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ABSTRACT. In this paper, we initiate the study of Paley-type
graphs I'y modulo N = pq, where p, ¢ are distinct primes of the
form 4k + 1. It is shown that 'y is an edge-regular, symmetric,
Eulerian and Hamiltonian graph. Also, the vertex connectivity,
edge connectivity, diameter and girth of I'y are studied and their
relationship with the forms of p and ¢ are discussed. Moreover, we
specify the forms of primes for which I'y is triangulated or triangle-
free and provide some bounds (exact values in some particular
cases) for the order of the automorphism group Aut(I'y) of the
graph I'y, the chromatic number, the independence number, and
the domination number of T'y.

1. Introduction

The Paley graph, named after Raymond Paley, forms an infinite family
of self-complementary, strongly regular graphs. Paley graph is a special
type of Cayley graph with a finite field IF;, ¢ = p" where p is a Pythagorean
prime i.e., primes of the form 4k+1 as the additive group and the set of non-
zero quadratic residues in F,; as the connection set. Since its inception, due
to its connection with number theoretic properties of quadratic residues, a
lot of research has been done on Paley graphs [3],|4], [12] and its generalized
versions [1], [2], [7], [11], [16]. However, as far as our knowledge, Paley-type
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graphs on modulus of the form pg, where p and ¢ are distinct primes
remained unexplored till date.

In this paper, we study Paley-type graphs I'y modulo N = pq, where
p, q are distinct Pythagorean primes. The main goal of this paper is to
study the properties of the proposed Paley-type graphs and their deviation
from Paley graphs in terms of various graph parameters. It is shown that
I'y is an edge-regular, Eulerian, Hamiltonian and arc-transitive graph.
Also, the vertex connectivity, edge connectivity, diameter and girth of I'y
are studied. Moreover, the conditions under which I' is triangulated and
triangle-free are discussed. We also provide some bounds (exact value in
some particular cases) for the order of the automorphism group Aut(I'y) of
I'y, the domination number, the chromatic number, and the independence
number of I'y.

2. Preliminaries

In this section, for convenience of the reader and also for later use, we
recall some definitions and notations concerning integers modulo N and
quadratic residues in elementary number theory. For undefined terms and
concepts in graph theory the reader is referred to [8] and [15]. Throughout
this paper, graphs are undirected, simple and without loops.

An odd prime p is called a Pythagorean prime if p = 1(mod 4).
Throughout this paper, even if it is not mentioned, a prime p always
means a Pythagorean prime and N = pg means the product of two
distinct Pythagorean primes. By Zy, ZY, QRn, QN RN, T jﬁl, we
mean the set of all integers modulo NN, the set of all units in integers
modulo N, the set of all quadratic residues and non-quadratic residues
which are also units in integers modulo N, the set of all units in integers
modulo N with Jacobi symbol +1 and —1 respectively. For the sake of
convenience, a = b(mod N) is sometimes written as a = b, in places where
the modulus is clear from the context. We can conclude the following
lemma from the results which can be found in any elementary number
theory book e.g., [14].

Lemma 1. If N = pq, then the following are true:

° ;,rl is a subgroup of Zy and QR is a subgroup of \7;1.

o |Zy| = ¢(N) = (p - 1)(qg — 1)a|j]<[r1| = |;7]§1| = @_1)2& and
—1)(g—1
|QRN| = (pL(Q), where ¢ denotes the Euler’s Phi function.
e 1 c QRN < 7€ QR,NQAR,.
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e r € N\ QRN = € QNR,N QNR,.
e rcJy! <= € QNR,NQR, orx € QR, N ON'R,. O

Lemma 2. If p,q are two distinct primes of the form p = q = 1(mod 4),
then —1 is a quadratic residue in Zy.

Proof. To show that —1 is a quadratic residue in Zy, we need to show
that 22 = —1(mod N) has a solution. But,

2?2 = —1(mod N) & 2% = —1(mod p) and z? = —1(mod q)

Now, as p and ¢ are Pythagorean primes, —1 is a square in both Z, and
Zq. Thus, 22 = —1(mod N) have a solution in Zy. O

3. Paley-type graph modulo N

We now define the Paley-type graphs I'y modulo N = pg and study
some of their basic properties.

