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ABSTRACT. A subgroup A of a group G is called tcc-subgroup
in G, if there is a subgroup 7' of G such that G = AT and for
any X < A and Y < T there exists an element u € (X,Y) such
that XY™ < G. The notation H < GG means that H is a subgroup
of a group G. In this paper we consider a group G = AB such that
A and B are tcc-subgroups in G. We prove that G belongs to §,
when A and B belong to § and § is a saturated formation of soluble
groups such that { C §. Here i is the formation of all supersoluble
groups.

Introduction

Throughout this paper, all groups are finite and G always denotes
a finite group. We use the standard notations and terminology of [1,2].
The monographs [2, 3| contain the necessary information of the theory of
formations.

We say that the subgroups A and B of a group G are totally permutable
if every subgroup of A is permutable with every subgroup of B.

Asaad and Shaalan [4] proved the supersolubility of a group G = AB
such that the subgroups A and B are totally permutable and supersoluble,
see |4, Theorem 3.1]|. Following Maier [5] such factorization is called
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totally permutable product of the subgroups A and B. In the same paper
Maier showed that this statement is also true for the saturated formations
containing the formation &l of all supersoluble groups.

Theorem 1 (|5, Theorem|). Let G = HK be the totally permutable
product of the subgroups H and K. Let § be a saturated formation such
that £ C §. If H and K lie in F', then so does G. Here £ denote the class
of groups all of whose Sylow subgroups are cyclic.

In [5] Maier also proposes the following question: «Does the above
result extend to non-saturated formations which contain all supersoluble
groups?»

Ballester-Bolinches and Perez-Ramos gave a positive answer to this
question in [6].

Theorem 2 (|6, Theorem|). Let § be a formation containing the class i
of all supersoluble groups. Suppose that G = HK be the totally permutable
product of the subgroups H and K. If H and K belong to §, then G belongs
to §.

In works [7], [8] the authors extended a previous Maier’s result by
considering an arbitrary number of pairwise totally permutable factors.

In the articles [9]-[13] (see also the references from [13]) we can see that
the supersolubility of a group can also be obtained for other generalizations
of totally permutable product.

The notation H < G means that H is a subgroup of a group G. So, for
example, the product G = AB is said to be tcc-permutable [13], if for any
X < Aand Y < B there exists an element u € (X,Y’) such that XY* < G.
The subgroups A and B in this product are called tcc-permutable.

One of the main results of [12] for two tcc-permutable factors is
formulated as follows.

Theorem 3 (|12, Theorem 5|). Let § be a saturated formation contain-
ing . Let the group G = HK be the tcc-permutable product of subgroups
Hand K. If He § and K € §, then G € §.

Besides, in [12]| the authors gave examples showing that Theorem 3
not remains true for arbitrary non-saturated formations containing ${ even
in the universe of soluble groups.

Now we introduce the following concept

Definition 1. A subgroup A of a group G is called tcc-subgroup in G, if
it satisfies the following conditions:
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1) there is a subgroup T of G such that G = AT
2) for any X < A and Y < T there exists an element u € (X,Y) such
that XY" < G.

Clear that by condition 2 of Definition 1, G = AT is the tcc-permutable
product of the subgroups A and 7. In this case, we say that the subgroup
T is a tce-supplement to A in G.

If G = AB is the tcc-permutable product of subgroups A and B, then
the subgroups A and B are tcc-subgroups in GG. The converse is false.

Example 1. Let Z,, be a cyclic group of order n. Dihedral group G =
(a) x (c), |a| = 12, |¢| = 2 ([14], IdGroup=|24,6]) is the product of
tce-subgroups A = (ac) of order 2 and B = (a'®) x (¢) of order 12.
But A and B are not tcc-permutable. Indeed, there are the subgroups
X = Aand Y = (¢) of A and B respectively such that doesn’t exist
u € (X,Y) = (a®) x {c) such that XY* < G.

