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ABSTRACT. Let K be a field of characteristic zero and A
an associative commutative K-algebra that is an integral domain.
Denote by R the quotient field of A and by W(A) = RDer A the
Lie algebra of derivations on R that are products of elements of R
and derivations on A. Nilpotent Lie subalgebras of the Lie algebra
W (A) of rank n over R with the center of rank n — 1 are studied. It
is proved that such a Lie algebra L is isomorphic to a subalgebra of
the Lie algebra u,,(F') of triangular polynomial derivations where
F is the field of constants for L.

Introduction

Let K be an algebraically closed field of characteristic zero, and A be an
associative commutative algebra over K with identity, without zero divisors.
A K-linear mapping D : A — A is called K-derivation of A if D satisfies
the Leibniz’s rule: D(ab) = D(a)b+ aD(b) for all a,b € A. The set Der A
of all K-derivations on A forms a Lie algebra over K with respect to the
operation [D1, Ds| = D1Dy — DaDy, Dy, Dy € Der A. Denote by R the
quotient field of the integral domain A. Each derivation D of A is uniquely
extended to a derivation of R by the rule: D(a/b) = (D(a)b — aD(b))/b.
Denote by Der R the Lie algebra (over K) of all K-derivations on R.
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Define the mapping 7D : R — R by (rD)(s) = r-D(s) forallr,s € R.
It is easy to see that rD is a derivation of R. The R-linear hull of the
set {rD|r € R, D € Der A} forms the vector space R Der A over R, which
is a Lie subalgebra of Der R. Observe that R Der A is a Lie algebra over
K but not always over R, and Der A is embedded in a natural way into
R Der A. Many authors study the Lie algebra of derivations Der A and
its subalgebras, see [2-7].

This paper deals with nilpotent Lie subalgebras of the Lie algebra
RDer A. Let L be a Lie subalgebra of R Der A. The subfield F' = F(L)
of R consisting of all a € R such that D(a) = 0 for all D € L is called
the field of constants for L. Let us denote by RL the R-linear hull of L
and, analogously, by F'L the linear hull of L over its field of constants
F = F(L). The rank of L over R is defined as the dimension of the vector
space RL over R, i.e. rankp L = dimp RL.

The main results of the paper:

o (Theorem 1) If L is a nilpotent Lie subalgebra of the Lie algebra
RDer A of rank n over R such that its center Z(L) is of rank n — 1
over R and F' is the field of constants for L, then the Lie algebra
F'L is contained in the Lie subalgebra of R Der A of the form

2 s s
F<D1,aD1,aDl,...,aDl,Dg,aDg,...,aDg,...,
2! s! s!
as
Dn—lw~-a|Dn—17Dn>7
s!
where Dy, Ds,...,D, € FL are such that [D;,D;] = 0, i,j =
1,...,n,and a € R is such that Di(a) = Ds(a) =+ = Dy—1(a) =

0 and Dy (a) = 1.
o (Theorem 2) The Lie algebra F'L is isomorphic to some subalgebra
of the Lie algebra u, (F) of triangular polynomial derivations.
Recall that the Lie algebra u, (K) of triangular polynomial derivations
consists of all derivations of the form

0 )
D= fl(xz,...,fvn)aTvl+f2($3,...,zn)87$2 N
0 o)

where f; € Klzjt1,...,2,),0 = 1,...,n— 1, and f,, € K. It is a Lie
subalgebra of the Lie algebra W, (K) of all K-derivations on the polyno-
mial algebra K[z1,...,z,]. Such subalgebras are studied in [2,3]. As Lie
algebras, they are locally nilpotent but not nilpotent.
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We use the standard notations. The Lie algebra R Der A is denoted by
W (A), as in [7]. The linear hull of elements Dy, Do, ..., D,, over the field K
is denoted by K(D1, Ds, ..., D,). If L is a Lie subalgebra of a Lie algebra
M, then the normalizer of L in M is the set Nj(L) = {x € M | [z, L] C L}.
Obviously, Njs(L) is the largest subalgebra of M in which L is an ideal.

