
“adm-n2” — 2021/7/19 — 10:26 — page 251 — #87

© Algebra and Discrete Mathematics RESEARCH ARTICLE
Volume 31 (2021). Number 2, pp. 251–260
DOI:10.12958/adm1415

Clean coalgebras and clean comodules

of finitely generated projective modules∗

N. P. Puspita, I. E. Wijayanti, and B. Surodjo

Communicated by R. Wisbauer

Abstract. Let R be a commutative ring with multiplicative

identity and P is a finitely generated projective R-module. If P ∗ is

the set of R-module homomorphism from P to R, then the tensor

product P ∗⊗RP can be considered as an R-coalgebra. Furthermore,

P and P ∗ is a comodule over coalgebra P ∗ ⊗R P . Using the Morita

context, this paper give sufficient conditions of clean coalgebra

P ∗ ⊗R P and clean P ∗ ⊗R P -comodule P and P ∗. These sufficient

conditions are determined by the conditions of module P and ring R.

Introduction

In this paper a commutative ring with the identity is denoted by R.
A ring R is said to be a clean ring if every element of R can be express as
a sum of a unit and an idempotent element [1]. Moreover, a clean ring is
one of the subclasses of exchange rings [2, 3]. The previous authors have
given some notions of clean rings and exchange rings for example [4–9].

Some authors have been studied the endomorphism structure of R-
modules M . It is proved that the ring of a linear transformation of a
countable linear vector space is clean [10] and the result is also true for
arbitrary vector spaces over a field and any vector space over a division
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ring, it is has been proved in [11] and [12]. An R-module M is called a clean
module if EndR(M) is a clean ring [13]. We recall the important result
of [13], i.e., necessary and sufficient conditions of clean elements in an
endomorphism ring (see Proposition 2.2 and Proposition 2.3). Furthermore
in [14] the authors prove this property in a shorter way by proving that
every non M -singular self-injective module M is clean (see Lemma 4).

The structure of comodules and coalgebras has been introduced in
1969 by Sweedler. He introduced a coalgebra over a field as the dualization
of algebras over a field. Later, this ground field has been generalized to
any ring with multiplicative identity [15]. Furthermore, a comodule over
a coalgebra is well-known as a dualization of a module over a ring. For
any R-coalgebra C we can construct C∗ = HomR(C,R), where C∗ is an
algebra (ring) over convolution product. We called C∗ as a dual algebra
of C. Hence, we have an important result, i.e. if M is a right C-comodule,
then M is a left module over the dual algebra C∗. Moreover, for any
M,N ∈ M

C and EndC(M,N) ⊆C∗ End(M). Thus, the category of right
C-comodule (MC) is a subcategory of left C∗-module (C∗M

C). In [15],
the R-coalgebra C satisfies the α-condition if and only if MC is a full
subcategory of C∗M

C. Moreover, the EndC(M) =C∗ End(M) if and only
if C is locally projective as an R-module (see [15]).

Recall the structure of comodules and coalgebras [15]. We applied the
notions of clean modules to comodule and coalgebra, and introduced the
following definition.

Definition 1. Let R be a ring and (C,∆, ε) an R-coalgebra. A right (left)
C-comodule M is called a clean comodule if the endomorphism ring of
right (or left) C-comodule M (denoted by EndC(M) (or C End(M)) is a
clean ring.

Definition 1 means that if C satisfies the α-condition, the right C-
comodule M is a clean comodule if and only if the ring C∗ End(M) is a
clean ring, since EndC(M) =C∗ End(M). Since every R-coalgebra C is a
right and left comodule over itself, based on Definition 1 we introduce a
clean coalgebra.

Definition 2. Let R be a ring. An R-colagebra C is called a clean
coalgebra if C is a clean comodule over itself.

If C satisfies the α-condition, Definition 2 means that C is a clean
coalgebra if C is clean as a C∗-module. We present the trivial of clean
coalgebra. Consider any ring R as an R-coalgebra with the trivial co-
multiplication ∆T : R → R ⊗R R, r 7→ r ⊗ r, and counit εT : R → R,
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r 7→ r, for any r ∈ R. Hence, the dual algebra of R, i.e., (R∗,+, ∗) where
R∗ = EndR(R) is isomorphic to the ring R by mapping f 7→ f(1) for all
f ∈ R∗. Then we have a trivial R-coalgebra (R,∆T , εT ) is a clean if and
only if R is a clean ring.

