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ABSTRACT. A 2-monomial matrix over a commutative ring
R is by definition any matrix of the form M (¢, k,n) = ® (Ig tl,?,k ),
0 < k < n, where t is a non-invertible element of R, ® the companion
matrix to A" — 1 and [} the identity k& x k-matrix. In this paper we
introduce the notion of hereditary reducibility (for these matrices)
and indicate one general condition of the introduced reducibility.

Introduction

This paper is devoted to one class of monomial matrices over commu-
tative rings which first arose in studying indecomposable representations
of finite p-groups over local rings ([1]). They were studied more extensively
(in a more generally) in |2]-[6].

Let R be a commutative ring with Jacobson radical J(R) # 0 and ¢ a
non-zero element from J(R). An n x n matrix over R is called 2-monomial
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concerning t, if it is a permutation similar to a matrix of the following form:

0 ... 00 ... 0t
1 ... 00 0
M(t,k,n)::®n<% uo >: 0 ... 1 S0 0 |,
n—k 0 0t ... 00
0 ... 00 ...t 0

where 0 < k < n, ®, is the companion matrix to the polynomial 2™ — 1
and I is the identity s x s matrix. Such a matrix M = M (t, k,n) is said
to be hereditary reducible if it similar to a matrix

/ /
M = <M(t,(l)€,n) ;[)7 n' #mn,

and hereditary irreducible if otherwise.
The aim of this paper is to prove the following result.

Theorem 1. A 2-monomal matriz M (t,k,n) is hereditary reducible if k
and n are not coprime.

In the next section, we indicate a more detailed interpretation of the
idea of this statement.

1. Generalization of Theorem 1: formulation and proof

In this section we prove a more general theorem (from which Theorem 1
follows). Instead of R we consider the ring Z[A] (of integer polynomials).
Let (n, k) denote the greatest common divisor of the natural numbers n
and k.

Theorem 2. Let n > k be positive integers, such that (n,k) > 1. Then for
any positive divisors d > 1 of the number (n, k), the matriz M(\, k,n) €
M (n,Z[X]) similar to a matriz of the following form

(M(A, K',n') B

0 A) € M(n,Z[N),

where k' = % and n' = o
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Through this section 0 < k <mn, 0 < k' <n/, and 0 < n’ < n. Before
we prove Theorem 2, we provide four other important results which we
need for the proof.

Proposition 1. Let n|n. Then there exists an n X n'-matriz

A1 0 o 0
0 252 .. 0

0 0 ASn/
ASn/+1 0 0
0 Aon/+2 0

S = : : ,

0 0 A\S2n/
)\.s.n SR 0 ............ 0
0 ASn—n'+2 0

0 0 A\Sn

where s; > 0,1 =1,...,n, such that M(\,k,n)S = SM(\, k', n’) if and
only if 77 = %

Proof. Letly = =1l =0,lp11=--=l,=1,r1=---=rp =0and
rgre1 = -+ - = ry = 1 be such that
0 ... 0 0 ... 0 \n
ANtoooo0 0 ... 0 0
MM\kn)=| 0 ... X 0 ... 0 0
0 ... 0 Xetn .. 0 0
0 0 0 An=1
and
0 0 0 0 N\
AT 0 0 0 0
MNEn)y=1 0 ... X¥ 0 ... 0 0
0 ... 0 Xw+& ... 0 0
0 0 0 An/=1 Q)
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We denote by (i, j) the scalar equality
(M()\, k, n)S)U = (SM()\, k/, n'))ij.

Obviously, in each of matrices M (A, k,n)S and SM(\, k', n’) there are
exactly n non-zero element, which are in the 4, j positions (i-th row, j-th
column), where i = j + 1 (mod n’). Let 6,/(i) = (i — 1) mod n’ + 1 or,
equivalently, d,/ (i) = ¢ (mod n'), 1 < é,y(i) < n’. Thus M (X, k,n)S =
SM (XK', n') if and only if scalar equalities

(i +1,0,(1) : ANixsi = A1 \"ow @ (G =1,....n—1),
(1,n): Al \sn = \S1ATw

hold. Obviously, these equalities are equivalent to the equalities
(Z+175n’(2)) : li+5i:5i+1+rdn/(i) (Z:Lvn_l)7 (1)
(1,n'): Iy + 8y, = 81 + 1.

Assume that for some s; > 0,i=1,...,n M(\, k,n)S = SM(X\ K, n').
Then (1) holds. Summing the equations (1), we obtain

n—1 n—1 n—1 n—1
Zli +ZS¢ + 1y + sp, = Zsi+1 +ZT5n,(i) + 81+ 71y
=1 =1 =1 =1

But since d,/(n) = n’ we have that

n n n n
Zli + ZSZ‘ = Zsi + Zr(;n,(i),
=1 =1 =1 i=1

or Y1l = > 7s ;). This is equivalent to i | l; = 7 Zf;l r; or
k=2kand 2 = E.
Now, assume that 7 = % and we want to prove that for some s; > 0,
1=1,...,n,
M\ k,n)S =SM\ K, n').

