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ABSTRACT. We consider a class of normal bimodule problems
satisfying some structure, triangularity and finiteness conditions
(one-sided bimodule problems). We study the structure of non-
schurian bimodule problems from our class and describe explicitly
the minimal non-schurian one-sided bimodule problems.

Introduction

The notion of bimodule problem arose as a formal language for so
called matrix problem solving methods, i. e. the equivalence classes repre-
sentatives description problem for a set of matrices with respect to some
set of transformations ([16]). Transition from matrix to bimodule problem
provide us with effective algorithms for obtaining the representation type
of bimodule problem and for its representation category description. Other
important tools closely related to this task are quadratic and bilinear
forms ([8,14]).

We develop approach to investigation of bimodule problem representa-
tion category and representation type based on results of [1,9] for another
class of bimodule problems. From the representation theory point of view,
the simplest bimodule problems are those for which the dimensions of
indecomposable representations are in bijection with the roots of corre-
sponding Tits quadratic form. This observation leads to the notion of a
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schurian bimodule problem for which any indecomposable representation
has only scalar endomorphisms. In particular, quivers and posets with
weakly positive Tits form are schurian (|4, 13]).

We consider the class of bimodule problems called one-sided bimodule
problems which generalizes well known classes of quivers and posets.
We impose two important restrictions on considered bimodule problems.
Firstly we assume that the quadratic form of bimodule problem is weakly
positive since the problem has an infinite representation type in the
opposite case. The second assumption limits the number of objects in
the category to at least three, otherwise the problems are considered
directly. Bimodule problem from this class has a quasi multiplicative basis
introduced in [2] which is a generalization of the notion of a multiplicative
basis and allows to distinguish the minimal non-schurian subproblems
effectively. Theorem 1 asserts that the minimal non-schurian admitted
bimodule problem having more than two objects is standard. This theorem
is a special case of the main result of [4] on DGC, but we give a new proof
using more invariant language.

We use the definitions, notations and statements from [1-3,16]. The
considered class 0 of bimodule problems and the notion of quasi multi-
plicative basis are defined in [3]. The notions and facts from the theory of
quadratic forms can be found in [6,8,14,17,18].

1. Preliminaries

Basic roots and singular vertices. Denote by WP the set of all weakly
positive locally finite quadratic forms and by 8‘%; a set of all positive roots
of a form ¢. Let g(x1,...,z,) € WP be an unit form, n > 2. A sincere
x € RN is called a basic root, if there exist i1,i2 € I = {1,...,n} such
that 2(e;,, ) = 2(esy, ) = 1, 25, = x4, = 1 and 2(e;, ) = 0,7 € I\{i1,i2}.
We call i1, ig the singular vertices of x.

Lemma 1. Let q(x1,...,x,) € WP be an unit form, n > 3, let x € R, be
sincere non-basic, and let i1,i9 € I, i1 # i9. Then there exists non-sincere
Yy e §R; such that y < x, and 11,12 € SUpPP Y.

Proof. Since g € WP, 2(e;,z) € {—1,0,1} for any i € I, so the equality
2 =2¢(z) =2(z,xz) = Y 1", 2(e;, x)x; implies 2(ej, z) = 1 for some j € I.
Then z = x — e; € R} . If z is sincere, it is non-basic since 2(e;, z) = —1.
Therefore, there exists a minimal sincere non-basic z € 8‘%;‘ such that
z < x. Let J C I be the set of all j € I such that 2(e;,z) = 1. Then for
any j € J, the root y = z — e; < z is non-sincere by the minimality of z,
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and hence z; = 1. Since 2 = Y7 | 2(e;, x)x;, |J| = 2. If |J| = 2, then z is
basic. Therefore, |J| > 3, and there is j € J\{i1,i2}. O

Representation category. For a bimodule problem A = (K,V), a rep-
resentation M of A is a pair M = (Mg, My) of Mk € ObaddK and
My € add V(Mk, Mk). If M, N are representations of A, then a morphism
f: M — Nisamorphism f € add K(Mg, Nk) such that Ny-f—f-My = 0.
The unit morphisms and composition of morphisms in the representation
category rep A and in add K coincide. All indecomposable representations
form the subcategory in rep A which we denote by ind A.