Furthermore, since every ring R can be considered as the trivial R-
coalgebra (R,∆T , εT ), any R-module M is a (right and left)comodule over
coalgebra (R,∆T , εT ) with coaction

̺M : M 7→ M ⊗R R,m 7→ m⊗ 1.

It implies any R-module M is clean if and only if (M,̺M ) is a clean (right
and left) R-comodule, since R ≃ R∗.

Throughout P is a finitely generated (f.g) projective R-module and
P ∗ is a set of all R-module homomorphism from P to R. In [15] we
have already know that for any f.g projective module P and P ∗, we can
construct tensor product of P and P ∗, i.e., P ∗⊗RP . An R-module P ∗⊗RP

is an R-coalgebra by a comultiplication ∆ and counit ε as below:

Lemma 1. [15] Let P be a finitely generated projective R-module with
dual basis p1, p2, ..., pn ∈ P and π1, π2, ..., πn ∈ P ∗. The R-module P ∗⊗RP

is an R-coalgebra with the comultiplication and counit defined by

∆: P ∗ ⊗R P → (P ∗ ⊗R P )⊗R (P ∗ ⊗R P );

f ⊗ p 7→ Σif ⊗ pi ⊗ πi ⊗ p

and
ε : P ∗ ⊗R P → R, f ⊗ p 7→ f(p).

By the properties of the dual basis,

(IP ∗⊗RP ⊗∆)ε(f ⊗ p) = Σif ⊗ piπi(p) = f ⊗ p,

that is ε is a counit and the coassociativity of ∆ is proved by the following
equality

(IP ∗⊗RP ⊗∆)∆(f ⊗ p) = Σi,jf ⊗ pi ⊗ πi ⊗ pj ⊗ πj ⊗ p

= (∆⊗ IP ∗⊗RP )∆(f ⊗ p).

Furthermore, consider P and P ∗ as an R-module, then P and P ∗

respectively can be consider as a right and left comodule over R-coalgebra
P ∗ ⊗R P . By using the Morita context, which is we refer to [16], in this
paper we investigate the sufficient conditions of clean R-coalgebra P ∗⊗RP
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and the cleanness of P and P ∗ as a P ∗⊗R P -comodule. In Morita context
we already know there are relationship between the structure of P, P ∗, R

and S = EndR(P ) [16]. The following theorem explain the relationship
between P and its dual, in which it is important to prove our main result.

Theorem 1. [16] Let R be a ring, P be a right R-module, S = EndR(P )
and Q = P ∗ = HomR(P,R). If P is a generator in R-MOD, then

1) α : Q⊗S P → R is an (R,R)-isomorphism;
2) Q ≃ HomS(SP,S S) as (R,S)-bimodules;
3) P ≃ HomS(QS , SS) as (S,R)-bimodules;
4) R ≃ End(SP ) ≃ End(QS) as rings.

Theorem 2. [16] Let R be a ring, P be a right R-module, S = EndR(P )
and Q = P ∗ = HomR(P,R). If P is finitely generated projective in
R-MOD, then

1) β : P ⊗R Q → S is an (S, S)-isomorphism;
2) Q ≃ HomR(PR, RR) as (R,S)-bimodules;
3) P ≃ HomR(RQ,R R) as (S,R)-bimodules;
4) S ≃ End(PR) ≃ End(RQ) as rings.

Since the cleanness of coalgebra and comodule are determined by
the structure of its endomorphism, using Theorem 2 and Theorem 1, we
observe when End(P ∗⊗RP )∗(P

∗ ⊗R P ),End(P ∗⊗RP )∗(P ) and
End(P ∗⊗RP )∗(P

∗) are clean.

1. The clean R-coalgebra P
∗ ⊗R P

Let P be an R-module. Here, we can construct tensor product of P
and P ∗. Furthermore, since R is a commutative ring, P ∗⊗R P ∼= P ⊗R P ∗

as an R-module. In this section we give some results which are related to
some conditions when the R-coalgebra P ∗⊗RP is clean. Let P be a finitely
generated projective R-module with basis p1, p2, ..., pn ∈ P and dual basis
π1, π2, ..., πn ∈ P ∗. Based on Theorem 2 we have P ⊗R P ∗ ∼= EndR(P ) as
an (S, S)-bimodule where

P ⊗R P ∗ → EndR(P ), p⊗ f 7→ [a 7→ pf(a)].