Definition 1 (Paley-type Graph modulo N). For N = pq, Paley-type
Graph modulo N, I'y is given by I'y = (V, E), where V = Zx and
(a,b) e E< a—be QRy.

Remark 1. 'y is a Cayley Graph (G, S) where G = (Zy,+) and S =
ORy. Observe that as —1 € ORy and QRy is a group with respect
to modular multiplication, QR y is also closed with respect to additive
inverse, i.e., S=—-Sand 0 € S.

Theorem 1. I'y is Hamiltonian and hence connected.

Proof. Since, 1 € QR y, the vertex set {0,1,2,..., N — 1}, taken in order,
can be thought of as a Hamiltonian path. Hence, the theorem is proved. [

Theorem 2. T'y is reqular with valency ¢(IN)/4 and hence Eulerian.

Proof. Let x € Zy. By N(x), we mean the set of vertices in I'y which
are adjacent to z, i.e., N(z) = {2 € Zy : x — z € QRn}. If possible, let
21,290 € N(x) with 21 # 29 such that x — z; = 2 — 2. But, z — 21 =
x — 29 = s (say) € QRN = 21 = © — s = 2, a contradiction. Thus,
Vs € ORn,d a unique z € Zy such that © — z = s. Thus, degree or

valency of z = |[N(z)| = |QRnN| = ¢(N)/4. Now, let p =4k +1,q = 41+ 1.
_ (p=1(g=1) _ 4k-4l
1 7}

Since, degree of each vertex = ¢ =4kl is even, 'y
is Eulerian. O
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Note. The graph I'y is not strongly regular (See Remark 3).

Remark 2. I'y is not self-complementary: A necessary condition for a
self - complementary graph G with n vertices is that number of edges
in G equals nn-l) But, the number of edges in I'y with N vertices
is N’%(N) < N(]\i_l). However, the next theorem shows that I'y has a
homomorphic image of itself as a sub-graph of its complement graph.

Theorem 3. 'y has a homomorphic image of itself as a sub-graph of its
complement graph I'S;.

Proof. Let n € Z}, \ QRn. We define a function ¢ : I'y — I'§; given by
(x) = nx. For injectivity, ¥ (x1) = ¥(x2) = nxy = nxe = 1 = 22, as
n is a unit in Zy. For homomorphism, z,y adjacent in 'y = . —y €
ORN = n(x —y) € QRN = nx and ny are not adjacent in 'y, i.e, 1(x)
and 1 (y) are adjacent in I'}. Ol

Theorem 4. I'y is isomorphic to the direct product of I'y, and I'y, the
Paley graphs of prime order p and q respectively, i.e., I'ny = T'y x T'y.

Proof. Consider the map ® : I'y — I') x Iy given by ®(z) = (z mod p,
x mod p). Clearly, this is a bijection. The fact that ® preserves adjacency
and non-adjacency follows from the result that QR is isomorphic to
OR, x QR,. O

4. Symmetricity of I'y

In this section, we study the action of the automorphism group Aut(I'y)
on I'y and its consequences.

Theorem 5. I'y is vertex-transitive.

Proof. As T'y is a Cayley graph, it is vertex transitive. (by Theorem 3.1.2
in [8]) However, we show the existence of such automorphisms explicitly,
which will be helpful later.

Choose a € QRy and b € Zy and define a function ¢ : Zy — Zn
given by ¢(x) = ax+b,Vz € Zy. We show that ¢ is an automorphism. ¢ is
injective, for p(z1) = p(x2) = ax;+b=axs+b = a(zr1—22) = 0= 21 =
x2 as a € Zy For surjectivity, Vy € Zy,dx = a ly—a~'b € Zy such that
o(z) = ala "ty — a~'b) + b = y. Moreover, ¢ is a graph homomorphism,
as x and y are adjacent in 'y @z —y € QRy S alzr —y)+b—0b €
ORN < (ax +b) — (ay +b) € QRN < ¢(z) — p(y) € QRN < ¢(x) and
©(y) are adjacent in I'y. Thus, ¢ € Aut(I'y).
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Now, let u,v € Zx be two vertices of I'yy. We take a =1 € QR and
b=v—u € Zy. Then the map ¢ : Zy — Zy given by ¢(z) = ax+b is an
automorphism on I' y such that ¢(u) = v. Thus, Aut(I'y) acts transitively
on Zy i.e., V(I'n). O

Theorem 6. 'y is arc-transitive and hence edge transitive.