With a locally finite dimensional bimodule problem A = (K, V) we

associate the Z-lattice dimy = @ Z of elements x = (z4) acobk With
ObK

finite support suppx = {A € ObK | z4 # 0}. The lattice dim4 has
the standard basis {ea, A € ObK} such that (e4)s =1, and (e4)p =0
for B € ObK\{A}. Besides, dim 4 is endowed with the partial product
order: for a vector x € dimy, we write > 0 if and only if x4 > 0 for

all A € ObK. For a representation M € rep A such that Mk ~ @ A*A
AcObK

where almost all x4 = 0, a dimension vector of M is defined by equality
dim M = dimg M = (z4) acobk € dim 4. By definition, a support supp M
of the representation M is suppdim 4 M and is always finite.

There exists the identical on morphisms forgetful functor F(= F4) :
rep A — add K such that F(M) = Mgk. A morphism f : M — N in
rep A is an isomorphism if and only if F(f) : Mk — Nk is an isomorphism
in add K. We will denote an isomorphism by ~, and for a family of
representations S from rep A, we denote by S/~ the set the isoclasses of
S. The direct sum in rep A is induced by the direct sum in add K. It turns
rep A into a fully additive category, and the Krull-Schmidt theorem holds
in rep A (see |5,8]). The following result is clear.

Lemma 2. Let p = (po,p1) : A—>Awea = (K/AnngV,V) be a natu-
ral bimodule problem morphism, where pg : K— Kioq s the canonical
projection and p1 = ly. Then the functor repp : rep A — rep Ayeq be-
tween the representation categories induced by p is an epimorphism on the
morphisms, preserves isomorphisms and rep p(ind A) = ind A,eq.

The category rep A is fully additive, and it is called of finite represen-
tation type provided rep A has finitely many isoclasses of indecomposable
objects, and of infinite representation type in the opposite case.

A representation M € rep A is called sincere provided (dim M)4 # 0
forany A € Ob K. In this case Ob K is obviously finite. A bimodule problem
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A is called sincere if there exists a sincere indecomposable representation
M € rep A.

A representation M € ind A is called schurian provided it has only
scalar endomorphisms. A bimodule problem A is called schurian if every

M € ind A is schurian (10, 14]).

Lemma 3 ([11,14]). Let A be a finite dimensional schurian bimodule
problem. Then A is representation finite, its Tits form qq is unit integral
and WP, the map dimy : ind A/~ — §R;‘A is a bijection, where ind A/~
denote the set of all isoclasses of indecomposable representations.

Some results on representations of partially ordered sets. Let A =
(K,V) be a faithful admitted bimodule problem with Ob K™= {O}. If
dimg V(O, A) = 1 for every A € ObK™, then we say that A describes
representations of a poset Q = Q(A) defined in the following way ([12],
4.1). The elements of Q are X7, and for A, B € Q, A > B if and only if
K(A, B) # 0 (in this case dimy K(A, B) = 1), and the composition of two
non-zero morphisms is again non-zero. The category rep A is isomorphic
to the representation category of the poset Q.

Lemma 4 ([12]). Let A describes the representation of the poset Q.
1) If qa is WP, then A is schurian.

2) A is of finite type if and only if qq is WP.

3) Ais ofﬁmte type zf and only zfQ does not contain the subposets
Tulululd, 202w2, 1U3W3, 1U2U5, 4U2 X 2. The quadratic forms
of these posets are critical (critical posets are indicated in [13]).

4) If Q contains a chain of the length 3, x € dim 4 is sincere positive
and zo < 2, then every M € rep A with dimy M = x is decomposable.

2.  Schurity Problem

Sincere schurian bimodule problem. The following lemma states that
each sincere schurian bimodule problem is faithful.

Lemma 5. If bimodule problem A = (K,V) is non-faithful, then every
sincere M € ind A is non-schurian.

Proof. Let Annk V(A, B) # 0, A, B € ObK. Then the subspace generated
by Anngk V(A, B) in add K(Mg, M) consists of nilpotent endomorphisms
of M. Since M is sincere, M is non-schurian. O
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Minimal non-schurian bimodule problem. Let A = (K,V) be a sincere
non-schurian bimodule problem such that ¢4 € WP, and for every proper
subset S C ObK, the restriction Ag is schurian. Then A is called a
minimal non-schurian bimodule problem.