Now, consider the R-module P ∗ ⊗R P as an R-coalgebra, using the
Morita Context we have the following proposition.

Theorem 3. Let P be a finitely generated projective R-module with dual
basis p1, p2, ..., pn ∈ P π1, π2, ..., πn ∈ P ∗. If P is a clean R-module, then
the R-coalgebra P ∗ ⊗R P is clean.
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Proof. Let P be a finitely generated R-module and P ∗ = HomR(P,R)
is an R-module. Suppose that P is a clean R-module. Since P and R

is a finitely generated projective R-module, P ∗ = HomR(P,R) is also
a finitely generated projective R-module [17]. Here, we need to prove
weather R-coalgebra P ∗ ⊗R P satisfies the α-condition by proving the
tensor product of P ∗ ⊗R P is a projective R-module.

To show that P ∗ ⊗R P is projective as an R-module, we must show
that for any surjective map f : A → B of R-module, the map

f∗ : HomR(P
∗ ⊗R P,A) → HomR(P

∗ ⊗R P,B)

is also surjective. Since P ∗ is a projective R-module so that

h : HomR(P
∗, A) → HomR(P

∗, B)

is surjective. By projectivity of P we obtain

h∗ : HomR(P,HomR(P
∗, A)) → HomR(P,HomR(P

∗, B))

is also surjective. Put C = A or B, then by [17] (see page 425) we have

HomR(P,HomR(P
∗, C)) ≃ HomR(P

∗ ⊗R P,C)

It implies that f is isomorphic to h∗, and moreover f is a surjective map.
Thus, P ∗ ⊗R P is a projective R-module. Therefore as an R-coalgebra,
P ∗ ⊗R P satisfies the α-condition. Then we have

(P ∗⊗RP )∗ End(P
∗ ⊗R P ) ≃ (P ∗ ⊗R P )∗.

We are going to show that P ∗ ⊗R P is a clean R-coalgebra, it means we
need to prove that (P ∗ ⊗R P )∗ is a clean ring (see Proposition 4.1.8).
Based on [17], we have a relationship between tensor product and R-
module homomorphism. Furthermore, since P is finitely generated, the
dual algebra P ∗ ⊗R P is isomorphic to the ring EndR(P ) by the bijective
map as below:

(P ∗ ⊗R P )∗ = HomR(P
∗ ⊗R P,R) ≃ HomR(P,HomR(P

∗, R))

≃ HomR(P, P
∗∗) ≃ EndR(P )(since P ∗∗ ≃ P ).

Hence, if P is a clean R-module, then EndR P is a clean ring. It
means (P ∗ ⊗R P )∗ ≃ EndR(P ) is a clean ring. Since P ∗ ⊗R P ∗ ≃
End(P ∗⊗RP )∗(P

∗⊗RP ) is a clean ring, P ∗⊗RP is a clean R-coalgebra.
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For P = R we obtain P ∗ = R∗ = EndR(R) ≃ R and R∗ ⊗R R ≃ R is
a coassociative R-coalgebra with counital. Thus, if R is a clean R-module
(i.e., R is clean as a ring), then (R,∆, ε) is a clean coalgebra over itself.

Recall the example of R-coalgebra Mn(R) (see [15]). The matrix ring
Mn(R) is an R-coalgebra by the coproduct and counit as below

∆ : Mn(R) → Mn(R)⊗R Mn(R), eij 7→ Σi,jei,k ⊗ ekj , (1)

and

ε : Mn(R) → R, eij 7→ δi,j . (2)

It is called the (n, n)-matrix coalgebra over R. Throughout, the R-
coalgebra Mn(R) with the comultiplication (1) and the counit (2) denoted
by MC

n (R). Furthermore, we will show that the R-coalgebra MC
n (R) can

be identified as an R-coalgebra P ∗ ⊗R P when P = Rn.

Lemma 2. Let P = Rn. Then the comultiplication and counit on R-
coalgebra (Rn)∗ ⊗R Rn is equivalent to the comultiplication and counit of
R-coalgebra MC

n (R). It means (Rn)∗ ⊗R Rn ≈ MC
n (R) .

