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ABsTRACT. We present equivalences between certain cat-
egories of vector bundles on projective varieties, namely cokernel
bundles, Steiner bundles, syzygy bundles, and monads, and full sub-
categories of representations of certain quivers. As an application,
we provide decomposability criteria for such bundles.

1. Introduction

Vector bundles over algebraic varieties play a central role in algebraic
geometry, and many interesting problems are still open. In particular,
constructing indecomposable vector bundles on a variety X with rank
smaller than the dim X is not an easy task for certain choices of X,
especially for projective spaces.

Monads are one of the most important tools for constructing such
bundles; indeed, the majority of examples of low rank bundles on projective
spaces, namely the Horrocks-Mumford bundle of rank 2 on P*, Horrocks
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parent bundle of rank 3 on P°, and the rank 2k instanton bundles on
P2k+1 are obtained as cohomologies of certain monads.

The goal of this paper is to show that the theory of representations
of quivers might also be an interesting tool for the construction of use-
ful monads and cokernel bundles on projective varieties. More precisely,
we present equivalences between certain categories of vector bundles on
projective varieties and full subcategories of representations of certain
quivers. In this way, we translate the problems of constructing indecom-
posable vector bundles on P" with low rank into a (possibly still very
hard) problem of linear algebra. As an application of these results, we
give decomposability criteria for cokernel bundles, syzygy bundles and
monads.

Let us now present more precisely the results proved here, starting
with cokernel bundles, a class a vector bundles introduced by Brambilla
in [1]. Let X be a nonsingular projective variety of dimension n, and let
& and F be simple vector bundles on X such that

(i) Hom(F, &) = Ext}(F,€&) = 0;
(ii) &Y ® F is globally generated;
(iii) dim Hom(&,F) < 3.
A cokernel bundle of type (£, F) on X is a vector bundle C with a resolution

of the form
0 g 25 Fb C 0.

We prove (cf. Thm 3.5 below):

Theorem 1.1. The category of cokernel bundles of type (€, F) is equiva-
lent to a full subcategory of the category of representation of the Kronecker
quiver with w = dim Hom(&, F) arrows:

As application of this equivalence, we obtain new proofs of simplicity
and exceptionality criteria for cokernel bundles that were originally es-
tablished by Brambilla in [1, Thm. 4.3] (cf. Thm 3.8 below) and Soares
in [10, Theorem 2.2.7] (cf. Cor 3.13 below).

Next, we consider 15%-syzygy bundles on projective spaces; recall that
syzygy bundles are those given as kernel of surjective morphisms of the
form

Opn(—d1)™ @ + -+ & Opn (—dm)*™ = Ofn.
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Let G := ker a; we refer to [2] as a general reference on syzygy bundles.

The case m = 1 can be regarded as a cokernel bundle; for the remainder
of the paper, we focus on the case m = 2, though it is not hard to generalize
our results for m > 2 (see Remark 4.6 below). More precisely, we prove
the following result, including a new decomposability criterion for syzygy
bundles.

Theorem 1.2. For any fixed integers di > dg > 0, there is a faithful
functor from the category of representations of the quiver

1 1
—_— <
° : ° . °
. .
w1 w2

to the category of syzygy bundles given by sequences of the form
0—-G— Opn(—dl)al ) Oﬂmn(—dg)@ g> Ofpm —0 (1)

where w; = h%(Opn(d;)), j = 1,2. Moreover, if a3 + a3 + ¢* — wiajc —
woasc > 1, then G is decomposable.

Finally, we consider the relation between monads and representations
of quivers. Recall that a monad on a nonsingular projective variety X is
a complex of locally free sheaves of the form

M*: A — B —sc° (2)

whose only nontrivial cohomology is the middle one, which we assume, in
this paper, to also be a locally free sheaf. We prove:

Theorem 1.3. If A, B and C are simple vector bundles, then the category
of monads of the form (2) is equivalent to a full subcategory of the category
of representations of the quiver

1 1
e _—
° : ° °
—_— —_—
m n

where m = dim Hom(A, B) and n = dim Hom(B,C). In addition, if a* +
b% 4 ¢ —mab — nbc > 1 then the cohomology sheaf of (2) is decomposable.

This generalizes the results of [4] (in particular, [4, Thm 1.1]) con-
cerning linear monads on P", i.e. when A = Opn(—1), B = Opn and

C = Opn(1).
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Furthermore, if A, B and C are elements of distinct blocks of an n-block
collection generating the bounded derived category D°(X) of coherent
sheaves of O x-modules, then we also prove that the cohomology sheaf £ of
(2) is decomposable, if and only if the corresponding quiver representation
is decomposable, cf. Theorem 5.5.

Notation. Throughout this paper, x denotes an algebraically closed field
with characteristic zero, and X is always a nonsingular projective variety
over k of dimension n.

2. Preliminary definitions and results

In this section we revise some key definitions and results on the theory
of representations of quivers and on the derived category of coherent
sheaves that will be relevant in the following sections.

2.1. Representations of quivers

We begin by revising some basic facts about representations of quivers.
Recall that a quiver Q) consists on a pair (Qg, Q1) of sets where Qg is the
set of vertices and Q1 is the set of arrows and a pair of maps ¢, h : Q1 — Qg
the tail and head maps. An example is the Kronecker quiver, denoted K,
which consists of 2 vertices and w arrows.

3)

A representation R = ({Vi},{Aa}) of Q consists of a collection of
finite dimensional k-vector spaces {V;;i € Qo} together with a collection
of linear maps {Aq : Vyu) = Vi(a);a € Q1}. A morphism f between two
representations Ry = ({Vi}, {As}) and Ry = ({W;}, {B.}) is a collection
of linear maps {f;} such that for each a € @ the diagram bellow is

commutative

Aa
Vitw) — Vi)

ft(a)i lfh(a)

Wia) —5= Wh(a)

With these definitions, representations of ) form an abelian category
hereby denoted by R(Q).
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Given a representation R € JR(Q), we associate a vector v € ZQ0
called dimension vector, whose entries are v; = dim V.
The Euler form on Z<0 is a bilinear form associated to Q, given by

<V, W >= Z VW, — Z Vi(a)Wh(a)-
1€Qo acQ1

The Tits form is the corresponding quadratic form, given by
q(v) =< v,v>.

For instance, the Tits form of the Kronecker quiver with w arrows is given
by

qw(v) = a® +b* —wab, v = (a,b) € Z°. (4)

Definition 2.1. A vector v € Z90 is a root if there is an indecomposable
representation R of () with dimension vector v. Moreover, v is a Schur
root if there is a representation R of () with dimension vector v satisfying
Hom(R, R) = k.

