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ABSTRACT. In the paper we characterize all interassociates
of some non-inverse semigroups and describe up to isomorphism
all three-element (strong) doppelsemigroups and their automor-
phism groups. We prove that there exist 75 pairwise non-isomorphic
three-element doppelsemigroups among which 41 doppelsemigroups
are commutative. Non-commutative doppelsemigroups are divided
into 17 pairs of dual doppelsemigroups. Also up to isomorphism
there are 65 strong doppelsemigroups of order 3, and all non-strong
doppelsemigroups are not commutative.

Introduction

Given a semigroup (S,), consider a semigroup (S,F) defined on
the same set. We say that (S,F) is an interassociate of (S,-) provided
(xdy)Fz=x-4(yFz2) and (zFy)dz=akF (y-dz) forall z,y,z € S. In
1971, Zupnik [20] coined the term interassociativity in a general groupoid
setting. However, he required only one of the two defining equations to
hold. The present concept of interassociativity for semigroups originated in
1986 in Drouzy [4], where it is noted that every group is isomorphic to each
of its interassociates. In 1983, Gould and Richardson [8] introduced strong
interassociativity, defined by the above equations along with x - (y+ z) =
xF (y-z). J. B. Hickey in 1983 [9] and 1986 [10] dealt with the special
case of interassociativity in which the operation F is defined by specifying
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a € S and stipulating that x -y = ¢ 4a 4y for all z,y € S. Clearly
(S,F), which Hickey calls a variant of (S,), is a semigroup that is an
interassociate of (S, ). It is easy to show that if (S, ) is a monoid, every
interassociate (S,F) must satisfy the condition z Fy =z 4a 4y for some
fixed element @ € S and for all x,y € S, that is (S,F) is a variant of (.S, ).
Methods of constructing interassociates were developed, for semigroups
in general and for specific classes of semigroups, in 1997 by Boyd, Gould
and Nelson [1]. The description of all interassociates of finite monogenic
semigroups was presented by Gould, Linton and Nelson in 2004, see [7].

A doppelsemigroup is an algebraic structure (D, -, F) consisting of
a non-empty set D equipped with two associative binary operations - and
F satisfying the following axioms:

(zHdy)Fz=z4(yF 2), (D)
(zhy)dz=2F (yz). (D2)

Thus, we can see that in any doppelsemigroup (D,,F), (D,F) is
an interassociate of (D, ), and conversely, if a semigroup (D,F) is an
interassociate of a semigroup (D, ) then (D, ,F) is a doppelsemigroup.
A doppelsemigroup (D, -, ) is called commutative [13] if both semigroups
(D,) and (D,}F) are commutative. A doppelsemigroup (D, -, }F) is said
to be strong [15] if it satisfies the axiom = - (yF2) =x F (y 1 2).

Many classes of doppelsemigroups were studied by A. Zhuchok and
Y. Zhuchok. The free product of doppelsemigroups, the free (strong) dop-
pelsemigroup, the free commutative (strong) doppelsemigroup, the free
n-nilpotent (strong) doppelsemigroup and the free rectangular doppelsemi-
group were constructed in [13,15,19]. Relatively free doppelsemigroups
were studied in [17]. The free n-dinilpotent (strong) doppelsemigroup
was constructed in [12,15]. In [14] A. Zhuchok described the free left
n-dinilpotent doppelsemigroup. Representations of ordered doppelsemi-
groups by binary relations were studied by Y. Zhuchok and J. Koppitz [18].

Until now, the task of describing all pairwise non-isomorphic (strong)
doppelsemigroups of order 3 has not been solved. The goal of the present
work is to characterize all interassociates of some non-inverse semigroups,
and use these characterizations in describing up to isomorphism all three-
element (strong) doppelsemigroups and their automorphism groups.

1. Preliminaries

A semigroup S is called an inflation of its subsemigroup T (see [3],
Section 3.2) provided that there is an surjective map r : S — T such that
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r?2 =7 and r(a)r(b) = ab for all a,b € S. In the described situation S is
often referred to as an inflation of T with an associated map r (or just
with a map r). It is immediate that if S is an inflation of 7" then T is
a retract of S (that is the image under a retraction r in the sense that
r(a)=aforalla€T)and S? C T.

A semigroup S is called monogenic if it is generated by some element
a € S in the sense that S = {a"},en. If a monogenic semigroup is infinite
then it is isomorphic to the additive semigroup N of positive integer
numbers. A finite monogenic semigroup S = (a) also has simple structure,
see [11]. There are positive integer numbers r and m called the index and
the period of S such that

o S={a,a® ...;a" ™} and r + m—1=|S|;
° ar—l—m _ a'r;
o Cp:={a",a"*t, ...,a" 1} is a cyclic and maximal subgroup of

"+l where

S with the neutral element e = o™ € (), and generator a
ne(m-Nyn{r...,r+m—1}.

We denote by M, ,, a finite monogenic semigroup of index r and
period m.

Recall that an isomorphism between (S, *) and (5’,0) is a bijective
function ¢ : S — S’ such that (z xy) = ¥(x) o (y) for all z,y € S. If
there exists an isomorphism between (5,%) and (S’,0) then (S, ) and
(S, 0) are said to be isomorphic, denoted (S, *) = (S’,0). An isomorphism
between (.S, *) and (5, *) is called an automorphism of a semigroup (.5, *).
By Aut(S, %) we denote the automorphism group of a semigroup (S, *).

An element e of a semigroup (S, *) is called an idempotent if e x e = e.
The semigroup is a band, if all its elements are idempotents. Commutative
bands are called semilattices. By L,, we denote the linear semilattice
{0,1,...,n — 1} of order n, endowed with the operation of minimum.

If (S, %) is a semigroup then the semigroup (S,*%) with operation
wxly =y x x is called dual to (S, *).

A non-empty subset I of a semigroup (.5, *) is called an ideal if I x S'U
S* I C I. An element z of a semigroup S is called a zero (resp. a left zero,
a right zero) in S'if ax z=z%a = z (resp. z*xa = z, ax z = z) for any
a € S.If (D,,F) is a doppelsemigroup and z € D is a zero (resp. a left
zero, a right zero) of a semigroup (D, ) then (D;) and (D3) imply that
z is a zero (resp. a left zero, a right zero) of a semigroup (D, ), and vice
versa. Thus, any interassociate of a semigroup with zero is a semigroup
with zero as well.

A semigroup (5, *) is called a null semigroup if there exists an element
z € S such that  xy = z for any z,y € S. In this case z is a zero of S.



V. GAVRYLKIV, D. RENDZIAK 227

All null semigroups on the same set are isomorphic. By Ox we denote
a null semigroup on a set X. If X is finite of cardinality |X| = n then
instead of Ox we use O,,. It is easy to see that a null semigroup is a strong
interassociate of each semigroup with the same zero.

Let X be a set, z € X and A C X \ {z}. Define the binary operation
x on X in the following way:

{x ify=o€ A
TRy =

z otherwise.

