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Adjoint functors, preradicals and closure
operators in module categories

A. I. Kashu

ABSTRACT. In this article preradicals and closure opera-
tors are studied in an adjoint situation, defined by two covariant
functors between the module categories R-Mod and S-Mod. The
mappings which determine the relationship between the classes of
preradicals and the classes of closure operators of these categories
are investigated. The goal of research is to elucidate the concordance
(compatibility) of these mappings. For that some combinations of
them, consisting of four mappings, are considered and the commuta-
tivity of corresponding diagrams (squares) is studied. The obtained
results show the connection between considered mappings in adjoint
situation.

1. Preliminary notions and facts

The present work is devoted to the study of preradicals and closure
operators in module categories. The behaviour of these constructions is
investigated in an adjoint situation, i.e. in the case of two adjoint covariant
functors between the module categories. There exists a series of mappings
in this case, which realize the relationship between preradicals and closure
operators of considered categories. The principal attention is given to
investigation of compatibility of these mappings, which is expressed as
commutativity of suitable diagrams.

Firstly we will clarify the situation in what we intend to work. Let Us
be an arbitrary (R, S)-bimodule and consider the following two covariant
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functors defined by this bimodule,

H=Hompg(U,-)
R-Mod S-Mod,
T=U®4-

where R-Mod (S-Mod) is the category of left R-modules (S-modules)
and T is left adjoint to H (notation: 7'+ H) ([1,2]). By the definition
this means that for every pair of modules X € R-Mod and Y € S-Mod
there exists a natural isomorphism Homp (T(Y), X) = Homg (Y, H(X)).
This adjoint situation is completely defined by two associated natural
transformations,

®:TH — 1z_pmoqs Ul yvoqa — HT,
which satisfy the following relations:
H((I)X) : ‘I’H(X) = 1H(X)a (I’T(Y) 'T(‘I’Y) = 1T(Y)7

where X € R-Mod and Y € S-Mod. We remark that any adjoint situation
with covariant functors between two module categories has this form (up
to an isomorphism).

Recall that a preradical r of R-Mod is a subfunctor of the identical
functor of R-Mod, i.e. r is a function which associates to every module
M € R-Mod a submodule r(M) C M such that f(r(M)) C r(M’) for
every R-morphism f: M — M’ (|3,4]). Denote by PR(R) the class of all
preradicals of R-Mod. An order relation in PR(R) is defined as follows:
r<s<er(M)Cs(M) for every M € R-Mod.

Remind also that a closure operator of R-Mod is a function C, which
associates to every pair N C M, where N € L(M), a submodule of M
denoted by C,,(N), such that the following conditions are satisfied:

(c1) N C Cy(N) (extension);
(c2) If Ny, No € L(M) and N3 C Ny, then C),(N1) CC)(N2) (monotony);
(c3) For every R-morphism f: M — M’ and N € L(M) the relation
F(Cu(N)) € Cop(f(N)) is true (continuity),
where M € R-Mod and L(M) is the lattice of submodules of M ([5-7]).
Let CO(R) be the class of all closure operators of R-Mod with the order
relation: C < D < Cy(N) € Dy (N) for every pair N C M of R-Mod.

The relationship between preradicals and closure operators of R-Mod
is expressed by three mappings ([5-7]), which we denote and define as
follows.
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a) ¢ : CO(R) — PR(R). For every closure operator C' € CO(R) the
corresponding preradical ¢p®(C) = 1. is defined by the rule:

1o (M) 2L ¢, (0) (1.1)

for every M € R-Mod.
b) ¢¥ff : PR(R) — CO(R). For every preradical r € PR(R) and every
pair M C X of R-Mod we define: {*(r) = C", where

cr(M)/M 2L r(X/M). (1.2)

c) Y& : PR(R) — CO(R). For r € PR(R) and M C X of R-Mod we
define: ¥§(r) = C,, where

(Cr)x (M) Z£ 1(X) + M. (1.3)

Then C" is the greatest among the closure operators C' € CO(R) with
the property ¢®(C') = r, while C, is the least between such operators. If
we define in CO(R) the equivalence relation

CND <~ e = Tp,

then PR(R) = CO(R)/~, where to every preradical r € PR(R) corre-

sponds the equivalence class [C}, C"], i.e. the interval between C, and C".