Proof. Let {uy,v1},{ug,v2} be two edges (considered as having a direc-
tion) in I' 7. Therefore, ug —vy, us—v9 € QR . We take a = (ug —wv2)(u1 —
’Ul)_l € OR N and b = uy — auy € Zy and construct the automorphism
¢(x) = ax + b as in Theorem 5. Since p(u1) = ug and @(vi) = ve, 'y is
arc transitive, and hence edge transitive. O

Corollary 1. |Aut(T'y)| > %(N).

Proof. In Theorem 5, it was shown that ¢ : Zy — Zy given by p(x) =
axr + b,Vx € Zy is an automorphism for a €g QR y and b € Zy. Thus,
| Aut(Ty)| > Yol 0

Corollary 2. Edge connectivity of I'y is ¢(N)/4.

Proof. Since I'y is connected and vertex-transitive, by Lemma 3.3.3 in
[8], its edge connectivity is equal to its valency. O

Lemma 3. [8] The vertex connectivity of a connected edge transitive graph
1s equal to its minimum valency. O

Corollary 3. Vertex connectivity of T' is ¢(N)/4.

Proof. Since, I'y is a connected edge-transitive graph with valency %7

by Lemma 3, I'y has vertex connectivity ¢(N)/4. O

5. Diameter, girth and triangles of I'y

In this section, we find out the diameter and girth of I'y. It is noted
that I'y has dual nature when it comes to diameter and girth. To be more
specific, it depends on whether 5 is a factor of N or not. If 5 is one of the
two factors of N, we call it I'y of Type-I and else call it I'y of Type-II.
First, we prove two lemmas which will be used later.

Lemma 4. Let p be a prime of the form 4k +1 and c € Z,. Then, the
number of ways in which ¢ can be expressed as difference of two quadratic
residues in Z, are
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if c=0(mod p);
if c€ ORp;
if c€ ONR,.
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Proof. (1) If ¢ = 0(mod p), then for all r € QR,, ¢ can be expressed as
r — r. Thus, the number in this case, is equal to number of elements in
OR,, ie., %.

(2) For this case, assume that ¢ # O(mod p), i.e., ¢ € Zy. Let ¢ =
a? —b®> = (a + b)(a — b), where a,b € Zy. Now, for all p — 1 values of
d € Zy, letting a +b = d;a — b = 3, we get all possible solutions of the
equation ¢ = a? — b%. From this, we get a = % (d+ 5) and b = % (d — g)
However, we need to ensure that a,b € Zy, i.e., d = 5 # O(mod p), i.e,
d? # +c(mod p).

Now, if ¢ € QR,, then —c € QR,,. (as —1 is a quadratic residue in
Z;). In this case, there exist two square roots of ¢ and two other square
roots of —c¢. Thus, we loose 4 possible values of d. Thus, the number of
solutions is reduced to p — 5. Moreover, it is observed that the 4 solutions
of (a+b,a —0b), namely (d, §), (—d, %), (5, d), (=55, —d) lead to the same

solution
1 c\?2 1 c\?
2 2
—~(d+ ¢ ;b:f(d——>
=3 (4+3) 1\“ "4
(As p is odd, d # —d). Thus, the number of distinct solutions is reduced
to 22,