In the present paper we prove the following theorem.

Theorem A. Let G = AB, where A and B are tcc-subgroups in G. Let §
be a saturated formation of soluble groups such that 4L C §. Suppose that
A and B belong to §. Then G belongs to §.

1. Preliminaries

In this section, we give some definitions and basic results which are
essential in the sequel.

A group whose chief factors have prime orders is called supersoluble.
If H< G and H # G, we write H < (. The notation H < G means
that H is a normal subgroup of a group G. Denote by Z(G), F(G) and
®(G) the centre, Fitting and Frattini subgroups of G respectively, and
by O,(G) the greatest normal p-subgroup of G. Denote by 7(G) the set
of all prime divisors of order of G. The semidirect product of a normal
subgroup A and a subgroup B is written as follows: A x B. If H is a
subgroup of G, then Hg = (¢ H” is called the core of H in G.

A formation § is said to be saturated if G/®(G) € § implies G € §.
Let P be the set of all prime numbers. A formation function is a function
f defined on P such that f(p) is a, possibly empty, formation. A formation
T is said to be local if there exists a formation function f such that G € §
if and only if for any chief factor H/K of G and any p € 7(H/K), one has
G/Cq(H/K) € f(p). We write § = LF(f) and f is a local definition of
§. By [3, Theorem IV.3.7|, among all possible local definitions of a local
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formation § there exists a unique f such that f is integrated (i.e. f(p) C §
for all p € P) and full (i.e. f(p) =N, f(p) for all p € P). Here M, is the
formation of all p-groups. Such local definition f is said to be canonical
local definition of §. By [3, Theorem IV.4.6], a formation is saturated if
and only if it is local.

If a group G contains a maximal subgroup M with trivial core, then
G is said to be primitive and M 1is its primitivator.

Lemma 1. Let § be a saturated formation and G be a group. Assume
that G ¢ §, but G/N € § for all non-trivial normal subgroups N of G.
Then G is a primitive group.

Proof. Since § is a saturated formation, it follows that ®(G) = 1 and
G contains a unique minimal normal subgroup N. For some maximal
subgroup M of G, we have G = NM, because ®(G) = 1. It is obvious
that the core Mg = 1. Hence G is a primitive group. O

Lemma 2 (|1, Theorem I1.3.2]). Let G be a soluble primitive group and
M is a primitivator of G. Then the following statements hold:

(1) ®(G) =1;

(2) F(G) = Cq(F(G)) = Oy(G) and F(G) is an elementary abelian
subgroup of order p™ for some prime p and some positive integer n;

(3) G contains a unique minimal normal subgroup N and moreover,
N = F(G);

(4) G=F(G)x M and O,(M) =1;

Lemma 3 (|13, Theorem 1, Propositions 1, 2|). Let G = AB be the
tce-permutable product of subgroups A and B and N be a minimal normal
subgroup of G. Then the following statements hold:

(1) {ANN,BNN} C{l,N};

(2) if N<ANB or NNA=NNB =1, then |N| = p, where p is a

prime.

Lemma 4 ([12, Theorem 4|). Let G = AB be the tcc-permutable product
of subgroups A and B. Then [A, B] < F(G).

Lemma 5. Let A be a tcc-subgroup in G and Y be a tcc-supplement to
A in G. Then the following statements hold:

(1) A is atce-subgroup in H for any subgroup H of G such that A < H;

(2) AN/N is a tcc-subgroup in G/N for any N 1 G;

(3) for every Ay <A and X <Y there exists an element y € Y such
that A1 XY < G. In particular, AiM < G for some mazximal subgroup M
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of Y and A1H < G for some Hall m-subgroup H of soluble Y and any
m C7(G);

A1 K < G for every subnormal subgroup K of Y and for every
Ay

such that Ty < T';
(6) if T <G such that TNA=1andT <Y, then Ay < Ng(T1) for
every Ty <T and for every A1 < A.