Proof. Suppose that the canonical basis of Rn is {(0, 0, .., 1i, 0, ..0)}i∈N
and basis of (Rn)∗ is {πi}i∈N where πi((0, 0, .., 1j , 0, ..0)) = 1 for i = j and
0 for i 6= j. Therefore

1) The comultiplication

∆ : (Rn)∗ ⊗R Rn → ((Rn)∗ ⊗R Rn)⊗R (Rn)∗ ⊗R Rn

f ⊗ p 7→
∑

i f ⊗ pi ⊗ πi ⊗ p

For any f =
∑

i aiπi and p =
∑

i bipi ∈ Rn we have

∆(f ⊗ p) =
∑

k

(
∑

i

aiπi)⊗ pk ⊗ πk ⊗ (
∑

j

bjpj)

=
∑

k

(
∑

i

aiπi(pk))⊗ (
∑

j

bjπk(pj))

Since (Rn)∗ ⊗R Rn ≈ Mn(R) as an R-module by mapping πi ⊗ pj 7→ eij
for any i, j, we have

∆(f ⊗ p) ≃
∑

k

(
∑

i

aieik ⊗
∑

j

bjekj).
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It implies the case f ⊗ p = πi ⊗ pj ≈ eij , we have

∆(f ⊗ p) = ∆(eij) = ∆(πi ⊗ pj) =
∑

k

πi ⊗ pk ⊗ πk ⊗ pj

=
∑

k

πi(pk)⊗ πk(pj) =
∑

k

eik ⊗ ekj

Therefore,

∆(πi ⊗ pj) ≈ ∆(eij) =
∑

k

eik ⊗ ekj .

Consequently, this result similar to the comultiplication on R-coalgebra
MC

n (R).
2) The counit of (Rn)∗ ⊗R Rn is ε(f ⊗ p) = f(p). For any f ⊗ p ∈

(Rn)∗ ⊗R Rn where f =
∑

i aiπ and p =
∑

j bjpj ∈ Rn we have

ε(f ⊗ p) = ε(
∑

i

aiπi ⊗
∑

j

bjpj) =
∑

i

aiπi(
∑

j

bjpj)

= ε(f ⊗ p) =
∑

i

ai
∑

j

bjπi(pj) = aibi.

Related with an R-coalgebra MC
n (R), for canonical basis eij ≈ πi ⊗ pj

(see Lemma 2). Putting f ⊗ p = πi ⊗ pj ∈ (Rn)∗ ⊗R Rn (see Lemma 2),
then

ε(eij) = ε(πi ⊗ pj) = πi(pj) = δi,j .

It is analogue to the counit of MC
n (R).

It is clear that every ring is a trivial coalgebra over itself ([15]). On the
other hand, we have already known that a ring R is clean if and only if
(R,∆T , εT ) is a clean R-coalgebra. Furthermore, if R is a clean ring, then
the ring Mn(R) is a clean ring [1]. Now, let consider the matrix ring Mn(R)
as a coalgebra over itself by the trivial comultiplication (∆T )and counit
(εT ), denoted by (Mn(R),∆T , εT ). Hence, if Mn(R) is a clean ring, then
(Mn(R),∆T , εT ) is a clean coalgebra over itself. The following corollary
explains the cleanness of R-coalgebra MC

n (R) with ∆ and ε in Equation
(1) and (2).

Corollary 1. If R is a clean ring, then the R-coalgebra MC
n (R) is clean.

Proof. By Lemma 2 MC
n (R) is a special case of P ∗ ⊗R P when P = Rn.

Suppose that P = Rn. Since R is a clean ring, then Rn is a clean R-module
[13]. By the Theorem 3 (Rn)∗ ⊗R Rn = MC

n (R) is a clean R-coalgebra,
since Rn is a clean R-module.
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2. The cleanness of P and P
∗ as a P

∗ ⊗R P -comodule

Let R be a commutative ring with multiplicative identity and P be a
finitely generated projective R-module. In [15] if P is a clean R-module,
then the R-coalgebra P ∗⊗RP is clean. If P is a finitely generated projective
R-module with basis p1, p2, ..., pn ∈ P and dual basis π1, π2, ..., πn ∈ P ∗,
then P is a right P ∗ ⊗R P -comodule with the coaction

̺P : P → P ⊗R (P ∗ ⊗R P ), p 7→ Σipi ⊗ πi ⊗ p.