(3) The proof for ¢ € QN'R,, follows exactly using same arguments
except the fact that in this case, we do not loose those four solutions as
¢ # +d?. Thus, the number of ways ¢ can be expressed as difference of

quadratic residues is p;—l. O

Lemma 5. Let N = pq, where p,q are Pythagorean primes. Then
1) If c € QRNy, then the number of ways in which ¢ can be expressed
as difference of two quadratic residues, i.e., c = x> —y*,x,y € VA
is (P=5)(a=5)
2) If ¢ € jﬁl \ ORy, then the number of ways in which ¢ can be
expressed as difference of two quadratic residues is %.
3) Ifce ‘7];1, then the number of ways in which ¢ can be expressed as

difference of two quadratic residues is either % [if c € QR

but ¢ ¢ QR,/ or % [if c € QR,, but ¢ & AR,/
4) If ¢(#0) € Zn \ Z}y i.e., ¢ is a non-zero, non-unit in Zy, then
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(a) If ¢ = 0(mod q) and ¢ € QR,, then the number of ways in
wh?ch;)(ca?) be expressed as difference of two quadratic residues
jg PT2)\4—2)

(b) If c = %(mod q) and ¢ € QN'R,, then the number of ways in
which ¢ can be expressed as difference of two quadratic residues
18 %.

(c) If ¢ = 0(mod p) and ¢ € QR,, then the number of ways in
wh%ch& ca711) be expressed as difference of two quadratic residues
4g d—2)\p—2)

(d) If e = é(g)(mod p) and c € QN'R,, then the number of ways in
which ¢ can be expressed as difference of two quadratic residues
18 %.

Proof. 1) If ¢ € QRx, then ¢ € QR,, and ¢ € QR,. Thus, the result

follows from Chinese Remainder Theorem and second part of Lemma 4.
2) If c € Jy' \ QRy, then ¢ € QN'R,, and ¢ € QN'R,. Thus, the

result from Chinese Remainder Theorem and third part of Lemma 4.
3)Ifce jﬁl, then either of two cases may arise, namely ¢ € QR; ¢ €

ONR, or c € QR,; ¢ € ONR,.

If c € QRy; ¢ € QN'R,, then by applying second part of Lemma 4 for

q and third part of Lemma 4 and Chinese Remainder Theorem, we get

the count as %. Similarly, the case ¢ € QR,; c € oON R4 follows.
4) As ¢ € Zn \ Z}y, either p | c or ¢ | ¢ [not both, as that would imply

¢ = 0(mod N)|.
If g | cand p 1 ¢, two cases arises, namely (a) ¢ = 0(mod ¢) and

c € QR,, and (b) ¢ = 0(mod ¢) and ¢ € QN'R,. In both the cases, the

lemma follows from Chinese remainder Theorem and Lemma 4.
Similarly, if ¢ { ¢ and p | ¢, two cases arises, namely (c) ¢ = 0(mod p)

and ¢ € QR, and (d) ¢ = 0(mod p) and ¢ € ON'R,. Again, these cases

follows similarly. [

5.1. TI'ny of Type-I
Lemma 6. If N =5q, thenx,y € QRN =2z —y & QRN.

Proof. Since z,y € QRy,3a,b € Z} such that z = a?(mod N) and
y = b*(mod N). If possible, let z —y € QRy. Then, 3¢ € Z3 such
that z — y = c¢*(mod N). Therefore, a> — b?> = ¢*(mod N) = a® =
v’ + c2(mod N) = a? = b2 + ¢*(mod 5). Now, as a,b,c € Z%;,a,b,c are
relatively prime to 5. But a?> = b + ¢*(mod 5) has no solution in ZZ,
which is a contradiction. O
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Theorem 7. If N = 5q, then I'y is triangle-free.

Proof. If possible, let x,y, z € Zx be vertices of a triangle in I'y. Then,
x—y,z—y,x—z€ QRy. However, x — 2z = (x — y) — (2 — y)(mod N),
a contradiction to Lemma 6. Thus, 'y is triangle-free. L

Corollary 4. I'y of Type-1 is an edge-reqular graph with parameters
v=5¢k=q—1,A=0. []

Lemma 7. [8] If G is an abelian group and S is an inverse-closed subset
of G\ {e} with |S| = 3, then the Cayley graph (G,S) has girth at most
4. O

Corollary 5. If N = 5q, then girth(I'n) = 4.