Clearly, every Schur root is a root; note also that the condition
Hom(R, R) = k is an open condition in the affine space

Daeq, Hom(kVH®), kVr(a))

of all representations with fixed dimension vector v. Thus if v is a Schur
root, then Hom(R, R) = k for a generic representation with dimension
vector v. In particular, if v is a Schur root, then generic representation
with dimension vector v is indecomposable. A reference for generic repre-
sentations and Schur roots is [8]. For more information about roots and
root systems, we refer to [5].

The following two facts will be very relevant in what follows. The first
one follows from Kac’s theory of infinite root systems [5].

Proposition 2.2. Let Q) be a quiver with Tits form q. If v is a dimension
vector satisfying q(v) > 1, then every representation with dimension vector
v is decomposable.

The second fact follows from [5, Prop 1.6] and [9, Thm 4.1].

Proposition 2.3. Let Q be the Kronecker quiver with w > 3, and let
v € 72 be a dimension vector. If q,(v) < 1, then v is a Schur root.
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2.2. Derived categories

In [7], Mir6-Roig and Soares gave a cohomological characterisation of
Steiner bundles and later Marques and Soares [6], gave a cohomological
characterisation of a class of bundles given as cohomology of monads.
Both results will be relevant for us, so we review them here.

Let D?(X) be the bounded derived category of the abelian category of
coherent sheaves of Ox-modules. An exceptional collection is an ordered
collection (Fo, -+ ,Fm) of objects of D’(X) such that

HomODb(X)(.E-,]-}) ~ r, ExtP(F;, F;) =0, forall p>1,
ExtP(F;, F;) =0 for alli > j, and p > 0.
In addition, if
ExtP(F;, Fj) =0 for i <j and p#0,

then (Fo,...,Fn) is called a strongly exceptional collection. It is a full
(strongly) exceptional collection if it generates D’(X).
An exceptional collection (Fo,--- , Fp,) is called a block if

Ext?(F;,Fi) =0 ¥ p>0 and i # j.

An m-block collection of type (to,...,tn) is an exceptional collection
B = (Fo,...,Fm) where each F; = (F{,...,F}) is a block.

Definition 2.4. Let B = (Fy,...,F ) be an m-block collection of type
(to, - -, tm). The left dual m-block collection of B is the m-block collection
VB of type (ug, ..., Upn) With u; = ty,_;

VB = (Mo, . Hm) = (HY, .. HY . H L HD)

where

Hom'fy, ) (Hj, Fp) = 0
for all indices, with the only exception
Ext (M5, F]"™') ~ k.
These conditions uniquely determine VB.

We are now able to define Steiner bundles in the sense of [7] and state
their cohomological characterisation.
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Definition 2.5. A vector bundle § on X is a Steiner bundle of type
(Fo, F1) if it is given by a short exact sequence of the form

0 F§ 2= Fb S 0

such that a,b > 1 and (Fp, F1) is an ordered pair of vector bundles on X
satisfying

(1) (Fo,F1) is strongly exceptional;
(i1) Fy ® Fi is globally generated.

The cohomological characterisation is the following, cf. [7, Thm 2.4].

Theorem 2.6. Let X be a smooth projective variety of dimension n with
an n-block collection B = (Fo,...,Fr), Fi = (Fi,...,F.) of locally
free sheaves which generate DY(X), and let VB be its left dual basis.
Letffo e F; and]—"]].0 € Fj, where 0 < i < j<nandl < i< a,
1< jo <aj, and let S be a locally free sheaf on X. Then S is a Steiner
bundle of type (Fi Fi ) given by the short exact sequence

207" Jo

00— (F5)° (F,) S 0

Jo

if and only if (‘}—fo)\/@fi is globally generated and all Extl(’H;”, S) vanish,
with the only exceptions of

dim Ext" " 1(H2 ", S) =a and dimExt" (K} .S)=b. (5)

Now we turn our attention to the cohomological characterisation for
the bundles obtained as cohomology of monads, due to Marques and
Soares in [6].

Definition 2.7. A monad M*® on a smooth projective variety X is a
complex of locally free coherent sheaves on X

Mo AP

such that « is injective, [ is surjective; the coherent sheaf & = ker /im «
is called the cohomology of M®.

The following two definitions are important for the main result we
would like to present.
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Definition 2.8. Let B = (Fo, -+, Fp), Fi = (F{, -+, F},), be an m-
block collection. A coherent sheaf £ on X has natural cohomology with
respect to B if for each 0 < p < m and 1 < j < ¢, there is at most one
q = 0 such that Ext?(F7, &) # 0.

Definition 2.9. Let X be a smooth projective variety with an m-block
collection B = (Fo,- -+, Fp), Fi = (Fi,- -+, F},) of coherent sheaves on
X. A Beilinson monad for £ is a bounded complex G*® in D?(X) whose
terms are finite direct sums of elements of B and whose cohomology is &,
that is,

P H(G)=H'(G")=¢.

1EL

The next result tell us when a coherent sheaf £ on X is isomorphic to

a Beilinson monad G*, see [6, Cor 1.7].

Lemma 2.10. Let X be a smooth projective variety of dimension n
with an n-block collection B = (Fo, - ,Fn) generating D°(X). Let
VB = (Ho, -, Hn) with H; = (Hy,--- ,H.,), be its left dual n-block
collection. Then each coherent sheaf £ on X is isomorphic to a Beilinson
monad G* with each G" given by

G =P Ext" T (H T E) @ FY.

pq

The cohomological characterisation for monads is the following, cf.
[6, Thm 2.2].

Theorem 2.11. Let X be a nonsingular projective variety of dimension
n, and let B = (Fo,--- ,F,), where F; = (Fi,--- ,ffi), be an n-block
collection of coherent sheaves on X generating DY(X). Let VB be its left
dual n-block collection, and let .7-'}0, .7-'}0, and ]-',fo be elements of the blocks
Fi, Fj and Fy, respectively, with 0 <i < j <k < n.

A torsion-free sheaf £ on X is the cohomology sheaf of a monad of

the form
MO (P (Pl () )

for some b > 1 and a,c > 0 if and only if £ has:
(1) rank b - rk(Fjo) —a-rk(F}) —c-rk(FE);
(2) Chern polynomial ¢;(E) = ct(F]{))bct(Fi%)_“ct(F,fO)_c;

(3) natural cohomology with respect to VB.
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Remark 2.12. The original statement of [6, Thm 2.2] requires a, b, ¢ > 1
However, following the same steps of the proof of [6, Thm 2.2], one can
prove that the result also holds for a, c > 0; in other words, one can allow
for degenerate monads.

This result will be very useful in the last section of this paper, in
which we study the decomposability of sheaves given by the cohomology
of monads of the above form.

3. Cokernel and Steiner bundles

In this section we explain the relation between cokernel and Steiner
bundles and representations of the Kronecker quiver.