(4)
<A;
(5) if T <G such that T < A and TNY =1, then Th <G for every
Th'<A
)

Proof. 1. Since Y is a tcc-supplement to A in G, it follows that G = AY,
A and Y are tcc-permutable subgroups of GG. By Dedekind’s identity,
H=HNAY = A(HNY). Since HNY <Y, then for any X < A and
Z < HNY there exists an element u € (X, Z) such that X Z" < G. Hence
A and H NY are tce-permutable and therefore A is a tce-subgroup in H.

2. Since G = AY, we have G/N = (AN/N)(YN/N). Let B/N be
an arbitrary subgroup of AN/N and X/N be an arbitrary subgroup
of YN/N. Since N < B < AN, it follows that by Dedekind’s identity,
B=BNAN = (BNA)N. Similarly, X = XNYN = (X NY)N. Since
BNA<Aand XNY <Y, we have (BN A)(X NY)" < G for some

€ (BNA,XnNY). Hence

(B/N)(X/N)*N = (BN A)(X NY)“N/N < G/N

foruN € (BNAXNY)N/N C (B,X)N/N = (B/N,X/N). Thus
AN/N is a tce-subgroup in G/N.

3. Since A is a tcc-subgroup in G, by definition, for every A; < A
and X <Y there exists an element u € (A7, X) such that 4; X" < G,
Because u € G = AY = Y A, it follows that u = ya for some y € Y and
a € A. Then

ALX" = A XV = A (XY)" = AUXY)" = (A4, XY)" < G.

Hence there is a subgroup A1 XY in G for some y € Y. Clearly, that if X is
a Hall m-subgroup of Y, then H = XV is a Hall m-subgroup of Y. Thus
A1H < G. Similarly, for maximal subgroup X of Y. Then M = XV is a
maximal subgroup of Y and A{M < G.

4. Since K is subnormal in Y, there is a chain of subgroups Y =
Ko > Ky > ... 2 K,-1 > K, = K such that K;;; is normal in K;
for all i. We use induction by n. By (3), there exists an element y € Y
such that Ale A1 K7 < G. Hence the statement holds for n = 0 and
n = 1. Therefore n > 2. By (1), A is a tcc-subgroup in AK; and K; is a
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tce-supplement to A in AK;. Since the length of subnormal chain between
K and K less than n, it follows that by induction, there is a subgroup
A1 K of AK;. Consequently A1 K < G.

5. By (3), there is a subgroup T1Y of G. Since 77 = T'NT1Y is normal
in 71Y, we have Y < Ng(T1) and T} is normal in G = AY.

6. Since T} is subnormal in Y, it follows that by (4), there is a subgroup
ATy of G for any Ay < A. Because T = T'N AT} is normal in A{T7, we
have A; < Ng(Th). O

Lemma 6. Let A be a tce-subgroup in a soluble primitive group G and
Y be a tcc-supplement to A in G. Suppose that N is a minimal normal
subgroup of G. If NNA =1 and N <Y, then A is cyclic of order dividing
p— 1.

Proof. Since NNA=1and N <Y, by Lemma 5 (6), A < Ng(K) for any
K < N. Since N is an elementary abelian group, it follows that |[N| = p*
for some prime p and some integer s, and N = Ny X No X ... X Ng, where
N; = (z;) and |N;| = p. Because A < Ng(N;), we have A induces a power
automorphism group on N. Indeed, let a € A and x; € N;, ; € Nj,

i # j. Suppose that xf = xf, 2§ = 27 and (z;2;)* = (v;2;)" = x"z,
because N is abelian. Then 27"27" = mfx; Consequently m =t = r and
a transforms every element of N to the same power. By [2, Theorem 2.3],
A/CA(N) ~< P(N), where P(N) is the power automorphism group of N.
Since C¢(N) = N, it follows that C4(N) = 1. On the other hand, P(NV)
is a cyclic group of order p — 1. Really P(V) is a group of scalar matrices
over the field P consisting of p elements. Hence P(N) is isomorphic to
the multiplicative group P* of P and besides, P* is a cyclic group of

order p — 1. Therefore A is a cyclic group of order dividing p — 1. O

Lemma 7 (|15, Lemma 2.16]). Let § be a saturated formation containing $
and G be a group with a normal subgroup E such that G/E € §. If E is
cyclic, then G € §.

