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ABSTRACT. Let R be a commutative ring with multiplicative
identity and P is a finitely generated projective R-module. If P* is
the set of R-module homomorphism from P to R, then the tensor
product P*®p P can be considered as an R-coalgebra. Furthermore,
P and P* is a comodule over coalgebra P* ®r P. Using the Morita
context, this paper give sufficient conditions of clean coalgebra
P* ®pr P and clean P* ® g P-comodule P and P*. These sufficient
conditions are determined by the conditions of module P and ring R.

Introduction

In this paper a commutative ring with the identity is denoted by R.
A ring R is said to be a clean ring if every element of R can be express as
a sum of a unit and an idempotent element [1]. Moreover, a clean ring is
one of the subclasses of exchange rings [2,3|. The previous authors have
given some notions of clean rings and exchange rings for example [4-9|.

Some authors have been studied the endomorphism structure of R-
modules M. It is proved that the ring of a linear transformation of a
countable linear vector space is clean [10] and the result is also true for
arbitrary vector spaces over a field and any vector space over a division
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ring, it is has been proved in [11] and [12]. An R-module M is called a clean
module if Endg(M) is a clean ring [13]. We recall the important result
of [13], i.e., necessary and sufficient conditions of clean elements in an
endomorphism ring (see Proposition 2.2 and Proposition 2.3). Furthermore
in [14] the authors prove this property in a shorter way by proving that
every non M-singular self-injective module M is clean (see Lemma 4).

The structure of comodules and coalgebras has been introduced in
1969 by Sweedler. He introduced a coalgebra over a field as the dualization
of algebras over a field. Later, this ground field has been generalized to
any ring with multiplicative identity [15]. Furthermore, a comodule over
a coalgebra is well-known as a dualization of a module over a ring. For
any R-coalgebra C' we can construct C* = Homp(C, R), where C* is an
algebra (ring) over convolution product. We called C* as a dual algebra
of C'. Hence, we have an important result, i.e. if M is a right C-comodule,
then M is a left module over the dual algebra C*. Moreover, for any
M,N € MC€ and End®(M, N) Cc» End(M). Thus, the category of right
C-comodule (MC) is a subcategory of left C*-module (c+MFC). In [15],
the R-coalgebra C' satisfies the a-condition if and only if M€ is a full
subcategory of ¢-MC. Moreover, the End® (M) =¢- End(M) if and only
if C is locally projective as an R-module (see [15]).

Recall the structure of comodules and coalgebras [15]. We applied the
notions of clean modules to comodule and coalgebra, and introduced the
following definition.

Definition 1. Let R be a ring and (C, A, €) an R-coalgebra. A right (left)
C-comodule M is called a clean comodule if the endomorphism ring of
right (or left) C-comodule M (denoted by End® (M) (or © End(M)) is a
clean ring.

Definition 1 means that if C satisfies the a-condition, the right C-
comodule M is a clean comodule if and only if the ring - End(M) is a
clean ring, since End® (M) =¢+ End(M). Since every R-coalgebra C' is a
right and left comodule over itself, based on Definition 1 we introduce a
clean coalgebra.

Definition 2. Let R be a ring. An R-colagebra C' is called a clean
coalgebra if C' is a clean comodule over itself.

If C satisfies the a-condition, Definition 2 means that C' is a clean
coalgebra if C' is clean as a C*-module. We present the trivial of clean
coalgebra. Consider any ring R as an R-coalgebra with the trivial co-
multiplication Ap : R - R®r R, r — r ® r, and counit ey : R — R,
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r +— r, for any r € R. Hence, the dual algebra of R, i.e., (R*,+, %) where
R* = Endg(R) is isomorphic to the ring R by mapping f — f(1) for all
f € R*. Then we have a trivial R-coalgebra (R, Ap,er) is a clean if and
only if R is a clean ring.

Furthermore, since every ring R can be considered as the trivial R-
coalgebra (R, Ap,er), any R-module M is a (right and left)comodule over
coalgebra (R, Ar,e7) with coaction

oM Mw— MerRm—mel.

It implies any R-module M is clean if and only if (M, 0™) is a clean (right
and left) R-comodule, since R ~ R*.