3.1. Cokernel bundles

Let £ and F be vector bundles on a nonsingular projective variety X
of dimension n > 2, satisfying the following conditions:

(1) € and F are snnple that is, Hom(&, £) = Hom(F, F) = k;
(2) Hom(F, &) =

(3) Ext!(F,&) =0;

(4) the sheaf £Y ®@ F is globally generated:;

(5) W = Hom(E, F) has dimension w > 3.

The next definition is due to Brambilla [1].

Definition 3.1. A cokernel bundle of type (£, F) on P™ is a vector bundle
C with resolution of the form

0 ge 25 Fb C 0 (7)

where &, F satisfy the conditions (1) through (5) above, a > 0 and
b-rk(F) —a-rk(€) = n.

Cokernel bundles of type (€, F) form a full subcategory of the category
of coherent sheaves on X; this category will be denoted by €x (&, F).

Let us now see how cokernel bundles are related to quivers. Fix a
basis o = {01, -+ , 04} of Hom(&, F).
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Definition 3.2. A representation R = ({x% k’}, {A4;}¥ ) of K, is
(€, F,o)-globally injective when the map

w
a(P) = ZAi ®oi(P) : K*®Ep — K’ @ Fp
i=1

is injective for every P € X; here, Ep and Fp denote the fibers of £ and
F over the point P, respectively.

(€, F,o)-globally injective representations of K, form a full subcate-
gory of the category of representations of K,; we denote it by (/).
From now on, since (&, F, o) are fixed, we will just refer to globally in-
jective representations. It is a simple exercise to establish the following
properties of R(K,, ).

Lemma 3.3. The category R(K,,)? is closed under sub-objects, i.e. every
subrepresentation R’ of a representation R in R(K,,)9" is also in R(K,,)9".

Lemma 3.4. The category R(K,,)9 is closed under extensions and under
direct summands, that is, respectively:

(i) if Ry, Ro € R(K )Y and
0 R1 R RQ 0

is a short exact sequence in R(Ky)9, then R € R(K,)%%;
(i) if R € R(Ky)9 with R~ Ry ® Ry, then R; € R(K,)%, i=1,2.

Our next result relates the category of globally injective representations
of K, to the category of cokernel bundles.

Theorem 3.5. For every choice of basis o of Hom(E, F), there is an
equivalence between R(K )%, the category of (€, F,a)-globally injective
representations of K, and €x(E,F), the category of cokernel bundles of
type (€, F).

Proof. Given a basis o of Hom(&, F), we construct a functor
Lo : 9%(‘Kvw)gl - Q:X(g’f)

and show that it is essentially surjective and fully faithful.
Let R = ({k% r’},{A;}%) be a globally injective representation of
K. Define a map o : £* — F° given by

a=A1®01+ -+ Ay @ oy
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Since R is globally injective, we have that dim coker a(P) = b - rk(F) —
a - rk(€) for each P € X. Therefore « is injective as a map of sheaves,
and C := coker « is a cokernel bundle.

Now given two globally injective representations

Ry = ({x% k"), {A:}iLy) and Rp = ({x°, x‘}, {Bi}iLy),

and a morphism f = (f1, f2) between them, let L, (R1) = C1,Ls(R2) = Ca
be the cokernel bundles and «aq, ao the maps associated to Ry and Ra,
respectively. We want to define a morphism L, (f) : C; — Ca.

Since we have f : kK — K, fo : kK® = k%, we have maps f{ = fi®lsg €
Hom(&%, &) and fé = fo ® 17 € Hom(F?, F?). Consider the diagram

0 g ML b T 0 (8)
|
ﬁi ﬁl |
\
0 ge 2, Fd .0, 0

where 71, mo are the projections. Applying the left exact contravariant
functor Hom(—,C3) to the upper sequence on (8) we find a map ¢ €
Hom(Cy,C2) and we define Ly (f) := ¢.

Now given C an object of €x(&,F) we take a = >’ | A; ® oy, with
A; € Hom(k% kP),i = 1,--- ,w. Hence R = ({s%, "}, {A;}%,) is a glob-
ally injective representation of SR(K,,) such that L,(R) = C. Therefore
L. is essentially surjective.

Finally, we need to prove that L, is fully faithful. To check that it is full,
given ¢ € Hom(Ly(R1),Ly(R2)) we want f = (f1, f2) € Hom(R;, R2)
such that Ly (f) = ¢. Let ¢ = ¢m € Hom(F?,Cy). Let us apply the left
exact covariant functor Hom(F?, —) to the lower sequence in diagram (9)
below:

€3] T

0 ga Fb C1 0 (9)
| |
ﬁi fay l¢
0 (‘:C g fd ™2 C2 0
we conclude that
po : Hom(F?, F%) — Hom(F?,Cy) (10)

is an isomorphism since Hom(F?, £¢) = Ext!(F?,£¢) = 0. It follows that
there is a morphism f, € Hom(F?, F%) such that

pa(fs) = mafy = ¢m
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with fé = fo ® 1r and fo € Hom(k, k).
Consider ¢ = féal € Hom(£%, F4). Applying the left exact covariant
functor Hom(€%, —) to the lower sequence on (9) we get

0 — Hom(E%, £¢) —*> Hom(£7, F*) —2> Hom(£%, Cy) —> - - -
Once we have an exact sequence,

Yo fac) = mafaar = ¢miar =0

then féal € kerys = im~y, and there is a map f; € Hom(E%, £°) such
that 71 (f;) = aafy = faoq and f; = fi ® 1¢ with f; € Hom(k%, £°).

Since a1 = Y121 Ai® 0y, aa =>.72 Bi® 0y, agf{ = féozl, and o is a
basis then foA; = B;f1,i =1, - ,w, thus

f=(f1, f2) € Homgp g, )oi (R, R2).

Now we need to prove that L, (f) = ¢. Suppose Ly (f) = ¢ such that
¢m = mofy = ¢my. Then (¢ — ¢)m = 0 and C; = imm; C ker(¢ — ¢)
therefore ¢ = ¢.

Finally, we show that L, : Hom (R, R2) — Hom(Ly(R1), Lo (R2)) is
injective. Let f = (f1, f2), 9 = (91, 92) € Hom(Ry, R2) be morphisms such
that Ly (f) = ¢1 = ¢2 = Lo (g), that is, ¢1 — o = 0.

aq ™

0 £a Fb C 0 (11)
fi—g;l f;—gél lo
0 ge2.Fd T, 0

Given ¢1 — ¢9 = 0 € Hom(Cy,Cy), doing the same construction as

before,
0m; = 0 € Hom(F?,Cy) ~ Hom(F?, F9)

with isomorphism given by py in (10). Since

/ !

pa(fa—go) =m0 (fy—gs) =0

then fé — glz =0 and so fé = gIQ. Similarly, Oc; = 0 € Hom (&%, F?) and

/

n(fi —g1) = a2(fy — g1) = 0ag = 0.

