(© Algebra and Discrete Mathematics RESEARCH ARTICLE
Volume 29 (2020). Number 1, pp. 99-108
DOI:10.12958 /adm 1498

Group of continuous transformations of real
interval preserving tails of G3-representation of
numbers

M. V. Pratsiovytyi, I. M. Lysenko, and Yu. P. Maslova

Communicated by A. P. Petravchuk

Dedicated to the 70th anniversary
of Leonid Andriyovych Kurdachenko

ABSTRACT. In the paper, we consider a two-symbol system
of encoding for real numbers with two bases having different signs
go < 1 and g1 = go — 1. Transformations (bijections of the set to
itself) of interval [0, go] preserving tails of this representation of
numbers are studied. We prove constructively that the set of all
continuous transformations from this class with respect to compo-
sition of functions forms an infinite non-abelian group such that
increasing transformations form its proper subgroup. This group
is a proper subgroup of the group of transformations preserving
frequencies of digits of representations of numbers.

Introduction

Many two-symbol systems of encoding (representation) of fractional
part of real numbers are known. They use the alphabet A = {0,1} and
are based on expansions of numbers in series, infinite products, continued
fractions, etc. These systems identify a number as a sequence of zeros and
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ones, i.e., as element of space L = Ax A x. .. of sequences of zeros and ones.
Every such a system has some advantages and restrictednesses as well
as certain conveniences for solving some problems of number-theoretical,
topological-metric and probabilistic kind. A system with two positive
bases (qo € (0,1), g1 = 1 —qp) is among them. It generalizes classic binary
system, has a self-similar geometry and zero redundancy. This is a system
of QQ9-representation of numbers based on representation of a number by
the series

00 k—1
T =a1q1—q; T+ Z(ak(ﬂ—ak H qaj) = Agfag...ak...‘
k=2 =1

For gp = 0,5, it is a classic binary system.

In expression H§=1 Qo; = q{vo(x’k)qivl(x’k), where Ni(x,k) = a1 + g +
...+ag and No(z, k) = k— Ni(z, k), one can see that this is a system with
two bases. This system of encoding of numbers has various applications in
metric and probabilistic theory of numbers, function theory and measure
theory, fractal analysis and fractal geometry. For this system, the left shift
operator is a discontinuous function, linear and increasing on cylinders of
rank 1: A?Q = [0, o] and A%b = [q0,1].

In the papers |7], [8], an analogue of Qa-representation of numbers,
namely, system of encoding of numbers in interval [0, go] with bases gy €
(0,1) and g1 = go — 1 having different signs is introduced. It is based on
expansion of a number in the series

0o k—1
T =Q101-a; + Z(akgl—ak, H gaj) = Aglzagu.ak...‘ (1)
k=2 j=1

This system also has a zero redundancy (any number has at most two rep-
resentations, and set of numbers having two representations is countable).

Generally speaking, series (1) has positive as well as negative terms.
So Ga-representation is not topologically equivalent to (Qs-representation
and it is not a simple reencoding of QQo-representation. At the same time
metric theories of these representations are similar. A vivid peculiarity of
Go-representation is the fact that left shift operator of Ga-representation
is a continuous function on a whole interval [0, go]. This is a fundamental
difference between this system and previously studied systems.

Real numbers in interval [0, go] having two Ga-representations are
called Ga-binary numbers, and numbers having a unique representation
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are called Ga-unary numbers. It is known [10] that the set B of all Ga-

binary numbers is countable and consists of numbers with the following
oo AG _ AG

Go-representation: Ac12...cm01(0) = 012...cm11(0)'

Algorithm for comparison of numbers in terms of their Ga-representa-

tions is the following.

Theorem 1 ([10]). Numbers Agzcz...cmldldz... =x1F Ty = ACGI"’C%CmOd/ld,Q._'

are in the relation
T1 = T9 if om=cL+ca+ ...+ ey =2k,
1< if op=ci+ce+...+ey=2k—1.