It is easy to check that a set X endowed with the operation x is
a semigroup with zero z, and we denote this semigroup by Of}. If A=
X\ {#} then O% is a semilattice. In the case A = @, Of coincides with
a null semigroup with zero z. The semigroups O}‘} and O{? are isomorphic
if and only if | X| = |Y]| and |A| = |B|. If X is a finite set of cardinality
|X| =n and |A| = m then we use O instead of O%.

Let (.9, *) be a semigroup and e ¢ S. The binary operation * defined
on S can be extended to SU{e} putting exs = sxe = s for all s € SU{e}.
The notation (S, *)™! denotes a monoid (S U {e}, *) obtained from (.5, *)
by adjoining the extra identity e (regardless of whether (.S, %) is or is not
a monoid).

Let (S, %) be a semigroup and 0 ¢ S. The binary operation * defined
on S can be extended to SU{0} putting 0*xs = sx0 = 0 for all s € SU{0}.
The notation (S, %)+ denotes a semigroup (S U {0}, *) obtained from
(S, %) by adjoining the extra zero 0 (regardless of whether (S, x) has or
has not the zero).

Let (M,*) be a monoid with identity e, and 1 ¢ M. The binary
operation * defined on M can be extended to M U {1} putting Ixl=e
and 1xm =m 1 =m for all m € M. The notation (M, *)" denotes the
semigroup obtained from (M, *) by adjoining an extra element 1. Note
that (M, *)! is not a monoid and (M, *)! is an inflation of a monoid (M, *).

Let (D, ,F) be a doppelsemigroup and 0 ¢ D. The binary operations
defined on D can be extended to D U {0} putting 0 4d = d 40 =
0=0Fd=dFO0 for all d € D U{0}. The notation (D,,)™" denotes
a doppelsemigroup (DU{0}, 4, ) obtained from (D, -, F) by adjoining the
extra zero 0. If (D, ) is a strong doppelsemigroup then (D, ) is
a strong doppelsemigroup as well. It is easy to see that Aut((D,H,)0) =
Aut(D, ).

A semigroup (S, ) is said to be a left (right) zero semigroup if axb = a
(a*b =b) for any a,b € S. By LOx and ROx we denote a left zero
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semigroup and a right zero semigroup on a set X, respectively. It is easy
to see that the semigroups LOx and ROx are dual. If X is finite of
cardinality | X | = n then instead of LOx and ROx we use LO,, and RO,,
respectively.

Let X be aset, A C X and 0 ¢ X. Define the binary operation x on
X% = X U {0} in the following way:

r ifyeA
T*yY =
0 ifye XY\ A

It is easy to check that a set X endowed with the operation * 1S
a semigroup with zero 0, and we denote this semigroup by LO7? Acx If
A = X then LOYY + coincides with LO+0 In the case A = &, LOA%X
coincides Wlth a null semigroup O xo Wlth zero 0. The semigroups LO7Y? A X
and LO%Y , are isomorphic if and only if | X| = |Y| and |A| = |B|. If X
is a ﬁmte set of cardinality |X| = n and |A| = m then we use LO;0
instead of LO%Y .

Let X be aset, A C X and 0 ¢ X. Define the binary operation * on

X% = X U {0} in the following way:

y ifzeA
THY =
0 ifrze X\ A

It is easy to check that a set X endowed with the operation x 1S
a semigroup with zero 0, and we denote this semigroup by RO7? dex: If
A = X then RO} , coincides with RO+0 In the case A = @, ROA%X
coincides Wlth a null semigroup on X Wlth zero 0. Semigroups ROY? A X
and RO%? - are isomorphic if and only if |[X| = |V| and |A| = |B|. If X
is a finite set of cardinality |X| = n and |A| = m then we use RO;0
instead of ROA<_X

It is easy to see that the semigroups LO7YY ey and RO ey are dual.

Let a and ¢ be different elements of a set X. Define the associative
binary operation 4% on X in the following way:

x ifx#c
ry=<a ifrx=candy#c
c fz=y=c

It follows that (X, -?) is a non-commutative band in which all elements
z # c are left zeros.
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It is not difficult to check that for any different b,d € X, the semi-
groups (X, 4%) and (X, %) are isomorphic. We denote by LOByx a model
semigroup of the class of semigroups isomorphic to (X, -2). If X is a finite
set of cardinality | X| = n then we use LOB,, instead of LOBx.

The semigroup RO By is defined dually.

Let a and ¢ be different elements of a set X. Define the associative
binary operation F¢ on X in the following way:

:cl—gy:{x ifx#c

a ifxz=c.

It follows that (X,F¢) is a non-commutative non-regular semigroup in
which all elements z # ¢ are left zeros.

It is not difficult to check that for any b # ¢, the semigroups (X, %)
and (X, I—g) are isomorphic. We denote by LO x\ (¢}« x a model semigroup
of the class of semigroups isomorphic to (X,F%). If X is a finite set of
cardinality |X| = n then we use LO(,_1), instead of LOx\ () x-

Dually we define the semigroups ROx\ (¢} x and RO, 1) p-

A transformation [ : S — S of a semigroup (5, %) is called a left
translation if l(z x y) = I(x) * y for all z,y € S. By Corollary 2.2. from [1]
for any semigroup (S, x) and for any its left translation [, the semigroup
(S, %), where z %y = x % [(y), is an interassociate of (S, ). Thus, (S, x, *;)
is a doppelsemigroup for any left translation [ : S — S.

The following lemma was proved in [1].

Lemma 1.1. Let (S,*) be an inflation of an inverse Clifford semigroup
(A, %) and let r : S — A denote the associated retraction. If (S,0) is
a semigroup that is an interassociate of (S, ) then A is an ideal of (S,o0)
and (A,o) = (A, %) for some left translation | of (A,*). Moreover, r is
a homomorphism of (S,0) onto (A,o).

2. Isomorphisms of doppelsemigroups

A bijective map v : D1 — Do is called an isomorphism of doppelsemi-
groups (D1, 1,F1) and (Dg, -9, 2) if
Pla1b) =¢(a) 29(b) and  Y(atyb) =1(a)bFz(b)

for all a,b € D;.
If there exists an isomorphism between the doppelsemigroups
(Dl, —|1, |—1) and (DQ, —|2, |—2) then (Dl, —|1, "1) and (DQ, —|2, "2) are said
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to be isomorphic, denoted (D1, ,F1) = (Da, 2,F2). An isomorphism
¥ : D — D is called an automorphism of a doppelsemigroup (D, ,+). By
Aut(D,H,F) we denote the automorphism group of a doppelsemigroup
(D,H,F).

Proposition 2.1. Let (D1,1,F1) and (Da, -2, t2) be doppelsemigroups
such that (D1,71) and (Da,2) are null semigroups. If the semigroups
(D1,b1) and (Da,t2) are isomorphic then the doppelsemigroups (D1, —1,+1)
and (Da, -2, F2) are isomorphic as well.