2. Mappings between preradicals and closure operators
in adjoint situation

In this section we consider the adjoint situation 7' 4 H indicated
above and recall the definitions of the mappings between the preradicals
of categories R-Mod and S-Mod (|8-10]), as well as the definitions of the
mappings between the closure operators of these categories (|5,11]).

As above, the bimodule zUs defines the adjoint functors

H=Homp(U,-)

R-Mod S-Mod
T=U®g-

with the associated transformations ® : TH — 1 yog and Vi Lo yoqg —
HT. In this situation two mappings can be defined

PR(R) PR(S)

between the classes of preradicals of studied categories.
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a) The mapping r ~» r* from PR(R) to PR(S) is defined as follows.
Let r € PR(R) and Y € S-Mod. Applying T" and r, we obtain in R-Mod

the sequence

0—r(T(Y)) — T(Y) G T(Y)/r(T(Y)) =0,

nat
where 7}, is the natural epimorphism. Applying H and using ¥, we
have in R-Mod the composition of morphisms

(7";(

Y -2 HT(Y) M) H[T(Y)/r(T(YV))].

Preradical r* is defined by the rule

P (V) 2L Ker [H(m)y,) - By (2.1)

b) Now we define the inverse mapping s ~» s* from PR(S) to PR(R).
Let s € PR(S) and X € R-Mod. By H and s we have in S-Mod the
inclusion @y, : s(H (X)) =+ H(X). Applying T and using ®, we
obtain in R-Mod the morphisms:

T2, o)
T(s(H(X))) —X TH(X) 25 X,
Preradical s* € PR(R) is defined by the rule
* def .5
s*(X) = Im[®y - T(zH(X>)]. (2.2)

In the works [8-10] a series of properties of these mappings is shown.
In continuation we will define two mappings between the classes of
closure operators of the studied categories in adjoint situation (|5,11]):

CO(R) CO(S).

¢) We begin with the mapping C ~» C* from CO(R) to CO(S). Let
C e CO(R)and n: N S5V be an arbitrary inclusion of S-Mod. Apply
T and consider in R-Mod the decomposition of the morphism 7'(n) by
the operator C:

T(n)

T(n) i¢ ic

T(N) Im T (n) Crvy(ImT'(n))
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where T'(n) is the restriction of T'(n) to its image, and jg, i are the

inclusions. Consider the natural epimorphism
7 T(Y) 25 T(Y) /Creyy (Im T(n)).

By H and ¥ we obtain in S-Mod the composition of morphisms

Y 2% gr(y) 2T HT(Y) ) Criyy (ImT(n))].

Operator C* is defined by the rule:

C2(N) 2L Ker [H(72) - Ty (2.3)

d) Finally, we show the inverse mapping D ~» D* from CO(S) to

CO(R). Let D € CO(S) and m : M — X be an inclusion of R-Mod.
Apply H and consider the decomposition of H(m) by D:

H(m)

M/\

B

HM) 2D B (m) —2- Dy ) (Tm H(m)) —2= H(X),
where H(m) is the restriction of H(m) and ;7,7 are the inclusions.
Returning in R-Mod by T and using ®, we obtain the composition of
morphisms,

dx

TUB) g xy 2 x

T[Dyx)(Im H(m))]

The operator D* is defined by the rule:

DL(M) 2L Im[® - T(™)] + M. (2.4)

Totalizing the exposed above definitions of the mappings and consid-
ering them together, we obtain the general situation for the pair T4 H
of adjoint functors,

(=)"

PR(R) PR(S)
(=)
Pf sﬂ> s o P R
(_ *
CO(R) ) Co(s) .

(=)
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The goal of the following investigations consists in the elucidation of
the relations between these ten mappings, in the search of concordance and
compatibility of them. For that we analyze separately diverse combinations
by four mappings (six cases) and we study the commutativity of respective
squares.