Let B, C be bimodule problems, defined by their basic bigraphs (¥5)¢ =
{X}, ()1 = @, and (X¢)o = {X, Y}, (B¢)1 = {a: X — Y}. For a
bimodule problem A having basis with at most 2 vertices, A is sincere
schurian if and only if either A = B or A =C.

The following lemma is similar to the result given in [4] for box problems
(see comments on Theorem 1).

Lemma 6. Let A= (K,V) be a minimal non-schurian admitted bimodule
problem with a basis ¥ and |Xo| = 3. If Aseq is a sincere schurian, then
there exist two uniquely defined vertices A, B € Eg such that:

1) for any sincere M € ind A, the vector dim g M is a basic root of
Tits quadratic form qa,., with the singular vertices A, B;

2) if Annk V(A1, By) # 0, then the sets { A1, B1}, {A, B} coincide.

Proof. Since A,eq is sincere, the set ObK is finite. By Lemma 3, the
map dimy : ind Apeq/~ — %JA i is a bijection. Let us consider a pair
A, B € 3§ such that Annk V(4, B) # 0. Since |Xo| # 1 and A is minimal
non-schurian, A # B. If there exists sincere non-basic y € 3?;;‘ r then by

Lemma 1 there exists non-sincere z € %;Ared such that A, B € supp z and
subproblem Agpp » is not schurian by Lemma 5.

If = is a basic root of q4,,, with singular vertices Ay, By, then = — ey,
and x — ep, are the roots, non-sincere in A; and B correspondingly. If

{A, B} # {Ai, By}, then by Lemma 5 at least one of the subproblems
As\ 14y or As\(py is non-shurian. O

A minimal non-schurian bimodule problem A satisfying the conditions
of Lemma 6 is called standard minimal non-schurian bimodule problem
with singular vertices A, B.

Small minimal non-schurian bimodule problems. The following lemma is
proved by direct verification.

Lemma 7. Let A be an admitted minimal non-schurian bimodule problem
with a basis % = ¥ 4. Then:

1) [Zo| #2;
2) if |X| = 1,3, then A is non-working contour;



162 ON SCHURITY OF ONE-SIDED BIMODULE PROBLEMS

3) if |Xo| =4, then Ajeq = Dy is given by its bigraph  where Qo =
{Al,AQ,El,EQ}, Q(l] = {:L’Z B — Ai,yi : Ey — Ai,i = 1,2}, Q% = {go :
Ay — Az} and Py = {(x1,22), (y1,y2)}. The dimension of non-schurian
representation with singular vertices Ay and Az is ea, +ea, +€ep, +€p,.
In this case we say that the minimal non-schurian A is of the type 94.

If A is a minimal non-schurian bimodule problem, ¥ is its bigraph, and
Y, = @, then \Ear| =1, %) =2, 31 # @, hence ¥ is a union of dotted
loops. Unless otherwise indicated, we exclude this case. Moreover, we will
assume that Tits quadratic form ¢ € WP, and so ¥ does not contain
parallel solid arrows.

Lemma 8. Let A be an admitted finite dimensional minimal non-schurian
bimodule problem with Tits form qa,.., € WP. Then A € C, and therefore,
Ared possesses a quasi multiplicative basis, and the bigraph of A.eq does
not contain a solid cycle Oy.

Proof. Let the bigraph of A,.q contain one of the listed in |3, Lemma 2]
bigraphs or a solid cycle O4 as a subbigraph. Since g 4., € WP, there exists
two vertices A, B € Zg such that Anng V(A, B) # 0. Hence A,¢q contains
a non-shurian proper subproblem (see Lemma 7). By [3, Theorem 1| Ajeq
possesses a quasi multiplicative basis. ]

Reduction of direct summand of bimodule. We will use a partial case of
so called reduction functor presented in [5,7]. We assume that:

1. A= (K,V) is a bimodule problem.

2. W,V C V are subbimodules of V such that V = V&W, in particular,
for every M = (Mg, My) € rep A, there exists a canonical decomposition
My = My® My, My € addV, My € addW. Let iy : addW — add V
be the morphism induced by the canonical inclusion W < V.

3. Let A = (K, V) be the induced bimodule problem, let L C rep A be
a set of representations of A, let L = rep Az, let i : L < rep A be the

inclusion, let j; be the composition j, : L —— rep A i) add K of 4 with
the identical on morphisms forgetful functor F(= F4) : rep A — add K
such that F(M) = M, and let jyw : W — addV be the corresponding
L-bimodule morphism. Without loss of generality we assume that the
representations of L are pairwise non-isomorphic.