In this paper, we consider continuous transformations of interval [0, g,
i.e., bijections of interval to itself, preserving “tails of Ga-represen-
tation of numbers”, namely, we study group properties of the family
of these transformations. Groups of transformations preserving tails of
different representations of numbers were studied in the papers [2], [3], [4].
Specific properties of Ga-representation generate a peculiar corresponding
transformation group having a non-trivial subgroup of increasing functions
unlike other systems.

1. Tails and tail sets

Definition 1. We say that Ga-representations of numbers x = AaGfan
and y = Agfﬁz...,@n... have the same tail if there exist positive integers k

and m such that
Wtj = Pmj (2)

for any j € N. We denote it symbolically by x ~ y.

Definition 2. Suppose that k£ and m are the smallest numbers satisfying
condition (2). Then Gs-representation and corresponding number

Qg 1042 Bm+1Bm+2..

z=[z ANyl =A
is called a common tail of representations of numbers z and y.

It is evident that binary relation ~ (“has the same tail”) is an equiva-
lence relation, i.e., it is reflexive, symmetric and transitive. Thus it provides
a partition of the set Z of all Ga-representations of numbers in interval
[0, go] into the equivalence classes, and they form together a quotient set
W = Z,/ ~. Any element of the set W is called a tail set, this set is
uniquely determined by an arbitrary its element.
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Theorem 2. Any tail set is a countable everywhere dense in interval
[0, go] set. The set W of all tail sets is a continuum set.

Proof. Suppose K, is a tail set containing the number z, K is a set of
all numbers y such that [y A z] = x, and K, is a set of all numbers y such
G2 — 2

that [y A AL @ania(@)d = Bamss@anta@)..

It is evident that every set K, (n € N) is countable and K, = |J K,.

n

Thus K, is a countable set because it is a countable union of countable
sets.

An arbitrary cylinder Ag%ncn contains points of tail set K, because
. GQ G2
points Acl...cna1(z)a2($)---’ c1.cnaz(z)az(z)...” and ACL--cnak(w)akH(iE)--- be-

long to this cylinder. This proves that the set K, is everywhere dense in
interval [0, go].

The set W is a continuum set. Indeed, suppose that it is a countable
set. Then we see that interval [0, go] is a countable set because it is
a countable union of countable sets. This contradicts the fact that interval
is a continuum set. O

Note that all Go-binary numbers belong to the same tail set.
2. Left and right shift operators of Gx-representation of
numbers

Theorem 3 ([8]). Left shift operator w of Ga-representation of numbers
in interval [0, go| defined by equality

G G
W(Aafozg.,.an...) = AoagQag...an..,
in space of Ga-representations, is analytically expressed in the form
1 0
w(x) = x— al(m)7 is a continuous well-defined function on [0, go],

oy (z) gal(ac)
is linear on every cylinder of rank 1, is increasing on Ay and decreasing

on Aj.

Numbers

9o
2+ go

0= A%) and A(Gf) = go + gog1 + gogi + ... =

are invariant points of left shift operator w.

Remark 1. The last theorem shows an essential difference between G-
representation and other known two-symbol representations, in particular,
(Q)3-representation, Q-representation [9] and As-continued fractions [3].
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Let n be a positive integer that is greater than 1. Put

U.)n(l') — w(wn ('1:)) Aaj+1($)0¢n+2( )

Since

n k—1 n
xr = 5&1(:17) + Z 5ak(x) H gaj(a:) + H gaj(a;‘) wn($)7
k=2 j=1 j=1

we have

n k—1
T 1
w™ iL‘): - 604 T + 504 T Ja,(z
@)= 5@ " B | ; ( )Jl;[l 5(@)

Theorem 4 ([10]). Function w™ is well defined by equality

n _, niAG2 — AG2
w (l’) =W (Aal(x)ozg(x)...an(x)...) - Aan+1(r)o¢n+2(x).,.’
1 n
is analytically expressed in the form w™(x) = P—x R where P, =

H?:l Yo (z)>
By = 0a,(2) + Z ( (@) H 1 Yo, (x) ), is continuous on interval [0, go]
and linear on every cylinder of rank n.