1. Nilpotent Lie subalgebras of R Der A with the center
of large rank

We use Lemmas 1-5 proved in [7].

Lemma 1 ([7, Lemma 1]). Let D1,Ds € W(A) and a,b € R. Then
(a) [aDl, bDQ] = ab[Dl, Dg] + aDl(b)Dg — bDQ(a)Dl.
(b) If a,b € Ker D1 N Ker Dy, then [aD1,bD3| = ab[D1, Ds].

Lemma 2 ([7, Lemma 2]). Let L be a nonzero Lie subalgebra of the Lie
algebra W(A), and F be the field of constants for L. Then FL is a Lie
algebra over F, and if L is abelian, nilpotent or solvable, then the Lie
algebra F'L has the same property.

Lemma 3 ([7, Theorem 1]). Let L be a nilpotent Lie subalgebra of finite
rank over R of the Lie algebra W (A), and F' be the field of constants for
L. Then FL is finite dimensional over F'.

Lemma 4 ([7, Lemma 4]). Let L be a Lie subalgebra of the Lie algebra
W(A), and I be an ideal of L. Then the vector space RI N L over K is
an ideal of L.

Lemma 5 ([7, Lemma 5]). Let L be a nilpotent Lie subalgebra of rank
n > 0 over R of the Lie algebra W (A). Then:
(a) L contains a series of ideals

O=ychiclyhc---Ccl,=1L

such that rankpg I, = k for each k =1,...,n.

(b) L possesses a basis D1, ..., Dy, over R such that I, = (RDy + -+ - +
RDy)NL, k=1,...,n, and [L,Dg] C I_;.

(¢) dimp FL/FI, 1 = 1.

Lemma 6. Let L be a nilpotent Lie subalgebra of the Lie algebra W (A),
and F be the field of constants for L. If L is of rank n > 0 over R and
its center Z(L) is of rank n — 1 over R, then L contains an abelian ideal
I such that dimp FL/FI = 1.
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Proof. Since the center Z (L) is of rank n — 1 over R, we can take linearly
independent over R elements Dy, Da,...,D,_1 € Z(L). Let us consider

I=RZ(L)NL=(RDy+---+ RD, 1)N L.

In view of Lemma 4, I is an ideal of the Lie algebra L. Let us show that
I is an abelian ideal.
We first show that for an arbitrary element D = r{Dq + r9Dy +

n—1

<ot rp_1Dpq € 1, its coefficients r1,7r9,..., 7,1 € () Ker D;. For each
i=1

D;e Z(L),i=1,...,n—1, let us consider

n—1
[D;, D] = [Dj, 11Dy +reDa+ -4+ rp_1Dy—1] = Z[Diﬂ”ij]-
j=1
By Lemma 1, [Di,T‘ij] = Tj[Di,Dj] + Di(’l“j)Dj = Di(’l“j)Dj. Since
D; € Z(L), we get

n—1
[D;, D] = Z Di(rj)Dj = 0.
j=1
This implies that D;(r;) = D;(re) = -+ = D;(rn,—1) = 0 because

D1, Ds,...,Dy_1 € L are linearly independent over R. Therefore, r; €
n—1

N KerD; for j=1,...,n—1.

=1

Now we take arbitrary D, D’ € I and show that [D,D’] = 0. Let
D = a1D1+a3Dy+ - -+an_1Dyp—1 and D' = by Dy +by Do+ - -+bp—1Dp 1.
Then

1=

n—1
[D,D'] = > (aib;[Di, Dj] + a;Dy(b;)Dj — bjDj(a;) D) = 0
ij=1
n—1
since a;,b; € () Ker D; for all 4,5 = 1,...,n — 1, and I is an abelian
i=1
ideal.
It is easy to see that F'[ is an abelian ideal of the Lie algebra F'L over
F and dimp FL/FI =1 in view of Lemma 5(c). O