We construct a bimodule problems B = (L, W) and define the functor
FL :rep B— rep A as follows:

o if M = (ML,MWL) € Obrep B for MWL € addWL(ML,ML), M, €

add L, then Fi (M) is a couple (ji (M), (Mp)y @ jw(Mw,));



V. BABYcH, N. GOLOVASHCHUK 163

o if f: M — N, then FL(f) = jL(f)-
The functor Fy is called the reduction functor for A with respect to
subbimodule V C V.

Lemma 9. F| is an equivalence on its image F| (rep B).
Proof. If M = (M, Mw, ), N = (N, Nw, ) € rep B, then
rep B(M,N) = {f € addL(M,N.) | Mw, f — fNw, =0}. (1)

To include rep B in rep A as a subcategory, we identify f €rep B(M, N) and
add i (f) : Mg — Nk. Then f is a morphism in add i (rep B) if and only
if Myf — fNy =0 (for addV this means that f € rep A(M, N)), and (1)
holds. But these conditions mean that f: Mg — Nk defines a morphism
from M = (Mg, My & Mw) to N = (Nk, Ny @ Nw). The composition in
rep A and in add i (rep B) coincide with the one in add K. O

Remark that reduction functor F} induces a homomorphism dimpg :
dimpg — dim4 which keeps the order on dimensions.

Reduction for an admitted bimodule problem. Let P C ObK™, and
W = V(P) C V be a subbimodule such that W(X,Y) = V(X,Y) if
X ¢ Pand W(X,Y) = 0 otherwise. Since A is admitted, then V=W @V
with V = V(Ob K™\ P) be a K-subbimodule in V. Let A = (K, V) be the
induced bimodule problem. There are defined the morphisms of bimodule
problems pp = (po,p1) : A— A = (K, V) where pg = 1 and p; : V—V
is a projection, and ip = (ig, i) : A — A where ig = 1k and 41 : V —V
is an inclusion. For M € rep A, let M|p = reppp(M).

For M € rep A, let ObL = {My,...,M;} where L C rep A is the
full subcategory defined above. Let M|p = M @ ... ® M be the
decomposition in indecomposables in rep .A. Then the reduction morphism

rep B LN repAﬂ add K is called M—reduction of A (with respect to P)
and write Rp s instead of Fi and Apy = (Kpas, Vpar) instead of B.

Lemma 10. 1) The bimodule problem Ap v is admitted.

2) The set ObKp s is a disjoint union (ObK\P)UObL where P O P
1s the set of all vertices in Xg incident to the arrows starting in P.

3) There exists Mp € rep Apar such that M ~ rep Rpar(Mp).

4) Restrictions of dimy,, ,, Mp and dimq M on ObK\P coincide.

5) If M is sincere representation, then Mp is sincere.

6) Let a € XY(E,A), A € P, E ¢ P. Then the bigraph YApa Of
Apy contains p = dimy M;(A) solid arrows ay, : E — M; such that
Rpa(ar) +---+ Rpu(ap) = M(a).
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7) Let E, = {s(a),(a,b) € P,}. IfE, NP = & for ¢ € $1(A, B),
A, B € P, then there are pq (p = dimy M;(A), ¢ = dimyg M;(B)) dotted
arrows gy : M — Mj in ¥ ap,, such that Rp(¢r): Mik(A) — Mk (B)
having only one non-zero component [Rp ar(¢r)] (), 1<k<p, 1<I<q.

Proof. Statements 3)-6) are the corollaries of the reduction construction.
The property of a bimodule problem to be admitted depends only on
its bigraph which implies 1). To prove 7), remark that Kp s (M;, M;) =
rep A(M;, M. ;). The conditions on ¢ imply ¢ € Anng V. Without loss of
generality suppose that M; and M; are presented as matrices with coeffi-
cients in V. Then the matrix [p;;] with only non-zero entry [or](a,x),(B,) =
¢ defines a morphism ¢y : M; — M.

We call the arrows a; and ¢ from Lemma 10 the components of a
and ¢ by the reduction Rp s correspondingly.

Minimal pairs and reductions. Further we will carry out the proof for
pairs (A, M) where M € ind A is a sincere. The pair (A, M) is called
manimal if every N € ind A with dim NV < dim M is schurian.