Throughout P is a finitely generated (f.g) projective R-module and
P* is a set of all R-module homomorphism from P to R. In [15] we
have already know that for any f.g projective module P and P*, we can
construct tensor product of P and P*,i.e., P*®rP. An R-module P*®@g P
is an R-coalgebra by a comultiplication A and counit € as below:

Lemma 1. [15] Let P be a finitely generated projective R-module with
dual basis p1,p2,...,pn € P and wy, wo, ..., 7, € P*. The R-module P*® g P
1s an R-coalgebra with the comultiplication and counit defined by

A: P*®@pr P — (P*®r P) ®r (P* ®g P);
fRp—=EfRp@m&p

and

e: P"®r P — R, fe@p— f(p).

By the properties of the dual basis,

(Iprgrp @ A)e(f @ p) = Eif @ pimi(p) = f @ p,

that is € is a counit and the coassociativity of A is proved by the following
equality

(Iprgpp @ A)A(f@p) =%, f@pi@mQp; @mj @p
= (A® Ipgrp)A(f @ p).

Furthermore, consider P and P* as an R-module, then P and P*
respectively can be consider as a right and left comodule over R-coalgebra
P*®p P. By using the Morita context, which is we refer to [16], in this
paper we investigate the sufficient conditions of clean R-coalgebra P*®p P



254 CLEAN COALGEBRAS AND CLEAN COMODULES OF FGP

and the cleanness of P and P* as a P* ® p P-comodule. In Morita context
we already know there are relationship between the structure of P, P*, R
and S = Endg(P) [16]. The following theorem explain the relationship
between P and its dual, in which it is important to prove our main result.

Theorem 1. [16] Let R be a ring, P be a right R-module, S = Endg(P)
and Q = P* = Hompg(P, R). If P is a generator in R-MOD, then

1) a:Q ®s P— R is an (R, R)-isomorphism;

2) @ ~ Homg(sP,5S) as (R, S)-bimodules;

3) P~ Homg(Qs,Ss) as (S, R)-bimodules;

4) R~ End(gP) ~ End(Qg) as rings.

Theorem 2. [16] Let R be a ring, P be a right R-module, S = Endr(P)
and @ = P* = Hompg(P,R). If P is finitely generated projective in
R-MOD, then

1) B: PRRrQ — S is an (S, S)-isomorphism;

2) Q ~ Hompg(Pr, RRr) as (R, S)-bimodules;

3) P~ Hompg(rQ,r R) as (S, R)-bimodules;

4) S ~ End(Pg) ~ End(rQ) as rings.

Since the cleanness of coalgebra and comodule are determined by
the structure of its endomorphism, using Theorem 2 and Theorem 1, we
observe when Endp«g , p)«(P* @r P),End(p+g, p)-(P) and
End(p+g,py- (P*) are clean.

1. The clean R-coalgebra P* Qr P

Let P be an R-module. Here, we can construct tensor product of P
and P*. Furthermore, since R is a commutative ring, P*®r P = P ®p P*
as an R-module. In this section we give some results which are related to
some conditions when the R-coalgebra P*®p P is clean. Let P be a finitely
generated projective R-module with basis py, pa, ..., pn € P and dual basis
1,72, ..., T, € P*. Based on Theorem 2 we have P @ P* = Endr(P) as
an (5, S)-bimodule where

P ®@gr P* = Endg(P),p® f — [a — pf(a)].

Now, consider the R-module P* ®r P as an R-coalgebra, using the
Morita Context we have the following proposition.

Theorem 3. Let P be a finitely generated projective R-module with dual
basis p1,p2, ., Pn € P w1, mo, ..., mn € P*. If P is a clean R-module, then
the R-coalgebra P* ®@p P is clean.
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Proof. Let P be a finitely generated R-module and P* = Hompg(P, R)
is an R-module. Suppose that P is a clean R-module. Since P and R
is a finitely generated projective R-module, P* = Hompg(P, R) is also
a finitely generated projective R-module [17]. Here, we need to prove
weather R-coalgebra P* ®p P satisfies the a-condition by proving the
tensor product of P* ®p P is a projective R-module.

To show that P* ®p P is projective as an R-module, we must show
that for any surjective map f: A — B of R-module, the map

f« : Homp(P* @ P, A) — Homp(P* @ P, B)
is also surjective. Since P* is a projective R-module so that
h : Hompg(P*, A) — Hompg(P*, B)
is surjective. By projectivity of P we obtain
hs : Homp(P,Homg(P*, A)) — Homp (P, Hompg(P*, B))
is also surjective. Put C' = A or B, then by [17| (see page 425) we have
Homp(P,Hompg(P*,C)) ~ Homp(P* ®r P,C)

It implies that f is isomorphic to h., and moreover f is a surjective map.
Thus, P* ®p P is a projective R-module. Therefore as an R-coalgebra,
P* ®p P satisfies the a-condition. Then we have

(Progp) End(P* ®p P) ~ (P* @R P)*.

