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On the non—periodic groups, whose subgroups of
infinite special rank are transitively normal

L. A. Kurdachenko, I. Ya. Subbotin, and T. V. Velychko

ABSTRACT. This paper devoted to the non-periodic locally
generalized radical groups, whose subgroups of infinite special rank
are transitively normal. We proved that if such a group G includes
an ascendant locally nilpotent subgroup of infinite special rank, then
G is abelian.

Introduction

The groups with certain prescribed properties of subgroups form one
of the central subjects of research in group theory. Their investigation
introduced many important concepts such as the finiteness conditions,
locally nilpotence, locally solubility, subnormality, permutability, some
important numerical invariants on groups, in particular, distinct group
ranks, and others. Choosing specific prescribed properties and concrete
families of subgroups which posses these properties, we come to distinct
classes of groups. There is an enormous array of papers devoted to this
theme. In the present paper we will consider the influence of the following
two families of subgroups on the structure of a group. These are the family
of subgroups of finite special rank and the family of transitively normal
subgroups.

We say that a subgroup H of a group G is transitively normal if H is
normal in every subgroup K > H, in which H is subnormal [1].

It is well known that the relation “to be a normal subgroup” is not
transitive.
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A group G is said to be a T-group if this relation is transitive in G.

A group @ is said to be a T-group if every subgroup of G is a T-group.

It is not hard to see that every subgroup of G is transitively normal if
and only if G is a T-group.

A group G is said to be a group of a finite special rank r if every
finitely generated subgroup of G can be generated by at most r elements
and there exists a finitely generated subgroup H which has exactly r
generators |2|. The theory of groups of finite special rank is one of the
best developed part of group theory ( see, for example, surveys [3-5] and
the book [6] ). In the paper |7], M.R. Dixon, M.J. Evans and H. Smith
initiated investigation of the groups, whose subgroups of infinite special
rank have some fixed property P. This research has been prolonged by
many authors for distinct natural properties P ( see, for example, survey
[5] ). In the paper [8], the study of the groups whose subgroups of infinite
special rank are transitively normal was initiated. More precisely, the
structure of periodic soluble groups with this property has been described
there. In the current paper we begin investigation of the non-periodic
groups, whose subgroups of infinite special rank are transitively normal.
The main result of this paper is the following.

Theorem 1. Let G be a non-periodic locally generalized radical group,
whose subgroups of infinite special rank are transitively normal. If G
includes an ascendant locally nilpotent subgroup of infinite special rank,
then G is abelian.

Corollary 1. Let G be a non-periodic locally generalized radical group,
whose subgroups of infinite special rank are transitively normal. If G
includes an ascendant abelian subgroup of infinite special rank, then G is
abelian.

We derive the corollaries of this theorem for some types of subgroups
that are transitively normal.

Recall that a subgroup H is said to be contranormal in a group G if
its normal closure HS coincides with G.

A subgroup H of a group G is said to be polynormal in a group G if
for each subgroup S including H the subgroup H is contranormal in H®
[9].

It is not hard to see that every polynormal subgroup is transitively
normal, so we can obtain

Corollary 2. Let G be a non-periodic locally generalized radical group,
whose subgroups of infinite special rank are polynormal. If G includes
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an ascendant locally nilpotent subgroup of infinite special rank, then G is
abelian.

A subgroup H is said to be paranormal in a group G if H is contra-
normal in the subgroup (H, Hg) for all elements g of a group G [9].
Every paranormal subgroup of G is polynormal in G [9], so we obtain

Corollary 3. Let G be a non-periodic locally generalized radical group,
whose subgroups of infinite special rank are paranormal. If G includes
an ascendant locally nilpotent subgroup of infinite special rank, then G s
abelian.