Lemma 11. Let A = (K,V) € C be a faithful connected finite dimensional
bimodule problem with basis X and Tits form ¢ € WP. If M € ind A,
x=dimgq M, (A, M) is a minimal pair and P C Ob K™, then:
1) (Apa, Mp) is a minimal pair.
2) If A,B € P and ¢ € $1(A, B) is such that E,N P = &, then:
(i) There does not exist M; €ind A such that M;(A) # 0, M;(B) #
0. If M;(A) #0 (M;(B) #0), then M;(A) ~ A (M;(B) ~ B).
(i) If M;(A) # 0, MJ(B) # 0, then VP,M(E,Mi) = ka, VP,M(E,
M;) =kb, and a||by in Vprr, where ¢ = @;j.
(iii) Let subcategory l, C addK consists of all representations F
such that F'(p) = 0. Then Rpno(Annk,,, (Vpar)) Clg.

Proof. By [3, Theorem 1|, we can assume that the basis ¥ is quasi multi-
plicative. Statement 1) is obvious. Suppose there is ¢ = 1,...,t such that
M; is sincere in both A and B. The condition on ¢ gives that ¢ € Anng V,
and M; is non-schurian by Lemma 5. Hence N = repip(M;) € ind A
is non-schurian and dimgq N < z. If for some i, M;(A) ~ AP p > 2
then by Lemma 10, 6), ’E.(/)‘lp7M1<E7MZ‘)| = p = 2. Since q4,,, € WP,
|294P 1 (M, M;)[ > 2 and M; is non-schurian, that proves (i). By definition
of reduction Vpur(E, M;) = add V(Ek, Mi) = ka, and Vp(E, M;) =
kb. Statement al|by follows from the definition of Vp p;.
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To prove (iii) suppose there exists F € Anng,, (Vpay) such
that f = Rpao(F) & ly, or equivalently, f(¢) # 0. Obviously,
F e Kpar(M;,Mj) for M;, M; defined in (ii). Since for every E € E,, F
annihilated Vp(E, M;), then Rpyn (Ve (E, M;))Rpao(F) = 0. Using
the reduction of direct summand of bimodule we obtain that the equality
is equivalent to add V(Ek, M;k)f = 0. For v € add V(FEx, M) with the
unique non-zero component v(a), we have vf(b) # 0, that proves (iii). O

Special bimodule problems. We use in this section the following class
of admitted bimodule problems. We call a faithful bimodule problem
S = (L, W) with a quasi multiplicative basis ® special provided &y =
{El,EQ;Al,...,Am}, ‘I)(l) = {.I‘Z : By —)Ai,yi : Ey — Al,Z = 1,...,m}
and the following equivalent conditions hold:

o if 1 #4 < j < 'm, then both pairs x;,z; and y;,y; are comparable;

e if 1 <i < j < m, then S|, 4,4,, k= 1,2 is not a non-working

contour, and S|g, kg, 4,4, is not the cycle Oy.
Note that the bimodule problem %, belongs to the defined class.

Lemma 12. Let S be a special bimodule problem with a basis ®. Then:

1) S is schurian;

2) the set Dg C dimg of the dimensions of representations from ind S
is the subset of the set Do = {€p,,€r,; €A,,€E, +€A;, €5, +€A,, €5, +€E, +
ean i =1,....,miep, +ep, +ea +ea;, 1 <isF#j<my;

3) there exists M € ind A, dims M = ep, + eg, + ea, +ea, if and
only if A; and A; are connected in ® by an unique joint arrow.

4) For a sincere M € repS and F € repS(M, M) such that F # 0,
F(1g,) =0, F(1g,) =0, and once F(p) # 0 for ¢ € ®1, then ¢ is joint.
Then M contains a trivial direct summand Uy, for some i = 1,...,m
which corresponds to a simple root ey, .