In continuation we will consider three pairs of mappings:

D (p¢%), 1) (i), ) (B e5).

3. Squares containing the first pair of mappings

We start with two combinations of considered mappings in which
participate ¢ and .

a) Firstly we analyze the square which consists in the following
mappings:
(=)"

PR(R) PR(S)
o e
CO(R) Sl co(s) .

Theorem 3.1. For every closure operator C' € CO(R) the relation
’r’c* = T‘C*

is true (in this sense we can say that the previous square is commutative).

R e
Proof. 1) We begin with the route C' %~ 71, Pl % for C' € CO(R).

The rule (1.1) shows that 7.(X) def Cx(0) for every X € R-Mod. The

following step 7. oy 15 uses the rule (2.1). Namely, for every Y € S-Mod

we have:
(1) (V) &= Ker [H(75y) - Uy, (3.1)

where Gy, : T(Y) = T(Y) /ro(T(Y)) is the natural epimorphism which

leads to the composition of morphisms

H(ﬂ;(’gy))

Y 2 HT(Y) H[T(Y) /re(T(Y))].

2) For the same operator C' € CO(R) now we follow the way: C &
S .
C* £ roe. The transition C' ‘< C* is realized by the rule (2.3), i.e. for

every inclusion n : N —— Y of §-Mod we have C(N) = Ker [H(772)- W],
where 72 : T(Y) = T(Y)/Cry(ImT(n)) is the natural epimorphism.
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S
On the following step C* £ 7o+ we use the definition (1.1): re« (V) gt

C¥(0) for every Y € S-Mod. Now we come back to the construction of C*
and assume N = 0. Then the situation is simplified, since n = 0, T'(n) = 0,
ImT(n)=0,72=72: T(Y) = T(Y)/Crx(0), therefore,

ros (V) = C2(0) 2L Ker [H(x2) - Ty ). (3.2)

3) Now we compare the expressions (3.1) and (3.2) for r5(Y) and

1o+(Y). It is obvious that the relation 7. (T'(Y)) def Crvy(0) implies the

coincidence of epimorphisms Wgc(y) and 7rg, so by (3.1) and (3.2) we have
15(Y) = re«(Y) for every Y € S-Mod, i.e. rf = re=. O

b) Further we consider the second combination of mappings which
contains ¢ and ¢°, namely the square

PR(R) PR(S)
i I
CO(R) —2" _ co(s),

analyzing the concordance of these mappings.

Theorem 3.2. For every closure operator D € CO(S) the relation
Tpx = T
is true, i.e. the previous square is commutative.

Proof. 1) We begin with the route D X D L rp+, where D € CO(S).
The transition D & D* is defined by the rule (2.4), i.e. for every inclusion
m: M — X of R-Mod we have: D% (M) = Im[® - T(i"?)] + M, where
i ¢ Dyexy (Im H(m)) =+ H(X) is the inclusion, which leads to the
composition

T{Dy, (T H(m))] — 2L 71 (x) 2> x.

R
The following step D* L5 7+ is defined by the rule (1.1), i.e. 7p+(X) det

D} (0) for every X € R-Mod. To specify the module D (0) we assume M =
0 in the above construction of D} (M). Then m = 0, H(m) = 0, H(m) = 0,
TH(M) =0, T(ImH(m)) = 0, therefore Dy (x,(Im H(m)) = Dyx(0),
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i =9 : Dy (0) — H(X) and T(i%) : T(Dg(x)(0)) — TH(X). In
such a way we obtain

rp+(X) = D3 (0) = Im[@ - T(i}))]- (3.3)

S *
2) Further we follow the way D %+ 7, Pl ry for D € CO(S). By the

rule (1.1) we have rp(Y) gt Dy (0) for every Y € S-Mod. The second

step 1 & 5 is defined by the rule (2.2), i.e. for every X € R-Mod we
have

rp(X) = Im[®y - (H(X))] (3.4)

where the inclusion i}7, ) : rp (H (X)) = H(X) implies the composition

T[ry (H(X))] i) TH(X) X X.