A subgroup H of a group G is called weakly normal in G if the inclusion
HY9 < Ng(H) always implies g € Ng(H) [10] < NG(H)

We note that every weakly normal subgroup is transitively normal, so
we obtain

Corollary 4. Let G be a non-periodic locally generalized radical group,
whose subgroups of infinite special rank are weakly normal. If G includes
an ascendant locally nilpotent subgroup of infinite special rank, then G s
abelian.

A subgroup H of a group G is called weakly pronormal in G if the
subgroups H and HY are conjugate in H{9) for each element g of the group
G [9].

We say that a subgroup H of a group G has the Frattini property if
for every subgroups K, L such that H < K and K is normal in L we have
L=Np(K)K.

We note that a subgroup H is weakly pronormal on G if and only if H
has the Frattini property [9]. Clearly every subgroup having the Frattini
property, is transitively normal, so we obtain

Corollary 5. Let G be a non-periodic locally generalized radical group,
whose subgroups of infinite special rank are weakly pronormal. If G includes
an ascendant locally nilpotent subgroup of infinite special rank, then G is
abelian.

A subgroup H of a group G is called pronormal in G if the subgroups
H and HY are conjugate in (H, HY) for each element g of the group G.
Clearly every pronormal subgroup is transitively normal, so we obtain

Corollary 6. Let G be a non-periodic locally generalized radical group,
whose subgroups of infinite special rank are pronormal. If G includes an
ascendant locally nilpotent subgroup of infinite special rank, then G is
abelian.
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1. The proofs

Lemma 1. Let G be a group, whose subgroups of infinite special rank
are transitively normal. Suppose that G includes a normal subgroup K of
infinite special rank. Then G/K is a T-group.

Indeed, every subgroup of G including K has infinite special rank, so
it is transitively normal in G. In other words, every subgroup of G/K is
transitively normal in G. It follows that G/K is a T-group.

Lemma 2. Let G be a group, whose subgroups of infinite special rank are
transitively normal.

If H is a subgroup of G, then every subgroup of H of infinite special
rank is transitively normal in H.

If L is a normal subgroup of G such that G/H has infinite special rank,
then every subgroup of G/L of infinite special rank is transitively normal
in G/L.

If U,V are subgroups of G such that U is normal in' V and V/U has
infinite special rank, then every subgroup of V/U having infinite special
rank is transitively normal in V/U.

The proof of this assertion is obvious.

Lemma 3. Let G be a locally (soluble - by - finite) T-group. Then G is
metabelian.

Proof. Let u,v,z,y be arbitrary elements of G. Put D = (u,v,z,y).
Then D is soluble-by-finite. Let S be a normal soluble subgroup of D of
finite index. Being a finite T-group, D/S must be soluble [11, Theorem
1*]. It follows that D is soluble. Notice now that a soluble T-group is
metabelian [12, Theorem 2.3.1], so that D is metabelian. In particular,
[[x,y], [u,v]] = 1. Since it is true for all elements u, v, z,y of a group G,
(G, G] is abelian. O

Recall that a group G is said to be hyperabelian if G has an ascending
series of normal subgroups whose factors are abelian.

Corollary 7. Let G be a hyperabelian T-group. Then G is metabelian.

Proof. Let

M) =A< A <. €Ag<Ag1 <. <A, =G

be a series of normal subgroups whose factors are abelian. The subgroup
A, w is the first infinite ordinal, is locally soluble, therefore, using lemma 3
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we obtain that A, is metabelian. It follows that A, is soluble. Using
again lemma 3 we obtain that A,.; is metabelian. Repeating these
arguments and using transfinite induction we obtain that G is metabelian.

O

Recall that a group G is said to be radical if G has an ascending series,
whose factors are locally nilpotent. If G is a radical group, then locally
nilpotent radical of G is non-trivial. It follows that a radical group has an
ascending series of normal subgroups whose factors are locally nilpotent.

Recall that the group G is called Dedekind if every its subgroup is
normal. The Dedekind group G has the following structure: it either is
abelian, or G = Qg x D x P where Qg is a quaternion group of order 8,
D is an elementary abelian 2-group and P is an abelian 2-group [13].