It remains to prove that the equations in (1) hold for non negative inte-
gers s;. We will prove it for arbitrary integers s; since that addition of
any number to s; will also be a solution. Let s; =0, s;41 = l; +s; — TS (i)
(t = 1,...,n — 1). It follows immediately that all, accept last equa-

tion in (1) hold and s, = Z?;ll L — S} rs,,(i)- If we replace s, by

(2
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Z?z_ll l; — E?:ll 75 (i) and s1 by 0 in the last equation in (1), we obtain
the following equation:

n—1 n—1 n—1 n—1
ln+zli_zr(5n/(i) =7y Or ln—i—Zli:Zﬂgn,(i)—Frn/.
i=1 i=1 =1 1=1

This equation is equivalent to

n n
D=2 5,0
i=1 i=1

!
> r; which in turn is equivalent to k = k" or 2% =
i=1 n

it

and Z?:l lz = %
The proof is complete.
Using a similar argument applied in the previous proof, we can state

the following result:
Proposition 2. Let n'|n, [; >0 (i=1,...,n), Y i i =k,
0 ... 0 0 ... 0 \»
P! 0 0 ... 0 0
M=1] 0 Ak 0 0 0
0 0 Nen 0 0
0 0 0 Nr=10
Then there exists an n x n'-matrixz
51 0 .. 0
0 252 0
0 0 ASn/
ASn/+1 0 0
0 An/+2 0
§= : z :
0 0 AS2n/
ASn—n/+1 0 0
0 ASn—n'+2 0
0 0 A\Sn
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where s; > 0,1 =1,...,n, such that MS = SM(\,k',n") if and only if
n k

n K-

Next, we provide a result regarding the similarity of M (A, k,n) and a cer-
tain matrix.

Proposition 3. Let n'|n, 15 = % Than k' < k and M (X, k,n) is similar
(over Z[A]) to a matriz of the form

0 0 0 0 An
A\ 0 0 0 0
M = 0 Aw 0 0 0o |,
0 0 N 0 0
0 ... 0 0 oAl
where ly = -+ =l =0, lpy1 =+ = lpjn—t =1, lpgn—ty1 = =

ln, =0.

Proof. Clearly k' < k as % = .7 > 1. Now, rearrange the rows and columns
of the matrix M (A, k,n) in the order k—k'+1, k—k'4+2,...n,1,2, ... k—kK
and denote the new matrix by M:

0 ... 0 0 ... 0 A=
i 0 0 0 0
M = 0 Alk/ 0 0 0 )
0 0 Nwn 0 0
0 ... 0 0 ... Mn1 0
where ly = - =l =0, g1 = =lpinr =1, lpwypnsy1 = =
l,, = 0. O

The next result connects the previous two results.
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Proposition 4. Let n/|n, k' < k.

0 ... 0 0 0 A
X0 0 0 0
M=] 0 ... X¢ 0 0 0o |,
0 ... 0 Mwa 0 0
0 ... 0 0 A=t 0
where ly = -+ =l =0, lpp1 = =lygnt =1, lpgnpy1 = -+ =
1, = 0. Then there exists an n X n'-matrizc
1 0 0
0 1 0
0 0 1
1 0 0
0 An/+2 0
S = : : : )
0 0 A\S2n/
An—n+1 0 0
0 ASn—n/+2 0
0 0 A\dn

where s; = 0, (i =n' +2,...,n), such that MS = SM(\,k',n) if and

only if 25 = %

Proof. Clearly if MS = SM(X,k',n"), then [
Assume that ; = % Letriy=---=mrp =0, 111
that
0o ... 0 0 0
A0 0 0
MK n) = 0 ... AW 0 0
0 ... 0 ANw¥n 0
0 0 0 Aln/—1

;= % by Proposition 2.
=---=1r,y = 1such
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We will prove that M(\, k,n)S = SM(\ K',n') for some s; > 0 (i =
n' +2...,n).

It remains to prove that (1) holds, where s1 = -+ = spr = spr21 = 0.
Let

51 =0, 5i+1:li+3i_7“5n,(i) (i=1,...,n—1). (2)

Using a similar argument to the one used in (1) all equations hold.
Furthermore, if 2=k, — 2 % > 1 it follows n' — k' <n —k,

n/—k’ n’

llz...:lklzozrlz-..:rk,

and

lk/_,’_l:..-:ln/:1:7"k/+1:...:')“n/.

Therefore l; =7; (i =1,...,n') and s;41 = s; (i =1,...,n) by (2). We
can also see that s1 =+ = s,y = §p741 = 0.