Since 71 injective, f{ — g’l =0, then f{ = g’l. Therefore L, is faithful. [
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Remark 3.6. Note that the functor L, depends on the choice of the basis
o. However let o/ be another basis for Hom(&, F). Let L, be the equiva-
lence between the category of (€, F, 6’)-globally injective representations
of K,, and the cokernel bundles on P". Then if G is the inverse functor
of L, we have that the functor G o L,/ gives an equivalence between the
categories (£, F,0)- and (€, F,o’)-globally injective representations of
K.

Lemma 3.7. For any choice of basis o, the functor Ly : R(K,)9" —
Cx (&, F) defined above is additive and exact. In particular, if R ~ R1® Ry
is a globally injective representation, then Ly(R) ~ Ly(R1) @ Lo (R2).

Proof. Checking the additivity of L, is a simple exercise. We show its
exactness in detail.

Let us prove that L, preserves exact sequences. Let Ry = ({m“l,ﬁbl},
[AYE,), Ry = ({re, k), {Bi}2,) and Ry = ({n%, k"), {Ci},) be
globally injective representations of K,, and let f : Ry — Ro and g :
Ro — R3 be morphisms such that the sequence

/ g

0 Ry Ro R3 0
is exact. We want to prove that
0—=C —2 Oy~ Oy —— 0

is also exact, where C; = Ly(R;),i = 1,2,3 and ¢ = Lo (f),% = Ls(9).
From the exact sequence of representations we get

0 0 0
|
|

0 gu o g T cv1 0

0 £a2 Fh2 Co 0
1e®g1 1r®g2 lw
0 gas B, gbs T oy 0
|
|
y
0 0 0

We need to show that ¢ is injective and v is surjective.
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e 1) is surjective:
It follows from the fact that m3(1r ® g2) is surjective.
e ( is injective.
Let us suppose ¢(s) = 0,5 € C;. Then s = 71(v),v € F?* and
0 =¢m(v) =m(lr @ f2)(v).

Since ker 9 = imao, there is u € £%2 such that
(Ir ® f2)(v) = az(u) (12)
Note that

a3(le @ g1)(u) = (1r ® g2)(a2)(u) = (1r ® g2)(Lr @ f2)(v) =0

and since ag is injective, (Ig ® g1)(u) = 0 so u = (1g¢ ® f1)(v') with
u' € £, We have

az(u) = ax(le ® fi)(u) = (Lr ® f2)ar ().
From (12) we have (1r ® f2)(v) = (Lr ® f2)(a1(u’)). Since (1 ® fa2) is

injective, it follows that v = ay(u') therefore

s=m(v) =may(u) =0.

Now suppose R ~ R; @ Ry. Let us prove that Ly (R1 ®Rg) ~ Ly (R1)®
L, (R2). We have the short exact sequence

iRl 7TR2
00— R — R O Ry —— Ry ——0
-
iR,
where ig; is the inclusion and 7g; the projection, j = 1,2. Since the

sequence above is split, mr, oir, = 1g,. Now since L, is an exact functor,
we have

Lo(ir,) Lo (7
00— Lo(R1) "2 Lo (R & Ry) — Lo (Ry) —= 0 (13)
Lo'(iRQ)

Then

LO’(ﬂ-Rz © iR2) = LO’(ﬂ-R2) © LU(iR2) = LU(]IR2) = ]ng-(Rg)

therefore the sequence (13) is split. Hence Ly (R1 @ R2) ~ Lo (R1) @
LO’(RQ)' ]
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As an application of the previous results, we give a new, functorial
proof for a result due to Brambilla, cf. [1, Thm 4.3].

Theorem 3.8. Let C be a cokernel bundle of type (€, F), given by the
resolution

0 g4 2 Fb C 0, (14)
and let w = dim Hom(&, F).

(i) If C is simple, then a? + b* — wab < 1.

(ii) If a® + b*> — wab < 1, then there exists a non-empty open subset
U C Hom(&%, F°) such that for every a € U the corresponding
cokernel bundle is simple.

Proof. To prove (i), let C be a cokernel bundle given by resolution (14)
and suppose C is simple. By Theorem 3.5 there is a globally injective
representation R of K, such that C = L,(R). Since L, is full, we have
that k = Hom(C,C) ~ Hom(R, R), thus R is simple and therefore, by
Proposition 2.2, ¢,(a,b) = a® + b*> —wab < 1.

For the second claim, note that if g, (a,b) < 1, there is a generic
representation R with dimension vector (a,b) such that R is Schur, by
Proposition 2.2. Then there is a non-empty open subset

U C Hom(xk% k%) @ k% ~ Hom(£%, F?)

such that every R € U is simple. Since Hom(C,C) ~ Hom(R, R) = &, it
follows that C is simple. O

The previous Theorem implies that if a® 4+ b?> — wab > 1 then C is
not simple. However, more is true, and it is not difficult to establish the
following stronger statement.

Proposition 3.9. Under the same conditions as in Theorem 3.8, if
a®? + b> —wab > 1, then C is decomposable.

Under more restrictive conditions, Brambilla proved in [1, Thm 6.3]
that if C is a generic cokernel bundle such that a? + b — wab > 1, then
C ~Cp @ (', where Cy and Cpy 1 are Fibonacci bundles, n,m € N (we
refer to [1] for the definition of Fibonacci bundles).
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Proof. Let C be any cokernel bundle given by the exact sequence (14), such
that a? + b> — wab > 1. Then there is a globally injective representation
R of K, such that C = L, (R) with dimension vector (a, b) satisfying and
qu(a,b) = a® + b> — wab > 1. By Lemma 2.2, R is decomposable. Then
by Lemma 3.7, C is also decomposable. O

Next, recall that a vector bundle £ on X is exceptional if it is simple
and Ext?(€,£) =0 for p > 1.

Proposition 3.10. Under the same conditions as in Theorem 3.8, if C
is exceptional, then a® 4+ b> — wab = 1.

Proof. Since the functor L, is exact, we have an isomorphism
Ext!(R, R) ~ Ext!(Ly(R), Ly (R)).
Now we know from [8] that
¢w(a,b) = dim Hom(R, R) — dim Ext!(R, R) (15)

hence if C is an exceptional cokernel bundle, then ¢,(a,b) =
a® +b?> —wab = 1. O

However, the converse of the Proposition 3.10 is not true. For instance,
consider the generic cokernel bundle given by the exact sequence

0 OPS OPS (4)35 — C —0.

We have ¢35(1,35) = 1, but from the long exact sequence of cohomologies,
ExtQ(C,C) ~ 135 hence C is not exceptional. In order to establish the
converse statement, we need stronger assumption, provided by Steiner
bundles.

