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Grigorchuk’s overgroups
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ABSTRACT. Grigorchuk’s Overgroup Gv, is a branch group
of intermediate growth. It contains the first Grigorchuk’s torsion
group G of intermediate growth constructed in 1980, but also has
elements of infinite order. Its growth is substantially greater than the
growth of G. The group G, corresponding to the sequence (012)> =
012012..., is a member of the family {G,|w € Q = {0,1,2}"}
consisting of groups of intermediate growth when sequence w is
not eventually constant. Following this construction, we define the
family {G,,w € Q} of generalized overgroups. Then G = G p12)=
and G, is a subgroup of gw for each w € 2. We prove, if w is
eventually constant, then G, is of polynomial growth and if w is
not eventually constant, then G, is of intermediate growth.

Introduction

The growth rate of groups is a long studied area [15,17,20] and it
was known that growth rates of groups can vary from polynomial growth
through intermediate growth to exponential growth. First group of inter-
mediate growth (the growth which is neither polynomial nor exponential),
known as the first Grigorchuk’s torsion group G, was constructed by Ros-
tislav Grigorchuk in 1980 [10] as a finitely generated infinite torsion group
and later [11] it was shown that it has intermediate growth. The growth rate
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~vg(n) of G was first shown to be bounded below by eV™ and bounded above
by ", where 8 = logz, 31 ~ 0.991 [11,12]. In 1998, Laurent Bartholdi [1]
and in 2001, Roman Muchnik and Igor Pak [18] independently refined the
upper bound to yg(n) < ™, where a = log (2)/log (2/n) ~ 0.767 and 7
is the real root of the polynomial 2% + 22 + x — 2. Recent work of Anna
Erschler and Tianyi Zheng [8]| showed ~g(n) = "™ for any positive e.

At the same time, in [11,12] (also see [14]) an uncountable family
of groups {G,: w € Q = {0,1,2}N}, known as generalized Grigorchuk’s
groups were constructed. They consist of groups of intermediate growth
when sequence w is not virtually constant and of polynomial growth when
sequence w is virtually constant [12].

Since the construction of the first Grigorchuk group, there was an
expansion of the area of study and new groups of intermediate growth
were introduced [3,4,13,16,19]. The group G known as the Grigorchuk’s
overgroup [5] is an infinite finitely generated group of intermediate growth
which shares many properties with first Grigorchuk’s group [6]. In contrast,
the Grigorchuk’s overgroup has an element of infinite order [5]. As a
corollary to Proposition 4 and Theorem 2" of present article, the growth
rate yg(n) of G satisfies,

exp <n> < 7g(n) < exp <”10g(10g”)>

log**<n logn

for any € > 0.

First introduced technique for getting an upper bound for G uses the
strong contraction property [12] (also known as sum contraction property),
which says that there is a finite index subgroup H of G such that any
element g € H can be uniquely decomposed into some elements, whose
sum of lengths in not larger than C|g| + D, where 0 < C < 1 and D are
constants independent of g [12]. Later this technique was developed and
many variants were introduced [2,7,9]. In 2004, to get a lower bound for
a certain class of groups of intermediate growth, Anna Erschler introduced
a method for partial description of the Poisson boundary [7]. This idea
was used to get the current known best lower bound for the growth of
G [8]. We will be using a version of strong contraction property in this
text.

Following the construction in [12], we introduce an uncountable family
{éw,w € O} called generalized Grigorchuk’s overgroups, where Q =
{0,1,2}" (see Section 1.1).
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Theorem 1. Letw € ). Then G, is of polynomial growth if w is virtually
constant and G, is of intermediate growth if w is not virtually constant.

Let Q0,21 be subsets of €, where 0y is the set consisting of all
sequences containing 0,1 and 2 infinitely often, €21 is the set consisting
of sequences containing exactly two symbols infinitely often. Define ()
to be the subset of €y containing sequences w = {wy}, such that there
is an integer M = M (w) with the property that for all £ > 1, the set
{wk, Wit1, - - -, Wi+ M—1} contains all three symbols 0,1 and 2. Similarly,
define Q7 to be the subset of ; containing sequences w = {wy, }, such that
there is an integer M = M (w) with the property that for all k£ > 1, the set
{wk, Wr41, ..., wr+a—1} contains at least two symbols. Let % = Qf U Q7.
Sequences in 2* are called homogeneous sequences.