Remark 1. It follows from the proof of Lemma 6 that for an arbitrary
n—1

D=a1Dy+a3sDs+---+a,_1D,_1 € FI, the inclusions a; € (| Ker Dy,
k=1

hold fort=1,...,n — 1.
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Lemma 7. Let L be a Lie subalgebra of rank n over R of the Lie algebra
W(A), {D1,Ds,...,D,} be a basis of L over R, and F be the field of
constants for L. Let there ezists a € R such that Di(a) = Da(a) = --- =
Dy_1(a) = 0 and Dy(a) = 1. Then if b € R satisfies the conditions

Dy(b) = Da(b) = --+ = Dy_1(b) = 0 and D, (b) € F(l,a,..., %) for
some integer s = 0, then b € F(1,a, ,‘;—T,%)

S i
Proof. Since D, (b) € F(1,a, o), the equality D,,(b) = E Bi % holds

”’S'

2+1

S
for some ; € F', i =0,...,s. Take an element ¢ = Y §; % (ESHl from R.
i=0
It is easy to check that Di(c) = Da(c) = -+ = Dy_1(c) = 0, because
Di(a) = Dy(a) = --- = Dy_1(a) = 0 by the conditions of the lemma.

Since Dy, (a) = 1, the equality D,(c) = > Bl%,z = D, (b) holds, and so
i=0

Di(b—c)=0forall k=1,...,n. This im})lies that b — ¢ € F', hence for
some v € F', we obtain

ZS: att!
b=v+e=v+) Bir——r
= (+1)!

s s+1
beF({la,. . 2 2
sl (s+1)!

and the proof is complete. [

Thus,

Theorem 1. Let L be a nilpotent Lie subalgebra of the Lie algebra W (A),
and let F'= F(L) be the field of constants for L. If L is of rank n and its
center Z (L) is of rank n—1 over R, then there exist Dy, Da, ..., Dy, € FL,
a € R, and an integer s = 0 such that F'L is contained in the Lze subalgebra
of W(A) of the form

2

S S
F <D1,aD1, %Dl, ... 5D1, Dy,aDs,... °
. Sl

D2

aS

anla R S‘Dnth>>

where [D;, D;] = 0 for i,j=1,...,n, Dy(a) =1, and Di(a) = Da(a) =
co=Dp_1(a) =
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Proof. 1t is easy to see that the vector space over F' of the form

2

S S
F <D1,aD1, %Dl, o %Dl,DQ,aDQ, -
! S!

D2

S

a
anlv LR ganla Dn>

is a Lie algebra over F. We denote it by L.

By Lemma 6, the Lie algebra L contains an abelian ideal I such that
FI is of codimension 1 in F'L over F. The ideal I contains an R-basis
{D1,Ds,...,Dy_1} of the center Z(L). Let us take an arbitrary element
D,, € L that is not in Z(L). Then {D1, Ds,...,Dy_1,D,} is an R-basis
of L and FFL = FI 4+ FD,, where FI is an abelian ideal of F'L.

Let us consider the action of the inner derivation ad D,, on the vector
space F'I. It is easy to see that dimp Ker(ad D,,) = n — 1. Indeed, let

D=riDi4+roDy+---+rp_1Dp1 € Ker(ad Dn)
Then

n—1
[DnaD]:ZDnarz i ZD T'L D;=0
=1

whence D, (r;) =0foralli=1,...,n— 1.

By Remark 1, ry,79,...,7,—1 € F. Thus, Ker(ad D,) =
F(D;y,D,,...,D,_1) and dimp Ker(ad D) = n — 1.

The Jordan matrix of the nilpotent operator ad D,, over F' has n —
1 Jordan blocks. Denote by Ji,Js, ..., J,—1 the corresponding Jordan
chains. Without loss of generality, we may take Dy € Jy, Dy € Jo, ...,
D,,_1 € J,_1 to be the first elements in the corresponding Jordan bases.