3.2. Steiner bundles

Note that the Steiner bundles of type (&,F) satisfying
dimHom(&, F) > 3, are a particular case of cokernel bundles,
therefore all results in the previous section also hold for such Steiner
bundles. Furthermore, the additional hypotheses satisfied by the sheaves £
and F allow to establish the converse of Lemma 3.7 and Proposition 3.10.

Let us first consider the converse of Lemma 3.7; more precisely, we
prove the following statement.
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Theorem 3.11. Let X be a nonsingular projective variety of dimension
n, and let B = (Fo, -+, Fn) be an n-block collection generating D°(X).
A Steiner bundle of type (.7-'2-"0,.7-";0) such that w = dim Hom(ffo,]:j-o) >3
F1)

Jo/”?

F;O,W)—globally injective representation of K, is

is decomposable if and only if, for any choice of basis ~y for Hom(.ﬁ-io,

the corresponding (.7-";0,
also decomposable.

The theorem follows easily from Lemma 3.7 and the following claim.
Let &, 5 (X) denote the category of Steiner bundles of type (F; : Fi)
0" Jo

07
over X.

Proposition 3.12. The category & X) is closed under direct sum-

i J
]:io ’]:J'o (
mands.

Proof. Let VB = (Ho, -+ ,Hy) where H; = (Hi,---,H},), be the n-
block collection which is left dual to B, and let S be a Steiner bundle of
type (Fi,F1) given by the short exact sequence

207" Jo

0 —— (Fi)* (FL)Y S 0,

where .7-"}0 and .7-";0 are elements of blocks F; and F; respectively, 0 <

1< j<n.
fS~5 68, 0S5, CS,i=1,2, then we have that
Ext?(Hy', S) ~ Ext?(H;", S1) © (Hy', S2)-
It follows that Ext?(H",S;), [ = 1,2, vanish except for
Extn_i_l(HZ;i,Sl) =a,a >0,1=1,2

and '
Ext™ ™ (H; 7, 8) = by, by >0, 1= 1,2

with a1 + a2 = a and by + by = b. Then from the cohomological character-
isation, Theorem 2.11, one of the following possibilities must hold.

1) For a; # 0 and b; # 0, I = 1,2, the bundles §; are Steiner bundles
given by

0 > (fz‘io)al >(fjj:0)bl*>51*>0.
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2) For ay,b1,by # 0 and ay = 0, we have

00— (FL)8 —= (FL ) —= 8 ——=0 and S, ~ (FJ ).

3) For a; =0 and by, az, by # 0, we have

Sy~ (FL)™ and 00— (FL)®2 —— (FL )2 — =8 ——=0.

2

O]

To complete this section, we consider the converse of Proposition 3.10.

Proposition 3.13. Let S be a Steiner bundle of type (€, F) with w =
dim Hom(&, F) > 3, given by the short exact sequence:

0 gv 2 b S 0. (16)

(i) If S is exceptional then a* + b? — wab = 1.

(i) If a® + b> — wab = 1 then there is a non-empty open subset U C
Hom (&%, F?) such that for every a € U the corresponding bundle S
is exceptional.

Proof. The first claim is just Proposition 3.10. For the second state-
ment, we first show that if S;, Sy are Steiner bundles of type (£, F), then
ExtP(S1,S2) =0 for p > 2.

Indeed, suppose S;, i = 1,2, are given by short exact sequences

0 £ai Fbi Si 0 (17)

Applying the functor Hom(—, F) to the sequence (17) for i = 1, we have
ExtP(S1,F) =0, p > 2. Applying Hom(—, £) to the same sequence, we
obtain Ext?(S1,&) = 0,¢ > 0. Finally applying the functor Hom(S;, —)
to the sequence (17), i = 2, we conclude that Ext/(S;,Ss) = 0 for j > 2.

Now to prove the second claim, start by supposing that g, (a,b) =
a? +b? — wab = 1. By Theorem 3.8 item (ii) there exists a non-empty
open subset U C Hom (&%, F?) such that for every o € U the associated
bundle S is simple. From (15) we see that Ext!(S,S) = 0. Finally, from
the considerations above, we have Ext?(S,S) = 0 for p > 2. Hence S is
exceptional. ]

Remark 3.14. Soares also proved in [10, Thm 2.2.7], using a different
method, that a generic Steiner bundle of type (€, F) given by the short
exact sequence (16) is exceptional if and only if a? + b? — wab = 1.
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4. Syzygy bundles and quivers

In this section we relate a different class of vector bundles, the syzygy
bundles, with representations of quivers. A locally free sheaf G given by
the short exact sequence

0—>G—>Opn(—d))™ @ B Opn(—dp)"™ —2> O, 0 (18)

is called a syzygy bundle. Here, a = (a1, aa, ..., ayy,) is a surjective map
of sheaves on P” given by

O‘(fl)f?y---’fm) = Zalfl
i=1

where fi,..., f;, are homogeneous polynomials of degree dy,...,dy, in
k[Xo,...,X,] and d; are distinct positive integers. Let us assume 0 <
Am < -+ < dj.

Note that for m = 1, the dual bundle G* is a cokernel bundle. However,
the same is not true for m > 1, since the bundle F = Opn(d;)™ & --- &
Opn (dyy,)®™ is not simple.

To relate syzygy bundles with representations of quivers, we restrict
ourselves, for the sake of simplicity, to the case m = 2. The results for the
general case are the same, but the notation becomes more complicated.
Thus we set m = 2, and consider exact sequences of the form

00— G ——> Opn(—dy)* & Opn(—dy)? 222 05, 0 (19)

with d; > da. We denote by Syz(di, ds) the category of syzygy bundles
given by short exact sequences as in (19) above.
Fix, for i = 1,2, a basis o = {f{,..., fi,} of H°(Opn(d;)), where

w; = (";ridi). Consider the quiver below, which will be denoted by A, w,:

Lt 1
e I e I e (20)
w1 wa

If (a,b,c) is a dimension vector of this quiver, its Tits form is given by
Guoy 0 (@, b, €) = a* + b + ¢* — wyab — wabc. (21)

Let R = ({k% k% s}, {4}, {B;}}) be a representation of Ay, w,,
where each A; is a ¢ X a matrix, and each B; is a ¢ x b matrix with entries
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in k. We define
w1 w2
o1 :ZAi(X)fil and oy = ZBj@ij,
i=1 j=1

so that we have a map
(011, 012) : Opn(*dl)a ) Opn(*dg)b — OICPn (22)

Definition 4.1. A representation R of Ay, w, is (1, 02)-globally surjec-
tive if the map (a, ag) is surjective.

Denote by R(Ay, w,)?° the category of (o1, 02)-globally surjective
representations of Ay, ,. We will now build a functor G, -, between
the R(Aw, w,)?® and the category of syzygy bundles Gyz(dy, ds).