Proof. The statements 1), 2), 3) can be verified immediately. Let us
¢

prove 4). Let M = & M,fk be a decomposition in indecomposables
k=1

in repS. For every non-trivial M;, ¢ = 1,...,t, any N € addL and
G € addL(M;_, N) such that G(¢) # 0 for joint ¢ € X}, there holds
M, G # 0. For F € repS(M,M), MwyF — FMy = 0. The condition
F(1g,) =0 for i = 1,2 implies that MwF = 0. O

The main result. Now we are ready to prove that every minimal non-
schurian finite dimensional admitted bimodule problem is standard.
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Theorem 1. Let A = (K, V) be a minimal non-schurian finite dimensional
connected admitted bimodule problem with basic bigraph ¥ having at least
3 wertices and weakly positive Tits quadratic form qa. Then qq. . € WP
and A is standard minimal non-schurian bimodule problem.

red

In fact, Theorem 1 is a special case of the main Theorem of [4] on DGC
problems formulated in the other terms. Note that Theorem from [4] is
also given in [7] using the language of box problems which are equivalent
to DGC ones. For our class of bimodule problems, we give an alternative
proof using, in addition to the basic ideals of [4], the specifics of the
bimodule language.

Proof. According to Lemma 7, bigraph ¥ does not contain dotted
loops and, since ¢ = q4 is weakly positive, parallel solid arrows. Let

o B=Aed = (Kied, V), Krea = K/Anng V, be the faithful part of A;

e () be the bigraph of B, Qy = %o, Q) =39 Ol c &}

* p(z) = q8(x), p(z) = q(x) — Z(A,B)egoxgolAnnK(V)(A, B)|xrazp.

By Lemma 2, Obrep A = Obrep B. By assumption, for any proper
subset S C X, the problem Ag is schurian.

The proof of the Theorem is carried out in several steps by induction
on the lexicographically ordered pairs (| |, [2¢]).

Step 1. |X,|=1.

Let ¥; = {O}. Then B is a bimodule problem corresponding to a
poset Q = Q(B). To show that the Tits form p of B is WP, we formulate
the following preciser statement under Theorem conditions.

Lemma 13. If p ¢ WP, M € ind B is sincere, then there exists y € R}
such that 0 < y < x = dim M, and:
1) plsuppy € WP and there exists N € ind B of dimension y;

2) Anng Visuppy # 0, in particular, the indecomposable N is non-
schurian in the category rep A.

Proof. Since g€ WP, p¢ WP, there are A, B€X] with AnngV(A, B)#0.

If zo =1, then Q = I_Ilei for k > 4 since B is sincere and p ¢ WP.
Then we set y = ep + €4 + ep.

Thereafter we assume zp > 2. By Lemma 4, Q contains a proper
subset C C Q such that restriction p|c is critical. To construct the vector
y, we need to consider the following three cases.

() C=1uluUlul then weset y =eo+ea+ep.
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(2) Let C=2120U2,C=10U30U3,0or C =125 Then every
pair of vertices of C, in particular (A, B), belongs to a subposet C' C C,
O = (A, Ay, A3 < Ay} ~1 U112 We set y = 2e0 + Z?:l €A,

(3) Assume that C = 4102 X_2. By Lemma 4, 4), zo > 3. Every
pair of vertices (in particular A, B) belongs to C' C C of the form {A; <
Ag; By > By < Cy > C1} ~ 22K 2. Then y = 3ep +ea, +e4, +€p, +
ep, +ec, +eo,.

For the constructed y, the restriction p|suppy is WP since it is a proper
subform of the critical form. Then, by Lemma 3, there exists N € ind B
of dimension y which is non-schurian in rep A by Lemma 5. ]

In the case |X,| = 1, the assumption p ¢ WP contradicts to the
minimal non-schurity of A, hence p € WP. Then B is schurian by Lemma
4, and we can apply Lemma 6 to A. So the induction base is proved.

Step 2. General case |¥;| > 2.

To prove the Theorem, it is enough to verify that 5 is a sincere schurian
bimodule problem, and apply Lemma 6.

Substep 2.1. p € WP.

Proof. Assume p ¢ WP, then there exists S C g such that p|g is a
critical form and p is corresponding critical vector. Since ¢ € WP, there
exist A, B € S such that Anng V(A, B) # 0. Then there is y € R
such that A, B € suppy, but suppy # S. By assumption, Ag,pp, and
Bsuppy are schurian and, by Lemma 3, there exists ¥ € ind B such that
dimyY = y. By Lemma 2, Y € ind A is non-schurian in rep A which
implies contradiction by Lemma 5. [

By Lemma 8, B € [ and possesses a quasi multiplicative basis.