P is a subgenerator in M
P ∗⊗RP and there is a category isomorphism

M
P ∗⊗RP ≃ MEndR(P ).

The dual P ∗ is a left P ∗ ⊗R P -comodule with the coaction

P ∗

̺ : P ∗ → (P ∗ ⊗R P )⊗R P ∗, f 7→ Σif ⊗ pi ⊗ πi.

Here, we will investigate the conditions under which P and P ∗ are
clean comodules over P ∗ ⊗R P .

Theorem 4. Let P be a finitely generated projective R-module with basis
p1, p2, ..., pn ∈ P and dual basis π1, π2, ..., πn ∈ P ∗. If R is a clean ring,
then P is a right clean P ∗⊗R P -comodule and P ∗ is a left clean P ∗⊗R P -
comodule.

Proof. 1) Suppose that P is a projective R-module. Consider P as a right
P ∗ ⊗R P -comodule. We want to prove that P is a right clean P ∗ ⊗R P -
comodule, i.e., (P ∗⊗RP )∗ End(P ) is a clean ring.

Based on [15], since P ∗ ⊗R P is a finitely generated projective R-
module, R-coalgebra P ∗ ⊗R P satisfies the α-condition and we have the
following condition:

(P ∗⊗RP )∗M ≃ M
P ∗⊗RP . (3)

On the other hand, it is true that the ring (P ∗ ⊗R P )∗ ≃ EndR(P ).
Therefore,

M
P ∗⊗RP ≃(P ∗⊗RP )∗ M ≃EndR(P ) M.

We are going to prove that the ring (P ∗⊗RP )∗ End(P ) ∈(P ∗⊗RP )∗ M is
clean. Based on Equation (3) and using the Morita Context (see Theorem
1), since P is a generator, R ≃ End(EndR(P )P ) as a ring. Therefore,

(P ∗⊗RP )∗ End(P ) ≃ EndEndR(P )(P ) and EndEndR(P )(P ) ≃ R
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as a ring. Hence, (P ∗⊗RP )∗ End(P ) ≃ R as an R-module. Noted that R is
a clean ring if and only if R is a clean R-module. Then

(P ∗⊗RP )∗ End(P ) ≃ R

is a clean ring. Consequently, P is a clean P ∗ ⊗R P -comodule.
2) Consider P ∗ as a left P ∗ ⊗R P -comodule. We want to prove that

P ∗ is a left P ∗ ⊗R P -comodule, i.e., End(P ∗⊗RP )∗(P
∗) is a clean ring.

Analogue with point (1) we have

P ∗⊗RP
M ≃ M(P ∗⊗RP )∗ ≃ MEndR(P ).

We going to prove that the ring End(P ∗⊗RP )∗(P
∗) ∈ M(P ∗⊗RP )∗ is clean.

From Equation (3) we have

End(P ∗⊗RP )∗(P
∗) ≃ EndEndR P (P

∗).

Furthermore, from Theorem 1 we have R ≃ EndEndR(P )(P
∗).

Therefore,

End(P ∗⊗RP )∗(P
∗) ≃ R.

Consequently, if R is a clean ring then (P ∗⊗RP )∗ End(P ) ≃ R is a clean
ring. Hence, P ∗ is a left clean P ∗ ⊗R P -comodule.

Remark 1. Let P = Rn. As a special case for any n ∈ N then Rn is a
comodule over the coalgebra MC

n (R). On the other hand, if R is a clean
ring (i.e., a clean R-module), then Rn is a clean R-module. Therefore, if
R is a clean R-module, then Rn is a right clean MC

n (R)-comodule.

This paper gives the sufficient conditions of clean R-coalgebra P ∗⊗RP

and the cleanness of P and P ∗ as a P ∗ ⊗R P -comodule. We already get
some conclusions i.e., if P is a clean R-module, then the R-coalgebra
P ∗ ⊗R P is clean and if R is a clean ring, then P (resp. P ∗) is a right
(resp. left) clean P ∗⊗RP -comodule. We see that the cleanness of P ∗⊗RP

depends on R if P is a finitely generated projective R-module (i.e., it is
very closed to free R-module).
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