Theorem 2. Let w € Q*. Then

nlog(logn
1g,, (n) S exp (lo(gn)> :

Theorem 2 provides an upper bound for growth of G only for ho-
mogeneous sequences. In fact, it is impossible to give a unifying upper
bound for growth of éw, for all w € Qg U €. This follows from Theorem
7.1 of [12], together with the fact that G,, C G,,. However, it is possible

to provide a unifying lower bound for the growth of groups G, for all
n

———— | for arbitrary ¢ > 0
log2+€(n) y

w € Qo UQ by a function of type exp <

(see Proposition 4).
We prove Theorem 1 in Section 2 and Theorem 2 in Section 3.

1. Preliminaries

First recall Q = {0, 1,2} and Qq, Q1 C Q are the set of all sequences
containing 0, 1 and 2 infinitely often and the set of all sequences containing
exactly two symbols infinitely often, respectively. Now let €25,€2; 2 be
subsets of €2, where () is the set consisting of all eventually constant
sequences and €21 2 is the set consisting of sequences containing at most
two symbols. Let o: @ —  be the left shift. i.e. (cw), = wp1.

1.1. Generalized Grigorchuk’s groups G, B
and generalized Grigorchuk’s overgroups G,

Let T5 be the labeled binary rooted tree with root &, where vertices
are labeled by finite strings of Os and 1s (see Figure 1). Let Aut(7%) be
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00 01 10 11

000 001 010 011 100 101 110 111

1% € 9T

FIGURE 1. Labeled binary rooted tree Tb

the group of automorphisms of 75, fixing the root and preserving the tree
structure. That is, if g € AutT5, then g is a bijection from set of vertices
of Ty onto itself such that g(@) = @ and g(u), g(v) are adjacent if and
only if u, v are adjacent. For two vertices u, v of Tb, let uv be the vertex
of Ty labeled by the concatenation of labels of u and v.

For g € Aut(T»),v € T, there is a unique element g|, € Aut(73), such
that g(vu) = g(v)glv(u), for all u € Ts. g|, is called the section of g at v.
In this article, we will only consider the sections for which g(v) = v.

Denote the identity in Aut(73) by 1. Let a € Aut(73) be such that
a(0v) = 1v and a(lv) = Ov, for all v € Aut(73). Note that any g € Aut(73),
that fixes vertices 1”710 for all n > 1, can be uniquely identified by its
sections at 17710, for all n > 1. So we identify an infinite sequence of auto-
morphisms {4, } with the element g € Aut(T%) where g(1"~10) = 1710
and g|in-19 = A, for all n > 1. Identify =z € Aut(73) with the sequence
(a,a,...).

For w € Q, define bw,cw,dw,gw,gw,glvw € AUE(TQ) to be the elements
identified with sequences {B,}, {Cyn}, {Dn}, {Bn}, {Cn}, {Dn}, respec-
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tively, where

B, — a wn:00r17 En: 1 wn:Oorl’
1 w,= a wp =2

C, = a wn:()or?’ 671: 1 wn:00r2’
1 w,= a wp=1

D, = a  wp or , D, — Wn or ‘ (1)
1 w,=0 a w, =20

We will denote a, x by ay,, ., respectively, if it is convenient. Note that all
these elements are involutions and all except a commute with each other.
The generalized Grigorchuk group G, is the group generated by elements
a, by, ¢y, d, and the generalized overgroup G., is the group generated by
a, by, cy,,d,, x. As follows from definition, G, C G and it is useful to view
G., as the group generated by the set S, = {a, by, cy,dy,, bw, Coos o }.

For any w € €}, elements in S, satisfy the following relations called
simple contractions;

bwcw = wbw = dun dew = dwcw = bw; dwbw = bwdw = Cu,
z;wgw = Ew~w = dw, Ewg{w = Jwgw = bw» Jwgw = ijw = Cuw;,

byCow = Cuby, = dy, cody = dyc, = by, dyby, :gwdw = Cw,

bocy, = cuby, = do, Cudy = dyCy = by, dyby, = bw(;lvw - Ew;
buwbey = buby = Colu = oy = dydy = dyd, = 7,
bor = xb, = Ew, Col = TCy, = Cy, dyr = xdy, = d,

box = xb, = b, CoT = xCy = Cyp, dux = xde =d,. (2)

Any word over the alphabet §w can be reduced using simple contractions (2)
to a word of the form,

(a) xaxax...xaxax*(a). (3)

Here the first and the last a can be omitted and ‘x’s represent generators
in S, \ {a}. A word of the form (3) is called a reduced word. Thus, each
element g € G can be represented using a reduced word.