Proof. Since, I'y is triangle-free, girth(I'y) > 4. However, as 'y is a
Cayley graph with G = Zx and generating set S = QR such that |S| =
g—1 >3, by Lemma 7, girth(I'y) is at most 4. Thus, girth(I'y) =4. O

Now, with the help of the following two lemmas, we prove that if
N = 5q, where ¢ is a Pythagorean prime, then diam(I'y) = 3.

Lemma 8. If N = 5q, where q is a Pythagorean prime, then the number
of vertices at distance 2 from the vertex 0 € I'y is 3¢ — 1.

Proof. Let x be a vertex at distance 2 from 0. Clearly,  # 0. Since,
d(0,z) # 1, it follows that z € QR . Also, as d(0,z) = 2, Ju € 'y such
that 0,u are adjacent and w,z are adjacent i.e., u,u — r € QRy, i.e.,
x =u — (u—x) can be expressed as difference of two quadratic residues
modulo N. Thus, number of vertices x at distance 2 from the vertex 0 is
equal to the number of x ¢ QR which can be expressed as difference of
two quadratic residues. Now, we finish the proof by appeal to Cases 2,3
and 4 of Lemma 5 with p = 5.

Case 2: The number of such z € j;,rl \ ORn, ie., |;7]<,r1 \ ORny| is
(p=1)(¢=1) _ q—1.

1

Case 3: In jﬁl, only those z’s, for which x € QR, but = € QR5, can
be expressed as difference of two quadratic residues. Note that the other
type of 2’s can not be expressed as difference of quadratic residues as p = 5.
Thus, the number of x € Jy I which can be expressed as difference of two

quadratic residues is |[{z € Jy' 7 € QR & v & QR5}| = (%) 2=

q— 1.
Case 4: If z is a non-zero, non-unit element in Zy, out of the four
cases in Lemma 5, the last three cases are applicable. Note that in the
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first case x can not be expressed as difference of quadratic residues as
p = 5. Thus, the number of & which can be expressed as difference of two
squares in this category is

Hz:2z=0(mod q) & x € ONR5}| + |{z: 2 =0(mod 5) & z € QR,}|

+ {z:2=0(mod 5) & = € ONR,}|
5—-1 ¢—-1 g¢—1

= 1
5 T3 g Tef
Combining all these cases, we get the total number of vertices at a distance
2 from the vertex 0 as (¢— 1)+ (¢—1)+ (¢+1) =3¢ — 1. O

Lemma 9. If N = 5q, where q is a Pythagorean prime, then the number
of vertices at distance 3 from the vertex 0 € 'y is ¢+ 1.

Proof. From the proof of Lemma 8, it is evident that x’s which are not at
a distance 1 or 2 from the vertex 0 fall under either of the two categories:
(i) z € Jy', with © € QR5, but = ¢ QR,, or (ii) z is a non-zero, non-unit
in Zy such that x = 0(mod ¢) and x € QRj5. Observe that in both the
cases, v € ORs5.

We now construct a path of length 3 from 0 to z. Consider the vertex
1 and z. Now, x — 1 ¢ QR5, otherwise, we get two consecutive integers
x,x —1 € QRs5, which is a contradiction. Thus, by Lemma 5, d(z,1) =
d(x —1,0) =2 or 1. Also, d(1,x) # 1 as that would give a path 0,1,z of
length 2 from 0 to z, a contradiction. Hence, d(1,2) = 2. Let the shortest
path from 1 to x be 1, u, x. Then, 0,1, u, z is a path from 0 to x and hence,
d(0,z) < 3. On the other hand, d(0,x) # 1,2. Thus, d(0,z) = 3.

Now, the number of such x’s at a distance 3 from 0 is

{z e Iy' 2 € QRs;z & QR,}|
+{z € Zy : z=0(mod q);z € QR5}|

~1\ 5-1
:2<q2 >+ —=(a-D+2=q+1 O

Theorem 8. If N = 5q, with q a Pythagorean prime, then diam(I'y) = 3.