If dimp F(J;) = dimp F(Jo) = --- = dimp F(J,—1) = 1, then FIL =
F(Dy,Ds,...,D,) and FL is an abelian Lie algebra. It is the algebra
from the conditions of the theorem if s = 0.

Let

dimp F(J1) > dimp F(J2) > --- > dimp F(Jp_1)

and dimp F'(J;) = s+ 1, s > 1. Write the elements of the basis J; as

follows:
n—1 n—1 n—1
Ji = {Dh > auDi > agDi,.... Y asiDi}-
i=1 i=1 i=1

By the definition of a Jordan basis,

n—1 n—1
Dy =[Dy, Y a1;D;] = > Dn(a1;)D
i=1 i=1
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whence D, (a11) = 1 and Dy, (ay;) =0 for all 4 ;é 1

By Remark 1, Z a1;D; € FI implies ay; € ﬂ KerDg, 1=1,...,n—
=1
1, and thus a12,a13, ...,a1n—1 € F, and a1 ¢ F. Let us write a11 = a.

Then ai1,ai12,...,a1,0—1 € F(1,a).
We shall show that a1, as,...,a2,-1 € F(l,a, % > By the definition
of a Jordan basis,

n—1 n—1 n—1
[Dn, > a2iDi] =Y Dy(ag)Di = > aniD;
i=1 i=1 i=1

whence D (a2;) = a1; € F(1,a) for i =1,...,n — 1. Then, by Lemma 7,
as; € ﬂ Ker Dy, implies ag; € F(1,a, 2,> i1=1,...,n— 1. Assume that

i €F< . m!> forallm=1,...,s—1landi=1,...,n— 1. Then
n—1
ADn7§ZGm+111 E:amz
=1
whence Dy, (am+1,i) = am; for i = 1,...,n — 1. The coefficients @41,
am+1

satisfy the conditions of Lemma 7, so that a,,41,; € F(l,a,..., W>
Reasoning by induction, we get that all coefficients aj;, i =1,...,n — 1,
j=1,...,s, of the elements from the basis .J; belong to F(1,a,..., ‘;—T>,
and thus F'(J;) C L.

Consider the basis

n—1 n—1 n—1
Jo = {D2, > buiDi, Y baiDiy.y Y btiDi}>
i=1 i=1 i=1

where 1 < t+1 < s and dimp F<J2> = t + 1. By the definition of a
Jordan basis, [D,,, Z b1iD;] = Z Dy, (b1;)D; = D, and thus Dn(blg) =
1 and Dy (b;) =0 for all i # 2. Set b12 = b ¢ F and consider Dy, (b—a) =

It follows from Remark 1 that a,b € ﬂ KerD;,sob—a =0 € F. The

latter means that b € F(1,a). Moreover bi; € F for i # 2 in view of
Remark 1. Thus, bi1,b12,...,b1,—1 € F(1,a). Reasoning as for J; and

using Lemma 7, one can show that by; € F(1,a, 2?) and prove by induction
that bj; € F(l,a,...,ﬂ> forall j=1,....,tandi=1,...,n— 1. Since
t < s, we have F(J;) C L
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In the same way, one can show that the subspaces F'(J3), F(Jy),...,
F(Jp-1) lie in L. Therefore, the Lie algebra F'L is contained in the Lie
subalgebra L of W(A). O

Theorem 2. Let L be a nilpotent Lie subalgebra of the Lie algebra W (A),
and let F' = F(L) be its field of constants. If L is of rank n > 3 and its
center Z(L) is of rank n — 1 over R, then the Lie algebra FL over F is
isomorphic to a finite dimensional subalgebra of the Lie algebra u,(F') of
triangular polynomial derivations.

