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ABSTRACT. Let A and B be two factor von Neumann algebras.
In this paper, we proved that a bijective mapping ® : A — B satisfies
D(aob+ba*) = ®(a) o P(b) + ®(b)P(a)* (where o is the special
Jordan product on A and B, respectively), for all elements a,b € A,
if and only if ® is a #-ring isomorphism. In particular, if the von
Neumann algebras A and B are type I factors, then ® is a unitary
isomorphism or a conjugate unitary isomorphism.

1. Introduction

Let R and C be the real and complex number fields, respectively,
and A and B be two algebras over C. If a,b € A (resp., a,b € B), let
aob = %(ab + ba). We call o the special Jordan product on A (resp.,
special Jordan product on B). We say that a mapping ® : A — B preserves
product if ®(ab) = ®(a)P(b), for all elements a,b € A, that preserves
special Jordan product if ®(a o b) = ®(a) o ®(b), for all elements a,b € A,
that preserves Jordan product if ®(ab+ ba) = ®(a)®(b) + ®(b)P(a), for
all elements a,b € A, and that preserves Lie product if ®(ab — ba) =
O(a)®(b) — ©(b)P(a), for all elements a,b € A. We say that a mapping
®: A — Bis additive if ®(a+ b) = ®(a) + ®(b), for all elements a,b € A
and that is a ring isomorphism if ® is an additive bijection that preserves
products.
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Let A and B be two x-algebras over C. We say that a mapping
¢ : A — B preserves involution if ®(a*) = ®(a)*, for all elements a € A,
and that ® is a *x-ring isomorphism if ® is a ring isomorphism that
preserves involution.

A wvon Neumann algebra A is a weakly closed, self-adjoint algebra of
operators on a Hilbert space H, which are denote in this paper by lower-
case Latin letters, containing the identity operator 14, called elements of
A. A von Neumann algebra A is called factor if its center contains the
multiples of the identity operator only. It is well known that the factor
von Neumann algebra A is prime, that is, if a and b are elements of A
such that aAb = 0, then either a = 0 or b = 0.

The study of additivity or ring isomorphism of mappings preserving
products, special Jordan products, Jordan products and Lie products on
operator algebras have been received fair amount of attentions. Some
examples of these studies may be found in [1,4-6]. On the other hand,
many mathematicians devoted themselves to study *-ring isomorphisms
of mappings satisfying new types of products on von Neumann algebras,
for example [2,3,7].

Let A and B be two *-algebras. We say that a mapping ® : A —
preserves sum of products a o b+ ba* if

P(aob+ba*) = D(a)o ®(b) + (b)P(a)”, (1)

for all elements a,b € A.

Inspired by the research described in [2], the aim of this paper is to
prove that a bijective mapping preserving sum of products a o b + ba™ on
factor von Neumann algebras is a *-ring isomorphism. Our main result
reads as follows.

Main Theorem. Let A and B be two factor von Neumann algebras with
14 and 15 the identities of them, respectively. Then every bijective mapping

O : A — B satisfies P(ao b+ ba*) = ®(a) o ®(b) + ®(b)P(a)*, for all
elements a,b € A, if and only if ® is a *-ring isomorphism.

2. The proof of main theorem

In order to prove the Main Theorem we need to prove several lemmas.
We begin with the following lemma.

Lemma 1. Let A and B be two factor von Neumann algebras with 1.4
the identity of A. Then every bijective mapping ¢ : A — B satisfying
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P(aob+ ba*) = ®(a) o ®(b) + ®(b)P(a)*, for all elements a,b € A, is
additive.

We shall organize the proof of Lemma 1 in a series of claims, based on
the techniques used by Li et al. [2]|. Finally, we would like to mention the
following well-known result that will be used throughout this paper.

Let p1 be an arbitrary non-trivial projection of A and write ps = 1—p1.
Then A has a Peirce decomposition A = A1 @ Ao @ Ao @ Aso, where
Aij = piApj (1,5 = 1,2), satisfying the following multiplicative relations:
Aij Akt € 651 Ai, where 05y, is the Kronecker delta function.

We begin with the following claim.

Claim 1. Let a, b, ¢ be elements of A such that ®(c) = ®(a)+ ®(b). Then
hold the following identities: (i) ®(toc+ct*) = ®(toa+at™)+ P(tob+bt*)
and (ii) ®(cot+tc*) = P(aot+ta*)+ P(bot+1tb*), for all element ¢ € A.