Remark 1. Let (A, M) be a minimal pair with a non-schurian M € ind A,
let £ € ¥, P =%X,\{E}, Rem : Apy — A be the reduction con-
structed in Lemma 11, and let Apyr = (Kpas, Vpar) for Mp € rep Ap
with rep Rp s (Mp) ~ M. Then Ap s is the standard non-schurian, and
S = (Ap)red is @ poset bimodule problem.

Proof. By Lemma 11, (Apar, Mp) is a minimal pair. The bigraph of Ap
has a unique minus-vertex, so the fact follows from the step 1. O

To show that B is schurian, we prove that every nilpotent endomor-
phism of any M € ind B is equal to zero. Then, by Fitting’s lemma ([15]),
every endomorphism of any M € ind B is invertible, and thus scalar.
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Let F € rep B(M, M) be a nilpotent endomorphism of M, i. e. F¥ =0
for some integer k£ > 1. Obviously, to show that F' = 0 we need to prove
that F(p) = 0 for any ¢ € %1, and F(14) = 0 for each A € .

Substep 2.2. F(1g) =0 for every £ € ¥

Proof. Since Y| > 2, there exists £y € X, \{E}. Then, according to
remark 1, we apply M-reduction Ry p : Ay p— A for P = {E;}.
Then Mp(E) = M(FE) for a representation Mp € rep Ay p such that
rep Ry p(Mp) = M, and if Fp : Mp — Mp is such that rep Ry p(Fp) =
F,then Fp(lg) = F(1g). Applying the induction assumption and Lemma
11 to the minimal non-schurian problem Ajs p and to the sincere repre-
sentation Mp, we obtain Fp(1lg) = 0. O

Substep 2.3. If p € X{(4, B) is a single arrow, then F(p) = 0.

Proof. We apply Rpr for P = ObK™\E, where E, = {E}. By step 1,
A p is standard minimal non-schurian bimodule problem, and by Lemma
11, Fp € addAIlIlKP’M(VRM) and F((p) =0. ]

Substep 2.4. If ¢ : A — B is a joint arrow, then F(¢) = 0.

Proof. Let E, = {E1,Ex}, P = ObK™\E,. We apply Rp . If Fp €
add Anng,, ,, (Vp,ar), then, as in the substep 2.3, all is proved. In opposite
case, there exist non-zero nilpotent Fp € ind S(Mp, Mp) for S = Apy =
(Kred; W). We choose the basis ¥ = X5, and extend it to the basis ¥ 4,
By substep 2.3, Fp(¢)) = 0 for any single 1 € ¥1, and so F(¢)) = 0.
For any joint ¢ € ¥}, Fp(p) = 0. Indeed, let Ay,..., Ay € ¥g be all
vertices incident to the joint arrows from Wi. Consider a special bimodule
problem Sp with T' = {E1, Es, Ay ..., Ay} Then F € addKieqgs,., and
F defines an endomorphism of Mp. By Lemma 12, 4), we obtain that
Mp € rep St has a trivial direct summand which is the direct summand
of M € rep S obviously. So Fp € add Anng,, ,, (VP 1) O

Substep 2.5. F = 0.

Proof. Tt is enough to prove that F(14) = 0 for all A € }. Suppose it
fails for some A € Ear. We denote by a; : E; — A,7 =1,...,1, all the

solid arrows incident to A. We consider the ( & M (Ej;), M(A))-cut of M
j=1

and the matrix [M]* = ([M](a1)...[M](a;)). The rank of this matrix
equals dim M 4, otherwise M contains a trivial direct summand U 4. Since
F(p) = 0 for all ¢ € XU, by the substeps 2.3 and 2.4, the equation
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[M][F] — [F][M] = 0 implies [F](jéllEj)[M]A — [M]JA[F](14) = 0. Since
F(1p,) =0 for any j, by the substep 2.2, [M]4[F](14) = 0. O

Corollary 1. Let A be a finite dimensional connected admitted bimodule
problem with at least 3 objects and Tits form qa € WP. If g4, ts not
WP, then A can not be a minimal non-schurian bimodule problem.

Conclusion

The paper is devoted to the study of schurity property for a class of
matrix problems called one-sided bimodule problems, and is the second
step after [3] in research of the representation finiteness problem for a
mentioned class. By means of the constructed quasi multiplicative basis, we
prove that the minimal non-schurian admitted bimodule problem having
more than two vertices is standard minimal non-schurian.
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