Proof. Since, I'y is regular with degree ¢(N)/4 = g— 1, number of vertices
adjacent to 0, i.e., at distance 1 from 0 is ¢ — 1. By Lemma 8, Lemma 9
and counting the point 0 itself, we get the number of all points at distance
0,1,2,3 from the vertex 0 as 1+ (¢ — 1)+ (3¢—1)+(¢+1) =5¢ = N.
Thus, it exhausts all the vertices in 'y, i.e., all the points, apart from 0
itself, are at either distance 1,2 or 3 from 0. Since, I'y is symmetric, the
maximum distance between any two vertex is 3, i.e., diam(I'y) =3. O
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5.2. TI'y of Type-II

Theorem 9. If N = pq where 5 N, then T'y is triangulated and
girth('y) = 3.

Proof. Let x € Zy be any vertex in I'y. Consider z,z + 32,2 + 5% € Zy.
These three vertices form a triangle as 9,16, 25 are relatively prime to N
and belongs to QR . Thus, every vertex x € I'y is a vertex of a triangle
in I'y. Hence, I'y is triangulated. Now, existence of triangle in I'y ensures
its girth to be 3. O

Lemma 10. Let N = pq where 5 1t N. If 0,2 € Zx be non-adjacent
vertices in I', then Ju € Zy such that 0 and u are adjacent and v and x
are adjacent.

Proof. Since, 0, x € Zy be non-adjacent vertices in I'r, z is not a quadratic
residue in Zy. Also, N = pq with 51 N implies p,q > 5. Therefore, by
Lemma 5, x can always be expressed as difference of two quadratic residues,
say u,v € QR such that x = u—wv. Since, u € QR y, 0 and u are adjacent
in I'y. Also, u — x = v is a quadratic residue, i.e., u and = are adjacent
in 'y. O

Theorem 10. If N = pq where 51 N, then diam(T'n) = 2.

Proof. Let z,y € Zy. lf x —y € QRy, then d(x,y) = 1. If x — y is not
a quadratic residue, then 0 and x — y are non-adjacent vertices in I'y.
Therefore, by Lemma 10, Ju € Zy such that 0 is adjacent to v and u
is adjacent to x — y. So using a translation of y, we get y is adjacent
to u+ y and u + y is adjacent to x in I'y. Thus, d(x,y) = 2 and hence
diam(T'n) = 2. O

Theorem 11. Let N = pq, where p,q > 5 are primes with p = 4k+1,q =
4l + 1. If x,y are two adjacent vertices in 'y, then there are exactly
(k—1)(I = 1) vertices in 'y which are adjacent to both x and y.

Proof. Since x,y are two adjacent vertices in 'y, z—y € QRy. By Lemma
5, the number of ways in which x — y can be expressed as difference of
two quadratic residues is (;;—5;((;;—5) = (4k_41)é4l_4) =(k—1)(I—1). Let
x—y = u—v where u,v € QR y. Therefore, 0, u are adjacent (as u € QR )
and u,x — y are adjacent (as u — (v —y) =v € QRy) in I'y. Thus, by
using a translation by y and symmetricity of I'y, y,u 4+ y are adjacent
and u + y, x are adjacent. Hence, there are exactly (k — 1)(I — 1) vertices
in I'y which are adjacent to both x and y. O
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Corollary 6. 'y of Type-1I is edge-reqular with parameters v = pq, k =

(p=1)(¢=1) y _ (p=5)(g=5) 0
1 ) 6 -

Remark 3. By Theorem 2 and Theorem 11, it follows that I'n of Type-II

is regular and any two neighbours in I'y have equal number of common

neighbours. However, any two non-adjacent vertices may not have equal

number of common neighbours. Thus, I'y is not strongly regular.

In Theorem 9, it was shown that I'y of Type-II is triangulated. Now,
by using Theorem 11, we count the number of triangles in I'y of Type-II.

Theorem 12. [f N = pq with p = 4k + 1,q = 4l + 1 being primes > 5,
then number of triangles in Ty is 2Nk(k — 1)I(1 — 1).