3) Now we compare the expressions (3.3) and (3.4). Since by the

definition r, (H (X)) det Dy (x)(0), it is clear that the inclusions i}, and

i;{D( x) coincide, so by the indicated above relations it follows that 7« (X) =
r5(X) for every X € R-Mod, i.e. rp= = 1}. O

4. Squares containing the second pair of mappings
In continuation we analyze two combinations of the studied mappings

in which participate 1 and WF .
a) Now we consider the square

(=)"

PR(R) PR(S)
lwﬁ iwf
co(R) — 2~ co(s) .

Theorem 4.1. For every preradical v € PR(R) the relation
= ()
s true, i.e. the previous diagram is commutative.
Proof. 1) Let r € PR(R). Firstly we follow the route: r o 1/)/5 cr.
The translation r %> 7* is defined by (2.1), i.e. for every Y € S-Mod we
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have: r*(Y) 2% Ker [H (7} y) - Uy ], where 75y : T(Y) — T(Y) /r(T(Y))
is the natural epimorphism, which defines the composition

Wy H(”l:r(Y))
Y —— HT(Y) ———— H[T(Y) /r(T(Y))].

S
The following step r* % C'"" is defined by (1.2), i.e. for every inclusion

n:N —=Y of S-Mod we have: C7; ( N)/N = def r*(Y/N). To precise the
expression of r*(Y/N), in the above constructlon of * we substitute ¥
by Y/N. Then we obtain the natural epimorphism

nat

rovy o T(Y/N) == T(Y/N)/r(T(Y/N))

e

and the composition

Uy /N H(W%(Y/N))

Y/N —~— HT(Y/N) H[T(Y/N)/r(T(Y/N))].

By the definition we have r*(Y/N) = Ker [H (77} ) + Wy/n], therefore
C"y = Ker [H(m} ) - Uy ). Denoting by my : ¥ — Y/N the natural
epimorphism, now it is easy to see that

C”;,* (N) = Ker [H(ﬂ-’;(Y/N)) Wy n ] (4.1)

2) Further, for r € PR(R) we consider the way: r a cr 2 (CT) :

R
The first step r e C" is defined by (1.2), i.e. for every pair M C X of
R-Mod we have C{(M)/M = def r(X/M). The transition C" & (C™)* is

determined by (2.3). ThlS means that for every inclusion n : N —S5 Y of §-
Mod we consider in R-Mod the decomposition of T'(n) by the operator C":

T(n)

=
Z
<.
N Q
Q3

Cr ) (I T (n)) T(Y).

(]

By the natural epimorphism 7% : T(Y) nat, T(Y)/Cyyy (ImT(n)) we
obtain in S-Mod the composition

v U gr(y) e H[T(Y)/Cy, (ImT(n))].

Using (2.3) we have

(CT)E(N) < Ker [H () - 9. (4.2)
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3) Now we verify the relation between C", (N) and (C")% (N). For
that we consider in S-Mod the diagram

Cy(N) - - -2 — == #*(Y/N) = Oy (N)/N
A N
N - Y = Y/N
l\pN Ty Yy
aT(N) — g7y M) HT(Y/N)
H(n%) H(m7 ()

o)

Y)/Cr,(ImT(n))] - == H[T(Y/N)/r(T(Y/N))],

where 7, is the natural epimorphism and r*(Y/N) db o v (N)/N. We

search the relation between the modules of the last line. For that we
look for the connection between the modules T(Y)/C7.,, (ImT'(n)) and
T(Y/N)/r(T(Y/N)). Since T is right exact, it transforms the short ex-

act sequence 0 — N ———> y =2 Y/N — 0 in an exact sequence
nat

T(N) I, T(Y) Tlw), T(Y/N) — 0, therefore we have the exact se-

quence 0 — ImT(n) = T(Y) T, T(Y/N) — 0. Then it is clear that
T(Y/N)=T(Y)/ImT(n), which implies the isomorphism

T(Y/N)/r(T(Y/N)) = [T(Y)/ImT(n)] /r[T(Y)/Im T (n)].