Proof. For an arbitrary element ¢ € A, we have

O(toc+ct™) =0(t) o P(c) + P(c)P(t)*
= ®(t) o (2(a) + (b)) + (®(a) + @(b)) (1)
— 0(1) 0 B(a) + B(a)D(1)" + B(1) o B(b) + B(D)B(1)"
=®(toa+ at™) + P(tob+ bt™).
Similarly, we obtain (ii). O

Claim 2. ®(0) = 0.

Proof. From the surjectivity of ® there exists an element b € A such that
®(b) = 0. It follows that

B(0) = B(00b+b0*) = B(0)oD(b)+B(b)B(0)* = B(0)00+0P(0)* = 0. [

Claim 3. For arbitrary elements a1 € Aq1, bia € Ao, bo1 € As and
Co9 € Agp hold: (1) <I>(a11 + b12) = <I>(a11) + (I>(b12), (ii) <I>(a11 + b21) =
<I>(a11)—|—<I>(b21), (111) ‘I)(blg—l-CQg) = (I)(blg)—l-q)(CQQ) and (IV) @(621 +622) =
D(bo1) + P(ca2).

Proof. From the surjectivity of ®, we can choose an element ¢ = ¢11 +
c12 + c21 + co2 € A such that ®(c¢) = ®(a11) + P(b12). By Claim 1(i), we
have

* * * 3
D(pg oc+ cpy) = P(p2oair + aiips) + P(p2 0 bia + biaps) = ‘P(§blz)-
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This results that ps o c + cp5 = %bm which implies that c;o = b1 and
C21 = c99 = 0. Thus, @(611 + b12) = (I)(CLH) + @(blg). It follows that, for
an arbitrary element dio € Ajo

P(d12 0 (c11 + bi2) + (c11 + bi2)d7y)
= ®(d12 0 a11 + a11djy) + P(di2 0 big + biadi,)

which implies that

1 1
(b(iclldl? + lediz) = ®(§a11d12) + (I)(b12dT2)

Hence,

]- % 1 * >k
D (pg 0 (56116112 + biadiy) + (5611d12 + biadis)p5)
1

1 * % £ *
=®(p2o (§a11d12) + (§a11d12)p2) + @(p2 o (b1adiy) + (b12d75)p5)

which yields (I)(%Clldlg) = @(%alldm). This shows that Clld12 == a11d12
which leads to ¢11 = a11.
Similarly, we prove the cases (ii), (iii) and (iv). O

Claim 4. For arbitrary elements aj2 € Aj2 and be; € Az holds ® (a2 +
ba1) = ®(a12) + P(b21).

Proof. Choose an element ¢ = ¢11 + ¢12 + ¢91 + 22 € A such that ®(c) =
®(ay2) + P(ba1). Hence, for an arbitrary element djo € Aj2, we have

®(dig 0 c+ cdiy) = P(d12 0 a2 + a12diy) + P(diz 0 bey + ba1d]s)
= ®(a12diy) + P(d12 0 b21)

which yields

®(pa o (d12 0 ¢+ cdiy) + (di2 0 ¢ + cdiy)p3)
= ®(p2 o (a12diy) + (a12diz)p3) + P(p2 o (di2 0 ba1) + (d12 © ba1)p3)
= ®(ba1d12).

This results that ps o (di2 0 ¢ + ediy) + (di2 © ¢ + ediy)ps = bardia which
implies that ¢11 = co9 = 0 and co; = bsy. Thus,

O (c12 + ba1) = P(ai2) + P(bar).
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It follows that, for an arbitrary element do; € Ao, we have

®(day o (c12 + ba1) + (c12 + ba21)d5;)
= ®(doy 0 a12 + aradsy) + P(dag © boy + ba1d3y)
= ®(dy1 0 a12) + P(ba1dyy).

This implies that

®(py o (day o c12 + ba1ds;) + (da1 o c12 + bards, )pY)
= ®(p1 o (d21 0 a12) + (d21 © a12)py) + P(p1 © (ba1d3y) + (b21d3)p7)
= <I>(a12d21).

It follows that pj o(dajocia+bo1ds, )+ (d21 oci2+bai1ds; )pi = ai12da1 which
yields c12d21 = ajodo;. This allows us to conclude that c12 = aqo. O

Claim 5. For arbitrary elements a1 € Aj1, bia € Ao, c21 € Az and
dog € Ags hold: (1) <I>(a11 + b1s + 621) = @(an) + q)(blg) + @(621) and (11)
D (b2 + c21 + da2) = ®(b12) + P(c21) + D(d22).

