + 0 is a ss-supplement of N in M. If
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H # L1, then Ly is a ss-supplement of U in L; and in this case K + L is
a ss-supplement of N in M, again by the proof of Lemma 1. This proves
the result when n = 1. Suppose that n > 1. By induction on n, there
exists a subset I of {2,...,n} such that K + >, ; L; is a ss-supplement
of N + Ly in M. Now the case n = 1 shows that either K + Zig/ L; or
K+ Ly +3,.p Li is a ss-supplement of N in M. O

Theorem 4. Let R be any ring. The following statements are equivalent
for an R-module M .

(1) M is amply cofinitely ss-supplemented.

(2) Every mazximal submodule of M has ample supplements in M.

(3) For every cofinite submodule N and submodule L of M such that
M = N + L, there exists a positive integer n and strongly local
submodules L; (1 <i<n) of L such that M =N+ Ly +---+ L.

(4) P(N) = P(Locs(N)) for every submodule N of M.

(5) P(Rm) = P(Locs(Rm)) for every element m € M \ Rad(M).

Proof. (1) = (2) Clear.

(3) = (1) By Lemma 6.

(4) = (5) Clear.

(2) = (4) Let N be any submodule of M and let K be a maximal
submodule of M such that IV is not a submodule of K. Then M = K + N.
By (2), there exists a submodule L of N such that L is a ss-supplement
of K in M. By |5, Proposition 3.1|, L is a strongly local submodule of N,
follows from Locg(NV) is not a submodule of K that (4) holds.

(2) = (3) Suppose that (2) holds and there exists a cofinite submodule
N of M such that M = N+ L for some submodule L of M but M # N+ K
for every K of L with K a finite sum of strongly local submodules. Let
) denote the collection of submodules H of M such that N < H and
M # H + K for every submodule K of L with K a finite sum of strongly
local submodules. By Zorn’s Lemma, €2 contains a maximal element U.
Because U is a cofinite submodule of M and U # M, there exists a maximal
submodule X of M such that U < X. Clearly M = X + L. By (2) there
exists a submodule Y of L such that Y is a ss-supplement in M. Now
M=X+Y and XNY <« Y. Note that Y is a strongly local submodule
of M by [5, Proposition 3.1]. Clearly Y is not a submodule of X gives
that Y is not a submodule of U, i.e., U # U + Y. By the choice of U,
there exists a submodule V' of L such that M = (U +Y)+V and V is
finite sum of strongly local submodules. But Y + V is a finite sum of
strongly local submodules and a submodule of L and M =U + (Y + V),
a contradiction. This proves (3).
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(5) = (2) Let K be a maximal submodule of M and let H be a sub-
module of M such that M = K + H. There exists x € H such that
x ¢ K and hence M = K + Rx. Clearly € M \ Rad(M) and by the
hypothesis K ¢ P(Rxz) = P(Locs(Rx)). By [5, Proposition 3.1|, there
exists a strongly local submodule L of Rx such that L is not a submodule
of K. In this case, M = K+ L, KN L < L and K N L is semisimple, so
that L is a ss-supplement of K in M. Note that L is a submodule of H.
Therefore M is amply cofinitely ss-supplemented. ]

Corollary 4. Let M be an R-module such that every cyclic submodule is
ss-supplemented. Then M is amply cofinitely ss-supplemented.

Proof. Let m € M. By hypothesis, we get that Rm is ss-supplemented
and so, by Theorem 1, % doesn’t contain a maximal submodule.
Therefore Rm = Locs(Rm). It follows that Rm = Locs(Rm) for all
m € M. Hence M is amply cofinitely ss-supplemented according to

Theorem 4. OJ
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