Using (1.2) for C", we have r[T(Y')/Im T (n)]=C7y, (ImT(n))/ ImT'(n),
and substituting this module in the previous relation we obtain

T(Y/N)/r(T(Y/N)) = [T(Y)/ImT(n)]/ [CF, (ImT(n)) / Im T'(n)]
Y)/Chiyy (ImT(n)).
Applying H now we have in S-Mod the isomorphism
Y)/Chy,(ImT(n))] = H[T(Y/N)/r(T(Y/N))],
which closes the previous diagram. Therefore,
Ker [H(n¢r) - Uy] = Ker [H(mpy n)) - Wy - ]

and by (4.1) and (4.2) this means that (C")%(N) = C", (N) for every
inclusion N CY of S-Mod. Thus (C™)* = C"". O
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b) In continuation we consider the square

(=)"

PR(R) PR(S)
off iw?
CO(R) — 2 co(s)

and verify the concordance of his mappings.

Theorem 4.2. For every preradical s € PR(S) the relation
(Cs)* < Cs*

is true. If the module RU is projective, then (C°)* = C*", i.e. the studied
square 18 commutative.

R
*¢1 *

Proof. 1) Let s € PR(S). We begin with the route: s Qe B oo
The transition s <~ s* is defined by (2.2), i.e. for every X € R-Mod
we have the inclusion iy : s(H(X)) —S H(X), which leads to the

T(i%x))

composition T'[s(H (X))] TH(X) 2% X. By the rule (2.2) we

have s*(X) 2L Im[® - T(i5, )],
R
The following step s* 4 C*" is realized by the rule (1.2), i.e. for every
inclusion M C X of R-Mod we have: C5 (M)/M = s*(X/M). In the
above construction of s* we substitute the module X by X /M, obtaining
the inclusion iy, : s(H(X/M)) = H(X/M) and the composition

T xmnr)) P
T[s(H(X/M))] —"*20% TH(X/M) =2 X/M.
By the definition (1.2) in this case we have

s*(X/M) = Im[® /- T@iI(X/M))]u

therefore,

s*

CX (M)/M - Im[(I)X/M ’ T(Z‘}g{(x/M))]' (4'3>

S *
2) For s € PR(S) now we consider the transitions: s 2o 2 (C9)*.

The operator C* is obtained by (1.2), i.e. C5(N)/N St s(Y/N) for every

inclusion N C Y of S-Mod.
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Further, for the step C* & (C®)* we use the rule (2.4). Namely,

for every inclusion m : M S+ X of R-Mod we consider the inclu-
sion i%% : Cf , (Im H (m)) —=+ H(X) of 5-Mod and the composition

T3
T[C ) (Im H(m))] 208, pH(X) 2% X in R-Mod.
By (2.4) we have

(€)% (M) 2L tm[o, - TE™)] + M. (4.4)

We mention also that by the definition of C* for the pair Im H(m) C H(X)
we have

C3 oy (Tm H(m)) / Tm H(m) 2L s(H(X)/Tm H(m)).

3) It remains to compare the obtained expressions for C’j: (M) and
(C®)%(M). To this end we consider in S-Mod the commutative diagram

H(m) H(mx)

H(M) H(X) H(X/M)

where A = C%y,(Im H(m))/Im H(m), the first line is the image of

-
the short exact sequence 0 M TZ’ X 2~ X/M ——0, and 7,7

nat
are natural epimorphisms. Denoting ¢ : H(X)/Im H(m) = Im H(my)

S+ H (X/M), we have its restriction ¢’ (by definition of preradical) and
f=¢ -
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Applying T to this diagram and using ®, we obtain in R-Mod the
following commutative diagram

(Co)5 (M) - = <= = = C% (M) 7% = 5#(X/M) = C (M)/M
X - X/M
Dy D x/nr
TH(my)
TH(X) T'H(X/M)
T(igs) T (#5100
T(C3 ) (Tm H(m))]— - - - - M ms(Hx/M))]

By the mentioned above relations we have (C*)% (M) = Im[® - T (i} )|+ M

and s*(X/M) det CY (M)/M = Tm[®y,, - T'(i%x/an)]- The commutativ-

ity of this diagram implies that
Ty - ®x - T(ich) = Dox/nr - T(i H(X/M)) T(f).
Therefore,
Im[my - @x - T(ics)] = Im[@x/ar - T(i% x/ar)) - T(S)]
< Im[fbw T (5050 0)) 5 57(X/M) = CF (M) /M.