Corollary 8. Let G be a radical T-group. Then G is metabelian.

Proof. Let

(1)=A4< A1 <. <A <A1 < ... <A, =G

be a series of normal subgroups whose factors are locally nilpotent.
Clearly every locally nilpotent T-group is Dedekind, in particular it is
nilpotent. It follows that a radical T-group is hyperabelian and we can
apply Corollary 7. [

In every group G the subgroup generated by its normal locally finite
subgroups is locally finite. It follows that G has the greatest normal locally
finite subgroup. Denote this subgroup by Lf(G). This periodic subgroup
of G, Lf(G), is called the locally finite radical of G.

A group G is said to be generalized radical if G has an ascending series
whose factors are locally nilpotent or locally finite. If G is a generalized
radical group then either locally nilpotent radical of GG is non-trivial or
locally finite radical of G is non-trivial. It follows that a generalized radical
group has an ascending series of normal subgroups whose factors are locally
nilpotent or locally finite.

Corollary 9. Let G be a generalized radical T-group. Then G is
metabelian.

Proof. Let

1) =4 <A <. €Aa<Ag1 <. <A, =G

be a series of normal subgroups, whose factors are locally nilpotent
or locally finite. We note that each locally finite factor of this series is
soluble [11, Corollary of Theorem 1*|. It follows that G is a radical group,
and we can apply Corollary 8. 0J
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Corollary 10. Let G be a locally generalized radical T-group. Then G is
metabelian.

Proof. Indeed, every finitely generated subgroup of G is soluble by Corol-
lary 9, so that G is locally soluble and we can apply Lemma 3. [

Corollary 11. Let G be a locally generalized radical T-group. If G is
non-periodic, then G is abelian.

Proof. Since G is non-periodic, it contains an element g having infinite
order. Let x,y be the arbitrary elements of G. Put D = (g, x,y). Then
D is a generalized radical subgroup of G. By Corollary 10, D is soluble.
Being infinite and finitely generated, D is abelian [12, Theorem 3.3.1|. In
particular, xy = yx. Since it is true for all elements x, y of a group G, G
is abelian. O

Lemma 4. Let G be a locally generalized radical group, whose subgroups
of infinite special rank are transitively normal. Suppose that G includes
a normal abelian torsion — free subgroup A of infinite special rank. Then
G is abelian.

Proof. Being a subgroup of infinite special rank, A includes a subgroup
B = Dr)cp(by) where each element by has infinite order, the set of
indexes A is infinite, and (ay) is infinite. Being infinite, A includes two
infinite subsets I'; A such that I'(JA = @ and I'|JA = A. Then each
subgroup C' = Drjycr(ay) and D = Drjyca(ay) has infinite special rank
and, therefore, is transitively normal in G. The fact that A is normal in G
implies that both subgroups C, D are subnormal in G. Being subnormal
and transitively normal in GG, C' and D are normal in G. The choice of C'
and D shows that C'()D = (1). Since C ( respectively D ) has infinite
special rank, Lemma 1 implies that G/C ( respectively G/D ) is a T-
group. The choice of C' and D shows that the factor-groups G/C and G/D
are locally generalized radical and non-periodic. Corollary 11 of Lemma
3 implies that G/C and G/D are abelian. The equality D(C = (1)
together with Remak’s Theorem implies the imbedding G — G/C x G/D,
which proves that G is an abelian group. 0J

If G is a group, then denote by Tor(G) the greatest normal periodic
subgroup of G. Tor(G) is called the periodic radical of G. We recall that
a periodic radical of a locally nilpotent group G contains all elements of
finite order (see, for example |6, Proposition 1.2.11] ), so that G/Tor(G)
is a torsion-free locally nilpotent group.
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Let G be a group and S be a family of subgroups of G. Then S is said
to be a Kurosh-Chernikov series if it satisfies the following conditions:

(KC1) (1), Ges;

(KC 2) for each pair A, B of the subgroups from S either is A < B or
B < A;

(KC 3) for every subfamily L of S the intersection of all members of L
belongs to S and the union of all members of L belongs to S; in particular,
for each non-identity element x of a group G the union V,, of all members
of S not containing x belongs to S, and the intersection A, of all members
of S containing x belongs to S;

(KC 4) for each non-identity element = € G the subgroup V,, is normal
in Ag.