Proof. Let z; and z9 be zeros of null semigroups (D1, 1) and (D2, 2),
respectively. Then z; and 2o are zeros of the semigroups (D1,F1) and
(Dg,F2), respectively. Let 1 : D1 — Dy is an isomorphism of the semi-
groups (D1,F1) and (Ds,F3). Since zeros are preserved by isomorphisms
of semigroups, ¥ (z1) = z9. Taking into account that |D;| = |D2| and any
map between two null semigroups of the same order that preserves zeros is
a isomorphism of these semigroups, we conclude that ¢ : Dy — D5 is an
isomorphism of the doppelsemigroups (D1, -1,F1) and (Dg, -9, F2). O

Proposition 2.2. Let (D1, 1,F1) and (D, H2,t2) be doppelsemigroups,
and (Dy,F) = (Dy,F1) implies = = 1 for any interassociate
(D1,F) of (D1, ~h). If (D2,~2) = (D1, ~h) and (D2,t2) = (D1,+1) then

Proof. Let v : Dy — D; be an isomorphism of semigroups (D2, 42) and
(D1, ). For any a,b € Dy define the operation -y on D in the following
way:
aty b= (a) Fa 71 (D).

It follows that ¢ : Dy — D; is an isomorphism from (Da,a,F2)
to (Di,71,Fy), and thus (Di,,Fy) is a doppelsemigroup as
an isomorphic image of the doppelsemigroup (Dsg,2,F2). Taking
into account that (Dp,Fy) is an interassociate of (Di,=;) and
(D1,Fy) = (D2, F2) = (D1,F1), we conclude that ,;, = F1. Therefore,
(DQ,—|2,|—2) =~ (Dl,—|1,|—1). L]

Proposition 2.3. If (D,,t) is a doppelsemigroup such that (D,-) is
a null semigroup then Aut(D,H, ) = Aut(D,F).

Proof. Let z be a zero of a null semigroup (D, ). Then z is a zero of
(D,F). If ¢ : D — D is an automorphism of (D, ) then ¢(z) = z. Using
the similar arguments as in the proof of Proposition 2.1, we conclude that
¥ : D — D is an automorphism of (D, ). It follows that ¢ € Aut(D,,F).
Therefore, Aut(D,,F) = Aut(D, ). O
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Using the fact that all bijections of a left (right) zero semigroup are its
automorphisms and the similar arguments as in the proof of Proposition 2.3,
one can prove the following proposition.

Proposition 2.4. If(D,,F) is a doppelsemigroup such that the semigroup
(D, ) is isomorphic to LOY® or RO® then Aut(D,H,1) = Aut(D, ).

3. Interassociates of some non-inverse semigroups

In this section we characterize all interassociates of some non-inverse
semigroups which we shall use in section 4 for describing all three-element
(strong) (commutative) doppelsemigroups up to isomorphism.

In the following Propositions 3.1 and 3.2 we use Lemma 1.1 to recognize
all (strong) interassociates of the semigroups O}O and Of}.

Given a semigroup (S, -), let Int(S, -) denote the set of all semigroups
that are interassociates of (5, -).

Proposition 3.1. Let O}O be a semigroup obtained from a null semigroup
Ox = (X,H) with zero z by adjoining an extra zero 0 ¢ X. The set
Int(O}O) consists of a null semigroup Ox oy with zero 0 and semigroups
(X, )0 for all semigroups (X, ) with zero z. All interassociates of O}O
are strong.

Proof. The semigroup O}O is an inflation of its subsemilattice A = {0, z}
with the associated retraction r : O}O — A,

) = {O, x =0,

z, xeX.

Let [ : A — A be a left translation of the semilattice (A, ). Then
1(0) =1(040) =1(0) 40 = 0. So, there are two left translations of A:
li(z) = 0 and lz(z) = x for all z € A. Let (X", F) be any interassociate
of O;O, where X? = X U {0}. By Lemma 1.1, 4 is an ideal of (X°,IF), r
is a homomorphism from (X, 1) onto (A, ), and the semigroup (A4, )
is equal to (A, ), where xFy =2 -, y =2 4l1(y) =0 for all z,y € A,
or (A,F) is equal to (A,,), where xFy =2, y =z dl(y) =z 1y
for all z,y € A. It follows that (A,F) is a null semigroup with zero 0 or
(A,F) = (A, ).

If (A,F) is a null semigroup then r(xty) = r(x)Fr(y) = 0. Therefore,
the definition of 7 implies z Fy = 0 for all z,y € X°. Consequently, in
this case (X, 1) is a null semigroup with zero 0.



232 INTERASSOCIATIVITY AND 3-ELEMENT DOPPELSEMIGROUPS

Let (A,F) = (A, ). Taking into account that r is a homomorphic
retraction and A 3 0 is an ideal, we conclude that Oz = r(0F ) =
r(0)Fr(x) =04dr(z) =0and x-0=r(zF0) = r(x)Fr(0) = r(z)40 =0
forallz € X0 If 2,y € X then r(zFy) =r(z)Fr(y) =zFz=242= 2.
Thus, the definition of r implies x -y € X for all x,y € X. Consequently,
(X, F) is an interassociate of a null semigroup (X, ) with zero z. It follows
that (X,F) is an arbitrary semigroup with zero z, and (X% F) = (X,F)*°.

To show that all interassociates of O}O are strong, it is sufficient to
use the following two facts:

e if (X, ) is a strong interassociate of (X, ) then (X, )™ is a strong

interassociate of (X, )*?;

e all interassociates of a null semigroup are strong. [

Proposition 3.2. A semigroup (X,F) with zero z is an interassociate of
Of‘( together with the operation - if and only if the following conditions
hold:
1) (A%F) coincides with O, for some B C A, where A = AU {z};
2) AF(X\A)=(X\A)FA={z};
3) X\ 4 is a subsemigroup with zero z of (X,F).
All interassociates of O}% are strong.

Proof. Note that O}‘} is an inflation of its subsemilattice A? with the
associated retraction 7 : 034( — AD,

{:L‘, x € A,
r(z) =
z, x¢ A

Let [ : A — A° be a left translation of (A%, ). Then i(z) = I(zz2) =
I(z2)dz=2zTfac A l(a) =be A and b # a then a 4b = 2. Therefore,
b=b-db=1(a) 4b=1(a-b) =1(z) = z. It follows that l(a) € {z,a} for
any a € A. On the other hand, it is clear that for any B C A the map

Ig: A% — A9,
r, ©€B
l — 9 )
5(2) {z, re A"\ B

is a left translation of AY.

Let (X,F) be any interassociate of O%. By Lemma 1.1, A® is an ideal
of (X,F), r is a homomorphism from (X, ) onto (A% F), and (A% ) is
equal to (A% +;,,), where

x ife=yeBhB,
xl—y:x—ilBy:x—HB(y):{ Y

z otherwise
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for all z,y € A°. This implies (A", I-) coincides with Ofo for B C A.