We are going to show that P* ®p P is a clean R-coalgebra, it means we
need to prove that (P* ®p P)* is a clean ring (see Proposition 4.1.8).
Based on [17]|, we have a relationship between tensor product and R-
module homomorphism. Furthermore, since P is finitely generated, the
dual algebra P* ®p P is isomorphic to the ring Endg(P) by the bijective
map as below:

(P* KRR P)* = I’IOIIIR(P>'< ®Rpr P, R) ~ HOmR(P, HOmR(P*, R))
~ Homp (P, P**) ~ Endg(P)(since P** ~ P).

Hence, if P is a clean R-module, then Endgr P is a clean ring. It
means (P* ®g P)* ~ Endg(P) is a clean ring. Since P* @p P*
End(p-g,p)-(P*®@pgP) is a clean ring, P*®@g P is a clean R-coalgebra.

R
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For P = R we obtain P* = R* = Endr(R) ~ R and R* ® g R~ R is
a coassociative R-coalgebra with counital. Thus, if R is a clean R-module
(i.e., R is clean as a ring), then (R, A, ¢) is a clean coalgebra over itself.

Recall the example of R-coalgebra M, (R) (see [15]). The matrix ring
M, (R) is an R-coalgebra by the coproduct and counit as below

A Mn(R) — Mn(R) RR Mn(R), eij — Ei,jei,k ® €kjs (1)
and
€:My(R) = R,e;j — d; ;. (2)

It is called the (n,n)-matrix coalgebra over R. Throughout, the R-
coalgebra M, (R) with the comultiplication (1) and the counit (2) denoted
by MY (R). Furthermore, we will show that the R-coalgebra MS(R) can
be identified as an R-coalgebra P* ®p P when P = R™.

Lemma 2. Let P = R™. Then the comultiplication and counit on R-
coalgebra (R™)* ®p R™ is equivalent to the comultiplication and counit of
R-coalgebra MS (R). It means (R")* ®r R" ~ MY (R) .

Proof. Suppose that the canonical basis of R™ is {(0,0,..,1;,0,..0) };en
and basis of (R™)* is {m; }ieny where 7;((0,0,..,1;,0,..0)) = 1 for ¢ = j and

0 for ¢ # j. Therefore
1) The comultiplication

A:(R")*®@r R" — ((R")" ®r R") @R (R")" ®r R"
fRp—=>,f@p@m&p

For any f =), a;m and p =), bip; € R" we have
f®p Zzaﬂ'z R pr @ T @ ijpy
- Z Zam pi)) Zbﬂk py))
koo j

Since (R")* @r R" =~ M,(R) as an R-module by mapping m; ® p; — e;;
for any i, j, we have

f®p Zzazezk®zb ekj
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It implies the case f ® p = m; ® p; = e;j, we have

A(f@p) = Aleyy) = A(m @ pj) = Zm@pk@m ® pj

ZZ i(pk) @ T (pj) Zezk®ek3
k

Therefore,
A(m; ®pj) ~ A(eij) = Z €ik & eg;.
k
Consequently, this result similar to the comultiplication on R-coalgebra
2) The counit of (R")* ®r R" is e(f ® p) = f(p). For any f®@p €
(R")" @ R" where f =3, a;m and p =}, bjp; € R" we have

e(f@p) = E(Z a;m; @ Z bjpj) = Z am(z bjp;)
(f®p Zazzbﬂ'zpj = a;b;.

Related with an R-coalgebra MY (R), for canonical basis e;; ~ m; ® p;
(see Lemma 2). Putting f @ p =m ® p; € (R")* ®r R" (see Lemma 2),
then

e(ei;) = e(m @ pj) = mi(p;) = diy.
It is analogue to the counit of MS(R). O

It is clear that every ring is a trivial coalgebra over itself ([15]). On the
other hand, we have already known that a ring R is clean if and only if
(R, Ap,er) is a clean R-coalgebra. Furthermore, if R is a clean ring, then
the ring M,,(R) is a clean ring [1]. Now, let consider the matrix ring M, (R)
as a coalgebra over itself by the trivial comultiplication (Az)and counit
(er), denoted by (M, (R), Ar,er). Hence, if M, (R) is a clean ring, then
(M, (R), Ar,er) is a clean coalgebra over itself. The following corollary
explains the cleanness of R-coalgebra MC(R) with A and ¢ in Equation

(1) and (2).
Corollary 1. If R is a clean ring, then the R-coalgebra MS(R) is clean.