Since Im|[my - T(i7)] = mx (Im[®@y - T(i7%)]) = (Im[® - T(i7%) +
M])/M def [(C® ( )] /M from the previous relation it follows
that [(C*)%(M)]/M C C% (M)/M. Therefore (C*)% (M) C C3 (M) for
every M C X, which means that (C*)* < C*", proving the first statement
of the theorem.

4) Now we will prove the second statement, assuming that pU is
a projective module. Since H = Hompg (U, -), this means that H is an
exact functor, i.e. every epimorphism 7 of R-Mod is transformed into an
epimorphism H (7) of S-Mod.

Following the above proof, we observe that since my is an epimorphism,
in this case H(my) is an epimorphism, i.e. Im H(my) = H(X/M). Then ¢
is an isomorphism, therefore ¢’ is an isomorphism. But then f = ¢’ -7’ is
an epimorphism, hence T'(f) is an epimorphism (the functor 7' is right
exact). Therefore from the last diagram is clear that

Im[®y,y - T(ifq(x/M)) ~T(f)] = Im[®xp - T(iZ(X/M))]'
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From the proof of the first part now it is obvious that in this case
instead of inclusion we obtain the equality (C*)% (M) = C¥ (M), so
(C5* =C*. O

5. Squares containing the third pair of mappings

In this section we consider the last two cases and we study the combi-
nations of the mappings which contain 4 and 5.
a) We will examine the following square:

(=)"

PR(R) PR(S)
lw? inS
co(r) — 2 . co(s),

verifying the compatibility of his mappings.

Theorem 5.1. For every preradical v € PR(R) the relation
Crx < Cp

18 lrue.

« S
Proof. 1) Let r € PR(R) and consider the way: r el Cy~ . For

Y € S-Mod applying T" and r we obtain in R-Mod the sequence

Tr(y)

C
0—— 7(T(Y)) —= T(Y) —> T(Y)/r(T(Y)) —0.
Using H and V¥, we have in S-Mod the composition

Uy H(W’;’(Y))

Y HT(Y) —— = H[T(Y) /r(T(Y))],

and by the rule (2.1) we obtain: r*(Y) 4% Ker [H (T ) - By

S
The following step r* %3 Cy+ is defined by (1.3), i.e. for every inclusion
n:N —=5Y of S-Mod we have

def 4 r
(Cre)y(N) =71*(Y) + N = Ker [H(77y,) - Uy] + N. (5.1)
R .
2) For r € PR(R) now we follow the route: r 2 c, ‘< Cy. The

operator C, is defined by the rule (1.3): (Cy)x (M) det r(X)+ M for every
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inclusion M C X of R-Mod. Further, the transition C, ‘“% C* is defined
by (2.3). Namely, for an inclusion n : N —S5Y of $-Mod, applying T
and C)., we obtain in R-Mod the situation

0 (Cy)rory (T T'(n)) % T(Y) 6 T(V) /(C)rery Im T () — 0,

nat

and by (1.3) we have (Cp)ryv)(ImT(n)) gt r(T(Y)) +ImT(n).

Returning back in S-Mod by H, we obtain the composition

Y U gy LT HI ) /(G (Im T()).

By the rule (2.3) we have

(CF)y(N) <£ Ker [H(n2) - Uy ]. (5.2)

3) To compare the modules (Cy+)y (N) and (C)y (N), indicated in
(5.1) and (5.2), we consider in R-Mod the situation

r(T(Y)) T(Y)/r(T(Y))
: \C <) :
T(N) — ml, oy .
1 o % !
P |
r(T(Y)) +ImT(n) TY)/(r(T(Y))+ImT(n)),

where 7(T(Y)) + ImT(n) = (Cr)rey(ImT(n)). The inclusion j :
r(T(Y)) =5 r(T(Y)) + ImT(n) implies the epimorphism 7 such that
the above diagram is commutative. Applying H we obtain in R-Mod the
commutative diagram

H(T(T‘(Y))) / /‘r( V)]
‘ &(2’) ﬂU‘TOﬂ ‘
6) XH( o)
[ o H(mg,) \
; \ !
H[r(T(Y)) + Im T(n)] T(Y)) +ImT(n))].