Proof. By Theorem 1, the Lie algebra F'L is contained in the Lie subal-
gebra L of W(A), which is of the form F(Dy,aD, %Dl, e "Dy, Dy,

aDs, ..., % Dy, ..., Dp_1,. .., C;—?Dn,l, D,,), where [D;, D;] =0 for i,j =
L,...,n, Dy(a) = 1 and Di(a) = Da(a) = --- = Dy_1(a) = 0. The Lie

algebra L is isomorphic (as a Lie algebra over F') to the subalgebra

0 o 22 0 x5 0 0 0
F{— xp— N e R , T, Y
o0x1 o0x1 "ol 6961 s! Oxq O0%p—1 O0Tp—1
ﬁ 0 0 >
s! Oxp_q’ Oxy,

of the Lie algebra u, (F) of triangular polynomial derivations over F. [J

2. Example of a maximal nilpotent Lie subalgebra of the

Lie algebra W, (K)

Lemma 8 ([8, Lemma 4]). Let K be an algebraically closed field of
characteristic zero. For a rational function ¢ € K(t), write ¢’ = %‘f If

¢ € K(t) \ K, then does not exist a function 1 € K(t) such that ¢/ = <

Let us denote by K[X] = Klz1, x9, ..., z,] the polynomial algebra, by
K(X) = K(x1,2g,...,7y,) the field of rational functions in n variables
over K, and by W,,(K) the Lie algebra of derivations on the field K(X).
We think that the first part of the following statement is known.

Proposition 1. Jlife subalgebra L = K(azla%l, xgaim , Ty aw ) of the
Lie subalgebra of Wy, (K) is isomorphic to a Lie subalgebm of the Lie
algebra uy, (K) of triangular polynomial derivations, but is not conjugated

with any Lie subalgebra of this Lie algebra by an automorphism of the Lie
algebra Wy, (K).
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Proof. Let us show that L is a maximal nilpotent Lie subalgebra of
W, (K). Obviously, L is abelian, and so it is nilpotent. Let us show that
L coincides with its normalizer in W, (K), which will imply that L is
maximal nilpotent (in view of the well-known fact from the theory of Lie
algebras that a proper Lie subalgebra of a nilpotent Lie algebra does not
coincide with its normalizer, see [1, p.58]).

Let D be an arbitrary element of the normalizer N = Ny () (L).

Then [D Tigg: 91 ¢ L for each i = 1,...,n. D can be uniquely written as

D= Z fj%, where f1,..., fn € K(X). Using the following equations
j=177 0%

o Owi Oz ox;’
i
we obtain that
xlgfi = aj;xj,i # j, and :L“lgi — fi = au; (1)

for a;,; € K,4,5 =1,...,n. We rewrite the first equation in (1) in the

1e] T . . . .
form 8£ L= % and consider f; as a rational function in x; over the field

K(zi,...,%i—1,%it1,...,Zy). By Lemma 8 with ¢ = ¢(z;) = x;, we have
a; =0. Thus, % =0 for all 7 # j. This means that f; € K(x;) for each
j=1....n

Write f; = % where u;,v; € K[z;] are relatively prime and v; # 0.
Then the second equatlon in (1) is rewritten as

ubv; — uvh — v} U
Ty 2 — )

where ’/ denotes the derivative with respect to the variable ;. But then
z; (ubv; — uvh — av?)v; = uw?, whence we have that the polynomial v;
must d1V1de vl. It is possible only if v; € K*, i.e. f; is a polynomial in
z; with coefficients in K. Since z;(f/ — a;) = f;, we have that f; is a
polynomial of degree 1. It is easy to see that f; = v;x; with ~; € K for all
i1=1,...,n. Thus D € L, that is, L = N and L is a maximal nilpotent
Lie subalgebra of W, (K).
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If L is conjugated by an automorphism of the Lie algebra WR(K) with
some Lie subalgebra of u,(K), then L is contained in a nilpotent Lie
subalgebra of u,(K). Therefore, L is not coincide with its normalizer in
W, (K), which contradicts the fact proved above. However, the subalgebra
K2, ..., %} of the Lie algebra u, (K) is obviously isomorphic to L. [

o1’
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