First, let R = ({r%, % k), {A; 112, {B;}12,) be a globally surjective
representation of Ay, w,- We define the sheaf

Goy oo (R) = ker(an, a2),
where (a1, ) is the map defined above in (22). Note that, since R is
globally surjective, G4, .o, (R) is a vector bundle, and it is given by the
exact sequence (19).

Now let {g1,92,h} be a morphism between the globally surjective
representations

= ({x“ K k{42, {B;}2) and

R = ({6 7} LA B

The following diagram commutes for i =1,...,w; and j =1,...,ws.

\ \
/ /

92
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It induces the following diagram:

0> ? s Opa(—d1)? B Opn(—da)® 2122 0%, 0 (24)
¢ iM lhm@]pn
\ . o/ ,o/ /
0—>G 2> Opn(~d)” @ Opn(~dy)? ~L20g, —>0
where
M= [ 9@ Loma) 0
0 92 ® Lopn (—ds)

The commutativity of (23) implies the commutativity of the right square
n (24). We then have an induced morphism ¢ : G = G4, 4, (R) = G =
Go, .00 (R'), which we define to be Gg, .0, (91, 92, h).

Lemma 4.2. The functor Gg, o, is faithful and essentially surjective.

Proof. We prove that Hom(R, R') — Hom(G(R), G(R')) is injective. Let
{g1, g2, h} be a morphism between R and R’ such that G({g1, g2, h}) = 0,
that is, ¢ = 0. Since the diagram (24) commutes if ¢ = 0 then g; = g2 =
h =0, hence G is faithful.

Let G be a syzygy bundle with resolution

0——> G ——> Opn(—dy)* & Opn(—dy)’ 222 0%, 0

Then the maps a; and ag are given by

w1 w2
o] = ZAi@fil and g = ZB]- ®fj2
i=1 j=1

with A; € Hom(k®, k¢) and B; € Hom(k®, k¢). Therefore
R = ({k% k" K}, {4} {B;}1)
is a globally surjective representation of (20) such that G(R) =G. O
Remark 4.3. Note that G4, &, is not full, since not every
M € Hom (Opn(—dy)® & Opn(—d3)?, Opn(—d1)* & Opn(—dy)”)

is necessarily diagonal. It follows that the categories JR( Ay, w,)?® and
Syz(dy,ds) are not, in general, equivalent.
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This completes the proof of the first part of Theorem 1.2. To establish
its second part, we first need the following two lemmas.

Lemma 4.4. The category of globally surjective representations of
Ay wo 15 closed under quotients, and hence closed under direct summands.

Proof. Let R = ({/ﬁ“,/ﬁb,nc},{Ai};”:ll,{Bj};”jl) be a (o1,02)-globally
surjective representation of A, ., and R = ({&%,s" &}, {A}"),
{B}}72,) be a subrepresentation of R. We want to prove that the quotient
representation

R/R/ _ ({fia//ﬁa/’ﬂb/ﬁbljlﬁc/ﬂcl},{Ci ;U;l,{Dj};Uil)’

where C; and D; are the maps induced by A; and B; respectively, is also
globally surjective. We have the diagram

0 0 0
A1 B
’ / /
K® : K . KV
Ay B,
Iy I3 l2
A1 Bl
KY K . kP
ATUI ng
p1 p3 p2
&1 Dy
a/,.a ¢/ b/,.b
K*/K KC/KC . K[k
o -
Cu Do
0 0 0

where [; are the inclusions and p; the projections ¢ = 1,2, 3. Now consider
the commutative diagram

(a1,02)

O]Pm (—dl)a @ O]PW (—d2)b
iM lps@ﬂoﬂm

O (—d) ") & Opn (—dp) =) L2 0=

oz,
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where

v = [ Pr@Lop(—ar) 0
0 P2 @ Lopn (—dy)

and y1 = 2 Ci @ f, y2 = X052, D; @ fF.

Since p; is surjective and («, ag) is surjective for every P € P", we
have that the map (71, 72) is also surjective for every point P € P", hence
the quotient representation R/R’ is globally surjective. [

Lemma 4.5. Let R be a decomposable globally surjective representation
of Ay ws- Then Gg, q,(R) is also decomposable.

Proof. Let R~ Ry @ R be a decomposable globally surjective represen-

tation. From Lemma 4.4 we have that R; and Ro are globally surjective.
Let Gi = Gg, 0, (Ri), i = 1,2 be given by the short exact sequence

0——G;, —— O[pm(—dl)ai D Opn(—dQ)bi o OE»% 0

where o; = (af,ad), i = 1,2. Since

G =Gg,0,(R) =ker(ag ®az) =~ kerag ®keras =
G01,02 (Rl) ©® G01702 (R2)7

it follows that G is decomposable. O

We are finally in position to complete the proof of Theorem 1.2.
Indeed, fix bases o; for HY(Opn(d})), j = 1,2. For every syzygy bundle G
given by a short exact sequence of the form (19), one can find a (o1, 02)-
globally surjective representation R of Ay, ., with dimension vector
(a, b, c) with G4, 5, (R) = G. If quy, w,(a,b,c) > 1, then R is decomposable,
by Lemma 2.2, and it must decompose as a sum of (o1, 02)-globally
surjective representations by Lemma 4.4. Therefore Lemma 4.5 implies
that G is also decomposable.

Remark 4.6. All the results can be generalized for syzygy bundles with
m > 2. To build the associated quiver, we add a vertex to the quiver with
w; = dim H°(Opn (d;)) arrows from this vertex to the vertex associated
to Opy, for each term Opn (—d;)®%.



240 VECTOR BUNDLES AND REPRESENTATIONS OF QUIVERS

5. Monads and representations of quivers

Recall that a monad M*® on a projective variety X is a complex of
locally free sheaves

B

M®: A% 2 B Ccoe (25)

where « is injective and [ 1is surjective. The coherent sheaf
& = ker f/im « is called the cohomology of M*®; note that £ is locally
free if and only if the map ap on the fibers is injective for every point
PeX.

Now let m = dim Hom(A, B) and n = dim Hom(B, C). We also assume
that A, B, C are simple vector bundles, and that the cohomology sheaf &£
is locally free. We will denote the category of such monads by M 4 5.,
regarding it as a full subcategory of the category of complexes of coherent
sheaves on X.