Proof. Choose an element f = fi1 + fio + for + foo € A such that
O(f) = P(ar1) + P(b12) + P(c21). By Claim 4 we have

O(pao f+ fp3)
= ®(p2 o a1 + anps) + P(p2 0 biz + biaps) + P(p2 0 ca1 + c21p3)

3 1 3 1
— o2 B(=co1) = D(Zbio + ~ca1).
(2512)+ (2021) (21912+ 2621)

This results that ps o f + fpd = %blg + %021 which leads to fi2 = byo,
fo1 = co1 and foo = 0. It follows that,

O(f11 + b1z + c21) = ®(a11) + P(b12) + P(c21).
Next, for an arbitrary element dio € Aj2, we have

O (dig o (f11 + b1z + c21) + (f11 + b1z + c21)d]s)
= ®(dy2 0 ay1+aiidyy) +P(di2 0 bia+biadis) +P(d12 0 co1 +c21d75)

which implies that

1
D(dig o (f11 + 1) + biadis) = ‘P(§a11d1z) + @ (b12d]s) + P(d12 0 c21).
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As consequence, we get
®(pg o (dig o (fi1 + c21) + bi2diy) + (di2 o (fi1 + c21) + biadiy)p3)
=®(p20 (%alldw) + (%alldu)lﬁ) + ®(p2 o (b12diy) + (b12d]2)p5)
+ ®(p2 o (d12 0 c21) + (d12 © c21)p5)

which results

3 3 3
q)(zfndu + c21di2) = ‘P(Zandm) + D(ca1di2) = ‘P(Zandlz + c21d12).

This shows that %f11d12+621d12 = %a11d12+021d12 which yields f11 = a1;.
Similarly, we prove the case (ii). O

Claim 6. For arbitrary elements a1 € A1, bia € Ao, co1 € Ag; and
dog € Ags holds @(au +b1a+co1 +d22) = Q’(an)+(I)(b12)+(13(621)+(1>(d22).

Proof. Choose an element f = fi1 + fi2 + fo1r + foo € A such that
O(f) = P(ar1) + P(bi2) + P(co1) + P(da2). By Claim 5(i) we have

O(prof+ fp]) = P(p1oair + aip) + @(p1 o bia + bi2p])
+ ®(p1 0 co1 + c21p]) + P(p1 o do2 + doop])

1 3 1 3
= @(2&11)4—@(51)12)4—@(5021) = @(2&11-{-51)124—5021).

It follows that p; o f + fp} = 2a11 + %bu + %021 which implies that
fll =ail, flg = b12 and f21 = C21. Next, by Claim 5(ii) we have

D(p2o f+ fp5) = P(p2oair + ai1ps) + P(p2 o bia + bi12p3)
+ ®(pg 0 co1 + c21p5) + P(p2 0 dog + doa2p3)

3 1 3 1
= @(§b12) + @(5621) + @(26122) = q)(§b12 + 5021 + 2d22).

This results that pQOf—I—fp; = %b12+%c21 +2do9 which yields f22 =dy. O

Claim 7. For arbitrary elements a2, b1 € Ajo and asq, bo; € As; hold:
(i) <I>(a12 + b12) = (I)(alg) + (I)(b12) and (ii) <I>(a21 + bgl) = <I>(a21) -+ @(bgl).

Proof. First, we note that the following identity holds
(p1 + a12) o (p2 + b12) + (p2 + b12)(p1 + a12)”

1 1 N
= 5(112 -+ 5[)12 -+ CLTQ -+ b12a12.
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Hence, by Claim 6 we have

1 1 N N 1 1 N N
<I>(§G12 + 5()12) + (13((112) + ‘I)(b12a12) = @(5012 + 51)12 + ajo + b12a12)

= @((p1 + a12) o (p2 + b12) + (p2 + b12)(p1 + a12)”)
= ®(p1 + a12) o P(p2 + b12) + P(p2 + b12)P(p1 + a12)”
= (2(p1) + P(a12)) o (2(p2) + 2(b12))
+ ((p2) + P(b12))(2(p1)" + P(a12)")
= ®(p1) o ®(p2) + P(p2)(p1)" + (p1) 0 P(b12) + P(b12)P(p1)”
+ @(a12) o @(p2) +P(p2)P(a12)* +P(a12) o ®(b12) +P(b12)P(a12)"
= ®(p1 0 pa + papy) + P(p1 0 big + biap]) + P(a12 0 p2 + paaly)
+ ® (a2 0 big + bi2ajy)

1 1
= ‘1’(51712) + @(5012) + ®(ajy) + P(b12ais).