Proof. Let x be a vertex in I'. The number of vertices adjacent to x is
®(N)/4. Let y be one of those vertices adjacent to z. Now, by Theorem
11, there are (k — 1)(I — 1) vertices z;’s in I'y which are adjacent to both
x and vy, thereby forming a triangle. Thus, the count of triangles with x as
a vertex, comes to @(k —1)(I — 1). However, this number is twice the
actual number of triangles with = as a vertex, since we could have also
started with choosing z; instead of y and get y as the common neighbour
of x and z;. Thus, the actual number of triangles with = as a vertex is
@(k‘ —1)(I — 1). Now, varying x over the vertex set of I'y, the count
becomes @N(k —1)(I = 1). Again, this count is to be divided by 3, as
if z,y, 2z are vertex of a triangle, then the triangle is counted thrice once
with respect to each vertex. Thus, the actual number of triangles in I'y is

¢(N) _(p=Dlg-1)
SNk - -1 = L=

4k - 4l 2
=55 NE=1)( ~1) = SNk(k — Di(l ~ 1). O

N(k—1)(—1)

Remark 4. Note that one of k — 1,k, k + 1 is divisible by 3. But as
p=4k+1=3k+ (k+1), k+ 1 is not divisible by 3, thus k(k — 1) is
divisible by 3. As a result, the number of triangles is a positive integer.

6. Independence number of I'y

In this section, we find the independence number of I'y of Type-I and
provide both lower and upper bounds for that of I'yy of Type-II. We first
state a result which will be crucial in deducing these bounds.
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Proposition 1. [17] If G and H are vertex-transitive graphs, then inde-
pendence number of their direct product G x H is given by (G x H) =
max{a(G) - [H|, a(H) - |G|}

Theorem 13. If N = pq with p < q, then 2q < a(I'n) < q[/p].

Proof. Since, Paley graphs are self complementary, clique number of I')=
independence number of Ty, i.e., w(I'y) = a(I'y). Also, it is known that
clique number of a prime-order Paley graph w(I'y) < \/p (See [4]). Now,
as p < q and p,q are primes of the form 1 mod 4, 3k € N such that
q = 4k + p. Thus,

p’q = p*(p + 4k) = p* + 4p°k < p® + 8p*k + 16pk? = p(p + 4k)* = pg®

e, py/q < qy/p. Since I'y = I'y x I'y and Paley graphs are vertex-
transitive, by Proposition 1 we get a(I'y) = max{q - a(I',),p- a(l'y)} <
max{p,/q, ¢\/P} = q/p- In fact, as w(I'p) is a positive integer, a(I'y) <
qlv/pl-

For the lower bound, choose a € QN R, and consider the following
subset of Zy,

I={pk:0<k<qg—1}U{pl+a:0<I<qg—1}

Claim: I is an independent subset of I'y of size 2gq.

Proof of the claim: As the difference of two elements of the form pk is a
multiple of p, the difference does not belong to QR,, and as a result does
not belong to QR . Thus, two vertices of the form pk are non-adjacent
in I'y. Similarly, two vertices of the form pl + a are non-adjacent in I"y.
Finally, as (pl + a) — pk = a mod p, (pl + a) — pk does not belong to QR,,
and hence does not belong to QR . Thus, a vertex of the form pk is not
adjacent to a vertex of the form pl + a. Therefore the claim is true and it
proves the required lower bound of a(T'y). O

In the next corollary, we show that the lower bound is tight.
Corollary 7. For I'y of Type-1, o(T'n) = 2q.
Proof. As T's is a cycle of length 5, a(I'5) = 2. Also for Paley graph I',
a(l’y) < /q. Thus,
a(l'y) = max{q - a(I'5),5 - o(T'y) } < max{2q,5\/q} = 2q.

The last equality follows as 2¢ > 5,/q for all ¢ > 24—5 and the least value
of ¢ in I'y of Type-I is 13. Hence, a(I'y) < 2¢. Now, as demonstrated in
Theorem 13, I is an independent set of size 2¢. Thus, a(T'x) = 2gq.
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In fact, a maximal independent set in 'y is a collection of vertices of
the form {x € Zy : x =5k or x =51 + 3 for 0 < k,l < ¢ — 1}. It is easy
to check that this set contains 2¢ elements and independence of the set
follows from the fact that 0 and 3 does not belong to QR 5. O

7. Chromatic number of I'y;

In this section, we find the chromatic number of I'y of Type-I and
provide both lower and upper bounds for that of I'y of Type-II. Before
that, we state two results which will be used in deducing these bounds.