Next, consider the quiver K,,, given by the graph

1 1
—_— —_—
° . ) °
—_— E—
m n

The category of representations of K, , is denoted by R(K,, ). Note
that its Tits form is given by

gmn(a,b,c) = a® + b* + ¢ — mab — nbe. (26)

5.1. Proof of Theorem 1.3

We begin by describing a functor from My pc to R(K,,,) in a
manner similar to what was done in the previous sections. Choose bases
¥ =A{, " ,¥m} of Hom(A, B) and o = {01, ,0,} of Hom(B,C). We
can write

m n
a:ZAZ'@’Yi and ﬁ:ZBj(X)O'j
i=1 j=1
where each A; is a b X a matrix with entries in x, and each Bj isa ¢ x b
matrix with entries in k.
Now let
G%U : m.A,B,C — E)%(Kmm) (27)
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be the functor that to each monad M*® as in (25) with maps « and f,
associates the representation R = ({x% x% k°}, {A4;} 1, {Bj}jLy). Let
©ve = (f,g,h) be a morphism between the monads M7 and Ms below

a1

Aal Bbl 51; Ccl

I
A® —— Bb2 % Ce
Since A, B and C are simple, it follows that

(f,9.h) = (A®14,B®15,C®1¢)

where A, B and C are, respectively, as X a1, by X by and c¢o X ¢; matrices
with entries in . If

G%O'(Ml.) = ({ﬁal ) "ibl ) ’161}7 {Azl}?lp {le }7]'1:1)

and Gy,o(M3) = ({k™, 5", 2} {AT} {BF}I_),

we then have

Ap Bj
—_ > —_
KO gD K (28)
. .
A By,

A B C
Af B}
—_— —_—
kA2 b e
= 5
Am BTL

BA%:A?A and CB;:BJQ»B for te=1,---,m and j=1,--- n.

Hence the matrices A,B and C define a morphism between the rep-
resentations. From the construction of the functor we see that G, :
Hom (M7, M3) — Hom (G 6 (M7), G ,s(M3)) is an isomorphism, thus
we have the following result, which corresponds to the first part of Theo-
rem 1.3.

Proposition 5.1. The category M 4 p,c is equivalent to a full subcategory
of R(Kpmn).
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Let us further characterise the subcategory of R(K,, ) obtained in
this way. The monad conditions imply that «(P) is injective and B(P) is
surjective for every P € X. Therefore we say that a representation R =
({K, KO, K}, { AT, {Bj}j—1) is (v, 0)-globally injective and surjective
if a(P) = 371" A; ® vi(P) is injective and B(P) = 377 B; ® 0;(P) is
surjective, for every P € X. In addition, the matrices A; and B; must
satisfy quadratic equations imposed by the condition Sa = 0:

Y (Bidj + BjA;)(0i;) = 0;

1<i<j<m

note that the precise relation depends on the choice of bases v and o. We
denote by @%rifn the full subcategory of R(K, ) consisting of the objects
satisfying the conditions above.

In order to prove the second part of Theorem 1.3, our first goal is to
prove that @%ifn is closed under direct summands.

Lemma 5.2. The category 6%1571 is closed under direct summands.

Proof. 1t is a general fact that if S is a subrepresentation of a quiver
representation R which satisfies the given relations, then S also satisfies
the same relations.

Moreover, every subrepresentation of a ~-globally injective represen-
tation will also be «-globally injective (cf. Lemma 3.3 above), while any
quotient representation of a o-globally surjective representation will also
be o-globally surjective (cf. Lemma 4.4 above). O

Next, the previous lemma allows us to relate the decomposability of the
monad with the decomposability of the associated quiver representation.

Proposition 5.3. A monad M*® is decomposable if and only if the asso-
ciated quiver representation G~ o(M®) is decomposable. In addition, if
G o (M?®) is decomposable, then the cohomology of M*® is a decomposable
vector bundle.

Proof. We begin by showing that the functor G, s : Manc — Q5gmifn
preserves direct sums, that is, G4 o (M7 ® M3) ~ G o (M?) ® Gy o (M3).
In particular, if M*® is decomposable then R = G, 4(M*) is decomposable.

Indeed, consider a monad M*® = M} & M3 given by

Aartaz SR Bb1+b2 ’8> certe



M. JaArDIM, D. M. PrRATA 243

where @ = oy @ az and = By @ 2 with oy € Hom(A%, B%) and
B; € Hom(B%,C%), i = 1,2. We write o, 3; as

m n
ozi:Zfﬁ@’yl and Bi:ZB;-(X)Jj,i:l,Z.
1=1 j=1

Then G, o (M} @ M3) is the representation

Aj@A? Bi®B?2
_ _
a1®az o L bi®by o Lei@e
. .
AL ®AZ) BloB?

and it is clear that
Goo (MF & M) = ({702, 50, 52}, (Al @ APYL, {B] & BI}L)

= ({r" K" RO LA B @ ({R%2, 172, k2 {ATYE {BFYn)
= Gy o((M}) ® Gy o (M3).

For the converse, suppose R = G, 5(M*®) ~ Ry @ Ry. By Lemma 5.2
we know that there are monads M}, for i = 1,2, such that R; = G o (M;).
It follows that

Gyr (M?) 2= Gy o (M) © Gy 0 (M3) = Gy o (MT & M)

hence M* is decomposable.
The second claim follows easily from the observation that if a monad
is decomposable, then so is its cohomology sheaf. [

The completion of the proof of Theorem 1.3 is at hand: if M*® is a
monad of the form (25) with (a, b, ¢) satisfying ¢, n(a, b, ) = a® +b*+c* —
mab—nbc > 1, then the associated quiver representation is decomposable,
by Proposition 2.2. This means that M*® itself, and hence its cohomology
sheaf, must also be decomposable, as desired.

5.2. Decomposability of bundles vs. decomposability of repre-
sentations

The last goal of this paper will be to examine under which assumption
one does have the converse of the second part of Proposition 5.3, that is, if
the cohomology of a monad is decomposable as a vector bundle, then the
quiver representation associated to the monad is also decomposable. The
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difficulty here, of course, is to argue that if the cohomology of a monad
of the form (25) decomposes, then its summands are also cohomologies of
monads of the same form. Such statement can be proved under the follow-
ing additional assumptions, and using the cohomological characterisation
of monads provided by Theorem 2.11 above.

Let B = (Fo, - ,Fn) be an n-block collection generating the
bounded derived category D?(X) of coherent sheaves on X, and let VB
its left dual n-block collection, as in the statement of Theorem 2.11. Let
& be a vector bundle on X given by the cohomology of type (6), and
assume that £ is decomposable: £ ~ & @ &. From Theorem 2.11, since
£ has natural cohomology with respect to VB we have

dim Ext”_i_l(HZ;i, &) =a,
dim Ext™ 7 (1} 7, £) = b,
dim Ext"fkﬂ(?-lzo_k, &) =c,
and ext?(H;",E) = 0 otherwise. Hence for [ = 1,2,
dim Eth_i_l('HZ;i, &) =a
dim Ext" 7 (H, &) = by,
dim Ext" M (HF &) = ¢, 1=1,2,
where a = a1 4+ as, b = by + be, and ¢ = ¢; + co, with a;, b;,¢; = 0 and

Ext?(H,", &) = 0 otherwise.