Proof. By Lemma 2 MY (R) is a special case of P* @ P when P = R™.
Suppose that P = R™. Since R is a clean ring, then R™ is a clean R-module
[13]. By the Theorem 3 (R")* @ R" = MY (R) is a clean R-coalgebra,
since R" is a clean R-module. O
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2. The cleanness of P and P* as a P* ® P-comodule

Let R be a commutative ring with multiplicative identity and P be a
finitely generated projective R-module. In [15] if P is a clean R-module,
then the R-coalgebra P*® g P is clean. If P is a finitely generated projective
R-module with basis p1,po, ..., pn € P and dual basis m1, 79, ..., 7, € P*,
then P is a right P* ® p P-comodule with the coaction

of 1P — P®g (P*®gP),p— Sip; @m; @ p.
P is a subgenerator in M” ®rP and there is a category isomorphism
M ErE ~ Mp,q,(p)-
The dual P* is a left P* ® g P-comodule with the coaction
P o P* - (P*®pr P)@r P*, f = Sif @ p; @ ;.

Here, we will investigate the conditions under which P and P* are
clean comodules over P* ®p P.

Theorem 4. Let P be a finitely generated projective R-module with basis
D1, D2, s Pp € P and dual basis 71, mo, ...,y € P*. If R is a clean ring,
then P is a right clean P* ®p P-comodule and P* is a left clean P* ®p P-
comodule.

Proof. 1) Suppose that P is a projective R-module. Consider P as a right
P* ®pr P-comodule. We want to prove that P is a right clean P* ®p P-
comodule, i.e., (p+g,py- End(P) is a clean ring.

Based on [15], since P* @ P is a finitely generated projective R-
module, R-coalgebra P* ®p P satisfies the a-condition and we have the
following condition:

On the other hand, it is true that the ring (P* ®p P)* ~ Endgr(P).
Therefore,

MP*®RP :(P*®RP)* M gEndR(P) M

We are going to prove that the ring (p«g,p) End(P) €prg,p)y- M is
clean. Based on Equation (3) and using the Morita Context (see Theorem
1), since P is a generator, R =~ End(gnq,(p)P) as a ring. Therefore,

(Prapp) End(P) =~ Endg,q,p)(P) and Endgyg,p)(P) ~ R



N. P. PuspiTa, I. E. Wi1JAYANTI, B. SURODJO 259

as a ring. Hence, (p«g,p) End(P) ~ R as an R-module. Noted that R is
a clean ring if and only if R is a clean R-module. Then

(P*QpP)* EDd(P) ~R

is a clean ring. Consequently, P is a clean P* ® p P-comodule.

2) Consider P* as a left P* ®p P-comodule. We want to prove that
P* is a left P* @p P-comodule, i.e., End(p+g,p)-(P*) is a clean ring.
Analogue with point (1) we have

P*@rPN\I ~ M(p*@RP)* = MEHdR(P)'

We going to prove that the ring End(p«g, p)« (P*) € M(p+g,p)+ is clean.
From Equation (3) we have

End(p*(g)RP)*(P*) ~ EndEndRP(P*)-

Furthermore, from Theorem 1 we have R ~ Endgyq,(p)(P).
Therefore,

Consequently, if R is a clean ring then (p+g, py- End(P) >~ R is a clean
ring. Hence, P* is a left clean P* ® g P-comodule. O

Remark 1. Let P = R™. As a special case for any n € N then R" is a
comodule over the coalgebra MS (R). On the other hand, if R is a clean
ring (i.e., a clean R-module), then R" is a clean R-module. Therefore, if
R is a clean R-module, then R™ is a right clean MS (R)-comodule.

This paper gives the sufficient conditions of clean R-coalgebra P*®pr P
and the cleanness of P and P* as a P* ® p P-comodule. We already get
some conclusions i.e., if P is a clean R-module, then the R-coalgebra
P* ®p P is clean and if R is a clean ring, then P (resp. P*) is a right
(resp. left) clean P* ®p P-comodule. We see that the cleanness of P*®@p P
depends on R if P is a finitely generated projective R-module (i.e., it is
very closed to free R-module).
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