Since A is an ideal of (X,F), a2, xFa € A foralla € A%,z € X\ A.
Taking into account that r(atkz) = r(a)Fr(x) = r(a)kFz = z and r(zta) =

r(r)Fr(a) = zFr(a) = z for all a € A%,z € X \ A, we conclude that
rha,aFz € (X\A)NAY = {z}. Therefore, AI—(X\A) (X\A)FA={z}.

Let us show that X \ A is a subsemigroup of (X, ). Indeed, since
r is a homomorphism, (X \ A)F (X \ 4)) =r(X \A)Fr(X\A4) =
{z}F{z} = {z}, and the definition of r implies (X \ A)F (X \ 4) C X\ A.

Since (X \ A,) is a null semigroup with zero z, (X \ A,F) is any
semigroup with the same zero z.

To show that a semigroup (X, F) for which the conditions 1)-3) hold
is a strong interassociate of O%, it is sufficient to note the following two
facts:

e an element s € {x 4 (yF2), (xHdy)Fz, 2-(ydz2), (xFy)dz}is

non-zero if and only if x =y = z € B for some B C A;
e b1(bFb)=(b4b)Fb=0bF (b4b) = (bEb)4b=10 for any b € B
for some B C A. O

In the following Proposition 3.3 we recognize all interassociates of the
semigroup (M, -)! for any monoid (M, ).

Proposition 3.3. Let (M,-) be a monoid with identity e, and M1 =
MU {1}, where 1 ¢ M. If (M1 k) is an interassociate of (M, —|) then
(ML F) = (M, )" or (ML,F) is a variant of (M, )! with the sandwich
operation xty = x-a-y, wherea =11 € M. If (M, ) is a commutative

monoid then all interassociates of (M, ) are strong interassociate with
each other.

Proof. Let (Mi, ) be an interassociate of the semigroup (M, —|)i. Then
for any x,y € M we have the following equalities:

rhy=(4)FO4y) =240 F)d4y=a-a Hy,

where a = 1+ 1 € ML
Consider two cases.
(1) Leta=1. Then a -y =241y =z dy for all x,y € M. Taking

into account that 1+ 1 = 1 and for any € M the following equalities
hold:

ANFl=z4(1F) =241 =2,
%(1—| =(1F)Hdz=14z=ua,

\./

we conclude that in this case (Mi, F) = (M, )t
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(2) Let a # 1, and thus a € M. We claim that 1+ z,2+1 € M for
any r € ML Suppose that 1+c¢ =1 for some ¢ € M. Thene =141 =
(IFe)41 =1F(cH41) = 1Fc =1, and we have a contradiction. By
analogy, -1 € M for any z € e

For any x € M I we have that

;_u/—\

Fi=(@rFD)Hdl=zF041) =zke,
Fe=14(1F2)=04)Faz=clFuz.

_ R

Taking into account that for a =1+1 € M

1

-

I=14(1FD)H4I=14a41
and for any x € M

lhz=etz=edadz=14az,
thkl=zrte=zHdade=z-a-1,

we conclude that (M, ) is a variant of (M, )! with the sandwich opera-
tionzFy=xz-a-y, wherea=1F1¢€ M.

Let (M, ) be a commutative monoid. Taking into account that for
each a € M the variants with respect to a of (M,-)! and (M, -)*!
coincide, and the set of interassociates of (M, )} con31sts of (M,-)*1
and variants of (M, ) with respect to all a € M, we conclude that
each interassociate of (M,-)! is an interassociate of (M,)T!. Since
(M, ~)*! is a monoid, all of its interassociates are variants. Consequently,
Int((M,)) = Int((M,)*). Let (M ) and (M!,Fs) be any two
interassociate of (M, 4)*!. Then 21y = z+a; dy and xFoy = 2 4az 1y
for some ay,as € M' and any x,y € M'. Taking into account that
(M, ) is commutative and hence z 1 (yl22) = 21 (ydaz 42) =
xda;dy-daydz=xdasdydardz=aby (y a1 42) =z ks (yF1 2),
we conclude that 1 and 2 are strong interassociate. O

In the following Propositions 3.4 and 3.5 we recognize all (strong)
interassociates of the semigroups LO;F(0 and RO}O.

Proposition 3.4. The set Int(LO}O) consists of all semigroups LOZ?_X,

where A C X. Any two interassociates ofLO}L(O are interassociate with each

other. The semigroup LOA\;X is a strong interassociate of the semigroup
OE?_X if and only if A= B or A=& or B=g.
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Proof. Let (X°,F) be an interassociate of the semigroup LO;F(0 with
operation .
If at-b =0 for some a,b € X then

zEb=(xHda)Fb=2-4(akb)=240=0

for any = € X°.
If cd # 0 for some ¢,d € X then

zbEd=(xHde)Fd=2(ckd) =

for any = € X°.

Let A= {a € X | xa # 0 for any x € X}. It follows that (X°, )
coincides with LO7? X

Let us show that for any A, B C X the semigroups LOZ?_ y with
operation 44 and LO%? B x With operation -p are interassociate with each
other.

To prove z Fp (y 14 2) = (xFp y) Ha z consider the following two
cases:

o if 2z € Athen g (yHda2) = axbpy = (xFpy) 14 2z for any
x,y € XY,

eifz€ X\ Athen xbp(yH42) =2Fp0=0= (xlpy) 4z for
any z,y € XY.

To prove z 4 (y Fp 2) = (x 44 y) Fp 2 consider the following two
cases:

e if 2 € Bthen x4 (yFpz2) = 244y = (x 44 y) Fp 2z for any
z,y € XY
e if 2€ X"\ Bthen x4 (yFpz)=2440=0= (x-ay)Fp 2 for
any z,y € XY.
Let us prove that a semigroup LO;{& y Is a strong interassociate of
a semigroup LOGY Sex ifandonlyif A=Bor A=@ or B= 0.
If A= B then LOA<_X = LO%Y +. So, LOYY  is a strong interasso-
ciate of a semigroup LOR2 Bex-
If A= @ or B= @ then LOA<_X or LO < x is a null semigroup. Since
a null semlgroup is a strong interassociate of any semigroup with zero, in
this case, LOZ — x and LOE . x are strong interassociate with each other.
Let A and B are different non-empty subsets of X. Show that LO7? A X
and LO B& y are not strong interassociate with each other. For this, it is
sufficient to consider the following two cases.
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e There are exist a € A and b € B\ A. Then al-g(a-4b) = a0 =0
while a 44 (aFpb) =a-H4a =a #0.

e There are exist b € Band a € A\ B. Then b4 (bkpa) =b440=0
while b5 (b4aa) =bFpb=b0. O

Taking into account that (X, ) is an interassociate of (X, F) if and only
if (X, %) is an interassociate of (X, %), and for each A C X the semigroup
LOZ?_ x is dual to ROZ?_ x> we conclude the following proposition.

Proposition 3.5. The set Int(RO}O) consists of all semigroups RO «,
where A C X. Any two interassociates of RO}O are interassociate with
each other. The semigroup ROZ?_X s a strong interassociate of the semi-
group ROE?_X if and only if A= B or A=@ or B=0@.