Denote H,, := H = {g e Gyu:gv)=vforv=0,1}. ThengEH
if and only if every word representing g has even number of ‘a’s. It is easy
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to see that H, is generated by {s,s*: s € S, \ {a}}, using (3). There is a
- - ~ 2
natural embedding 1, from {s,s*:s € S, \ {a}} to (S’ow U {1}) given

by — (B1,bsw), cw > (C1, Cow)s dy — (D1, dgy),
b2 — (bow, B1), @+ (Couw, C1), @y (dyey, D),
by — (Bi, bow), G = (C1, o), dy — (D1, dye),
b2 5 (bow, B), & (Cow, C1), d® — (dgw, D1),
x> (a,z), % = (x,a). (4)

Let W be a word with even number of ‘a’s, over alphabet :S’Vw’ in the
reduced form (3). Then W can be written in the form,

(%) % % 5 T %% x (%), (5)

where ‘s represent elements in S,, \ {a}. Here the first and last ** can be
omitted depending on first and last letter of W. Now using (5) and (4),
we can extend ¢, to the set of words W, of the reduced form (3), over
alphabet Sw, with even number of a’s. Then W (Wg, Wl) where WO, W1
are words over alphabet S,,,, which need not to be in reduced form (3).
Note that each x,%* in (5) contributes either a letter or no letters (if the
corresponding coordinate is 1) to each of Wo and Wl. Write W in the
form (5), and suppose there are n number of ‘+’s in it. Then Wol, ‘Wl‘ <n
W = s k%% then [W| =2n—1. EW = (%)% %% or
W o= sk (%), then |[W] = 2n. HW = (%) sx@sx% @k (%),
then |W| = 2n + 1. In either case, we get

‘ [W|+1
=2

.

WMW) <Wi+1.  (6)

Here |W|, ‘Wg) , ‘Wl‘, represents the number of letters in VV,WO,WL
respectively. In fact, we can give a better upper bound,

]’WO\ + \’Wl\ < W] +1-a, (7)

where « is the number of letters in W, whose first coordinate of the
natural embedding is 1. ¢w can also be extended to a map from H,, into
Gw X Gaw given by,

bu(9) = (glo. gl1)- (8)
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We will denote both of theses extensions also by Jw and we may drop the
subscript w if there is no ambiguity.

Let G be a group with a finite generating set .S. For a word W over
the alphabet S, the number of letters in W is denoted by |[W| and for
s € S, the number of occurrences of s in W is denoted by |W|,. For any
element g € G, the length of g, denoted by |g|, is defined by

lg| = min{|W|: g =W in G}.
It is easy to see from (8) and (6), that for g € H,,

lgl +1
2

l9lol lgh] < and  |glo[ + |gh[ < lg] + 1. (9)

Now define v¢, g, a positive integer valued function on nonnegative integers
by
1a,s(n) = [Bg,s(n)|,

where Bg g(n) = {g € G: |g| < n} is the ball of radius n in the Cayley
graph of G' with respect to the generating set S. ¢ g is called the volume
growth function of G with respect to the finite generating set S.

There is a partial order relation < for growth functions defined by f < g
if and only if there are constants A and B such that f(n) < Ag(Bn) for all
n. We define an equivalence relation ~ by, f ~ ¢ if and only if f < g and
g =< f. The equivalence class of v s(n) is known as the growth rate of the
group G. The growth rate of a group does not depend on the generating set.
So we denote the growth rate of a group G, by g (n). Growth rate can be
polynomial, exponential, or intermediate if vg g(n) ~ n® for some positive
integer d, vg.s(n) =~ e", or n? < yg.5(n) < e for all positive integers d,
respectively. Growth above polynomial is called super polynomial and
growth below exponential is called subexponential.

The growth exponent Az g of a group G generated by S, is given by
Ag.s = liyrln (7@75(71))1/”, and Ag,g > 1 for any finitely generated group G.