Remark 2. In terms of dynamical systems, relation “has the same tail”
can be defined in the following form:

x = AG? = A§?

arag..an B1B2..

5, & 0.N0, # 2,

where O,, = {u,w!(u), wz(u), ...} is an orbit of point v under mapping w,
and [z Ay] = Oy N Oy,

Definition 3. Function 7; defined on [0, go] by equality

G G
mi(z) =7 (Aaf(wag(x)...an(x)..-) = A ()2 (@) n (2)...

where i € {0,1}, is called a right shift operator of Ga-representation of
numbers with parameter i (in the sequel, we just say “right shift operator”).

Since 7; (Agig...cmm(o)) =T <A2202mcm11(0)) , we see that function 7;
is well defined. It is evident that the set of values of function 7; is cylinder
AZ-GQ. In particular,

0(0) =7 (A%) =0, m(0) =71 (A%) = AT = g0.



104 GROUP OF TRANSFORMATIONS PRESERVING TAILS

Lemma 1. Function 7; is continuous at any point of interval [0, go| and
analytically expressed in the form 1;(z) = 0; + g;x.

Indeed, since

7 (AS? ) = A = 0i + giAG?

a102...0m... 101 Q2...00 ... a1Q2...0m...0

we have 7;(z) = 0; + gz, i.e., 1o(x) = gox, T1(x) = go + g1x. So, it is
evident that function 7; is continuous on cylinders of rank 1. From equality

T (Agi}_'cmm(o)) = 7 (Ag;._cmn(oo it follows that the function is

continuous at Ga-binary points that are endpoints of cylinders.

Corollary 1. Function Ty is increasing and function 11 is decreasing.
Moreover, 10(g0) = 71(g0)-

The following equalities are evident: w(d;(z)) = = and 7, () (w(7)) =

Equation 7;(z) = w(z) has two solutions: z = A(C;.?), where j € {0,1}.
1 . _ m m 1 . — G2

Equation 7;(z) = w™(z) has 2™ solutions: z = A(jlﬁj%m’jmi),
{0,1}, k=1,m.

Let (i1,42,...,15) be a tuple of zeros and ones. Function 7;,;,. 4, defined

. G . . .

by equality 7,4, i, (x) = 2.122“_2.”0[1@)&2(36)”. is called a right shift operator
with parameters (i1,142,...,4,). By induction, from equality 7;,,. i, () =
Tiy (Tiy.i, () it follows that operator 7;,:,. 4, (z) is well defined.

Operator 7;,4,..4, is analytically expressed in the form

n k—1 n
Tivig...in (T) = Oiy + Z i H gi; | + Hgij z,
k=1 =1 j=1

is a linear function, is increasing if P, = H?Zl gi; > 0 (this is equivalent
to i1 +1i2 + ... + in is even number) and decreasing if P, < 0 (this is
equivalent to iy + 2 + ... + i, is odd number).

For example, consider n = 2 and corresponding functions 199, 701, 710,
711. Functions 790 = g3z and 711 = gdx + g2 are linear increasing, but
functions 191 = gog1x + gg and 1190 = gog1x + go are linear decreasing.

where jj, €

3. Continuous functions and transformations of interval
[0, go] preserving tails of G»-representation of numbers

We say that function y = f(z) preserves tails of Gy-representation of
numbers in interval [0, go] (or is a tail function) if any number x € [0, go]
and its image y = f(x) have the same tail.
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Left and right shift operators w™, 7;,,..4, for any positive integer n
and for any tuple (i1,42,...,4,) of zeros and ones are simple examples
of continuous functions preserving tails of Ga-representation of numbers.
Various “joinings” of these functions are the same. For example, function

w(x) f0<z <,
flx) = n(z) ifx

where z1 and x5 are solutions of equation w(z) = 71 (x), i.e., 1 = A(%Ql),

To = A(Gf), preserves tails of Ga-representation.