Proposition 2. (See [9]; p.22) For any graph G with vertex set V', x(G) -
al(G) = |V].

Proposition 3. For graphs G and H, x(G x H) < min{x(G), x(H)}.

Proof. The proof follows from the existence of projection graph homomor-

phisms G x H — G and G x H — H. O
Lemma 11. For I'y of Type-1, x(I'ny) = 3.

Proof. Since, N = 5q and ¢ is a prime of the form 4k+1, the minimum value
of ¢ is 13 and hence, the minimum value of N is 65. We now demonstrate
a b-cycle in 'y, as existence of such cycle will ensure x(I'y) > x(C5) = 3.

Consider the vertices 0,1,17,8,4 in I'y. They form a 5-cycle in I'y,
taken in order, as 1,4,9,16 € QR y, thereby proving the lemma. O

Theorem 14. For I'y of Type-I, x(T'n) = 3.

Proof. Since Paley graph of ¢ vertices I'; for ¢ > 5 is triangulated, x(I'y) >
3. Moreover, I's = C5 and x(C5) = 3. Therefore, from Theorem 3 it follows
that x(I'v) < min{x(I's), x(I'y)} = min{x(C5), x(I'y)} < 3. Combining
this with Lemma 11, the theorem follows. O

Remark 5. It is also possible to find an explicit 3-coloring for I'y of
Type-1I. Consider the sets X; = {z € Zy : =0 mod 5 or x = 2 mod 5},
Xo={re€Zy:z=1mod5orx=3modb}and Xs={z€Zy:x=
4 mod 5}. We will show that X7, X9 and X3 are independent sets whose
union is Zy. As a result, they form color classes of I'y.

Let a,b € X;. If both are congruent to 0 mod 5 or 2 mod 5, then
their difference is also 0 mod 5 and as a result does not belong to QR35
and hence does not belong to QR y. If « = 0 mod 5 and b = 2 mod 5,
then a —b =2 mod 5. Thus a — b ¢ QR and hence does not belong to
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ORy. Thus, X7 is an independent set. The proof for Xy and X3 follows
similarly.

Theorem 15. For 'y of Type-I1, if p < q, then

VP < x(I'n) < min{x(Ip), x(T'g)}-
Proof. From Theorem 13, o(I'y) < ¢,/p. Now, by Proposition 2, we have

|Zn|
X(FN)>a ) (]\7 = /-

Other part of the inequality follows from Proposition 3. 0J

8. Domination number of I'n

In this section, we provide some bounds for domination number of I .
Before that, we state two results which will be used in deducing these
bounds.

Proposition 4. [10] Let G be a graph with n vertices.
1) If G has a degree sequence dy,da, . ..,d, with d; > d;;+1, then

Y(G) = min{k : k+ (dy +da + ... +dy) > n}.

2) If G has no isolated vertex and has minimum degree 0(G), then
5(G)+1

Theorem 16. If N = pq, then v(I'y) = 5. In artzcular, if N = 5q, then

q
5<y Z

Proof. For the first part, we assume that p =4l + 1. Since, 'y is regular
with degree ¢(iv) = (p_1)4(q_1) = I(q — 1), we have v(I'y) > min{k :
k+Ekl(g—1)> (4l +1)q} = 5.

For the second part, i.e., N = 5q, we put [ = 1. Also, as I'y has no
isolated vertex,

7(G) <

b\»—t

k;\}—t

AON) € g =5 .

=7 =

Remark 6. A similar upper bound could have been given for the general
case, however the expression being messy, may not provide meaningful
insight.
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9. Conclusion and future work

In this paper, we introduced Paley-type graphs on composite modulus
and proved some basic features of this family. These graphs, due to its
connection with quadratic residuosity problem on modulus of the form
pq, may find applications in topology-hiding cryptography [13|. However,
a lot of questions are still unresolved, e.g., exact automorphism group of
I'y, a tighter bound for the domination number of I'y etc.
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