Note that 1/Ag s is the radius of convergence of the generating function
of {7g,s(n)}. An easy exercise shows that, for finitely generated, infinite
group G with generating set S

lim (7,5(n)) " = lim (v,5(m) ", (10)

by looking at the radii of convergence of generating functions of {yg s(n)}
and {75 ¢(n)}, where v ¢(n) = |Bg s(n) \ Ba,s(n —1)| = yg,5(n) —
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va,s(n — 1) is the spherical growth function of G with respect to the
generating set S. For finite indexed subgroup H of G,

vu,s(n) <va.s(n) < vms(n+ N),

where v, s(n) = |Bg,s(n) N H| and N is the maximum of lengths of right
coset representatives of H in GG. Thus for infinite group G, we get

1/n

lim (yp7,5(n)) /" = lim (j7,5(n)) " = lim (re,5(n)) /" . (11)

Here vy 5(n) = [(Bg,s(n) \ Bg,s(n —1)) N H|. It is known that Ag s > 1

if and only if G has exponential growth [12]. We will be using ., A, in this
text to denote 75 5 , Az g , where S, = {a, by, s du, T, by, Cooy diy -

2. Growth of éw

Proposition 1. G, has subexponential growth for each w € Q1 U Qy.
Before proceeding to the proof, we start with three lemmas.

Lemma 1. A non-decreasing semi-multiplicative function ~(n) with ar-
gument a natural number, can be extended to a non-decreasing semi-
multiplicative function v(x), with argument a non-negative real number.

Proof. See Lemma 3.1 of [12]. O
Lemma 2. For any w € Q,Xw < ng-

Proof. Denote B, (n) = Bg g (n)and H,(n) = H,NB,(n). Any element

g€ Ew(n) is either in H,, or is of the form g = ag’, where ¢’ € H,, and
g/l <lg|+1<n+1. Thus,

Fo(n) = [Bu(n)| < [Ho(n)| + [Ho(n + 1) < 2|Hy(n +1)].

For each g € Hy, glo, g1 € Gow from (8) satisfy (9) and so,

2
R )

Therefore,

i <2 (35 D)
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Consequently,
1/n
- 2 \?2
Ao = lim (3, (n))Y™ < lim <2 (%w(’i)) )
9 2/n
— lim <&’W(”; )> — N O

Lemma 3. For any w € Q12, G, = Go,.

Proof. First note that z € G, = xb,, xc,, xd, € G, = Zw,’cvw,(;lvw €
G, — CNJW c G, = éw = (. To prove Lemma 3, we only need
to show that x € GG,. For definiteness we may assume w consists only of
symbols 0, 1. Then by (1), b, = (a,a,a,...) = x. Therefore z € G,, and
thus the result is true. ]

Proof of Proposition 1. Let w € 1 U 9. Then there exists N € N such
that o¥w € Q9. Then by Lemma 3, éUNw = G,n~,,. Therefore XUNW =
AyN,,- For any w, G, is of intermediate growth if w € €; and of polynomial
growth if w € Qy [12]. Thus A,x, = 1. So by Lemma 2, Ay, < A v, = 1.
Thus G,, is of subexponential growth. [

Proposition 2. éw has intermediate growth for w € €.

Proof. By Proposition 1, G, is of subexponential growth. Since G, C G
and G, is of super-polynomial growth [12], G, is of super-polynomial
growth. Hence G, is of intermediate growth. O

Proposition 3. G, has polynomial growth for w € Q.

Proof. Since w € 9, there is a natural number N such that w, = wy for
all n > N, where w = {wp}. Then G, n-1, = (a,z) = Dy, the infinite
Dihedral group. Let G be the subgroup of Aut(7%) containing elements
g such that g|, € (a,z) for all v in level N — 1 of Ty. Then G, C G. Let
G be the subgroup of G containing automorphisms fixing all vertices in
the first N — 1 levels of Ty. Note that Go <G and [G : Go] < 22" L. But
Go = (a, m>2N_1 >~ ]D)ggfl. Thus Gy is virtually abelian and of polynomial
growth. Since [G : Gg] < 00, G is of polynomial growth. G, C G implies
that G,, is of polynomial growth. O