The factor-groups A, /V, are called the sections of the series S.

If every subgroup of S is normal in G, then S is called a normal
Kurosh-Chernikov series. For this case the factor-groups A, /V, are called
factors of the series S.

Recall also that a factor U/V of a group G is called central if U/V <

(G/V).

Lemma 5. Let G be a locally nilpotent torsion-free group of infinite special
rank. If every subgroup of G of infinite special rank is transitively normal,
then G is abelian.

Proof. Being torsion-free and locally nilpotent, G' has a normal Kurosh-
Chernikov series S, consisting of pure subgroups, whose factors are central
[14]. In particular, it follows that the factors of this series are torsion-free.
If H is a member of S having infinite special rank, Lemma 1 shows that
G/H is a T-group. Being locally nilpotent and torsion-free, G/ H is abelian
by Lemma 3. Put

L ={H|H € S and H has infinite special rank } and K = (L.

Since G has infinite special rank, (1) € L, so that, L is not empty. We
have seen above that for each subgroup H € L the factor-group G/H is
abelian. Using Remak’s theorem we obtain that G/K is also abelian.

If K has finite special rank, then there exists a positive integer ¢ such
that the term of the upper central series of number ¢ includes K ( it
follows, for example, from Lemma 2.3.1 of the book [6] ). In this case, the
group G is nilpotent. Let A be a maximal normal abelian subgroup of G.
If we suppose that A has finite special rank, then G has finite special rank
( see, for example [6, Lemma 2.3.2] ), and we obtain a contradiction. This
contradiction shows that A has infinite special rank. Using now Lemma 3,
we obtain that G is abelian.
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Suppose now that K has infinite special rank, so that K is the least
element of L. Denote by D the union of all members of S which are
contained in H, then the factor K/D is central. In particular, G/D is
nilpotent. If D = (1), then K is abelian and, as above, G is also abelian.
Therefore suppose that D # (1). Let V be a member of S such that
V < Hand V # H. Then V has finite special rank. As we have noted
above, in this case there exists a positive integer m such that the term
of the upper central series having number m includes V. It follows that
the term Z of the upper central series with the number w (w is the first
infinite ordinal ) includes each members of S which is contained in H.
Then it includes their union D. The fact that G/D is nilpotent implies
that G is hypercentral. Let B be a maximal normal abelian subgroup of G.
If we suppose that B has finite special rank, then GG has finite special rank
(see, for example [6, Lemma 2.3.2|), and we obtain a contradiction. This
contradiction shows that A has infinite special rank. Using now Lemma 4,
we obtain that G is abelian. ]

Repeating almost word to word the proof of Lemma 4, we can prove

Lemma 6. Let G be a non-periodic locally generalized radical group, whose
subgroups of infinite special rank are transitively normal. Suppose that G
icludes a normal elementary abelian p — subgroup, p is a prime. Then G
1s abelian.

Lemma 7. Let G be a non-periodic locally generalized radical group, whose
subgroups of infinite special rank are transitively normal. Suppose that
G includes a locally nilpotent normal subgroup A = DrperA, where A,
18 a Sylow p-subgroup of A of finite special rank, p € 7, and the set w is
infinite. If A has infinite special rank, then G is abelian.