This allows us to conclude that ®(ajs + b1a) = ®(ai2) + @(b12).
Similarly, we prove the case (ii) using the identity

(p2 + a21) o (p1 + ba1) + (p1 + b21)(p2 + a21)”

1 1 B
= 5@21 + 5()21 + a;l + ba1a3;. L]

Claim 8. For arbitrary elements ai1,b11 € A11 and ag9, bog € Aso hold:
(i) ®(a11 +b11) = P(a11) + P(b11) and (ii) P(age + baz) = P(az2) + P(ba2).

Proof. Choose an element ¢ = ¢11 + ¢12 + ¢21 + c22 € A such that ®(c) =
®(aj1) + P(b11). By Claim 7(i), for an arbitrary element dis € A2 we
have

(I)(dlg oc+ Cdiz) = @(dlg oall -+ auda) + q’(dlg (¢] b11 + b11d>{2)
1 1 1
= ¢(§alld12) + @(ibndu) = <I>(§(a11 + b11)d12).

This shows that dig OC—i—CdTQ = %(au"’bn)dlg which implies ¢11 = a11+b11
and C12 = C91 =— C29 — 0.
Similarly, we prove the case (ii). O

Claim 9. ® is an additive mapping.

Proof. The result is an immediate consequence of Claims 6, 7 and 8. [J
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Lemma 2. Let B be a factor von Neumann algebra with identity 1z and
an element a € B. If B satisfies the condition a o b+ ba* = 0, for all
element b € B, then a € iR1p (i is the imaginary number unit).

Proof. When b = 15, we get that a + a* = 0. Replacing this last result in
given condition, we obtain ab — ba = 0, for all element b € B. This implies
that a belongs to the center of B which results that a € iR153. [

In the remainder of this paper, all lemmas satisfy the conditions of
the main theorem.

Lemma 3. ®(iR14) = iRlg and ®(Cly) = Clp.
Proof. For arbitrary elements A € R and a € A we have

0=>®((EA14)a+ (iA14)"a) = P((iA14) o a+ a(irla)™)
= ®(1A14) o P(a) + P(a)P(iAla)".

By Lemma 2 results that ®(:A\14) € iR1g. Since A is an arbitrary real
number, then we conclude that ®(i/R14) C iR1z. Note that ®~! has the
same properties that ®. Thus, applying a similar argument to the above
we obtain that iR1p C ®(iR14). Consequently, ®(iR14) = iR1p3.

Let a € A such that a* = —a (called an anti-self-adjoint element).
Then 0 = ®((ila)a+ (ila)a*) = P(ao(ila)+ (ila)a*) = ®(a) o ®(ila) +
®(i14)®(a)* which implies that ®(a) = —®(a)*. Since ®~! has the same
properties of ®, then applying a similar reasoning we prove that ®(a) =
—®(a)* implies a = —a*. Consequently, a = —a* if and only if ®(a) =
—®(a)* for any such element a € A. From this fact, for arbitrary elements
A € C and a € A such that a* = —a, we have 0 = ®((Ala)a+ (Al 4)a*) =
D(ao (Aly) + (Al g)a*) = P(a) o D(A14) + P(A14)P(a)* which implies
that ®(a)®P(Aly) = P(A14)P(a). It follows that bP(Al4) = P(A14)d,
for any element b € B such that b* = —b. As consequence, we have
bP(A14) = (A1 4)b, for an arbitrary element b € B, since we can write
any element b € B in the form b = by + by, where by = % and by = bgg;*
are anti-self-adjoint elements of B. This results that ®(A14) € Clp. It
follows that ®(C14) C Clp. Since ®~! has the same properties of ®, then
applying a similar argument we obtain Clg C ®(C14). Consequently,
®(Cl,) = Clp. O

Lemma 4. ®(14) = 15 and there is a real number v satisfying v* = 1
such that ®(ia) = iwv®(a), for all element a € A.
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Proof. By Lemma 3, there is a nonzero element A € C such that ®(14) =
Alg. Fix a nontrivial projection p € A. It follows that 2®(p) = ®(2p) =
B(pola+1Lap*) = B(p) o B(La) + B(L)B(p)* = A(B(p) + D(p)*). This
allows us to write ®(p) = Aq, where ¢ = 3(®(p) + ®(p)*). Also, 2®(p) =
(2p) = B(1y0p+ply) = B(La) 0 (p) + D(P)B(14)* = (A + N)B(p)
which results that A + A = 2. Yet, 2®(p) = ®(2p) = P(pop + pp*) =
D(p) o @(p) + B(p)@(p)* = ®(p)®(p) + P(P)P(p)* = (\* + AN)¢* = 2\¢?
which implies that ¢ = ¢?. This show that ¢ is a non-trivial projection
of B.