Theorem 3. G, has intermediate growth for w € Q.
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We will, from now on, consider the generating set of G, to be S, =
{a, by, cw,dw, by, Cos dw,x} A reduced word W satisfying ¢ = W in G
and |g| = |[W] is called a minimal representation of g. For any € > 0 define
Fe(n) = FS5(n) to be the set of length n elements ¢ in G, such that for
any minimal representation W of g over alphabet gw,

(W|, > (1/2—€)n, for some * € S, \ {a}. (12)

So for any minimal representation of elements in F(n), its reduced form (3)
has most of *s as the same letter. Now define D¢(n) = Dg,(n) to be the
complement of F¢(n) in B, (n) \ By(n — 1), the sphere of radius n. Thus
if g € D¢(n), then g has a minimal representation W satisfying

W, <(1/2—€e)n, forall xS, \ {a}. (13)

For any ¢ > 0 define F3(n') to be the set of words W’ over the alphabet
S\ {a} of length n’ such that

(W'|, > (1—68)n', for some * € S.\ {a}. (14)

Therefore, each word in F o (n! ) has mostly equal letters.

Lemma 4. Let 0 < € < 1/2 and let W be a minimal representation of an
element in F(n). Let W' be the word obtained by deleting all letters a
from W. Then W' € F°(n') where

n—1< , o n+1

5 S n' < 5 (15)
1—2e
5:26+(n_1). (16)
Proof. Since W is a reduced word, by (3), we observe that, 2 |[W|, —1 <
(W[ <2|W|,+ 1. Thus wi-1 < W], < ‘W|2+ 1, and so ]W]2— ! <
W=, < VIHL g0 e get (15),
By (12),

W =W, >(1/2—en>(1/2—€)(2n - 1)
- (1_26— (12_,26)>n'2 <1—26— (1_26))71':(1—5)71',

n n—1

from (16). O
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Lemma 5. If § < 1, then @@(kwk <(1—6)"18/6)7°.

Proof. Any word W € F %(k) can be constructed by choosing a letter x
out of {b,c, d,g, c, J,x}, which satisfies (14). So, W contains the letter x
at least k — [dk]| times and possibly ¢ times more, where 0 < ¢t < [0k].
The rest of the positions of W can be filled by the other six letters with
frequencies i1, ..., 46, where ) i; = [0k] — t. Therefore, we have

B L5¥)

[P <7+7Y

1=0 Y i;=ok]—t

|6k — t]
6

k!

Let (0k —t), :== 6 J be the largest integer not greater than

|0k — t], that is divisible by 6. Since i1, ..., are non negative integers,
we have

il igl > {Z(;JJ 16— F‘Ské_tJ!ﬁ _ {WQHJIG _ <(5/€;t)*>!6'

Since the number of ways to choose non negative integers i1, ..., g such

that > i; = [0k] —tis (L(Sngt+5), we get

- O/ ok] —t+5 k!
)fﬁ(k)‘<7+7z< 5 )(k_wﬂ)!((akgt)*)!ﬁ

t=0

|5k ,
<74 7(L5kj5+ 5> Z k! —
(k- [0k] + 1) (T*)!ﬁ

—

5k| il

(k — Lok 4 1)t (0450 )i
e\/%kke_ke(k_L6kj+t)e(§k_t)*
Sk—t)s "
=0 (k — |5k) + t)(b-Lok]+0) (%)( )

< (|6k] +5)°

(]

t

I
=)

ok

'7
[k

< (|6k] +5)°

Here we used the Stirling’s formula — < n! < e\/ﬁ—n. Since 0 <
e e

(16k] — ) — (5K — ), < 6,

LOK) Tk (L9k] =)= (6k—t)« o (3k—t) (| 5k] —t)

)fé(k)‘ < e(|0k] +5)° ; (1 ) % . L)(k—wkj-o-t) (M)(ék—t)*

k 6k
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[ok] VIS
kk
5
5 (- B ) ()
Lok

< ekS(|0k] + 5)VE(1 kz( — 1)« > (5k7t)*.