But not every continuous function defined on interval [0, go] is its
transformation, i.e., bijection of the interval to itself. It is clear that above
mentioned functions are not transformations.

It is clear that continuous transformations of interval [0, go] can be
only strictly monotonic (increasing and decreasing) functions such that
their domain and set of values coincide with this interval.

Lemma 2. Decreasing function

() ifzx <o =A% = 9o ’
M 2—go

hn= f x> — AG2 90
w(x) ifr>x = 0=

is a continuous tail transformation of interval [0, go].

Proof. Number z; is a solution of equation 71(x) = w(x) being equivalent

to system of equations 1 = as(z) = ay(z) = ..., a1(z) = az(z) =
as(z) = .... So this equation has two solutions: z = A(Ciil)’ ap € {0,1}.

First solution xg = A(Gogl) belongs to interval of decrease of function 71 and
to interval of increase of function w, and second solution x; belongs to
interval of decrease of function 7 and to interval of decrease of function w.
Thus f; is a continuous and strictly decreasing function. Moreover, f1(0) =
go and fi1(go) = 0. Hence fi is a continuous transformation of interval

[07 90]' O

Example 1. Function

: G
folx) = {Tl(f”) 0 <2< Agp,

w(z) if AG2

(101) <z < 90,

is a continuous decreasing tail transformation.
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Indeed, 7 is a continuous decreasing tail function and A( is a so-

101)
lution of equation 7i(z) = w?(x) belonging to the last interval of decrease

of function w?(x).

Example 2. Decreasing function

np.. .0l f0<z<m =A% |,
f3($): k k

w(x) if x, < < go, 7€ A,
is a continuous tail transformation of interval [0, go].

Indeed, w and 719, ¢ are continuous tail functions, number zj is a so-
lution of equation 7,y (x) = w(z) belonging to intervals of decrease
~——

k
of both functions. Hence f3 is a continuous decreasing tail function.

Theorem 5. The set C' of all continuous bijections of interval [0, go]
preserving tails of Go-representation of numbers with respect to composition
(superposition) o forms an infinite non-abelian group such that increasing
functions form its non-trivial subgroup.

Proof. 1t is known that the set of all bijections of interval forms a group
such that an identity transformation is its neutral element and an inverse
transformation is its symmetric element. It is evident that composition
of tail transformations is a tail transformation. The same is true for
inverse transformation. Thus, by the subgroup test, (C,0) is a group.
From example 3 (where k is an arbitrary positive integer) it follows that
this group is infinite.

To prove that group (C, o) is non-abelian it is enough to provide two
transformations in the set C' that are not commute. To this end we consider
function fi; and fy from examples 1 and 2 and number z( that is less than
z1. Then we have

f (fl(AoGlz(o )) f2(T (A0G12(0))) f2( 101 )

G G
(A1021(0)) A11201( 0)

Gz .
101(0) < A(101)>

fl(fZ(AoG12(o))):fl(Tl(A )) fl( 101 )

G G
= W(A1021( )) Aof(oy

because of AG2
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because of A%l(o) > A(GB Hence fo(f1(xo)) # f1(f2(x0))-
To prove that there exists a non-trivial subgroup of increasing functions
it is enough to give an example of non-trivial increasing bijection f € C.

A such function is the following:

wlx) fo<z< AG2

(011),
fs(w) = S miz) it A <z <AR,
T if AG2 <z < go,

(1)

because functions w, 711 and f(x) = x are increasing on given intervals,

A(GO?H) is a solution of equation w(z) = 711(x), and A% is a solution of

equation 1 (z) = . O

Remark 3. The group (C, o) is a proper subgroup of the group of transfor-
mations of interval [0, go| preserving frequencies of digits of representation.
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