Proof. The fact that A has infinite special rank implies that the special
ranks of subgroups A, are not bounded. Let

7 = {paln € N}, 7 = {paln > k},

then the subgroups By, = Drjc1 A, are G-invariant and have infinite
special rank for all £ € N. Then Lemma 1 shows that G/ By, is a T-group,
k € N. Since it is not periodic, Corollary 11 of Lemma 3 implies that G /By,
is abelian, & € N. Then the obvious equality (,cpn Br = (1) together
with Remak’s theorem imply that G is abelian. ]

Corollary 12. Let G be a non — periodic locally generalized radical group,
whose subgroups of infinite special rank are transitively normal, and let L
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be the locally nilpotent radical of G. If Tor(L) has infinite special rank,
then G is abelian.

Proof. Let T'= Tor(L). Then T' = Drcry()Tp where T}, is the Sylow
p-subgroup of T', p € II(G). The fact that T has infinite special rank
implies that either there exists a prime ¢ such that a subgroup 7j has
infinite special rank, or T}, has finite special rank for each prime p but the
special ranks of subgroups 7}, are not bounded. In the second case using
Lemma 7 we obtain that G is abelian. Consider the first case. Then T},
is a Dedekind group [8, Lemma 1.3|. Taking into account the structure
of Dedekind group, we can see that Tj includes a G-invariant infinite
elementary abelian p-subgroup A. Now we can apply Lemma 6 and obtain
again that G is abelian. O

Lemma 8. Let G be a non-periodic locally generalized radical group, whose
subgroups of infinite special rank are transitively normal, and let L be the
locally nilpotent radical of G. If L has infinite special rank and Tor(L) is
a Chernikov subgroup, then G is abelian.

Proof. Let T' = Tor(L). The fact that T" is Chernikov implies that 7" has
finite special rank. It follows that L/T has infinite special rank. Using
Lemma 5 we obtain that the factor L/T is abelian. It follows that L is
soluble. Then by Kargapolov’s theorem ( see, for example |6, Corollary
9.2.20] ), L includes an abelian subgroup A of infinite special rank. Since
Tor(A) = P is Chernikov, A = P x B for some subgroup D ( see, for
example [15, Theorem 21.2, Theorem 27.5] ). Thus B is an abelian torsion-
free subgroup of infinite special rank. Then B is transitively normal in G.
The fact that T is a Chernikov subgroup implies that some term of upper
central series of L includes T'. Since L/T is abelian, L is hypercentral.
It follows that every subgroup of L is ascendant. Being ascendant and
transitively normal in G, the subgroup B is normal |1, Lemma 1.1]. Using
now Lemma 4, we obtain that G is abelian. O]

Corollary 13. Let G be a non-periodic locally generalized radical group,
whose subgroups of infinite special rank are transitively normal, and let L
be the locally nilpotent radical of G. If L has infinite special rank, then G
1s abelian.

Proof. Let T' = Tor(L). If T" has infinite special rank, then Corollary
12 of Lemma 7 shows that G is abelian. Therefore, assume that 1" has
finite special rank. The fact that 7" is Chernikov implies that 7" has
finite special rank. It follows that L/T has infinite special rank. We have
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T = Drperyr)T, where T), is the Sylow p-subgroup of T', p € (G). The
fact that 7" has finite special rank implies that T}, is a Chernikov subgroup
for each prime p ( see, for example [6, Corollary 6.2.10 and Corollary
3.2.21] ). If g is a prime number, then put 7, = Drperi(r) p#qlp- Then
T'/T, is a Chernikov g-group for each ¢ € II(T"). Then Lemma 8 shows
that G/Tj is abelian. The obvious equality (,ep) Tq = (1) together
with Remak’s theorem imply that G is abelian. 0J

Proof of the theorem

Let A be an ascendant locally nilpotent subgroup of G, having infinite
special rank. Then the locally nilpotent radical L of G includes A [16,
Corollary of Theorem 1]. It follows that L has infinite special rank. Using
Corollary 13 to Lemma 8 we obtain that G is abelian.
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