Note that the real valued function, & — £7¢ for ¢ > 0, is an increasing
function on the interval (0,e~1). Since §/6 < 1/6 < e™!, we get

(51@*%)*

<(5k6—kx)*>_( g )<<2>_(g)-

Therefore,
_ 5\ —(§)6k
’]—“‘S(kz)‘ < ekS(|6k] 4+ 5)°VE(1 — 8)7F([0k] +1) <6>
Hence,
T | 2000 " < (1 - 8)7 676 0

Corollary 1. Let € < 1/2. Then, Iim|F¢(n)|"/" < (1 — 2¢)~Y/2(¢/3)~¢

Proof. Tf n is even, then minimal representations of at most two elements
in F¢(n) give the same word in F°(n/2). So,

[F<(n)] < 21 (n/2)]-

If n is odd, then for each element in F¢(n), we can assign a unique word
in F9((n —1)/2) or F¥((n+ 1)/2), and so,

[Fe ()] < IF((n = 1)/2)| +|F((n +1)/2)].

Note that,

Tl P00/ <t (1= 5)7676))

@Lfé((n — 1)/2)‘1/71 < lim ((1 _ 5)*1(5/6),5)1/27

n

@|}~‘5((n +1)/2)[V/" < lim <(1 _ 5)‘1(6/6)—5)1/2,

n
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and thus,
- 1/2
Tim| F<(n) |V < lim ((1 - 5)—1(5/6)—5) .

Since 6 = 2¢ + (1= 2¢)

, lim § = 2¢ and therefore,
n

tim (1 - 8)7(6/6)7) " = (1 - 207/ 2(e/3)

Hence we get the desired result. [

For each s > 1, let HY = {9 € G,: g(v) = v for v in level s} and
denote the canonical generators of ey by a, bs, cs,ds, bs, Cs, ds, ©. We
assign above symbols, when s = 0, to the generators of G,,. Using the
map v, we get the following;:

ws =0 = bs_1 = (a,bs) cs—1=(a,¢cs) ds—1 = (1,ds) x=(a,x)

bs—l - (Lbs) Es—l - (1755) ds—l - (a7 ds)a

ws =1 = bs_1 = (a,bs) cs—1=(1,¢5) ds—1=1(a,ds) z=(a,z)
bs—1 = (Lbs) Cs—1 = (avgs) ds—1 = (17d8)7

ws =2 = bs_1 = (1,bs) cs—1=1(a,c5) ds—1=(a,ds) z=(a,x)

be1 = (a,bs) o1 = (1,G) ds1 = (1,ds). (17)

Let W be a minimal representation of an element in H., ). Then there
are Wy, Wy such that W = (Wo, W1) using substitutions in n (17). Let
Wy, W1 be obtained by doing simple contractions on WO,W1 Let ag
denote the number of such simple contractions. So Wy, Wi are minimal
representations of words in ﬁc(j;l) and by (6),

Wol + Wil < [Wo| + [Wh| —on < W[ +1 - (18)

Now there are /WV/()(), W()l, WlO, WH such that WO = (Woo,W()l),
Wi = (Wlo, W11) using substitutions in (17) Let W()(), W01, ng, W11 be
obtained by doing simple contractions on Woo, ng,Wm, WH Let asg
denote the number of such simple contractions. So Wy, Wy1, Wig, W11
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are minimal representations of elements in ﬁé@j) and applying (18), we

get
[Wool + [Wor| + [Wio| + [Wi1] < [Wo|+ 14+ [Wh|+1— a2
|

W|+22—1— (a1 + an).

NN

Proceeding this manner we get {ng...z‘s}ije{o,l} minimal representations

(s=s) _

of elements in H = égsw. Denote by ag the number of simple con-

o
tractions done to obtain {Wii, i, }i;ef0,1y from {Wi1i2~--is}ij€{0,1}' Then
by applying (18) repeatedly, we get
s—1
Y Winea S W+2°—1-) a. (19)
i1yl 1
Let Xo := |W|q, + ‘W"EO + Wiz, Yo ==
Zo = [Wly, + [Wlg, + [W]g . Also for j =1,

X] = Z <|Wi1i2‘..ij|dj + ’WiliQ“'i]' ’Z] + |Wili2mij|gj>’
}/j = Z <|Wi1i2...ij|0j + ’mliQ-“ij ’E] + ‘WZ”2ZJ|JJ>’

Zj= Z (|Wz’1i2...z’j|bj + Wiia..i5le; + |Wi112...ij|gj)-

Lemma 6. Let € > 0,n. € N such that nce > 5/2. Let n > n.. Let s € N
such that ws is the first time that the third symbol appears in w. Let W be