Let us prove that 9 b is closed under direct summands. From
™k

Fi F

10" g
Lemma 2.10 and Theorem 2.11, & is isomorphic to a Beilinson monad
G7, 1l = 1,2, where each G}’ is given by

= @Ext" T H L E) @ FYL L =1,2.
P,q
Then we have
1=0,1=12u<—-1,u>1,

and

Gt = @ Ext" 1 (1, E) @ F] = Bt (HI L &)@ F, = (F)"
p.q

G} = PEt"1(Hp &) @ Ff = Ext" I (HL 7, &) @ Fl ~ (FL )"
p.q
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Gl = PExt" T (H) 9, &)@ F! = Ext”_k“(HZ()_k,&)@f,’jo ~ (Ff )

p.q

for [ = 1,2. From the definition of Beilinson monad, Definition 2.9, & is
isomorphic to the monad

(F)ot = (F P —— (Fh)" (29)
with [ = 1,2 and a;, b;, ¢; = 0. We have the following cases:
1) If aj, by, ¢0 # 0 for I = 1,2, & and & are cohomology of a monad of
type (29)
& = HYGY), & = HY(GY).

2) If a1, by, c1,be,c2 # 0 and ag = 0, then £ = H(G$) and & is given
by the short exact sequence

0 ——= & — (F) )" — (Ff )2 —0.

3) If ay, b1, c1,a2,ba # 0 and co = 0 then & = H(G?) and & is given
by the short exact sequence

0— (F})? — (F)? —=& — 0.

4) If a1, b1, c1,ba # 0 and ag = co = 0, then & = HY(G?) and & ~
(F5,)".
0

5) If by, c1,a2,b2 # 0 and a3 = co = 0 then
00— & — (FL ) —— (Ff ) ——=0

and

) | \b
00— (F},)" — (]—"]]-0) 2 ——= & — 0.
And the symmetric cases to cases 2,3,4 and 5.

We have just proved that:

Lemma 5.4. The category M is closed wunder direct

ZO Jjo ko
Summands.
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Suppose m = dim Hom(F},, 7/ ), and n = dim Hom(FJ , 7\ ) and

choose v and o bases of Hom(F; ]-"jjo) and Hom(F? f,ljo), respectively.

207 Jo?

Let G4, be the functor between 90t . and (‘5;57%5’” described after

i 7J
.7-'1.0 ”Fjo’]:ko

equation (27). Note that given a monad of type (29) with a; = 0 the
associated representation is

0 By
— —
0 : kb 1 ga
— —
0 BL

which is (v, o)-globally injective and surjective. If ¢; = 0, the associated
representation is

Aj 0
—_— —_—
kU gt
S
Al 0

that is (7, o)-globally injective and surjective. If a; = ¢; = 0, the associated
representation is

0 0
—Q . T
0 A
_—
0 0

which is also (7, o)-globally injective and surjective. Hence we can prove
the following.

Theorem 5.5. Let £ be a vector bundle on X given by the cohomology

of a monad in M, L Fh and R the associated (v, o)-globally injective
1077 307 ko

and surjective representation in G;g%fn. Then & is decomposable if and only
if R is decomposable.

Proof. We only need to prove the sufficient condition. If £ ~ & @ & then
from Lemma 5.4, &;, i = 1,2, are cohomologies of monads in M ., i - ,
.7"1-0 ’}-J'o ’]:ko

therefore R = G 5(£) ~ G40 (E10E2) ~ Gry 6 (E1)B Gy 0 (E2) = R1®Rs.
O

5.3. An example: generalized Horrocks—Mumford monads

As an application of Theorem 5.5, let X = P? with p > 2, k = C,
and consider the 2p-block collection

B = (02,(2p), 02, (2p — 1), -, Qs (1), Op2»)

P2p
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generating the bounded derived category D°(P?P). The complex

B

Opap (— 1)1 2 0P, (p)? 2 O (30)

is a monad, for a = (a;j) € APC?PTL Mataxop+1(C) and 8 = (B;5) €
APC?PHL Mat2p+1xg((€) given by

Bil = T14i A Togi N+ N\ Tpyis

Biz = i N Tpy14i N Tpyori N ANTap 144

where i = k(mod 2p 4 1) and the matrix « is given by
a=(BQ)

0 1
Q:<(_1)p_1 o)'

Note that when p = 2, the monad (30) is precisely the one that yields,
as its cohomology, the Horrocks-Mumford rank 2 bundle on P*. For this
reason, monads of the form (30) are called generalized Horrocks—Mumford
monads. The goal of this section is to prove, as an application of Theorem
5.5, that the cohomology of a monad of type (30) is an indecomposable
vector bundle of rank 2 <(2;’) —2p — 1) on P27,

To this end, note that one can fix a basis of the vector space APC?P+1
so that the quiver representation associated to the morphism

with

3 € Hom (0D, (p)?, O )

is a representation of the Kronecker quiver K(2p+1) of the form
p

2p+1
R = ({C?, C?+1}, {(bl}l(:f’ )) where 4p + 2 elements ¢; are elementary

matrices of size (2p + 1) x 2 for some [ and null matrices otherwise. The
crucial step is the following result.

Lemma 5.6. The representation R is simple.

In particular, it follows from Theorem 3.5 that the kernel bundle ker 3,
whose dual is a Steiner bundle, is also simple.

Proof. Suppose without loss of generality that the ordered basis is the
following

{201 p—1, T12.ps T23.p 1, 5 T2p0-p—2,° " }
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where x;,i,...i, = Tiy ATiy A+ Axi,. Then 8 can be written as
B =z01.p-1"Fop1+x12.p - Bopr11 +T23.pr1 - F11+ -+

where L ; € Mat(QpH)Xg(C) is an elementary matrix. The associated

2p+2
quiver representation is of the form R = ({C2?,C?P+1} {gﬁl}l(:f )) where
¢1 = FEzp1, ¢p2 = Eap111, 03 = E11 and so on.
2p+1
Let Ry = ({V1, Va}, {¢}l(:f )) be a subrepresentation of R and without
loss of generality suppose V4 # 0. Then there is v = (a,b) € V; C C2,

with a # 0 . The following diagram commutes

o1
(C2 (C2p+l (31)

¢(2pp+1)

and note that the vectors {¢; (v)}?’j{l are linearly independent, hence

2p+1
Vo o~ CFLIf Ry = ({W1, Wa}, {'n}l(:f )) is a subrepresentation of R

such that R ~ R; & Rs, then W5 = 0 and if Wj # 0 there is k such that
¢r # 0 and ¢y |w,# 0. Therefore R is simple, hence indecomposable. [J

Since a = (BQ)?, the representation of the Kronecker quiver K (1)
p

2p+1
associated to a is of the form R' = ({C**1,C?}, {gbg}l(:f )), where ¢; are

elementary matrices or null matrices (the transpose of ¢; up to sign). Hence
R’ is also simple. By Theorem 5.5, the cohomology of the monad (30) is
an indecomposable vector bundle on P?7.
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