2. Proof of Theorem A

Assume that the claim is false and let G be a minimal counterexample.
Let N be a non-trivial normal subgroup of G. The quotients AN/N ~
A/ANN and BN/N ~ B/BNN are tce-subgroup in G/N by Lemma 5 (2),
AN/N ~ A/JANN € § and BN/N ~ B/BN N € §, because § is a
formation. Hence the quotient G/N = (AN/N)(BN/N) € § by induction.
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If F(G) # 1, then G/F(G) € § and consequently G is soluble, since
§ is a formation of soluble groups. Hence F(G) = 1 and by Lemma 4,
Y < Cg(A). Then A is normal in G and G is soluble.

Since § is saturated, it follows that G is primitive by Lemma 1. Hence
®(G) =1, N = Cg(N) = F(G) = Op(G) is a unique minimal normal
subgroup of G by Lemma 2 and G = N x M, where |N| = p™ and M is a
primitivator.

By Lemma 3, is either [N| =p,or N < Aand NNY =1, or NNA=1
and N < Y. In the first case, by Lemma 7, G € §. Suppose that N < A
and N NY = 1. Since Y is a tcc-subgroup in G, it follows that by
Lemma 6, Y is a cyclic group of order dividing p — 1. Then Y € ¢(p),
where ¢ is the canonical local definition of . Since U C §, we have
by [3, Proposition IV.3.11], g(p) C f(p), where f is the canonical local
definition of §. Hence Y € f(p).

Because Y is a cyclic group of order dividing p — 1, it follows that Y is
contained in some Hall p’-subgroup H of G. Hence there exists an element
g € G such that Y < H = H{ < MY, where H; is a Hall p’-subgroup
of G such that H; < M, because |G : M| = p". Let M; = M9. Then
G = N x M; and M is a primitivator. Clearly that M; = (AN M;)Y.

Since N < A, we have A = N x (AN M;). Because A € §, it follows
that A/Ca(N1) € f(p), where N; is a minimal normal subgroup of A
such that N7 < N. Since A is a tce-subgroup in G, by Lemma 5 (5),
Ny is normal in G. Hence N = N; and C4(N1) = C4(N) = N. Then
ANM; ~ A/N € f(p).

We consider the direct product (ANM;) xY = {(a,b),a € ANMy,b €
Y} Let o : (ANM;) xY — My = (ANM;)Y be a function and ¢(a,b) =
ab. Since by Lemma 4, [A,Y] < F(G) = N, it follows that [ANM;,Y] < N.
Because [AN M;,Y] < My, we have [ANM;,Y] < My NN = 1. Hence
ANM; < Cp,(Y) and ¢ is an epimorphism. Then by |2, Theorem 2.3],

(AN M) x Y/Ker ¢ ~Im ¢ = M;.

Since f(p) is a formation, AN My € f(p) and Y € f(p), it follows that
M, € f(p). Because N € M,,, we have G € M, f(p) = f(p) C §.

So, we assume that N N A =1 and N < Y. Similarly, we can show
that NN B =1and N < X, where X is a tcc-supplement to B in G.
By Lemma 6, A and B are cyclic. Hence G is supersoluble and therefore
Geg.

The theorem is proved.
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Corollary 1. Let A and B be tce-subgroups in G and G = AB. If A and
B are supersoluble, then G is supersoluble.

Corollary 2 ([4, Theorem 3.1]). Suppose that A and B are supersoluble
subgroups of G and G = AB. Suppose further that A and B are totally
permutable. Then G is supersoluble.
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