[Wleo + ]W\go + ]W!go and
2,...8, let

a minimal representation of an element in D(n) N I;TLE,S). Then,

Z |Wi11‘2...is| < <1 — %) n+2°—1.
11,02, 0yl
Proof. For definiteness, suppose the sequence w begins with the symbol 0,
first 1 appears in the ¢-th position, and first 2 appears in the s-th position.
That is, w1 = ... = w1 = 0, w = 1, wy, # 2 for every m < s, and
ws = 2. First note that each simple contraction decreases Y;, Z; by at
most 2. Thus,

t—1 s—1 s—1
Vi1 2Y-2) a;>2Y-2) o and Zo1>Z9—-2) a;. (20)
1 1 1

Since wy = 0 there are X of letters in W, with 1 in their first coordinate
when written using (17). Thus we modify (19), as done in (7) to be

s—1
Z (Wijig.is] <m+2°—1— Zai — Xop.
1

11,02,
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Similarly, since w; = 1 and ws = 2, we get

s—1
Yo Wiigead Sn+2=1=3"a; = Xo=Yie1 = Zo1. (21)
1

11,82, 00s

Now let us show that X + Y1 + Zs_1 + Zf_l a; > ne/5. To the
contrary assume XO—I—Y}_l—I—ZS_l—i—Z‘i_l a; < ne/b. Therefore, Zi_l o; <
ne/5 and by (20) and (21),we get

s—1 s—1
Xo+ Yo+ Zo < Xo + <Yt1 +2Zai> + (Zsl +22ai>
1 1
s—1 s—1 4
< <X0 +Yi 1+ Zsq + 21: ozi> +3 (le ai> < e

But n = [W| < |Wlo+ |[Wlo + Xo+ Yo + Zo < "5 + & — ne + 2ne, since
W, < (1/2 —¢€)n by (13) Thus ne < 5/2, which is a contradiction. So
Xo+Yi 1+ 2y 1+ 21 a; > ne/5. Therefore,

U1,0250ey0s

Proof of Theorem 3. Take a fixed 0 < e < 1/2. Suppose first that there
are positive integers k, s, such that there exists an infinite set Ng C N
where

’H(S NFo, )’2’ a2 nDe,, (n)

okw

: (22)
for all n € Ny. By Lemma 2 and (11),
XW < Xc”“w = lim ‘aakw(n)ll/n

ERT 3 _ 1/n _ 7: ! _ 1/n
- héanakwsakw(n)‘ - hm ‘fyGr (n)‘

znlé%o(‘fl( N Fo,(n )‘+‘fl§r‘”) mDekw(n)D

Using (22), we get
%< T, (2[R0 m]) " = T (R 0 7o)

< Tim |[Fo, ()| < Tim [Fo, ()"
nGN n
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Using Corollary 1 we get
Ao < (1—26)"Y2(e/3) 7. (23)

Now suppose that for every k, s € N, there exists an N (k, s) such that
for all n > N(k,s),

A, 0 Foay )] < | B, 0D, ()] (24)

As before, let 205 (n) := By,(n) N 7Y and f[é‘?w(n) := B_x,(n) N I?((Ti)w.
Let w = w1 ... We Ws 41 -+ - Wey+59Ws1 5941 - - - Wsy+s94s3 - - - Where 81 is the
first time third symbol appears in w, s9 is the first time third symbol
appears in 0w, and so on.

Since [G,, : ro(fl)] < 2271 =: K3, there is a fixed Schreier system
of representatives of the right cosets of G., modulo ﬁo(fl) with Schreier
representatives of length less than Ki. So for any ¢ € B, (n), there are
he HSY , | a Schreier representative such that g = hl and since |I| < K7,
we have |h| < n + K. Therefore,

’Ew(n)‘ < K ‘flﬁsl)(n + K1)‘ . (25)

Let N1 = max{ne, N(0, s1)}, where n, is defined in Lemma 6 and N (0, s1)
is defined in (24). Note that

\ﬁywn+33):1+€§l

HED 0+ K1) 0 (Buth)\ Bu(k = 1)

<M ‘Ew(Nl)‘ + ni( HSD (n + K1) 0 (Ew(k) \ Bu(k — 1)) ‘ .
k=N

From (24), for k > Ny,

‘Hﬂsﬂ n+ K1) N (Ew(k) \ Bo,(k — 1))
‘ V(n + K1) N Fe( )’+‘f[£51)(n+K1)ﬂD5(k))

<2 )f{r( D(n + K) mDE(k)\ .