Let a and ¢ be different elements of a set X. Consider the semigroup
LOBx = (X, ), where the binary operation 4% on X is defined in the
following way:

x ifx#c
x4ty=<a ifz=candy#c
c ife=y=c
Proposition 3.6. If (X,F) is an interassociate of (X, %) then (X,F) =
(X,2) or (X,F) = LOx\ ¢} x = (X, F¢), where

x, T#c,
ahey= { ’
a, x=-c.
All interassociates of (X, %) are strong.

Proof. Since each element z € X \ {c} is a left zero of the semigroup
(X,2), z is a left zero of (X,F).
For each x € X we have

chkx=(cH4l )z =cH (ckz) €{a,c}.
If & # ¢ then for each y € X the following equalities hold:
ckx=ck(x-Hly) = (ctx) Ay

It follows that ¢t z is a left zero, and therefore, ck-x € X \ {c} for all
x # c¢. Consequently, ¢+ x = a for all  # c.
If e ¢ =cthen (X,F) = (X,H2). If ¢k ¢ = a then (X,F) = (X,F2).



V. GAVRYLKIV, D. RENDZIAK 237

Let us show that (X,F?) is a strong interassociate of (X, -2). Since
cach element z € X \{c} is a left zero of (X, ) and (X, H2), x2 (yH2) =
r=xF(y-dz) for any x € X \ {c¢} and y, z € X. Taking into account
that ¢ 42 (yF22) € 42 (X \ {c}) = {a} and ¢t (y % z) = a, we conclude
that ¢ ¢ (yFo 2) = ¢ (y 72 2) for any y, 2z € X. O

Dually one can characterize all interassociates of the semigroup ROBx.

4. Three-element doppelsemigroups and their
automorphism groups

In this section we describe up to isomorphism all (strong) doppelsemi-
groups with at most three elements and their automorphism groups.

Firstly, recall some useful facts which we shall often use in this section.
In fact, each semigroup (.5, ) can be consider as a (strong) doppelsemi-
group (.S, -, ) with the automorphism group Aut(S,, ) = Aut(S, ),
and we denote this trivial doppelsemigroup by S. As always, we denote
by (S,,) a variant of a semigroup (S, ), where x 4,y = x 4a 4y. If
the semigroups (S, ;) and (S, ) are variants of a commutative semi-
group (S, =) then the doppelsemigroup (.S, -4, ) is strong. If semigroup is
a monoid then all of its interassociates are variants. A semigroup coincides
with each of its interassociates if and only if it is a rectangular band, see
[1, Lemma 5.5]. Every group is isomorphic to each of its interassociates,
see [4]. Following the algebraic tradition, we take for a model of the class
of cyclic groups of order n the multiplicative group C,, = {z € C: 2" =1}
of n-th roots of 1.

Let (D1, 1,F1) be such a doppelsemigroup that for each doppelsemi-
group (Dag, -2, F2) the isomorphisms (Da, -2) = (D1, 1) and (Da,F2) =
(D1,b1) imply (Do, H2,F2) = (D1, 1,F1). If S and T are model semi-
groups of classes of semigroups isomorphic to (D1, 1) and (D1,t1), re-
spectively, then by S () T we denote a model doppelsemigroup of the class
of doppelsemigroups isomorphic to (D1, 1,F1).

Note that if (D, ,F) is a (strong) doppelsemigroup then (D, F, ) is
a (strong) doppelsemigroup as well. In general case, the doppelsemigroups
(D,,F) and (D, F, ) are not isomorphic. It is clear that Aut(D,-,F) =
Aut(D,F, ).

It is well-known that there are exactly five pairwise non-isomorphic
semigroups having two elements: Cs, Lo, Oo, LO2, RO>.

Consider the cyclic group Cy = {—1, 1} and find up to isomorphism
all doppelsemigroups (D, -, F) with (D, ) = Cy. Because C5 is a monoid,
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all of its interassociates are variants. Since every group is isomorphic to
each of its interassociates, in this case there are two (strong) doppelsemi-
groups up to isomorphism: Cy and Cy § C5 ' = ({—1,1},-,-_1). These
doppelsemigroups are not isomorphic. Indeed, let ¢ is an isomorphism
from ({—1,1},-,--1) to ({—1,1}, -, ). Taking into account that —1 is a neu-
tral element of the group ({—1,1},-_1) and ¢ must preserve the neutral
elements of both groups ({—1,1},-) and ({—1,1},-_1) of the doppelsemi-
group ({—1,1},-,-—1), we conclude that ¢(1) = 1 and ¥(—1) = 1, which
contradicts the assertion that ¢ is an isomorphism. Since Aut(Cy) = C,
Aut(Cy § O 1) = Oy

Since LOy and RO, are rectangular bands, all their interassociates
coincide with them, and therefore, in this case there are only two dop-
pelsemigroups: LO2 and ROs-.

It is well-known that a null semigroup Ox is an interassociate of
each semigroup on X with the same zero. Consequently, O, has two
non-isomorphic interassociates: Oy and Lo. Taking into account that the
semilattice Ly is the monoid ({0, 1}, min), we conclude that Ly has two non-
isomorphic interassociates: Lo and ({0, 1}, ming) = Os. By Propositions 2.1
and 2.2, it follows that the last four non-isomorphic doppelsemigroups are
Os, O3 () Ly, Lo and Ly () O2. Note that commutativity of Lo implies that
all these doppelsemigroups are strong. By Proposition 2.3, Aut(Ly () O2) =
Aut(02 Q LQ) - Aut(Lg) = Cl.

Consequently, there exist 6 pairwise non-isomorphic commutative
two-element doppelsemigroups and 2 non-isomorphic non-commutative
doppelsemigroups of order 2. All two-element doppelsemigroups are strong.

In the following table we present up to isomorphism all two-element
doppelsemigroups and their automorphism groups.

D Cy Oy Ly Co(0Cy" O30Ly Ly(Oy | LOy RO
Aut(D) 01 01 01 01 Cl Cl 02 02

TABLE 1. Two-element doppelsemigroups and their automorphism groups

In the remaining part of the paper we concentrate on describing up to
isomorphism all three-element (strong) doppelsemigroups.

Among 19683 different binary operations on a three-element set S
there are exactly 113 operations which are associative. In other words,
there exist exactly 113 three-element semigroups, and many of these are
isomorphic so that there are essentially only 24 pairwise non-isomorphic
semigroups of order 3, see [2,5,6].
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Among 24 pairwise non-isomorphic semigroups of order 3 there are
12 commutative semigroups. The rest 12 pairwise non-isomorphic non-
commutative three-element semigroups are divided into the pairs of dual
semigroups that are antiisomorphic. The automorphism groups of dual
semigroups coincide.

List of all pairwise non-isomorphic semigroups of order 3 and their
automorphism groups are presented in Table 2 and Table 3 taken from [6].