Let a be an element of A such that s = pap™ is a nonzero element. Then
La(s) = B(Ls) = B(pos+sp) = B(p) o B(s) + B(s)B(p)" = (Aq) 0 B(s) +
AD(s)q Wthh implies ¢®(s)g = 0, ¢-®(s)gt = 0, (1 — \)g®(s)g- =0
and (1 + \)gt®(s)g = 0. If X\ # +1, then ¢®(s)gt = 0 and ¢+ ®(s)qg =0
which implies that ®(s) = 0 resulting in s = 0 which is a contradiction.
Thus we must have A = 1 which results ®(14) = 15, ¢-®(s)g = 0 and
®(s) = q®(s)g*t. Let v be a nonzero real number such that ® (i1 4) = ivlg,
by Lemma 3. Then 2®(ip) = ®(po (ila) + (ila)p*) = ®(p) o (il ) +
®(il4)P(p)* = 2ivg which implies that ®(ip) = ivg. It follows that
3@ (is) = ®(3is) = ®((ip) 0 s + s(ip)*) = B(ip) 0 B(s) + (s)P(ip)* =
(ivq)o®(s)+®(s)(ivq)* = 3iv®(s) which yields ®(is) = iv®(s). Moreover,
as —3®(s) = ®(—3s) = ®((ip) o (is) + (is)(ip)*) = P(ip) o P(is) +
®(is)®(ip)* = (ivg) o (iv®@(s)) + (iv®(s))(ivg)* = —312®(s) we still get
that 12 = 1.

Let t be an element of A such that ¢ = ¢*. Then 20(t) = &(2t) = ®(to
Ia+1at") = @(t) o P(14) +P(14)P(¢)* = ®(¢) + P(¢)* which implies that
O (t) = ®(t)*. This results that 20 (it) = ®(2it) = ®(to (ilg) + (i14)t*) =
D(t) o @(ily) + P>il4)P(t)* = @(t) o (ivlg) + (ivlp)P@(t)* which allows
us to conclude that ®(it) = iv®P(t). Therefore, for an arbitrary element

a € A, let us write a = a; + ias, where a1 = % and ag = “Ef* are
self-adjoint elements of A. Then we conclude that ®(ia) = ®(ia; — a2) =
D(iay) — P(az) = ivP(a1) + ivdP(iag) = ivP(a; + az) = ivd(a). O

Lemma 5. & : A — B is a *-ring isomorphism.

Proof. For arbitrary elements a,b € A, we have

®(aob—ba*) = ®((ia) o (—ib) + (—ib)(ia)*)
— ®(ia) o B(—ib) + B(—ib)P(ia)*
= (iv®(a)) o (—iv®(b)) + (—ivd®(b))(iv®(a))"
= ®(a) o ®(b) — ®(b)P(a)". (2)
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Thus, from (1) and (2) we get ®(aob) = ®(a)oP(b) and ®(ba*) = ®(b)P(a)*
and, as consequence, we deduce that ®(a*) = ®(14a") = P(14)P(a)* =
15®(a)” = ®(a)" and ®(ab) = ®(a(b*)") = P(a)®(b*)* = (a)(®(b)")" =
®(a)®(b). This allows us to conclude that ® is a *-ring isomorphism.
The theorem is proved. O

From the main theorem and the fact that every ring isomorphism
between type I factor von Neumann algebras is spatial, we have the
following corollary.

Corollary 1. Let A and B be two type I factor von Neumann algebras
acting on complex Hilbert spaces H and K, respectively. Then every bijec-
tive mapping ® : A — B satisfies P(aob+ba*) = ®(a) o ®(b) + P (b)P(a)*,
for all elements a,b € A, if and only if there exists a unitary or conjugate
unitary operator U : H — K such that ®(a) = UaU*, for all element
ae A
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