Therefore,

_ _ n+Ki
‘Ho(fl)(n—i—Kl)‘ <N, ‘Bw(Nl)‘ +2 )
k=N1

HSD (n+ K1) 0 De(k)‘ .
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Now using Lemma 6,

’ﬁéfl)(n—i_[(l)‘ <N ’Ew(Nl)‘ + 2 ’B 51 ]1 ‘ ‘B Sl .7231) ,
.]17 ’.7291
(26)
2°1
where Z]’ < <1 — 7> (n+ K;p) +2% — 1.
Note that

P lim | Byeros ()17,
and therefore, for each § > 0, there exists an J = J(§) such that for j > J,
[Byoi-1,(@)] < (omies +6)7.
Thus for all j
|Boor -1 ()] < | Bor 1 (Dl (homrs + 6)7,

which implies

‘231 ~

Moot + 5)2?31 Ji

’B S1w ]1 ) ‘B Slw J251 < ‘Easl_lw(‘])
251 o

< ‘Basl_lw(‘]) ()\O'Slw + 6)(1—%)(H+K1)+251—1' (27)

The number of summands in the right hand side of (26) is

N

((1 —£)(n+ Ki)+2% —1 +281>
251

<n+K1+281+1 >

<(n4 Ky +20T 12 (28)
Now by (25), (26), (27) and (28) we get

‘Ew(n)’ < K1y ’Ew(Nl)’

~ 251
Basl’lw(‘])

+ <2K1 (n+ Ky +25+ — 1)

X(Xaslw -+ 5)(1_§>(”+K1)+231_1) '

Therefore,

Xw = liyrln ‘Ew(n)‘l/n < (Xoslw + 5) (1=5) .



114 ON GROWTH OF éw

Since § is arbitrary,

€

X < (Xaslw> (1-5)

In the same way, still under the assumption (24), and replacing w by
w, 0%t w, oS82y gS1Ts2tssy, e get

~ ~ 1-£
)\O'Slw < <>\0.81+52w>( 5)

~ ~ (1-¢)
5
)\ s1+s9 < (}\ s1+sg9+s3 )
g w (e w

Thus for each k € N,

k
§)

~ 1—
)\UJ g <A051+"'+5k’w>( (29)
But the growth index A of a group with 8 generators of order 2 cannot
exceed 9. Since k£ may be chosen arbitrarily large, it follows from (29) that

Aw = 1. If there exists an € > 0 satisfying (24), then A, = 1. If not, then
for all € > 0 we have (22). Thus by (23) and

lim (1 — 2¢)~2(e/3)7¢ =1,

e—0

we get Xw =1 in all cases. Since Xw =1, G., has subexponential growth.
_ Weknow G, C G, and by [12], G,, is of intermediate growth. Therefore
G, is of intermediate growth. O

Note that the Theorem 1 follows directly from Proposition 2, Proposi-
tion 3, and Theorem 3.

3. Growth bounds for é’w

Proposition 4. Let w € Qg UQy. Then for each € > 0,
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Proof. Let w € Qp U Q1. We may assume w has infinitely many 0’s and
2’s. Then, by (1), b, as a sequence of P’s and I’s contains both symbols
infinitely often. By Theorem 2 of [7] the group generated by elements

a, b, x has growth bounded below by exp . Since éw contains

10g2+e (n)
the elements a, b, z, we get the required result. ]

Theorem 2'. Let w € Q. Then,

Vg, (n) < exp (”105);155)(”))

Proof. Since w € Q7, there is an N such that oNw contains exactly two
symbols, say ¢, j. Then by Lemma 3, G ~, = G ~,. By Theorem 3 of [7],
we get

nlog (log (n)> |

and therefore,

2N

.M~ (g, )

While Theorem 3 states that G,, has intermediate growth for all w € g,
for homogeneous sequences from 2, we can actually provide an explicit
upper bound on growth.

Theorem 2". Let w € Qf. Then,

V6. (n) <exp (moliél(of)(’”‘))

Proof. The proof follows similarly as of the proof of Theorem 3 of |7| by
replacing Lemma 6.2 (1) of [7] by Lemma 6. O

Theorem 2" together with Theorem 2" implies Theorem 2.
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