S | Cs 03 Mgy Cf' cl Mz, Off Of° Ly C¢f° 02 O}
Awt(S) |Cy Co 1 ¢ G O G G G G Gy O

TABLE 2. Commutative semigroups S of order 3 and their automorphism
groups

S LO3, RO3 | LOSY, RO | LOTL,, RO, | LOSY, RO | LOBs, ROB; | LOgc 3, ROog( 3
Aut(S) Sg Cz C[ Cz C] CZ

TABLE 3. Non-commutative three-element semigroups and their automorphism
groups

In the sequel, we divide our investigation into cases. In the case of
a semigroup S we shall find all doppelsemigroups (D, -, ) such that (D, )
is isomorphic to S.
Case (3. Up to isomorphism, the multiplicative group C3 = {1,a,a7'},
where a = ¢2™/3 is a unique group of order 3. Since Cj is a monoid,
all of its interassociates are variants. Because ('3 is commutative, all of
its interassociates are strong. Since every group is isomorphic to each
of its interassociates, in this case there are exactly three (strong) dop-
pelsemigroups: Cs, (Cs, -, ) and (Cs, -, -,-1). It is easy to check the map
Y C3 — O3, ¢%(g9) = g~ (where g~ ! is the inverse of g in the group
(Cs,-)), is an isomorphism from (Cs, -, -4) to (Cs,-,-,~1). We denote by
C3()Cy ! the doppelsemigroup (C3,-,-q—1). By the same arguments as for
the group Cy, we conclude that the doppelsemigroups C3 and C3 () C5 !
are non-isomorphic. Let ¥ : C3 — C3 is an automorphism of the dop-
pelsemigroup (Cs, -, -,-1). Taking into account that 1 is the identity of
the group (Cs, ) and a is the identity of the group (Cs,-,-1), we conclude
that (1) = 1 and 9(a) = a. Consequently, ¥(a~1) = a~!, and 9 is the
identity automorphism. It follows that Aut(Cs () C5 ') = C.
Case Os. A null semigroup O3 is a (strong) interassociate of each three-
element semigroup with the same zero. Thus, up to isomorphism there
are the following 12 (strong) doppelsemigroups: Oz, O3 () M3 1, O3 () 0;1,
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O30 05° 030 L3, 030 Cy°, 03003, 03 () 03, 03 ) LOF°, O3 ) ROS®,
O30 LOTL,, O30 RO, According to Proposition 2.1, up to isomorphism
there are no other doppelsemigroups (D, ,F) such that (D, ) = Os. By
Proposition 2.3, Aut(O3 () S) = Aut(S) for any three-element semigroup
S with zero.

Case My 5. Consider the monogenic semigroup Ma o = {a,a?,a® | a* =
El g g p 3 ) b

a®}. There are three interassociates of this semigroup: (Mg 2, %), where
a® xp a¥ = a®TYTF2 for every a®,a¥ € Moy and k € {1,2,3}, see |7,
Theorem 1.1]. It easy to check that (Maag, 1) = {a?a®}T C’jl,
(Mg, %2) = (Maz2,*) and (Maso,*3) = {a? a®}! = C1. So, in this case
there are three doppelsemigroups: Mg 2, M2 ) C’2+1 and My () C3. Since
all three interassociates of Mg o are pairwise non-isomorphic, according to
Proposition 2.2 we conclude that up to isomorphism there are no other dop-
pelsemigroups (D, ,F) such that (D, ) = Mg . Since Aut(Mg2) = Cf,
Aut(Mgg Q C;'_l) =~ (] and Aut(Mgg Q 021) = (.

Case Cy!. Since Cy! is a monoid, all of its interassociates are variants.
Let e be an extra identity adjoined to Cy = {—1,1}. Then ({—1,1,e},-) =
Oyt ({—1,1,e},-1) 2 Cg and ({—1,1,e},-_1) = Mgs. Therefore, there
are three doppelsemigroups: C5!, 1§ C4 and C ' § Mg 5. Since CF ! is
a commutative monoid, all these doppelsemigroups are strong. Taking into
account that all three interassociates of C’; 1 are pairwise non-isomorphic,
by Proposition 2.2 we conclude that up to isomorphism there are no other
doppelsemigroups (D, -, F) such that (D, ) = C;’l. Since Aut(Cgrl) =
Oy, Aut(Cy 0 C) = Oy and Aut(Cyt § Mas) = C).

Case C}. According to Proposition 3.3 the semigroup C4 has three
interassociates. As we have seen in previous cases, these interassociates
must be isomorphic to C3, C;r L and Mj 5. Taking into account that, by
Proposition 3.3, all interassociates of CJ are strong, we conclude that in
this case there are three pairwise non-isomorphic strong doppelsemigroups:
C1, C3 )¢t and CF § My . Since Aut(Ch) = Cy, Aut(Ch ) C) = ¢y
and Aut(C3 § Mo o) = C.

Case M3 ;. Consider the monogenic semigroup M3 1 = {a,a?, a3 | a* =
a®}. There are three interassociates of this semigroup: (M1, *1), where
a® @y = a®VT*=2 for every a®,a¥ € M3y and k € {1,2,3}, see [7,
Theorem 1.1]. Tt easy to check that (Mzq, %) = {a?a®}*! = O,
(M3 1,%2) = (Mg1,*) and (M31,*3) = Os. So, in this case we have
three doppelsemigroups: M3 1, M3 () O;l and M3 1 () Os. Since all three
interassociates of M3 1 are pairwise non-isomorphic, according to Propo-
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sition 2.2 we conclude that up to isomorphism there are no other dop-
pelsemigroups (D, -, F) such that (D, ) = M3 ;. Since Aut(Ms ) = C1,
Aut(Mg,’l Q O;l) = 01 and Aut(M3,1 603) = Cl.

Case O; ! Because the semigroup O; !'is a monoid, all of its interassoci-
ates are variants. Since there are only three variants of a three-element
semigroup, previous cases imply that these interassociates isomorphic to
O;r I'Mm 3,1 and Oz. Taking into account that O;r ! is a commutative monoid,
we conclude that in this case there are three pairwise non-isomorphic strong
doppelsemigroups: O;l, O;l () M3 and O;l () Os. Since Aut(OSrl) ~ (1,
Aut(OF § M3) = C; and Aut(O5* () O3) = C.

Case O;r Y. Proposition 3.1 implies that there are three interassociates
of semigroup OF O and all these interassociates are strong. They are
isomorphic to O;ro, Ls and Os. So, in this case there are three strong
doppelsemigroups OF%, OF° ) L3 = (03 () Lz)*? and O5° () O3. Since all
three interassociates of O; Y are pairwise non-isomorphic, according to
Proposition 2.2 we conclude that up to isomorphism there are no other
doppelsemigroups (D, ,F) such that (D, ) = O5°. Since Aut(05°) =
C1, Aut(05° () L) = Cy and Aut(057° () O3) = C.

Case Lj3. Since the linear semilattice L3 is a monoid, all of its interasso-
ciates are variants. Three-element semigroup has only three variants, thus
previous cases imply that these interassociates isomorphic to Ls, O; 0 and
O3. Therefore, in this case we have the trivial doppelsemigroup L3 and
two (strong) doppelsemigroups Lz (| O3 ° 2 (Ly () O2) ™ and L3 () O3. Since
Aut(Lg) = Cl, Aut(L3 Q O;O) = Cl and Aut(L3 Q 03) = Cl.