It remains to prove that s; >0 (i =n'+2,...,n). Let sp,11 = s1. It
follows from (2) end last equation from (1), that s,4+1 =l + 8 =75 ,(n)s
which is equivalent to s1 = sp41 = 0 and

Si+1=le—Z7"5n,(j) (i=1,...,n). (3)
j=1 J=1

Let us consider s(i) = s;, as a function of an integer i (1 < i < n+1).
Then s(7) = 0if 1 < ¢ < n'+ 1. Thus, s(i) is a constant for 1 < i < n’ + 1.
Ifn+1<i<i+1<k +n—k+1, then it follows from (3) that
s(t+1) —s(i) =l —rs,s = 1—rs,u = 0. Therefore s(i) either
increases or remains constant for each step and s(i) > s(n/ +1) = 0.
IfE+n—-—k+1<i<i+1l<n+]1,then it follows from (3) that
s(i+1)—s(i) =1l —75,6 =0—rs i) < 0. Consequently s(i) either
decreases or remains constant for each step and s(i) > s(n +1) = 0.
Therefore, s; = s(i) >0 (i =n"+2,...,n). O

Finally, we are in a position to prove our main result.

Proof of Theorem 2. Recall that 0 < k < n, % =2 =d > 1 and

n/

0<n' <n,0<k <k. By Propositin 3, M(\, k,n) is similar (over Z[A])
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to a matrix of the form

0 ... 0 0 ... 0 An
ANioooo0 0O ... 0 0
M= o ... X« 0 ... 0 0o |,
0 ... 0 Xewn ... 0 0
0 ... 0 0 ... A=t 0
where Iy = -+ =l =0, lpy1 = =lpink =1, lwynsky1 = =
I, =0.
By Proposition 4 there exists an n x n/-matrix
1 0 .. 0
1 0
0 0 1
1 0 0
0 ASn/+2 0
S = L = ({;3/ ) :
0 0 AS2n!
A¥n—n/+1 0 0
0 Afn—n’+2 0
0 0 ASn
where
1 0 0
0 ASn/+2 0
0 0 AS2n!
S =1
ASn—n/+1 0 0
0 ASn—n'+2 0
0 0 Asn
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I, is the identity n’ x n’ matrix, s; > 0 (i = n’ +2,...,n) such that
MS = SM(X\ K, n'). Now,

—1
Ly 0 Ly 0 | Ly 0 Iy 0
<s' In_n/> M <S’ In_n/>_<—5’ In_n/>M <s' L)

If we omit the last n — n/ columns of the last matrix, we obtain

Iy 0 I\ (Ls 0 Iy .
(-S/ In—n') M <S1> - (_S/ In_n/> <Sl> M()‘ak 7n>
!

_ (Ig’) MO\ K, ') = <M(A’0k & )> .

In conclusion, we note that matrix M and the matrix M (A, k,n) are
similar (over Z[\]) to a matrix of the form

<M()\,Ok’,n') ﬁ) e M(n,Z[N),

as claimed. O

Note that Theorem 1 folows from the last theorem and the existence of
the homomorphism of rings f : Z[A] = R where f(1) =1 and f(\) =t.

References

[1] P. M. Gudivok, O. A. Tylyshchak, On irreducible modular representations of finite
p-groups over commutative local rings, Nauk. Visn. Uzhgorod. Univ. Ser. Math.
(1998), no. 3, pp. 78-83 (in Ukrainian).

[2] V. M. Bondarenko, M. Yu. Bortos, R. F. Dinis, O. A. Tylyshchak, Reducibility and
wrreducibility of monomial matrices over commutative rings, Algebra Discrete Math.
16 (2013), no. 2, pp. 171-187.

[3] V. M. Bondarenko, M. Yu. Bortos, On (x,2)-reducible monomial matrices over
commutative rings, Nauk. Visn. Uzhgorod Univ. Ser. Math. Inform. 29 (2016),
no. 2, pp. 22-30 (in Ukrainian).

[4] V. M. Bondarenko, M. Yu. Bortos, R. F. Dinis, O. A. Tylyshchak, Indecomposable
and irreducible t-monomial matrices over commutative rings, Algebra Discrete Math.
22 (2016), no. 1, pp. 11-20.

[5] V.M. Bondarenko, M. Yu. Bortos, Sufficient conditions of reducibility in the category
of monomial matrices over a commutative local ring, Nauk. Visn. Uzhgorod Univ.
Ser. Math. Inform. 30 (2017), no. 1, pp. 11-24 (in Ukrainian).

[6] V. M. Bondarenko, M. Yu. Bortos, Indecomposable and isomorphic objects in the
category of monomial matrices over a local ring, Ukr. math. journal 69 (2017),
no. 7, pp. 889-904.



BONDARENKO, GILDEA, TYLYSHCHAK, YURCHENKO 11

CONTACT INFORMATION

V. M. Bondarenko Institute of Mathematics, Tereshchenkivska str.,
3, 01601 Kyiv, Ukraine
E-Mail(s): vitalij.bond@gmail.com

J. Gildea Faculty of Science and Engineering, University of
Chester, Thornton Science Park Pool Lane, Ince,
CH2 4NU, Chester, UK
E-Mail(s): j.gildea@chester.ac.uk

A. A. Tylyshchak, Faculty of Mathematics, Uzhgorod National
N. V. Yurchenko Univ., Universytetsyka str., 14, 88000 Uzhgorod,
Ukraine
E-Mail(s): alxtlk@gmail.com,
nataliia.yurchenko@uzhnu.edu.ua

Received by the editors: 10.02.2019.