The commutativity of the right triangle implies Ker [H () - H(7}))] =
Ker H(nf, ). Therefore Ker H (77, y,) € Ker H(ng ), so the relation
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Ker [H(7}y)) - Uy| € Ker [H(ng,) - Wy] gef (CF)y () is true. Since
N C (CF)y(N), it is obvious that Ker [H (7},)) - Wy + N] C (CF)y(N).
Now by (5.1) we have (Cy+)y(N) C (CF)y ( ) for every N C Y, ie.
Cr < CF. O

b) The last possible square consisting of the studied mappings is the
following:

PR(R) PR(S)
I \szs
CO(R) " cos)

As usual, we examine the relation between these mappings.

Theorem 5.2. For every preradical s € PR(S) the relation
Cs < C}
18 true.

Proof. 1) Let s € PR(S) and consider the way:

s
rule (1.3) we have the operator Cs such that (Cs)y
every inclusion N C Y of S-Mod.

Further, the transition Cy ~% C¥ from CO(S) to CO(R) is defined

by the rule (2.4). This means that for every inclusion m : M =5 X of
R-Mod we consider the decomposition of H(m) by the operator Cs,

S
% c, <k Cy. By the
(N) 2L 5(Y) + N for

H(m)

/\

H(m st Cs

H(M)———=Tm H(m) (Cs)(x)(Im H(m)) —= H(X),

where (Cy) gr(x) (Im H(m)) def s(H(X)) + Im H(m). Applying T, we

obtain in R-Mod the composition of morphisms

T[s(H (X)) +Im H(m)] = T[(Cs) gr(x)(Im H (m))] % TH(X) 2%,

By the definition (2.4) we have

(C)x (M) £ Tm[® - T(i )] + M. (5.3)
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2) For the same preradical s € PR(S) now we consider the transitions

« R
s b g % Cs+. To obtain s*, let X € R-Mod for which we have the
inclusion i, : s(H(X)) <, H(X). Applying T and using ¢, we

obtain in R-Mod the composition of morphisms

(i3 )

T(s(H(X))] TH(X) 25 X.

The preradical s* is defined by the rule (2.2), i.e

§*(X) EE Im[@y - T(i%y ).

R
For the following transition s* 2 Cy the rule (1.3) is used: (Cy+) x (M)

Qef s*(X) 4+ M for every pair M C X of R-Mod. Taking into account the

form of s*(X) indicated above, now we have
(Cs+)x (M) = Im[®x - T(ifx))] + M. (5.4)

3) Finally, we compare the constructions of parts 1) and 2). In S-Mod
we have the inclusions

s(H (X))
”(«b

s(H(X)) 4+ Im H(m)

which implies in R-Mod the situation

Ts(H(X)] D))+ M
&(«})) /
T(i) r‘.H
y ‘\ [
i
T[s(H(X)) + Im H(m)] (C2)x (M) == Im[® - T(i i )]+ M.

The commutativity of the left triangle implies Im T'(i3, ) € Im T'(g" ),
therefore Im[®y - T'(i% )] € Im[®x - T(ig)]. By (5.3) and (5.4)

this means that (Cg«)x(M) C (CH)x(M) for every M C X, ie
Cy < CF. O
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In conclusion we can affirm that the indicated ten mappings, which

realize the connection between preradicals and closure operators in adjoint
situation, are well concordant between them. For the six combinations,
which constitute the squares of mappings, in three cases the commutativity
of respective diagrams is proved (Theorems 3.1, 3.2, 4.1), and in other
three cases the inclusion relations are shown (Theorems 4.2, 5.1, 5.2).

(1
2]
3l
(4]
(5]
[6]
7l
(8]
9

[10]
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