Case CQJr 9 Consider the semigroup CQJr 0 isomorphic to a commuta-
tive monoid ({—1,1,0},-) with zero 0. Except a null semigroup Os, this
monoid has two isomorphic variants ({—1,1,0},-) and ({—1,1,0},--1). In
this case there are three (strong) doppelsemigroups: C5 00 03, cf O and
({-1,1,0},-,-—1). These doppelsemigroups are not isomorphic. Indeed, let
1 is an isomorphism from ({—1,1,0},-,-_1) to ({—1,1,0}, -, ). Taking into
account that —1 is a neutral element of the semigroup ({—1,1,0},-_1) and
1) must preserve the neutral elements of both semigroups ({—1, 1,0}, -) and
({—1,1,0},-_1) of the doppelsemigroup ({—1,1,0},-,-_1), we conclude
that ¢»(—1) = 1 and ¥ (1) = 1, which contradicts the assertion that 1 is an
isomorphism. Taking into account that ({—1,1,0},-_;) = (C5; )™, where
Oyt = ({~1,1},-_1), we denote by C5 % (C; 1) the doppelsemigroup
({=1,1,0},-,-_1). Tt is easy to see that C570()(Cy; )0 = (CL(C; )0, and
hence Aut(Cy0 § (Cy 1)) = Aut((Coy § C5 1) T0) = Aut(Cy 0 Oy 1) = €.
Since Aut(Cy %) = Cy, Aut(Cy° () O3) = C.
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Case O3. Consider the non-linear semilattice O3 isomorphic to the semi-
group {a,b,0} with the operation —:

ify=uxc¢€ b
o [ Hy=aea)
0 otherwise.

According to Proposition 3.2, this semigroup has four (strong) interas-
sociates: 0%, Os, ({a,b,0},F,) and ({a,b,0},F), where for i € {a, b}

- x fy=xz=1,
rhiy =
w 0 otherwise.

It is easy to check that the map v : {a,b,0} — {a,b,0}, ¥ (a) = b, (b) = a
and ¢ (0) = 0, is a doppelsemigroup isomorphism from ({a,b,0},,F,) to
({a, b, 0}, —|, |—b).

Therefore, in this case there are three pairwise non-isomorphic
(strong) doppelsemigroups: O%, O2 (j O3 and O3 () O3. Since Aut(03) = Cy,
Aut(02% () O) = C1. By Proposition 2.3, Aut(03 ) O3) = Aut(O3 ( O3) =
Aut(03) = Cs.

Case O%. Consider the last commutative semigroup O% isomorphic to
the semigroup ({a,b,0},F,) from the previous case. By Proposition 3.2,
this semigroup has the same four (strong) interassociates as O3. Show
that the doppelsemigroups ({a,b,0},+4,F,) and ({a,b,0},F4, ) are not
isomorphic. Suppose that v is an isomorphism from ({a,b,0},F4, ) to
({a,b,0},F4,F4). Then b must preserve a unique non-zero idempotent
of these doppelsemigroups. Therefore, 1)(a) = a and 9 (b) = a, which
contradicts the assertion that ¢ is an isomorphism. Denote by Of () Og the
doppelsemigroup ({a, b,0},t4,Fp). Thus, in this case we have four non-
isomorphic (strong) doppelsemigroups: O3, 0% () 0%, O3 §§ O% and O3 () Os.
Since Aut(0%) = Aut(01) = Cy, Aut(0§ § 08) = C1, Aut(O4 § O32) = ¢4
and Aut(O% Q 03) =~ (.

Let (D,4,F) be a doppelsemigroup. Denote by (D,H,F)? its dual
doppelsemigroup (D, -4 +%), where z 49y = y 4z and z Fy = y F z.
In fact, (D,,F)? is a (strong) doppelsemigroup if and only if (D, , )
is a (strong) doppelsemigroup. So, non-commutative doppelsemigroups
are divided into the pairs of dual doppelsemigroups. A map v : D; — Do
is a isomorphism from a doppelsemigroup (D1, 1,F1) to (Dae, o) if
and only if 9 is a isomorphism from a doppelsemigroup (D1, -,F1)? to
(Do, )4, Thus, Aut((D,,F)?) = Aut(D,H,F).



V. GAVRYLKIV, D. RENDZIAK 243

It follows that it is sufficient to consider non-commutative three-element
semigroups LOs, LO;O, LO1F27 LOSY, LOBs, LOs. 5. The cases of semi-
groups ROs, RO;r 0 RO 9, RO;r ! ROBs;, ROy, 3 we shall get using the
duality.

Case LOs. Since LOj3 is a rectangular band, all its interassociates coincide
with LOs3, and therefore, in this case there is a unique doppelsemigroup
LOs.
Case LO;r 9. Consider the semigroup LO; 9 isomorphic to {a,b,0} with
the operation —:

r ify € {a,b},

sy = iy {a,b}
0 ify=0.

According to Proposition 3.4, this semigroup has four interassociates:

LOJ°, O3, ({a,b,0},F,) and ({a,b,0},+), where for i € {a,b}

{x if y =1,
rhiy= .
0 ify#i.
It is easy to check that the map ¢ : {a,b,0} — {a,b,0},1(a) = b, (b) =
and ¥ (0) = 0, is a doppelsemigroup isomorphism from ({a,b,0},,F,) to
({a,b,0}, l—b) Since ({a,b,0},+4) = ({a,b,0},F,) = LOL 5, denote by
LO+0 () LOYL, the doppelsemigroup ({a,b,0},,4) = ({a,b,0}, -, Fyp).
Thus, in this case we have three pairwise non-isomorphic doppelsemi-
groups: LO; +0 LOY 9903 and LO+0 () LOTL,. Consequently, up to isomor-
phism there are no other doppelsemlgroups (D,H,F) such that (D, ) =
LO+0 By Proposition 3.4, the doppelsemigroups LO;r Y and LO; 0 () Os
are strong while LOJ ) LO?, is not strong.
According to Proposition 2.4,

By Proposition 2.3,

Aut(LOS° § O3) =2 Aut(O3 ) LOF°) = Aut(LOS) = Cs.

Case LO? — 9. Consider the semigroup LOTY? — o isomorphic to the semi-
group ({a,b,0},t,) from the previous case. Since this semigroup is the
last semigroup with zero, the previous cases imply that it has the fol-
lowing interassociates: Os, LOQF 0 and interassociates that isomorphic to

({a,b,0},Fa).
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Consider interassociates of ({a,b,0},F,) that isomorphic to ({a,b,0},F,).
Since an isomorphism ¢ must preserve a unique right identity a and
zero 0, we conclude that ¢(a) must be a right identity and ¢ (0) = 0. Thus,
({a,b,0}, ) is a unique different from ({a, b, 0}, F,) interassociate isomor-
phic to ({a,b,0},F,). Show that the doppelsemigroups ({a,b,0},F4,Fq)
and ({a,b,0}, g, Fp) are not isomorphic. Suppose that 1 is an isomorphism
from ({a,b,0},tq,Fp) to ({a,b,0},F4,F4). Then ¥ must preserve right
identities a and b of the semigroups ({a, b, 0},+,) and ({a, b,0},Fy), respec-
tively. Therefore, ¥ (a) = a and ¢ (b) = a, which contradicts the assertion
that 1 is an isomorphism. Denote by LOa 2o 0 LOb ~ o the doppelsemi-
group ({a,b,0},Fq,Fp). Thus, up to isomorphism, LOT,, LOTL, § Os,

o2, QLO+0 and LO>2,(0 LO;°, are the last four doppelsemigroups with
zero. Since Aut(L anz) Aut(LOYL,) = Cy, Aut(LOTL, 0 LOSO) = ¢y,
Aut(LO2, () O3) = C; and Aut(L ONOQ 0 LOgﬁQ) =~ (. By Proposi-
tion 3 4, the doppelsemigroups LO1 L, and LOTY, () O3 are strong while

070, 0 LOSY and LO?, ) LO;P, are not strong.

Case LOQ+ ! Consider a monoid LO;r ! with operation - and identity 1,
where LO2 = {a,b} is a two-element left zero semigroup. Since each
interassociate of LO2+ 1is a variant, we conclude that except LO;r L there
two interassociates: ({a, b, 1},+,) and ({a, b, 1},Fp) isomorphic to LOg 3,

where for i € {a,b}
1
xhyz{gfd’ r# 1,

1, x=1.

It is easy to check that the map ¢ : {a,b,1} — {a,b, 1}, ¢¥(a) = b, (b) =
and 1(0) = 0, is a doppelsemigroup isomorphism from ({a,b,1},,F,) to
({a,b, 1}, -, F). Since 14(bk4b) = 1b = bwhile 14 (b+4b) = 1Fob = a # b,
the doppelsemigroup ({a,b,1},,F,) is not strong. Therefore, in this
case there are two pairwise non-isomorphic doppelsemigroups: LO;‘ L and
LO;r ! () LO2. 3. The semigroup LO;r !is strong while LO;r ! () LO2. 3 is not
strong. By Proposition 2.4, Aut(LO;'1 0 LO23) = Aut(LOa3) = Cs.
Case LOBs;. Consider a non-commutative band LO Bj isomorphic to the
semigroup {a, b, c} with the operation 4%, where

x ifxz#e,
r4y=<a ifz=candy#ec,
c fz=y=c

By Proposition 3.6, LO B3 has two interassociates isomorphic to LO Bs
and LOy 3. According to Proposition 2.1, up to isomorphism there are
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no other doppelsemigroups (D, ,F) such that (D,-) = LOBj. Thus,
in this case there are two non-isomorphic doppelsemigroups: LO Bs and

LOBs3 () LO2. 3. By Proposition 3.6, these doppelsemigroups are strong.
Since Aut(LOB;»,) = (1, Aut(LOBg Q LOQFE}) = (.

Case LOy. 3. Finally, consider the last three-element semigroup LO9, 3
isomorphic to the semigroup {a, b, c} with operation - defined as follows:

x%y:{x’ T #c,

a, T =c.

Since this semigroup is the last semigroup, the previous cases imply
that it has the following interassociates: LO2+ ! LOBj;, and interassociates
that isomorphic to ({a,b,c}, ). Consider interassociates of ({a,b, c}, )
that isomorphic to ({a, b, c}, ). Since a and b are left zeros of ({a, b, c}, ),
they must be left zeros of each interassociate of ({a, b, c}, ). It is clear
that there exists only one different from ({a,b,c},) its interassociate
({a,b,c},F) = ({a,b,c}, ), where

a:l—y:{x’ T # ¢,

b, x=c.

It is easy to check that the map 1 : {a,b,c} — {a,b,c}, ¥(a) = b,
P(b) = a and ¥(c) = ¢, is a doppelsemigroup isomorphism from
({a,b,c},~, ) to ({a,b,c},,F). Consequently, LOa, 3, LO2 3 () LOS*
and LOs. 3 () LOBs3 are the last three doppelsemigroups of order 3.

It follows that Aut(LO2 3 ) LOF') = Aut(LOS™! ) LOa. 3) = Cy and
Aut(LOzeg Q LOBg) = Aut(LOBg Q LOQ(;?,) = Cl. Since LOBg Q L02<;3
is strong, LOg, 3 () LOBs is strong as well. By analogy, LOg. 3 () LO3 ! is
not strong.

We summarize the obtained results on the pairwise non-isomorphic non-
trivial three-element (strong) doppelsemigroups and their automorphism
groups in the following Tables 4, 5 and 6.

It follows that we have proved the following theorem.

Theorem 4.1. There exist 75 pairwise non-isomorphic three-element
doppelsemigroups among which 41 doppelsemigroups are commutative.
Non-commutative doppelsemigroups are divided into 17 pairs of dual dop-
pelsemigroups. Also up to isomorphism there are 65 strong doppelsemi-
groups of order 3, and all non-strong doppelsemigroups are not commuta-
tive. There exist exactly 24 pairwise non-isomorphic three-element trivial
doppelsemigroups.
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D C30Cs" | 030Msq | 03005 | O3005° O30 L3 030 Cy°
Aut(D) e} o) Ch el el 1

D 03002 | 0300% | Maa(C5' | My (Cl citocl | oft Moy
Aut(D) Cy Cy Cy Cy Cy Cy

D ClyMyy | CLyCH | M3, 003" | Ms100s | OFf'GMs, | OF'§Os
Aut(D) Cy Cy Cy Cy Cy Cy

D (020 L))" | 03005 | L3005 | (L2(O0)*0 | (C20C)T0 | C5° 003
Aut(D) C1 o) Ch C1 C1 Ch

D 03003 03005 | 05003 03003 0503
Aut(D) Cy Cy Cy Cy Cy

TABLE 4. Three-element (strong) non-trivial commutative doppelsemigroups
and their automorphism groups

D 030 LOSO | O30 LOYL, | LOSY (103 | LOYY, 005 | LOB3 () LO2 3 | LO2 5 LOB;
030 ROFC | O3 RO, | ROS°(§ 03 | RO, O3 | ROB3 () RO2 3 | RO2c 3 () ROB3
Allt(D) Cz Cl 02 C1 Cl Cl

TABLE 5. Three-element non-trivial non-commutative strong doppelsemigroups
and their automorphism groups

D LOSO G LOYY, | LOYY, 0 LOFC | LOO, § LOGY, | LOS § LOs 3 | LOs 30 LOZ!

12 —2
RO () ROTL, | ROTY, ) ROF® | ROGL, ) RORY, | RO (| ROsey | ROsey ) ROT!
Aut(D) Cy (&5 (& Cy Cy

TABLE 6. Three-element (non-commutative) non-strong doppelsemigroups and
their automorphism groups
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